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We consider unilateral problems for elliptic operators L = (L!,..., L") with
diagonal principal part in a bounded domain {2 C R". Unilateral problems with
gradient constraints have been studied in the scalar case (N = 1) for quasilinear
elliptic and parabolic operators of general type. The main aim of this article is to
extend the corresponding results to systems. The first step is to find an accept-
able statement of a unilateral problem with gradient constraints. Comparison of
formulations of classical problems and well-known unilateral problems leads to
the following conclusion. In both cases we have to find a function u(z) in {2 using
information about the vectors Lu(z) € RN, x € £2. In classical problems we are
given values and directions of the vectors Lu(x), whereas in unilateral problems
only directions at points z € (NZ, where 2 C 2 is not a priori known, are given.
In the latter case the direction of Lu(z) at = € {2 depends on the value of u(z)
(and possibly of Vu(x)).

In the scalar case (N = 1) the direction condition is formulated in terms of
the sign of Lu(x). Such an assumption appears in the obstacle problem and the
Evans unilateral problem with gradient constraint. In the obstacle problem for a
system the vectors Lu(z) € RY are directed along the outward normals to given
convex sets K (r) C RV,

We give the statement of the unilateral problem with constraint on the so-
lution and its gradient. The directions of the vectors Lu(x) € RY coincide with
those of the solution u(z) € RY at the points z € 2 where u(z)#0 and the pair
(u(x), Vu(z)) belongs to the boundary of a given convex set K (z) C RN x RN™,
We give an equivalent statement of the problem in the form of a local quasivari-
ational inequality with some additional conditions.

Using some ideas of the penalty method, we introduce a regularization as a
boundary value problem with special penalty. The limit function is the solution
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of the problem considered. This solution satisfies the obstacle problem if we are
given the convex constraint only on the solution (not on its gradient).

The paper consists of three sections. In the first some statements of unilateral
problems and regularity results are discussed. The statement of the unilateral
problem for a system with gradient constraint, and the existence theorems, are
formulated in Section 2. A sketch of the proof is given in Section 3. We point out
the difficulties which arose in the vector case and refer to earlier articles by the
author for some technical details.

Acknowledgement. The author is grateful to Professor W. Zajaczkowski for
his interest in her earlier results on problems with gradient constraint. The moti-
vation to investigate such problems for systems arose thanks to their discussions.

1. Preliminaries

1.1. Regularity of solutions of classical problems. We recall the well-known
results of [13]. Let ug be the solution of the Dirichlet problem

(1.1) Lup=0 inf2, wuy=0 ondf

in a bounded domain 2 C R for the elliptic system L = (L',..., LY), where
(1.2) L™ = aii"(z,v, Vo)ug', +a"(z,0,Vv)  (r=1,...,N),
v=(v,...,0oN), Vo= (v}cl,...,v}gn,...,vﬁ,...,vﬁl). In the scalar case (N = 1)

the differential properties of the solution ug depend on the smoothness of the
data and character of non-linearity. In the vector case (N > 1) one has to take
into account the type of the system. Thus, the regularity result for systems with
diagonal principal part is quite similar to that in the scalar case if

(1.3) ap;(x,w,p) = aij(z,w,p)  (r=1,...,N),
where v |€]? < a;;6¢; (V€ € R™) and the functions a;;(z,w,p), a"(z, w,p) are
increasing in p € R™Y so that

jaij (@, w,p)| < u(lwhlpl,  la"(z,w,p)| < p(lw)pl*~°, 6> 0,

where 6 > 0, u(7) is a positive continuous function for 7 > 0. Namely, under the
assumptions mentioned, the conditions a;;,a” € C**°=2 902 € C'™* with o > 0
imply ug € C't*. The analogous results hold for the second and third boundary
value problems.

1.2. Regularity of solutions of variational inequalities. Let L be of divergence
form, i.e., L = B, where

d
= dx‘bz(x,v,Vv)—i—ar(m,v,Vv) (r=1,...,N).

Under some assumptions on b%(z,w,p), a”(r,w,p) we can define an operator

(1.4) B"v
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A: VT/;}I(Q;RN) — W, 1(2;RY) by the formula

(1.5) (Ag,n) = Zfbrxﬁﬁm%%-a(l’fﬁx)]

r=1

For &, € C5°(£2;RY) we have

(A&, m) ——fB& ndz.

The solution ug of the Dirichlet problem (1.1) satisfies the variational equality

(1.6) findug € I/f/}n(Q;RN) such that
(Aug,v) =0  for allv € Vf/in(Q;RN) ,

which is a special case of the variational inequality

(1.7)  find uw € K such that
(Au,v —u) >0 forallve K,

where K is a convex closed set in W%(Q;RN) .

If the operator A is coercive and pseudomonotone, the classical problem (1.6) has a
solution. The latter is considered as a weak solution of the boundary value problem
(1.1). It follows from general theorems of convex analysis that the variational
inequality (1.7) also has a solution under the same conditions on A and for a

convex closed set K € Vf/%((); RM).

However, the regularity questions for variational inequalities differ from those
for equations. Indeed, let us take data (i.e., aj;, a”, 9£2) so that ug € C§°(£2; RM).

Take a convex closed set K C W%(Q, RY) and let u be a solution of (1.7) with the
same data. For some K the differential properties of u can be better than those

of an arbitrary function in WT}T(Q, RY), but there exists a function space W such

that C°(2;RY) ¢ W C W%(Q;RN), and u ¢ W. Note that we have such a
situation in variational inequalities with pointwise constraints. For example, in
the obstacle problem, i.e., the variational inequality (1.7) with the set

(1.8) K={veW. (2;R"):v(z) € K(z) ae. in £,
K(z) is a convex closed set in RV} |
and in the problem with gradient constraint, i.e. (1.7) with
(1.9) K={ve I/f/}n(Q;RN) : Vou(z) € K(z) a.e. in £2,
K(z) is a convex closed set in RN™} |

we have u & C%(£2; RY) (see the counterexample in [15, Ch. 2, Sec. 8.7]).
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The first result on the regularity of solutions of variational inequalities with
sets K of type (1.8) or (1.9) was obtained by H. Lewy and G. Stampacchia in 1969
[14]. Up to now, the scalar case has been studied in detail. The most complete
results are established for obstacle problems. Here we mention some regularity
results and refer to the books [7, 12] and the survey [25] for precise formulations
and bibliography.

In the scalar case (N = 1) we have three basic forms of constraints.

(a) The obstacle problem (1.7), (1.8). The limit regularity (v € W2) was
proved in the case of quasilinear operators. For a sketch of proof see [25].

(b) The thin obstacle problem, i.e., variational inequality of type (1.7), (1.8)
but with constraint u(z) € K(z) for x € S, where S is a given (n— 1)-dimensional
surface in §2, for example S = 92. The best regularity result (Holder continuity
of the first derivatives) was proved for linear operators in [5, 11, 24] by different
methods.

(¢) The problem with gradient constraint. In the case K(z) = {p € R" :
Ip| < 1}, Lv = Av + p, p = const, the variational inequality (1.7), (1.9) is the
well-known elastic-plastic torsion problem. The limit regularity (u € W2) was
apparently proved only in this special case [5]. qu—regularity was established for
divergence-type quasilinear operators and some class of strictly convex bounded
sets K (x) C R™ [27, 17, 10]; see also [7].

Further, the question arises whether the regularity results obtained for the case
N =1 can be extended to elliptic systems. The answer is affirmative if we consider
the obstacle problem for some systems with diagonal principal part. Wg—regularity
for quasilinear systems was proved by S. Hildebrandt and K.-O. Widman [§].
A. A. Arkhipova and N. N. Ural’tseva have considered the thin obstacle problem
[4]. The limit regularity in the obstacle problems for linear diagonal systems with
special constraints was also proved; see formulations of results and references in
(25, 4, 1].

The natural regularity result in obstacle problems for a strongly elliptic sys-
tem is W2-regularity. The corresponding theorems for some modifications of the
obstacle problems are given in [25]; see also [2].

The regularity question for the variational inequality for systems with gradient
constraint remains open.

1.3. Unilateral problems. The scalar case. The Dirichlet problem is considered
both in a weak formulation (1.6) and in a strong form of a boundary value problem
(1.1). These statements are formally equivalent for a divergence-type operator L.

By analogy, the variational inequality (1.7) can be treated as a weak for-
mulation of a boundary value problem depending on the convex set K. We
refer to these boundary problems and their variants as “unilateral problems”
and use the term “variational inequality” only for (1.7). We emphasize that
these terms are often identified. This does not matter if we restrict ourselves
to the obstacle problems with divergence-type operators, since in this case the
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statements are equivalent. However, we have to distinguish between the state-
ments even in the case N = 1, Lv = Av + f(z) if we deal with gradient con-
straints.

We begin with the scalar obstacle problem. Let N = 1 and u be a solution
of (1.7), (1.8). Any convex closed set K(x) C R can be written in the form
K(2) = [¢1(2), ¢2(2)], where ¢1(z) < a(x) (the case ¢1 = —00 or @ = +00
is admitted). Since v = Yw + (1 —¢P)u € K for p € C(£2), 0 < ¢ < 1,
and w € K, the variational inequality (1.7), (1.8) is formally equivalent to the
pointwise inequality

(1.10) Lu(z) - (w(z) —u(z)) <0 (Vw e K)

with the boundary condition u = 0 on 0f2. It follows from (1.10) that a smooth
solution u of (1.7), (1.8) satisfies the boundary value problem

v1(x) <u(z) < po(z) in 2,

>0 if u(z) = ¢a(7), p1(2) < pa(w),
Lu(z) < =0 if o1(z) < u(z) < po(x),

<0 ifu(z) = ¢i(x), er1(z) < pa(),
the sign of Lu(x) is arbitrary if ¢1(z) = pa(x),

u=0 ondf2.

Note that the sign of Lu(z) is not defined for = € {2 such that the corresponding
set K (x) is degenerate, i.e., int K(z) = Q or K(x) = {¢1(2)} = {p2(x)}. For every
convex set K (x) C R there exists a convex function G(z,-) such that G(z,-) €
C?(R) and

(1.11)

K(z) = {w e R: G(z,w) <0} = [p1(2), pa()],
int K(z) ={w € R: G(z,w) <0} = (p1(x), p2(z)) .
Moreover, int K (z) = () if and only if the value p;(x) = @o(x) is the minimum

point of G(z,-). Therefore, in this case D,,G(x, ¢1(z)) = 0. Hence we can rewrite
(1.11) in terms of G(z,w) as follows:

G(z,u(r)) <0 in 2,
Lu(z) 11T VuG(z,u(z)) if G(z,u(x)) =0, Dy,G(z,u(x)) #0,

(1.12) Lu(z) =0 if G(z,u(x)) <0,
the sign of Lu(z) is not defined if G(z,u(z)) = 0 and D,,G(z,u(z)) =0,
u=0 on Jf2.

Here a T b means that either a = 0 or a # 0 has the same sign as b. If 0 € K(x)
(Vz € £2), then (1.12) reduces to the following boundary value problem:

u(z) € K(x), Lu(x) -u(z)>0 in {2,
(1.13) Lu(z) =0 if u(x) € int K(x),
u=0 ondf2.
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Note that the signs of Lu(z) and of the solution u(z) have to coincide at = such
that u(z) € K (x). Finally, if K(x) = (—o0,¢2(z)] and 0 € K(z) (Vz € ), i.e.,
w2 > 0, we obtain from (1.11) the boundary value problem in the form

(1.14) min{Lu(z), —G(z,u(x))} =0 in 2, wuwu=0 ondf2.

Considering (1.11)—(1.14) with a non-divergence-type operator L we lose the
connection of the boundary value problems with variational inequalities and in
this case the weak solvability does not follow from general results of convex anal-
ysis. The obstacle problem with non-divergence-type operators was considered in
[3, 23], where the solvability in Wp2 was proved. Note that the existence theorem
and the limit regularity (u € W2,) also follow from the results of [21, 22].

It is easy to write out the corresponding boundary value problems (unilateral
problems) for variational inequalities with thin obstacles, boundary obstacles etc.
Indeed, in this case the functions v = ¢u + (1 — ¢)w are admissible in (1.7) for
any ¢ € C§°(£2),0 <y <1, and w € K.

Now we analyze the variational inequality (1.7), (1.9) with gradient constraint.
One can show that a solution u(z) of the variational inequality (1.7), (1.9) formally
satisfies the conditions

(u(z), Vu(z)) € K(xz) in £2,

(1.15) Lu(z) =0 if (u(x),Vu(z)) € int K(z),
u=0 ondf2.

However, we cannot obtain any information about the sign of Lu(x) directly from
(1.7), (1.9). It is obvious that the problem (1.15) is not well-posed. L. C. Evans
considered the problem (1.15) with an additional condition on the sign of Lu(z)
in 2 [6]. Namely, he proved the solvability of the problem (cf. (1.14))
min{Lu(z), —F(z,u(x),Vu(z))} =0 in £,

1.16
( ) u=0 on 02,

in the case
Lv = a;j(2)ve,z; + ai(2)ve, +a(z)v+ f(z), f>0,a<0,
p?—glz), g¢g=>0,

i.e., the sets K(z) = {p € R" : |p|> < g(x)} are balls in R" centered at the origin
with radius g(x). The assumption f > 0 in {2 provides the inequality u > 0 in {2.
Hence (1.16) implies that Lu(x) 17T u(x) at = € £2 such that F(z,u(z), Vu(x)) =
|Vu(z)|*> — g(x) = 0. Note that 0 is a minimal value of u. Hence Vu(z) = 0 at
x € {2 such that u(z) = 0. Consequently, F(z,u(z), Vu(z)) < 0 and Lu(z) =0
on the set of zeros of u(x).

The results of L. C. Evans were generalized in [9, 16, 26, 18-22].

F(z,w,p) =

1.4. Unilateral problems. The vector case. We consider the obstacle problem
(1.7), (1.8) in the case N > 1. Let 0 € K(z) (Vz € £2) and int K(z) = 0 if and
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only if K(x) = {0}; moreover, K (x) € C* for z € {2 such that int K(z) # 0. It
follows that the solution u of (1.7), (1.8) satisfies the pointwise inequality
(1.17) Lu-(v—u) <0 (VMveC®(2), v(z) e K(x)).

For vectors a € R, b € RN we shall write a 11 b if there exists A > 0 such that
a = Ab. In particular, a 17 0 means a = 0. It is easy to see that (1.7), (1.8) is
formally equivalent to the next problem:

u(z) € K(x) in 2,
Lu(z) =0 ifu(z) €eint K(z), int K(x) #0,

(1.18) Lu(z) 11 n(z,u(z)) ifu(x)e€dK(z), int K(z) #0,
the direction of Lu(z) is arbitrary if int K(z) = 0, i.e., K(z) = {0},
u=0 on 02,

where n(x,w) denotes the unit outward normal vector to 0K (z) at w € 0K (x).
Let G(x,w) be a convex function such that

G(z,0)<0, G(z,-)eCt,
K(z)={weRY :G(z,w) <0}, intK(z)={weRY:Gx,w) <0},
int K (z) =0 if and only if V,,G(x,0) = 0. To construct G(z,w) one can use the
distance function. For example, in the case of balls K(z) = {w € RN : [w]* <
g(z)} we can take G(z,w) = |w|?>—g(x). If g(zg) > 0 for x9 € 2 and |w|? = g(xo),
then the vector V,,G(z,w) is directed along the outward normal to 0K (z), i.e.,

n(z,w) = A\V,,G(z,w) = 2 w, where A > 0. Thus, the unilateral problem (1.18)
can be written as follows:

G(z,u(z)) <0 in 2,
Lu(z) =0 if G(z,u(x)) <0,
(1.19) Lu(z) 11 VuG(z,u(z)) if G(z,u(x)) =0, V,G(z,u(z)) #0,
the direction of Lu(z) is arbitrary if V,,G(z,u(x)) =0,
u=0 on df2.

2. The main result. In this section we formulate a problem with gradient
constraint as a local quasivariational inequality under some additional conditions.
We show that its regular solution satisfies a unilateral problem and give formula-
tions of the existence theorems. A sketch of the proof is given in Section 3. First
we write out assumptions on data.

2.1. The operator A. Let us introduce
N
(A1)  (Au,v) = Z f (aij(@)ugy, vy, + (aij(2))z; uy, 0" — a” (z,u, Vu)o") dz,
r=1

where a;; € C?(02), a” € C?(2 xRN x RV™), (2 is a bounded domain in R™ with
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boundary 92 € C3. Suppose that the ellipticity condition is satisfied:

(A2) € < aij(2)&& < mlél? (V€ eR™),
and for x € 2, |w| > M, p € RN

N
(A3) a(x,w,p) - w = Zar(x,w,p)wr <0,

r=1
while for x € 2, |w| < M, |p| > Ry
(A4) ja” (2, w, p)| < pa(jw]) (1 + [pl'F),

where v, 11, M, Ry denote positive constants, the function us(7), 7 > 0, is strictly
positive, and 0 < a3 < 1, 1/(1 — ;) < n. Then (Al) defines an operator A :

WQ(Q;RN) — Wy 1 (2;RY). Moreover, assume that for |p| > R,

8ar($7w7p) aar($7w>p) 1+«
< 1
(AS) \ |t ‘ D) < () (1 + ol ),
8a7" l','LU,p (o5}
(A6) \< )' < pa(fl)(1 + Jpl*).

1
op},
where 1<k <n and 1<[, m <N, the functions pu3(7), us(7) are strictly positive
and continuous for 7 > 0.

2.2. The operator L. Define

(L1) Lv = a;j(2)vg,,, +a"(z,w,p).
It is easy to see that the integral identity
(L2) (Au,v) = — f Lu-vdz

0

holds for functions u € W2(§;RY), v e TX/QI(Q;RN).

2.3. The function G : 2 x RN — R. Define
N
(G1) G(z,w) = B(z)w-w = Z b (z)wlw™
I,m=1

where B(z) = (b!™(x)) is a symmetric positive-definite matrix,
(G2) B(@)¢-¢ =l (V¢ eRY),
where vy = const > 0, with elements '™ € C2%(§2). Note that G(z,w) is non-
negative and strictly convex with respect to w € RY; moreover,

(G3) G(z,w)=0< V,Gz,w) =0 B(z) =0 w=0.
2.4. The function F : 2 x RN x RV" — R. Set
(F1) D = {(z,w,p) € N2 xRN x R™ : F(z,w,p) > 0},

(F2) K(z) = {(w,p) € RN x RN™: F(z,w,p) <0}.
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Suppose that
(F3) F et (2 xRN x RV nC?*(D),

where 0 < ap < 1, and let F(z,w, p) be convex with respect to (w,p) € RY xRN™,
Then the set K (x) is convex. Moreover, by the definition of a convex function we
have for x € £2, w € RY, pERN"

é?F( m OF (z,w,p) o
(F4) 67“’ ZZ ol > F(x,w,p) — F(,0,0).

m=1 =1 k=1

We also suppose that F(x,w,p) is strictly convex on D with respect to p € RV™,
i.e.,

m,l=1 m,l=1k= 1 m,l=1k,s= 1

> wa|¢? + ws(Jw)[1 + Ip!2](a2_1)/2!77\2 (V¢ e RN7 VIS R”N),

where (z,w,p) € D, ( = (¢1,...,¢(N) € RY, vy = const > 0 and v3(7) is a strictly
positive continuous function for 7 > 0. Furthermore,

(F6) F(z,0,0) <0 (Vx € Q)
and there exists a function Ry(7) such that for all z € 2
(F7) K(z) C {(w,p) € RN x R"™ : |p| < Ry(Jw])},
and for x € 2, u € RY | |p| > Ra(|w))
(F8) F(x,w,p) > valp[To2.
Moreover, for (z,w,p) € D the following estimates hold:

OF (x,w,p) O?F(x,w,p) 1

y W, s Wy < +as
(F9) Flaw) + |25 po )] < sl + ']
O*F(z,w,p)| | |F(z,w,p)
F10 < 14 |p|o2],
(F10) e S 2| < ol + 191
OF (xz,w,p) O?F(x,w,p) ltae—6

F11 L < 1 toz
ey [ P LD < () + =),

where 1 < 4,5,k <n,1 <Im < N,0<az <1, 0 >0, the functions pus(7),
pe(T), pr7(7) are continuous and positive for 7 > 0.

2.5. Formulation of the problem. For v € C(2;RY) write
(2.1) 2, ={ze2:v(zx)#0},
(2.2) M(z,v(z)) = {w € RY : G(z,w) < G(z,v(x))}
and for v € C1(§2,;RY) set
(2.3) Qup ={z € 2, : F(z,v(x),Vv(x)) < 0}.
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Note that the sets (2, 2, are open in {2 and the M (z,v(x)) are convex closed
sets for all x € £2. It is obvious that v(z) € OM (z,v(z)) (Vz € £2).

PROBLEM (quasivariational inequality). Find a function

(QV1) uwe WH2RN) N C(2;RY) N CH 02 RN) =V
such that
(QV2) (Au, (v—u)n) =0

for all n € C§°(82) with suppn C (24, n > 0, and all v € W;(Q;RN) with
v(z) € M(z,u(x)) a.e. in §2,

(QV3) F(z,u(z),Vu(x)) <0 in §2,,
(QV4) Au=0 in 2ur (as distributions).
PROBLEM (unilateral problem). Find a function
(u1) we CTRY) N W2, (2 RY)
such that
(U2) F(z,u(z), Vu(z)) <0 in §2,,
(U3) Lu(z) = M2)VyG(z,u(z)) = MNz)B(z)u(x) a.e. in 2,
where A(z) > 0 is an a priori unknown function and
(U4) MNz)=0 forx e 2up,
(U5) u=0 on d12.

Remark 2.1. The problem (U1)-(U5) is a free boundary problem. The do-
main {2 is divided into three sets:

21 :u=0;

2 :u#0, F(x,u,Vu) <0, Lu = 0,

25 :u # 0, F(x,u,Vu) = 0, either Lu = 0 or Lu(z) is directed along the
outward normal to M (z,u(x)) at u(x) € OM (z,u(x)).

Note that the set M(z,u(x)) is degenerate for x € {2y, i.e., for & such that
M(z,u(z)) = {0} & int M (x,u(x)) = 0.

Remark 2.2. The scalar variant of (U1)—(U5) can be written as follows:

F(z,u(z),Vu(z)) <0 in £2,,
Lu(z) -u(x) >0 a.e. in §2,
Lu(zx) =0 in 2,5,
u=0 on0f2,

i.e., the sign of Lu(x) # 0 is the same as that of the solution u(x).

2.6. PROPOSITION. Ifu € C(2; RN)QW;IOC(QU;RN) satisfies (QV1)—(QV4),
then w is a solution of (U1)—(Ub).
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Proof. (U2) is a consequence of (QV3); and (Ul), (U5) are valid because

of the regularity assumption. To verify (U3) we take w € V(f/21((2, RY) such that
w(z) € M(x,u(x)) a.e. in 2 and £ € C§°(£2) with 0 < & < 1. Then v = {(z)u +
(1—&(x))w is admissible in (QV2). Hence we can deduce from (QV2) the pointwise
inequality
Lu(z) - (w(z) —u(z)) <0 ae. in 2,.

It means that Lu(x) either vanishes or else its direction coincides with that of
the outward normal n(z,u(z)) to OM(x,w) at w = u(x). Since n(z,u(x)) =
AV, G(z,u(x)), A > 0, we obtain (U3). Equality (QV4) yields (U4).

2.7. The penalty problem. Consider the boundary value problem
(PP1) Lu® = B.(F(x,u®,Vu®))B(z)u® in (2,
(PP2) u®=0 on 012,
where ¢ > 0, 3.(7) = (1/¢)Bo(7), T € R, and 3y € C*(R) satisfies
Bo(r) =0 for7 <0, f[o(r)>0 for7>0,
By(t) >0, Bl(r)>0 forT>0,
Bo(T) =7'T*  for 7 > 1.

The constant g, 0 < ap < 1, is such that

a1 — Qo 1— oo
PP3 0 < < .
( ) max{ , 1—|—a2} oo

By (F9) we have for (z,w,p) € DN {(z,w,p) : |lw| < M}
1 1
0 < Be(F(z,w,p)) = Z[F(z,w,p)] " < —ps(M)(1 + [p|"),
where v = (1 + ap)(1 + a2). In view of (PP3) we have v < 2. Moreover, by (G2),
Be(F(z,w,p))B(z)w-w > 0.

From Theorem 5.2 of [13, Ch. 8] we conclude that there exists a solution u® €
C3(2;RN) N CL(N2;RY) of the penalty problem (PP1), (PP2).

2.8. Formulation of the theorems. We assume the conditions from 2.1-2.4 to
be satisfied.

THEOREM 2.1. Suppose that

N n
OF
(24) VoG -VuF+ Y Y e PR > vslp' T — pr(fw])p' T2
k

l,m=1k=1
where vs = const > 0 and p7(7) is a positive continuous function for T > 0. Then
there exist a sequence u® and a function u € VﬂWiloc(Qu; RY) such that u® — u
in Wy H(£2;RN) and u satisfies (QV1)-QV4).
THEOREM 2.2. Let u be the solution of (QV1)—-(QV4) from Theorem 2.1. If
B(x) is the unit matriz then u € C%1(2;RN).
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COROLLARY. Under the assumption of Theorem 2.2 the solution u of (QV1)—
(QV4) from Theorem 2.1 is a solution of the unilateral problem (U1)—(U5).

If constraint is given only on the solution, then the regularizations introduced
above yield the solution of the obstacle problem. We show this in a simple case
and refer to the article of S. Hildebrandt and K.-O. Widman [8] for regularity
results in the general case. Let

(01) Lv = Avl + a™(z2)w™ +dl(z) (1=1,...,N),
(02) G(z,w) = |w]?,
(03) F(fl?,?U,p) - ’w‘z - f(x)7

where f(x) > fo > 0. In this case V,,F' = V,,G = w and B(x) is the unit matrix.

THEOREM 2.3. Under the conditions (O1)—(03) there exist a subsequence u®
and a functionu € V so that u® — u in Wy ' (£2; RN), u belongs to W (£2;RN)
and satisfies the variational inequality (the obstacle problem)

(2.5) we WH2RY),  F(z,u(z),Vulz)) <0 in £,
(2.6) (Au,v—u) >0
forallv e W;(Q; RN) with F(x,v(z), Vo(z)) <0 a.e. in Q2.

,Jloc

2.9. EXAMPLES. (1) The following function F satisfies the conditions (F1)-
(F11):
(2.7) F(z,w,p) = [C(x)p-p+ D(x)w - w]I+2)/2 _ g(z),

where the (Nn x Nn)-matrix C(z) = (c{™(x)) and (N x N)-matrix D(x) =
(d'™(x)) are real and symmetric, and the elements ¢{™(z), d"™(z) (1 < I,m < N;
1 < k,s < n) and the function g(z) belong to the class C?({2); moreover, we
assume g(z) > 0 in 2 and

(2.8) colnl* < Cla)n-n= Z chs z)mnst < alnl®  (vn e RN,

I,m=1k,s=1

(29)  dol¢? < D(x)¢-¢ = Z d"™ (@) < dil¢P (V¢ e RY),

m,l=1

where ¢y, ¢1,d; = const > 0, dyg > 0.
(2) The conditions (F1)—(F11) are also valid for the function

n

(2.10) F(z,w,p) [ZZf,i

=1 k=1
N

n
+ 303 gh(a w)lph "k — g(a)
=1 k=1

}<1+a2>/z
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where fl,g € C*(12), g, € C*(2 x RY), the functions g} (x,w) are convex with
respect to w € R, and for z € 2

(2.11) g(x) >0, gi(z,w) >0, g(z,0)=0;
moreover, we assume

(2.12) 0< fo < r?}gn mﬁin fi(z) < Irll%x mgx fi(z) = f1,
(2.13) 0< nll}gn Ah < Hll’fli;X’}//lﬁ =7 < 2.

2.8. Remark. The assumption (2.4) is valid if the matrix B(z) or the function
F has a simple form. Namely, if B(x) is the unit (N x N)-matrix, then (2.4)
holds for any convex function F' with properties (F1)—(F11). (2.4) is also true
for any positive-definite matrix B(x) and function F' such that the sets {(w,p) :
F(z,w,p) <0} are balls in RY x R¥" In the general case, (2.4) is valid under
some additional conditions. So, the function F' from the first example satisfies
(2.4) if

(2.14) A™M(z) =0 ifk#s,
(2.15) B(z)Ck(z) = Cr(x)B(z), 1<k<n.

3. Sketch of the proof. We keep the notation of Section 2 and assume that
the conditions of Theorem 2.1 are satisfied. We first deduce some estimates for
the solutions u® of the penalty problem. For the sake of simplicity we often omit
the index €. By C, (1, C5 etc. we denote different constants not depending on .

3.1. The estimate for |u®|g. Using the standard argument (see, e.g., [13, Ch. 8,
§5]) it is easy to derive the estimate |u®|5 < C. One has to consider the function
W (z) = |u®(z)|? at its maximum point and use conditions (A3), (G2). Therefore
we further assume that the functions u;(|u®(z)|) are bounded above by constants

Wi, @ =2,...,7, independent of € and = € {2. We also assume that vs(|u®(x)|) >
v3 = const > 0 in (F5) and Ra(|uf]) < Ra < oo.

3.2. The estimate for ||Vu| (o). Using (PP1) and (L2) we can write the
integral identity

N n O
Z f Z <aij(m)u;iv;, + ——Lul v" —a" (z,u, Vu)v’”)da;
J al’j

r=1 0 ij=1

=— fﬁ(F(x,u,Vu)) Z b (z)u™v" dx (VUGW;(Q))

2 rym=1

The right-hand side is non-positive for any vector-function v(z) = u(z)®(z),
where @(x) > 0 is a scalar function. Proceeding as in [13, Ch. 8, §3] we obtain

<C.

IVullzae) = llullg, o <
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3.3. The estimate for [Vu®|g,. We denote by {2’ a subdomain of {2 such that
' C 2 and by € a cut-off function for £2'. Define W(z) = £*F(z,u(x), Vu(x))
and evaluate W(zo) = max 5 W (z). It is sufficient to consider the case
F(z0,u(x0), Vu(zo)) > 0, |[Vu(zo)| > Ry (see (F8)). We denote by C constants
which do not depend on &, but may depend on dist({2',0(2). At z¢ we have

(31) 901 _5 (54) = (izla"'>n)7

(3.2) 0> Z 0iWaay = i+ Lo+ Is + L,
i,j=1

where

n N N n
O2F  Ou™ ou O?F  ou™ 9%
I, = E i E _Z - T 2" 49 E E
1T 2 ¢ aj[ ) owmow! dx; Ox; + = owmdpt Ox; Ox0x;

i,j=1 m,l=
N n 2 2,1 2,,m
Tt e ﬁpkﬁpm Oz 0x; Oxs0xj |’
n 8F l
I, = 4 —a; A
2 Z ¢ { ow! Y 830 8;13] Z Z i 8$k8$28x] }
i,j=1 =1 =1 k= 1
- OPF  oul " 0%ul
I - 4 7 2 7 ) )
’ ijz::lf {C”a oy Z‘“a 0wl 0z lz;kzlaﬂaxapkaxkaxj}
- OF OF ou! OF 0%t
Iy = (2% 4ZEIF+G% 4m|:++:|:|
: ;1[ 1 )iz #(&)a dx; ' Ouwldx; = Opl dxydx;
Represent I; in the form
> D aii(wo)d ™ (x0)afd}
rt=1 ij=1

where d"(zg) is the N(n + 1) x N(n + 1)-matrix of the second derivatives of
F(x,w,p) with respect to (w,p) € RN x R™™ at (g, u(xo), Vu(zo)). By ¢ = (¢F)

we denote the Nn(n + 1)-dimensional vector with components ¢ = (q1,...,¢n),
¢ = (Giymi), where

1 N N 1 1 N N N
Gi= (Ug,sesuy,) ERY L my = (Up, e Uy, 5 U sy U ) € RV

Since the matrices a;;(zo) and d"(z) are positive-definite (see (A2) and (F5)),
we obtain

N(n+1l) n n
Z Z aijdrtqfﬁ > sl + |Vu!2](°‘2_1)/2 Z(Wi|2 +1¢1%)
rt=1 4,57=1 i=1

> vo(1 4 [Vu?) @272y, 12
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where vy = r1v3 > 0. Thus,
(3.3) I > vp(1 4 [Vul?) @27 D/2y,, 264

In I, there are terms with third order derivatives of u. Therefore we differen-
tiate the /th equation of the system (PP1) with respect to xj, multiply the result
by OF/0pl, and sum over k,! to obtain

n N n
da'(x,u,Vu)] OF

i,j=11=1 k=1 8pk

n N n N
dF oF
=> > [ Z bruT + BF) Y (BT + bl’u;k)} o
ij=11=1 k=1 dzk i r—1 Pk
Using the Ith equation of (PP1) to express a;;ul, ; We can write
Iy —J
oF oF OF da'(z,u, Vu)
e[ S S (Pt v - Do, - 2T
ij=11=1 k=1 Ipj, Opj, dzy,
where
N
J = 4 blr r blT T F
N n N n
F dF F
+ 54 Z Z blr Ty 54 Z blr)zkur
=J1+Js + Jg .

Without loss of generality one can assume that ¢ < 1, F(xg,u,Vu) > 1 and
|Vu(xo)| is sufficiently large. Due to the choice of the penalty function 8 we have

(34) ﬁ(F) — éﬁO(F) > F1+Ot0 > ’1)’4‘VU|(1+042)(1+0¢0) ,
1 1
(3.5) FB(F) = gFﬁO(F) = (1+ ag)gFHaO = (1+a)B(F).
To estimate J; we note that
N
F
VoG-V F = 0 —— bW
l,r=1 811]

and apply the assumption (2.4) of Theorem 2.1 with w = u(z¢) and p = Vu(xo)
to obtain

Ji 2 EB(F)vs|Vul' T2 — pg | Vu'Te272] g > 0.

Hence for sufficiently large |Vu(zg)| we have

J > %§4ﬁ(F)\Vu|1+a2.
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Further, by (3.1) we have ¢4dF/dxy, = — ()., F (k=1,...,n). Hence by (3.5)

:—F,B ZZanlT 7“54

l,r=1k=1

1—|—Oéo Zzblrr -
=1

> —CB(F)[|Vu|* + Z (£, |-
k=

Here we have used the inequality (F10). By analogy we deduce the bound
J3 > —E'B(F)C[|Vul* +1] .
It is obvious that J; + J3 > (v5/4)48(F)|Vull T2 for large |Vu|. Note that if

€IVu(zo)| < C Y [&w,] = Cy

k=1
then £4|Vu| < C. If
EVu(wo)| > CY |6, | = Cr,

k=1
we obtain by (3.4)

(36) J = Jl +J2 + J3 2 %éAﬂ(F”vu’l-‘raz Z V6€4|vu|(l+a2)(2+a0) .
Now, we write out the derivative da'/dz; and use the conditions (A5) and

(A6) to get

al

(3.7) o

oal 8al ou™ dat 9%
|0z awl oz}, ; ; opl, 02,015

< V™ + [Vl + [Vl fugs ] -
In view of (A4), (F9)—(F11), (3.7) and the assumption |Vu(zg)| > 1 we obtain

(3.8) I — J > —€*C[|VuTortez 4|V T2 |y, ] .
For I3 we use (F9)—(F11) to obtain
(3.9) Iy > EC[[Vul* 270 + |Vl fug, ]

Thus, (3.3), (3.6), (3.8) and (3.9) imply
(3.10) Iy + Lo+ Iy > & {vo (1 + [Vul?) @2~/ 2 |y, |2 + %|Vu|(1+°‘2)(2+0‘°)

— CEYTuerter | Tujtrteru,, ).



UNILATERAL PROBLEMS 441

Apply the Cauchy inequality to obtain
V4 ] < 22 (14 [TU2) D g | 4 T 320

By (PP3)
7= (14 a3)(2+ ap) > max{l +2a1 + 2,2+ a1 + a2} .
Therefore for sufficiently large |Vu(zg)| we deduce from (3.10)

(311) L+ L+ I3>¢ %(1 + |Vu|?) @2/ 2y, |2 + %yvu\<1+a2><2+ao> .

To estimate I, we note that
Taking into account the last inequality and (F9)—(F11) we obtain for suffi-
ciently large |Vu(zo)]
Iy > —C&|Vu| — CE(|Vul?H 270 4 |Vu|*2 |upg|) .
By the Cauchy inequality
EVul* g | < 261+ V) D 2 gy 2 4 O[Tl 07
therefore,

> =21 [Vaf2) 0D 2 2 G| T,

and consequently,

4
> I > &Vt [52”46|vu|7 — 60] :
i=1
Now we have two possibilities: 1) £2|Vu(zo)|? < 8Co/v and by (F9) we have
W(zo) < C; 2) Yoy Ii > €(v/8)|Vu|@FTa0)(1+02) 5 0. in this case by (3.2) the
last inequality is not true. B

Thus, for any subdomain 2" with £ C §2, the estimate max_ g, |Vu®(z)| < C
holds.

3.4. The existence of the limit function u. Because of the estimates deduced
above one can extract a subsequence from {u®} (which we denote again by u*)

such that u® converges weakly in fogl(ﬂ) tou! (I =1,...,N). Moreover, u' €
W;oJOC(Q) (I =1,...,N) and, because of the imbedding theorems, u¢’ — u!

uniformly on compact sets 2’ with 2’ C (2.
8.5. The estimate for £25:(F(x,u®, Vu))|g . Let £€C5(£2), supp € C 02, =
0
{re 2 :u(x) # 0}. Since u is continuous in (2, there exists a constant § >0 such
that (Vo € supp¢) |u(z)| > d. Since u® — w uniformly on ', we have |u®(z)| >

/2 for sufficiently small e. Suppose that W (z) =£26(F) has its maximum at xo €
supp . Now we show that W (z) is bounded above by a constant which depends
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on ¢ and dist(supp &, 912), but does not depend on e. Assume that W (zg) # 0.
At z¢ we have

(3.12) W, = (@) + €90 —0 (i=1,....m),
= 3 (g2 (g2 ﬁ 2 d’p
(3.13) 0> Z i Wz, = > [aw(g )asz; B+ 2015 (€, i, + aié e |

1,7=1 1,7=1

Since $(0)=0 and (3(7) is a convex function, we have 3(7) < 7(3'(7). Substituting,
in (3.13), F3'(F) for B(F) we obtain the lower bound —Cf3’ for the first summand
of (3.13). Writing out the expression for the derivative d/dx; and taking into
account the estimates for [’ and its partial derivatives, we obtain

n OF L OF AR
Z 2a;; (S Z 20i5(£7)a, { + m“;rﬁ + Z Z ulzkfﬂj}
ij=1 d ij=1 Ozj <= Ow 1=1 k=1 Op)
>0 [_C - 5€!Um|} .

Since #” > 0 and the matrix a;; is positive-definite, the third summand in (3.13)
is bounded below by '¢%a;;jd*F/dx;dz;. Thus, (3.13) implies

(314) 0 > Z az] Tix; Z [ C Cf|“m|] +ﬂ 52 Z [£2%] d2F

’L]d .
2z dx
ij=1 ij=1 Lty

We estimate the last term in (3.14) as follows:

1 2 ; — [l¢2 i u™ l
(3:15) A€ ]Z:l J dx;dx; b i]z:la ’ [8 x; 0z mz; 8wmawl it

N n
82F 82F m
+ l7;1 k:,Es:l 6p§€8pm :ckxl x x; Z dz;0w™ Uy

n

- 82F m al oF m N n 0

I,m=1k=1

» _ n N OF
Z /8/52 |:V0umz|2 - C|uwm| - C + Z Waijuzzj

n n a
FE S |

Here vy < vv3(1 4 |Vus|?)(@2=1/2, Because of the estimate from 3.3 we can
assume that 1y > 0 does not depend on €. Now, we differentiate the system
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(PP1) with respect to xj and sum over k. By (A5), (A6) and (2.4) we obtain

(3.16) 02> ﬂ/( )52[7/0|wa|2 - 5|uww| - ~]
ls, s
lzkz < m) Zb .

By (3.12) the last summand in (3.16) can be rewritten as follows:

"YY aF( dmk)Zb* S

=1 k=1

ZZ O (il g, + ) (2660,) > —B (P)Celuza] + O

il
Thus, it follows from (3.14) and (3.16) that

0 Z Z aiijixj > ﬁ/(F)[VO§2‘Uxx’2 - 55’u$$| - 6] .
ij=1
We apply the Cauchy inequality to obtain

0 > Z aiijimj > ﬂ/(F)[VO§2‘uxx’2 - 5] .

ij=1
Recalling our assumption W (zg) # 0 (see 3.5) and, consequently, 3’ (F) > 0, we
conclude that £2|u,,| < C at xo. Hence

n N
S = LuP =61 D0 Y ayufl,, +a')? < C.
ij=11=1
Since |u(xo)| > /2, the desired estimate is obtained.

IN

3.6. Proof of Theorem 2.1. Because of the estimates obtained and the
imbedding theorems there exists a subsequence {u®} such that

(3.17) uf — u!  uniformly in 2’ C 2,

(3.18) Vu! — Vu!  uniformly in 2/, C 2,
(3.19) usl, — b, weakly in L,(2)) (1< q< o),
where u = (u!,...,u") is the limit function from 3.4. Moreover,

uwe COMRY) N CHR2u; RY) N W3, (925 RY),
ie., w satisfies (QV1). By (3.17) and (3.18) we have [o(F(z,u®,Vu®)) —
Bo(F(xz,u, Vu)) for z € 2,. Since (1) = (1/€)Bo(7), the estimate from 3.5
provides [o(F(z,u,Vu)) = 0. Hence F(z,u,Vu) < 0 for x € 2,, i.e., the in-
equality (QV3) is valid. To verify the quasivariational inequality (QV2) let us
note that from (3.17), (3.18) we have

(Au®, (v — u)) — (Au,n(v —u))



444 T. N. ROZHKOVSKAYA

for n from (QV2) and v € W;(Q;RN). It follows from (PP1) that
(3.20) (Au®,p(v—u)) <0

for any v € WQ(Q;RN) such that v(x) € M(x,u(x)) a.e. in 2. Now we set
§ = mingesuppy |u(z)|. We have § > 0 and G(z,u(z)) > v46% for = € suppn. Let

v be an arbitrary function in WQ(Q;RN) such that v(x) € M(x,u(x)) a.e. in (2.
Define v, (z) = (1 — 1/n)v(z). Note that v, (x) € M(z,u(x)) and

Gla,00) = B(x)on - v = (1 - 1>2G(x,v) < (1 - 1)2G(a;,u).

n n

By (3.17) we also have G(z,v,,) < G(z,u®) for z € suppn if ¢ is sufficiently small.
Hence we obtain (QV2) from (3.20) as ¢ — 0 and n — oo. To check (QV4) one
has to use (3.17) and (3.18).

3.7. Proof of Theorem 2.2. Proceeding as in [13, Ch. 8] with the help
of the barrier technique one can obtain the conclusion of the theorem.

3.8. Proof of Theorem 2.3. The proof of the estimates for |u®|s,

Q

[lus HI?Vl(Q) and |Vulgg is quite similar to that in Theorems 2.1 and 2.2. To deduce
2

the estimate for |Vu|g consider the function W (z) = |Vu|? at its maximum point
xg € §2. The inequality

0> AW =2ut o +2ul Wl

TrpT; VTRT Tp TR T
> |uge|® — Qﬂ’kau;kul + Qﬂ’(ulull,k)2 + 283|Vul?
provides the desired estimate.

Note that . (F(z,u)) = 01if |u®(x)| < fo (see (03)). Taking this into account
and proceeding as in 3.5 we can establish the estimate G.(F'(z,u®)) < C for all
x € 2. Arguing as in the proof of Theorem 2.1 we deduce that F(z,u(z)) <0 in
2 and Lu(z) = A(x)u(z) where A(x) > 0. Moreover, A\(z) = 0 if F(x,u(x)) < 0.
Thus, we conclude that the solution u of (QV1)-(QV4) (or (U1)—(Ub)) satisfies
the obstacle problem of type (1.19).
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