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Abstract. The global existence theorem of classical solutions for one-dimensional nonlinear
thermoelasticity is proved for small and smooth initial data in the case of a bounded reference
configuration for a homogeneous medium, considering the Neumann type boundary conditions:
traction free and insulated. Moreover, the asymptotic behaviour of solutions is investigated.

1. Introduction. The equations of one-dimensional nonlinear thermoelastic-
ity have been investigated in the case of a bounded reference configuration for a
homogeneous medium by Slemrod in 1981 (see [4]). He proved the global existence
of smooth solutions for small data, considering the boundary conditions: traction
free and constant temperature, or rigidly damped and insulated. The cases of
Dirichlet boundary conditions: rigidly damped and constant temperature, and of
Neumann boundary conditions: traction free and insulated, remained open for
several years after Slemrod’s work. In 1990, Racke and Shibata [3] proved the
global existence of smooth solutions for small and smooth data in the case of
Dirichlet boundary conditions. As is well known, in proving the existence theo-
rem of smooth solutions for at least small and smooth data, the main step is to
show the decay properties of solutions to linearized equations. In [3], Racke and
Shibata used spectral analysis to the reduced stationary problem to get the decay
properties, which was a completely different approach from Slemrod’s work.

In this paper, the global existence of smooth solutions for small and smooth
data is proved in the case of Neumann boundary conditions. Our approach here
is principally the same as in Racke and Shibata [3], but more delicate discussions
are needed, because of the Neumann boundary conditions.
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Now, let us recall the equations of one-dimensional nonlinear thermoelasticity.
Let 2 = (0,1) be the unit interval in R, which is identified with the reference
configuration R. The thermoelastic motion is described mathematically by the
deformation map {2 5 z — X(¢,z) € R and the absolute temperature 7'(¢, z) € R
of the material point of coordinate X (¢, ), where ¢t denotes the time variable.
Then, the equations of balance of linear momentum and of balance of energy are
given by (cf. Carlson [1])

(B.M) orXtt = Sy + orD,

(B.E) (E+ (r/2)X7)e = (SX4)s + 0RUX: + G + 0T,

where we use the following notation: The subscripts ¢ and x denote differentiations
with respect to ¢t and x, respectively. o is the material density and it is assumed to
be 1 in the sequel. The b and r are specific body force and heat supply, respectively.
We assume that b = r = 0 below. ¢ is the specific internal energy. ¢ is the
heat flux. S is the Piola—Kirchhoff stress tensor. According to the 2nd Law of

Thermodynamics and Coleman’s theorem [2], we make throughout the following
assumptions.

ASSUMPTIONS. (1) There exists a so-called Helmholtz energy function ¢ (F, T),
which is real-valued and in C*°(G(B)), such that
(A1) S=S8(X,(t,x),T(t,x) and &=e(X,(t,x), T(t,z)) where
(A2) S(F,T)=(0y/oF)(F,T), e(F,T)=vyFT)—T0y/0T)(F,T)
and F =X,;
GB)={(F,T)eR*||F —1|+|T - Tp| < B, T > Ty/2};

T} is a positive constant denoting the natural temperature of the reference body R
and B is another positive constant. Moreover, we assume that

(A.3) (9*/OF*)(F,T) >0, (0%¢/0T*)(F,T)<0, (8%°¢)/0F0T)(F,T)#0
for (F,T) € G(B);
(A4) S(1,Tp) =0.
(2) There exists a positive function Q(F,T) € C*°(G(B)) such that
(A'5) E]v: Q(Xz<t7 x)a T(t7 x)>TI(t7 :U) :

The purpose of this paper is to prove the global existence of smooth solutions
to the following problem:

(1.1) X4 =S5(Xe, 1), in (0,00) x 2,
(1.2)  (e(Xe, T) + %th)t = (8(Xe, T)Xt)o + (Q(Xy, T)Ty)p  in (0,00) X 2,
(1.3) S(X,,T)=T,=0 on (0,00) x 012,
(1.4) X(0,z2) =x4uo(z), Xi(0,2)=wui(z), T(0,x)="To+0O(xr) in 2,
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where 02 denotes the boundary of (2, i.e. 92 = {0} U {1}, and ug, u; and 6, are
given functions.

Now, let us discuss the equilibrium state. In view of (A.4), X =z and T =Ty
are solutions for the initial data ugp = u; = 6y = 0. Integrating (1.2) on (0,¢) x £2,
we have

1
(15) [ {e(Xa(t,2), T(t,2)) + $X2(t )} da
0

= f {e(1 4+ ug(z), To + bo(2)) + 3 (z)?} d,
0

uy(x) = (dug/dx)(x), as long as the solutions exist. If we expect that X; — 0 and
(X2, T) — (Xoo, To) (other constant states) as t — oo, in view of (1.3) and (1.5),
X and T, satisfy

1

(16.2)  e(Xoo,Too) = [ {e(1+up(@), To + bo(x)) + Jur (2)?} da;
0

(1.6.b) S(Xoo, Too) = 0

(1.6.c) (Xoo, o) € G(B).

On the other hand, if we consider the map G(B) > (F,T) — (¢(F,T),S(F,T))
€ R? by (A.2), (A.3) and (A.4) we see that the Jacobian d(e,S)/0(F,T) of
this map at (F,T) = (1,Tp) is equal to —Ty(8%/0T?)(1,Ty) (0% /OF?)(1,Tp) +
To(029/OFOT)(1,Ty)? > 0. The inverse mapping theorem gives the unique exis-
tence of (Xoo,Two) satisfying (1.6) provided that |ug(z)|, |ui(x)| and |6p(z)| are
sufficiently small for z € [0, 1].

To find the energy conservation (1.5) and other constant states (Xoo, 7o) at
t = o0, (1.2) is quite important, but the form of (1.2) is rather complicated. So,
once we know (1.5) and (1.6), using the entropy

(1.7) N(F,T) = —(09/0T)(F,T),
we rewrite (1.2) as follows:
(1.2) TN(X.,T) = (Q(Xs,T)Ty), in (0,00) x 2.

In fact, multiplying (1.1) by X; implies that %(Xf)t = 5, X;. Using the constitu-
tive relations (A.2) and (1.7), we have e(X,,T); = TN(X., 1)t + (X, T) Xtz
Since (S(X4, T)Xt)e = S(Xz, T)2 Xt + S(Xs, T) Xy, (1.2)" follows from (1.1)
and (1.2). Obviously, (1.2) also follows from (1.1) and (1.2)". From now on, we
shall solve the problem (1.1), (1.2)", (1.3) and (1.4) instead of the problem (1.1),
(1.2), (1.3) and (1.4).

Now, we discuss the initial conditions and compatibility conditions. To do
this, assume for a moment the existence of solutions X and T satisfying
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(Xz(t,z), T(t,z)) € G(B). Put
(1.8)  wiyo(x) = (0;72X)(0,2) and 6 q1(x) = (0771T)(0,2) fori>0.

In fact, u;yo and 6,41 are determined successively from wug, u; and 6y by differ-
entiating (1.1) and (1.2)" with respect to ¢t at t = 0. We would like to show the
existence of solutions satisfying the conditions

L+2
(1.9.a) X € () C(0,00), H-277),
L
(1.9.b) T € C*HY([0,00), L%) N () C7([0,00), H*277),
=0
(1.9.¢) (Xz(t,z), T(t,x)) € G(B) for (t,x) € [0,00) x [0,1]

where the notation is summarized at the end of this section. Therefore, we must
assume that
u € HF271 (0<i<L+1), 6;€ H*"" (0<i<L),
(1+ug(z), To + 0p(z)) € G(B)  for x € [0,1].

Note that the fact that ur o and 7,1 belong to L? follows from (1.10) if we
differentiate (1.1) and (1.2)" L times with respect to ¢ at ¢t = 0.

Moreover, differentiating the boundary condition (1.3) with respect to ¢ at
t = 0, we have
(1.11) 01S(Xe,T)|t=0 = 0ix =0 forz=0,1andi=0,1,...,L,

because 9;S(X,,T) and 9{T, belong to HXT'~% for t > 0. Note that (1.11) are
conditions imposed on ug, u; and 6. We shall say that ug, u; and 6y satisfy the
compatibility condition of order L if (1.11) is satisfied.

The purpose of this paper is to prove

(1.10)

THEOREM 1.1. Let 0 < 7 < 1/16 and K and L be integers such that
8K?+ 15K — (1+7)
K—-(1+7) '
Let ug, uy and 6y in (1.4) be given and let u;1o and 0,41 (0 < i < L —1) be the

functions defined by (1.8). Assume that (1.10) holds true and that ug, u; and 6
satisfy the compatibility condition of order L. In addition, assume that

(1.12) K>3 and L>

1
(1.13) [ wi(z)dz=0.
0
Put
L+1 L—-1
(1.14) E=Y luilloti—i + Y 10l n+1—i + 10z

i=0 =0



NEUMANN PROBLEM 461

Then there ezists a § > 0 such that if E < 0, then the problem (1.1)—(1.4) admits
a unique solution X, T satisfying (1.9). Moreover, the asymptotic behaviour of X
and T is given by Y (t) <1 fort > 0, where

(1.15) Y (t) = Yi(t) + Ya(t),
Yi(t) = |Vle.x,0 + | (Tiw, Tiwz) e, k0

Ya(t) = [V

t
o +{ [ 18T, 170y
0

V= (Xta Xx - XooaXttht:z:aXr:ra T — TooaTtaT:ta Txr) .

Finally, we explain the notation used throughout. All the functions are as-
sumed to be real-valued, except for paragraphs 2.2 and 2.3. The i stands for v/—1
in paragraphs 2.2, 2.3 and 2.4 only, otherwise it is used as an index. We denote
the usual L? space on (0, 1), its inner product and its norm by L? = H, (, ) and
|||, respectively. It will be clear from the context whether (a,b) denotes an open
interval in R or the inner product. Put H™ = {u € L? | ||u||;m = |[d™u|| < oo},
where d7u(s) = ((d'u/ds')(s), 0 <1< m) for s = t,x. By CL(I, B) we denote
the set of all B-valued functions which are L times continuously differentiable
in I. Put

[vlle.x.L = sup{(1 + )" [ DFv(s, )| | 0 < s < ¢},
vt 5.1 = sup{(1 + )% |dbv(s)| | 0 < s < t},
(v, v)ller. = lvllege + -+ llollegr,
|(v1,- - v)lern = [vilexn + o+ vk L,
(u, ) = u(L)o(1) —u(0)e(0),  (u)* = [u(L)]* +[u(0)*,
Dhu(t,z) = (8)0Fu(t,z),0<j+ k<L), 08 =08/0t), 0F=0"/oz".
We also write u, = 0pu, up = O, Ugy = 0%u, gy = 0;0pu, ug = 0?u. Moreover,
0T u = (u, Osu, ..., 07" u) for s = t, . We use the same letter C' to denote various

positive constants and C'(A, B, ...) means that the constant depends essentially
on A, B, ... only.

2. Decay rate of solutions to linearized problem. In this section, we
investigate the decay of solutions to the linear problem

(2.1)  uy — Qugy + 60, = fo in [0,%0] x (0,1),
(22) ﬁ@t — ’yﬂm + 5utz =4gn in [O,to] X (O, 1) R
(2.3)  (augy —060)(t,1) = fri(t), ~0.(t,1)=0 forl=0,1andt € [0,t],

where a, 0 and ~ are positive constants and ¢ is a non-zero real number. The
purpose of this section is to prove

THEOREM 2.1. Let tg > 1, 0 < 7 < 1 and K be an integer > 1. Let u and 0
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satisfy (2.1)—(2.3) and
2
(2.4.2) u(t,x) € [ CFTOHI((0,10], H* ),
j=0
(2.4.b)  O(t,x) € CHF8((0,t0], L?) N CHFT([0, 0], H?) N CHEFO([0, t0), H) .
Then, we have the following decay estimate of solutions u and 6 to (2.1)—(2.3):
(2.5)  [lowy — 86,1 + 110 0502|150

< CUO T Tu(0, ) |y + 3 0u(0, )

105700, ) |2 + 19,0000, )l + 19 *° ol rriro
1

+10 5 g |t kot rr10 + Z |fFl!t,K+r+1,4K+7}
1=0

for 0 <t <tg, where 01010, = (04, 00s, Ota, Otz )-
We shall prove Theorem 2.1 below, dividing the proof into several paragraphs.

2.1. Reduction of equations. Since the Neumann boundary condition seems
to be more complicated to deal with than the Dirichlet boundary condition, and
since Racke and Shibata [3] developed a technique for dealing with the Dirich-
let condition case, we shall reduce the problem (2.1)—(2.4) to Dirichlet problem.
Put

(2.6) v=auy — 060 and Kk=~0,.

Then v and & satisfy the Dirichlet problem

(2.7) avyy — bugy + 0k, = Fo in [0,¢] x (0,1),

(2.8) cly — dByy + dvy, = G in [0,¢0] x (0,1),

(2.9) v(t,l) = fri(t) and k(t,])=0 forl=0,1andte[0,t],

where a = ﬁv b= CYﬁ-F 527 c= (Oéﬁ + 52)/77 d= a, F.Q = (Oéﬁ—l— 52)f!2,x - 6gQ,t
and G = agn .. Indeed, by using (2.6), we easily get (2.7), so we may omit the
proof.

2.2. Spectral analysis. To get the decay properties of solutions to (2.7)—(2.9),
changing 0; to ik, where i = v/—1 and k € C, we consider the following system
of ordinary differential equations of second order with parameter k € C:

(2.10) bu' + ak*u — iké0 = fo in (0,1),
(2.11) dd" —ikcl — ikdu' = gq in (0,1),
(2.12) u(l)=fr; and 0(l1)=0 forl=0and 1.

THEOREM 2.2. There exists a discrete set A in C and operators R;(k), | = 1,2,
k € C— A, with the following properties: Ry, Il = 1,2, is a holomorphic map from
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C — A to L(H,H?), where H = L? x L? x C? and L(H, H?) is the space of all
bounded linear operators from H into H?; moreover,
(2.13) AN{keC|Imk <0} =0,

and u= R (1)U and 0 = Ry (k)U satisfy the problem (2.10)—(2.12) for ke C— A
and U = (fa, 950, fro, fr1) € H.

Employing the same arguments as in Racke and Shibata [3, Lemmas 1.1-1.6
of §1], we can construct the operators R;(k) by using the well-known analytic
Fredholm theorem. So, we may omit the proof.

THEOREM 2.3. Let k € C with |[Rek| > 1 and Imk < 0. For U =
(fo,90, fro, fr1) € H, we put
I(K) = k| | fell + [k~ gall + 1K°72(| frol + |fri])-
Then we have for 7 =0,1,2,
IR (k)Ul; < ClEP*HI(k) and | Ra(k)U|; < Clk[*I(k)
where || - [lo = - |-

Differentiating (2.10)—(2.12) with respect to k& and using Theorem 2.3, by
induction we easily get

COROLLARY 2.4. Let k € C with [Rek| > 1 and Imk < 0. Under the same
notation as in Theorem 2.3,
I(d/dk)' Ry (k)Ul; < C()IKI" 1 (k)
I(d/dk) Ra(k)U ||; < C)IK|" 21 (k)

for j =0,1,2 and any integer [ > 0.

Proof of Theorem 2.3. Put u = Ry(k)U, § = Ry(k)U and |fr| =
|fro| + | fr1]- We shall use the following six inequalities:

(2.14) 10 < CLRITY2 N foll 2 llull? + 1k Hlgell + k1712 2] fr[/2) 5
(2.15) (') < CLUIO'Il+ K201 210712 + (k1211216712 + llgell}
(2.16)  (u) < CLll/|| + k] M2 [l + k] [ I/216°]12 + N fll}
(2.17)  lull < C{USrl+ 1101+ KO+ 1RO + [k gl

(2.18) 10" < LRI 21612 + llgell 210112} 5

(2.19) [lu'[l < C{Ik| lull + 0] + [Re k|~ fell

o [Re k| =2k 2 )2 4101 g 7))

Before explaining how to get (2.14)—(2.19), we shall prove the estimates of R;(k),
[ =1, 2. Since the equations are linear, we decompose R(k)U = (R1(k)U, R2(k)U)
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as follows:

3

R(k)U = (uj,0;)

j=1
Where (ulvel) = R(k)(fQ,0,0,0), (u2;02) = R(k)(oﬂg.oaovo) and (U3,93) =
R(K)(0,0, fro, fr1).

Step 1. We prove

10:]] < Clkl I fell, 010 < ClEP|| fell,
Jur|l < ClEP | fall, Wil < ClE[*(| foll -

For simplicity, we write u; = u and 6, = 6 in the course of the proof of (2.20).
Note that go =0, fro = fr1 = 0 in this case. By (2.14),

(2.20)

(2.21) 1611 < LRI 212 ]2
Substituting (2.21) into (2.18), we have
(2.22) 16711 < CLRIA A ! I12 al 4

Substituting (2.21) and (2.22) into (2.15), we have
(2:23)  (0) < CLIKIM I fall 1/ IIM2 [l 4 R fll® Sl )14 ful 2/
HEPE M 1 Y
Substituting (2.23) into (2.17) and using (2.21) and (2.22), we have
(2:24)  Jull < CURITY2 1l 1l A K724 fo 1 12l
R fl P73 11l P72+ [R5 fll 2 1P a5

Now, we use the well-known inequality
1 1 1
(2.25) abggap—l——bq fora,b>0, >0, andp,g>1, —+—-=1.
p €q p q

Then, applying (2.25) to (2.24), we have
(226)  [|ull < C{EI T Ifoll + KT I FllY2 11772 + [k fo > |2/
HET Tl
Substituting (2.26) into (2.22), we have
(227) 0l < C{lIfall 2l 12 + 1 fell 2111122 + | fol /2 /|22
+HEY T T
Substituting (2.26) and (2.27) into (2.19), we have
(228) [l < C{llfell + I fall21/IP7 + I fall > |lu'|2/°
+ RN fl VTN A Ll MR 1 L el PP
RV 2Tl
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Applying (2.25) to (2.28), we have

(2.29) lu'[l < ClE[*]l fel -
Substituting (2.29) into (2.26) and (2.27), we have
(2.30) lull, 6] < ClEIP|| fell -

Substituting (2.30) into (2.21), we have (2.20).

Step 2. Employing the same arguments as in Step 1, we prove

2o 160211 < kgl l04] < Cli gl
[uz|| < ClE[lgell, lus]| < ClE[]gel| -

Step 3. We prove
(2.32) 16s]) < ClEP21frl, (165] < ORI frl,
lus|l < CIEI*?[fr],  llusll < ClEI™2|fr|-

For simplicity, we put us = u, 83 = 0 and M = (u’). Note that f, = go =0 in
this case. By (2.14), we have

(2.33) 161 < Clk|=V2M 2 £ 2
By (2.18) and (2.33), we have
(2.34) 1611 < ClRM |20 fro 1

Combining (2.15), (2.33) and (2.34), we have
(2:35)  (0) < C{IRIY |/ [|2M 4 |4 (RS |40 f P
SR LR [ VR VI A
Substituting (2.33), (2.34) and (2.35) into (2.17), we have
(2:36)  |[ull < C{Ifr|+[KI72M 21 fp |2 4 [R5 |2 MY fr [
RS M F B 4 (| M fr] Y
Substituting (2.34) and (2.36) into (2.19) yields
(2:37)  |l/l| < CLKI S|+ R[22 |2 4 (kY4 |20
RISl [P Fr S (R P fr Ry
Applying (2.25) to (2.37), we have
(2.38) 1|l < ClE[{Ifr| + [R[P2MY2 |2
Substituting (2.38) into (2.34) and (2.36) yields
(2.39) 1611 Mlull < C{Ifr| + K> 2 M2 fr %)
Substituting (2.38) and (2.39) into (2.16) yields
(2.40) M < C{IR[*2|fr| + [KI*MY2|fr[ /2

Applying (2.25) to (2.40) implies that M < C|k|%|fr|; substituting this into
(2.33), (2.38) and (2.39), we have (2.32).



466 Y. SHIBATA

Using (2.20), (2.31) and (2.32), we have the conclusion of the theorem for
j=0 and 1. Finally, by using (2.10) and (2.11) and the estimates for j=0 and 1,
we have the estimates for j = 2.

Now, we shall prove the inequalities (2.14)—(2.19). By integration by parts, we
have

(2.41) bl ||? — ak?||ul|* + ikd (0, u) = blu',u) — (fa,u);
(2.42) d||0')|? + ike|0))* + iké(u, 0) = d(¢,0) — (90, 0) .
From the real part of (2.42) it follows that

A0 — (1 )l = Re{—ik(u,6) + d(6',0) — (90,0)} .

Since Im k < 0, we have (2.18). Taking the complex conjugate of (2.42) and using
the identity (6,u’) = (0, u) — (0’,u), we have

d||0'||* — ike||0]|* — k{0, u) + ikd (0, u) = d(0,0") — (0,90) .
Multiplying this and (2.42) by k and k, respectively, we have
(2.43) B[/ |2 — alkklull® — dbllo’)2 + ikl 0]
= bk(u',u) — k(fo,u) —i|k|?6(0,u) — dk(0,0") — k(0, g) .

Note that Imk = —Imk > 0. (2.14) and (2.19) follow from the imaginary part
and real part of (2.43), respectively. Since

(2.44) 2Re(0”, (22 — 1)0") = (6')* — 2||0]|?,

substituting (2.11) into the left-hand side of (2.44) and using Schwarz’s inequal-
ity, we have (2.15). Employing the same arguments implies (2.16), too. Finally,
integration of (2.11) on (x, 1) yields

u(x):(idk)_l{ [ gals)ds + idkfr +ick [ 6(s) ds—d(e/u)—e/(()))},

from which (2.17) follows immediately. This completes the proof of the theorem.
2.3. Decay rate of solutions to (2.7)—(2.9)

THEOREM 2.5. Let K be an integer > 1 and 0 < 7 < 1. Let v and k sat-
isfy (2.7)—(2.9) with to = oo and the regularity condition

2 1
(245)  wve [ CHFEH([0,00), H*Y), ke [)CHTE(0,00), H* ).
§=0 §=0
In addition, assume that 1(4K + 6,4K + 7, K) < oo, where
I(L, M, K) = (|9} (Fo, Ga)lloo,x+7+1,0 + [(fro, fr)loe, k741,01 -
Then for any t > 0 we have
[vllere1 + 10; 055l e. 0
< CE){]|9:5 D (0, )| + 11809 (0, )| + [(4K +6,4K +7,K)} .
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Proof. Let ¢(t) be a function in C*°(R) such that p(t) = 1for ¢t > 2 and =0
for t <1. Put u = pv and 6 = pk. Then u and @ satisfy

(2.46)  auy — bug, + 00, = fo  in [0,00) x (0,1),

(2.47) by — dOyy + Sure = g0 in [0,00) x (0,1),

(2.48)  wu(t,l) =) fri(t), O6(t,1)=0 forl=0and 1, and ¢ € [0,00),
where

fo=pt)Fo(t,z) — 2a¢' (t)vi(t, ) — ap” (t)v(t, x) — 6’ (t) ke (t, ),

2.49
BB = o)Ga(t,2) — e Ol 2) — 35 (v (t,2).
Put
Ho(k,z) = f e R Ho(t,x) dt for H=F and G,
fritk) = [ e ™) fri(t)dt for l=0and 1.
Moreover, put
w(t,z) = — Te““Rl(k)U(k) dk, &(t,x) = S fe““RQ(k)U(k) dk
’ 277'_00 ’ ’ 27T_OO

where U(k) = —(ﬁg(k,-),@g(k,-),fpo(k),fpl(k)). Then, employing the same
arguments as in the proof of Theorem 2.1 in Racke and Shibata [3, §2], by Theo-
rem 2.2 and Corollary 2.4 and the uniqueness of solutions to the problem (2.46)—
(2.48) which will be guaranteed by the energy inequality below, we see that w = u
and £ = 6. Moreover, for ¢ > 2 we have

(2.50) || D'o(t, )| + (101 0%k(t, )| = [ D w(t, )| + ||0; 0n(E, )|
< C(K)(1+ ) 5{10t5 % (fa, go) o, +r+1,0 + | (fros fr1)loo,k+r+1,46+7}
<C(K)1+t) ®{I(4K +6,4K + 7, K)

FAK+6 1 N\ Al .
+ max ([0, (D o(t, ), Dynt, )}

where in the final step of (2.50) we have used the facts that supp ¢’(t), supp ¢” (¢)
C [1,2] (cf. (2.49)). To estimate the final two terms of (2.50), we give the energy
estimate for the problem (2.7)—(2.9). Namely, we show that

(2.51)  [l(et, ) valt ), ma (8 DIZ+ [ llms(s, )P ds
0

< O 1(04(0,), v (0,), 10 (0,))

+ [ a5, Gals, DI+ 1(Frols), i ()2} ds]
0
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Once we get (2.51), differentiating (2.7)—(2.9) [ times (1 < [ < 4K + 6) with
respect to ¢t and applying (2.51) to the resulting equations, we have

(2'52) “5?1(-&-6(% (t7 '), Vg (t7 ')7 Ka <t7 ))H
< OG0 (v, va, ki) li=o || + T(AK +6,4K +7,0)]  for t € [0,2].
Since ||w| < C{||wg| + |w(0)|}, from (2.52) it follows that

(2.53)  max 15T (D o(t, ), 85ki(t, )l

< C{|| 0K+ (D, 0L k) |10 || + T(4K + 6,4K +7,0)}.

Combining (2.53) and (2.50), we have the assertion of the theorem.
Now, let us prove (2.51). Multiplying (2.7) by v¢, we have

(250) 5 S lallont, 7 + bl (e, YIPY + e (8, ), vl )

= b(va(t, ), ve(t, ) + (Fa(t, ), ve(t, ) -

Noting that k(t,1) = 0 for [ = 0 and 1, by integration by parts and (2.8), we
have

(2.55)  0(kea(t, ), ve(ts ) = —(Ke(t, ), Ovra(t; )

= —(ra(t,-), Gaalt, ) + el met, ) + 5

Combining (2.54) and (2.55) implies that

1d
2.dt

—lIa(t;-)

(256) o —{allve(t, )|* + llva(t, )I* + dll o (8, )1} + ell e, )

= (Fa(t,-),vi(t, ) + (Galt, ), kit ) + b{va (L, ), ve(t, -))
< 5lFa(t, ) +llve(t, )P + ollm(t )P + o~ HIGa(t, )12
+ (18] + 0o~ DIfR (O] + bo(ve)?]  for any o € (0,1),

where |f(8)]? = |f1o(®)|? + | fF1(t)|%. To estimate the boundary term (v,(t,)),
we use the identity (2.44). Then by integration by parts and by (2.7)—(2.9), we
have

d

(25T) o {oalt, )+ et ) — blow(t, I = dlsa(t, )P

= (@vualt, ) + Frte (b, ) = Folt, ), (22 = Doa(t, )

+ (enelt, )+ Svialt, ) — Golt, ), (20— a1, )
L0t ), (2 = Doelt, ) — STFOP +allnlt, )|

+ (C'%t(u ')7 (21’ - 1)Hr(t> )) - (FQ(ta ')> (2'75 - 1)Uw(ta ))
- (GQ(ta ')> (21‘ - I)Kz(ta )) .

=a
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Combining (2.56) and (2.57) and choosing o > 0 sufficiently small, we have

(258) 5 fallo(t, ) + bl (t, )+ dilsa(t, )

+20(ave(t,-) + 0ka(t,-), (20 — D)va(t, )] + *Hﬁt( lla
< Clalloe(t, )I* + bllva(t, )II* + dll o (8, )1 + | Falt, )|
CO{lIGalt,)I* + Ifr )1}

Choosing o > 0 so small that

20 (avy(t, ) + 6ka(t, ), (22

= Dug(t,))]
< slallo(t I + bllvw (8, ) + dllra(t,)I7)

integrating (2.58) from 0 to ¢ and applying Gronwall’s inequality to the resulting
inequality, we have (2.51), which completes the proof of the theorem.

2.4. Proof of Theorem 2.1. Noting (2.6), we get Theorem 2.1 immediately in
case tg = co. Employing the same arguments as in the proof of Theorem 2.2 in
Racke and Shibata [3, §2], by using the cut-off technique and Theorem 2.1 for
to = 0o, we can prove Theorem 2.1 for general ty, > 1.

3. A priori estimate of solutions local in time. Let X (¢,z) and T'(¢, x)
satisfy the following:

(3 1) Xtt = S(szT)x in [O>t0] X 'Q;
(3.2) TN(X.,T):=(Q(Xz, T)Ty). 1in [0,0] x §2;
(33) S(X,,T)=T,=0 on [0, tg] x 942;
(34) X(0,z2) =x+4uo(z), X¢(0,2) =ui(z), T(0,z) =To + bp(z) in £2;
(3.5) (Xz(t,z), T(t,x)) € G(B) for all (t,x) € [0,to] x [0,1],
L+2

X € () €70, to), H277),

(3.6) =
L
T € CH([0, to) ﬂ ol, HEF279).

For simplicity, we shall say that X and T are solutions in [0, to] if X and T satisfy
all of (3.1)-(3.6). Put u(t,z) = X(t,x) — Xoox and 6(t,z) = T'(t,x) — Tp. Note
that uy = Xy, 0p = T, ur = X; — Xoo, and then from (3.1)—(3.4) we easily find
the equations which v and 6 should satisfy. Let V be the same as in Theorem 1.1;
then V' = (ug, Ug, Uty Uty Uz, 0, 04,05, 020). Also, let Y (¢), Y1(t) and Y3 (¢) be the
same as in Theorem 1.1. We use this notation throughout this section. Moreover,
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set
L+1 ' L—-1 ‘

(3.7) Er = 0{u(0,)lL41-5 + Y 187000, L41-; + 18/6(0,)] -
j=0 =0

Note that

(3.8) By < E+3/2Y?1 — Xoo| 4 |To — Tool -

Since |1 — X, |To—To| — 0 as E — 0, and since E will be chosen small enough,
we choose d > 0 in such a way that
(3.9) (Xoo,Too) €EG'(B) ={(F,T) €eR"||F = 1|+ |T - Ty| < 3B, T > 3Tp}.
Obviously, G'(B) C G(B). By (A.3), Assumption (2) and (1.7), we see that
oS ON 0%

3.10 < —=(F,T), —(F,T FT
( ) aU—aF( ) )7 8T( ) )7@( ’ )7 OFOT
for (F,T) € G'(B) with some positive constants ag and «;.

Our purpose in this section is to prove the following a priori estimate for
solutions in [0, ¢o].

THEOREM 3.1. Let X and T be solutions in [0,tg]. Assume that (1.13) is valid.
Then there exists a § > 0 such that if E < § then Y (t) <1 for all t € [0,1o].

To prove Theorem 3.1, we shall essentially use the following.

THEOREM 3.2. Let X and T be solutions in [0,tg]. Assume that (1.13) is valid
and that E4 < 1. Then there exists a o > 0 such that

(3.11) Y(t) < ClexpCY () HE, + 1+ Y ()XY ()2}

provided that |V (t,z)| < o for all (t,z) € [0,t0] x [0,1]. Here, C is a positive
constant independent of X, T, to and o.

(F,T)'éoq

Proof of Theorem 3.1. We assume that Theorem 3.2 is valid. In view
of (3.8), we choose 6 > 0 in such a way that Fy < 1. Let ¢’ € (0,1], to be
determined in the course of the proof. Put I = {t € [0,%] | Y(s) < ¢ for
0 < s < t}. Our task is to prove that I = [0,%] under the suitable choice of ¢
and ¢’. Since Y (0) < 2E1, in view of (3.8), we choose § > 0 so small that Ey < 34’
provided that £ < ¢§. Then Y (0) < ¢’ if E < 4. By the continuity of Y(s), this
implies that I is a non-empty set. The continuity of Y'(s) also implies that I is
closed, so it suffices to prove that I is open. Let t € I, namely, Y (t) < ¢’ (< 1).
Since Y'(s) is monotonically increasing and continuous, it is sufficient to prove
that Y'(t) < ¢’. Let o > 0 be the same constant as in Theorem 3.2. By Sobolev’s
inequality, we know that |V (s,z)| < 1Y (s) for (s,x) € [0,tp] x [0, 1] with some
constant ¢; > 0. Choose ¢’ > 0 in such a way that ¢16’ < o. Then |V (s,z)| < o
for (s,x) € [0,t] x [0, 1]. Replacing to by t, we can apply Theorem 3.2. Then from
(3.11) we see that Y (t) < co{E; + Y (t)2} where c; = 2L71Ce”, where we have
used the fact that Y (¢) < 1. We choose § > 0 so small that co E; < 0’/2 provided
that E < §. Moreover, we choose ¢’ in such a way that cpd’ < 1/2. Then we
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have Y (t) < caFy + ca(0')? < §'/2 + &'/2 = &', which completes the proof of
Theorem 3.1.
Proof of Theorem 3.2. Choose o > 0 so small that
(Xoo + uz(t,2), Too + 0(t,z)) € G'(B)  for all (t,z) € [0,t0] x [0,1].

We begin with L? estimates of higher order derivatives. Put
E(t)” = |10 (us(t, ), ua(t, ), 0(t, )1 + f 1005 (s, )| ds .

First, we shall estimate Ep(t). Differentiating (3.1)7(3.3) L times with respect
to t, we have

(3.12) 0fv — (Spvy + Sré+ F1), =0 in [0,2] x 2,
(3.13) Np& + Npvee — T Q& +0FQ - 0,), = F2 4+ G in [0,4] x 2,
(3.14) Spv, + Spé+Ff =&, =0 on [0,%] x 942,
where

(3.15)

v=0Fu, ¢&=0k,
Rc = Rg(t) = (OR/0G)(Xoo + Uz, Too +0) for R=N,S,and G = F,T';
Fl = FL(t)=0FS — (SpdFu, + Srofe);
F? = F7(t) = {0/ N — (N1} 0 + Npdfuz)}s + (N7)dF0 + (Np)edfuy ;
Gp=Gr(t) =0T (Qbx)a} — T~ (Q0 0, + 07 Q - 0.). -
Note that —S7 = Np. Multiplying (3.12) and (3.13) by 0;v and &, respectively,

integrating the resulting equations on 2 and using (3.14), we have

(316) 2 dt{HathQ (SFUamvm) + (NTg,f) + 2(Flln Uw)} - ((Fll,)tvvac)

- §((NT)t§7§) - %((SF)tUmavm) + (T_I(Qfoc + 81‘,LQ : 61)7537)
+ ((T_l)xQéamg) - (Fg + GL)S) :

Now, we use the following trick:

(317.2)  |(FL,va)| < (ao/D)val* + ag I FL |1

t 2
< (ao/9) v, |2 + 205 | FLO)]? + 205" ([ 19:F2(5)]l ds)
0

< (ao/4)[Jvs|® + 200 | FLO) 1 + 200 72 (FL)elIF 14705

t

t
(3.17.b) ‘ f (F1)i, v, ds‘ f (1 + 8) " o (s, )| ds
0 0

1
2
+

2r) " H(FL)ellE 140
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t t
3170) | [ (4G ds| <5 [ (45 eCs, )| ds
0 0

()

+ 7 2(|FZIIF 1470 T IGLlI? 147.0)

t
317.d) [ (T71(Q& +0FQ-0.),&) ds
0

| \/

4 t
o f 12 (5, )| ds — f 10EQ(s,-) - (5, )| 1€ (5, )| ds

2 _
> f 6o (s, I ds — CT20F Q- 0al 1 )20

(3.17.¢) ’ft (N7):&,8) ds‘+’ f (Sp tvw,vx)ds‘
0

< MN7)ellle 140 f (1+5)" M le(s, )1 ds
0

t
+SP)ellleasro [ (L48)" D oy (s, )7 ds,
0

where [[w]].14r0 = sup{(1 + )17 u(s, )| | (5,) € [0,¢] x [0, 1]}.
Hence, integrating (3.16) from 0 to ¢, estimating the resulting formula by using
(3.17) and (3.10) and applying Gronwall’s inequality, we have

(3.18) EL(t) < C{expCIL(t)}{Es + I2(t)},
where
L) = [[[((N7)e, (Sp)o)llle147
(3.19) L(t) = I((F2)e, F7, GL)lleatro + 10/ Q - Ol 14y /2.0 »
By = Er(0) + [|FL(0)]].
Now, we shall estimate E;(t) for 0 < [ < L — 1. To do this, we rewrite

(3.1)—(3.3) as follows:

(3.20) uge — (ugy — 60+ A'), =0 in [0,¢0] x 2,
(3.21) B0 — VO + Sy = —AZ + B in [0,t0] x 12,
(3.22) gy — 60+ A =60, =0 on [0,] x 012

Here, by Taylor expansion, we have put
a=(0S/0F)(Xeo, Too), 0 =—(8°Y/OTOF)(Xoo, Too),

(3.23) -1
B=(0N/0T)( X, To), 7=Q(Xeo,Teo)Too
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Al = Al (uy,0) = S(Xoo + s, Too + 6) — auy + 66,
(3.24) A% = A%(uy,0) = N(Xoo + g, Too +0) — N(Xoo, Tio) — 80 — Sty
B = B(9,u,8:0) = (Too + ) [Q(Xoo + te, Too + 0)0z]z — V00 -

Differentiating (3.20)—(3.22) [ times with respect to ¢, and employing the same
arguments as in the proof of (3.18), we have

(3.25) Ey(t) < C{E/(0) + |0; A (0)|| + Is(t)}
where
(3.26) I3(t) = (A", A leasrz + [ Bllersrn-1-

Now, we shall estimate the derivatives with respect to x. Using (3.20) and
(3.21), we have

(3.27)  [oF oy 2u(t, )|
< a |07 R0  OFult, ) + 18] 9y T ot )| + I (1)}
(3.28) |9~ "oyt )|
<y HBIOF T 0070, ) + 101 1057100t )| + Is(1)}
for 0 < P < L —1. By (3.21) and (3.22), we also have

L-1

(329) 950,000 = { 3 —(@ko(t.). 0l0et. )}

1=0
< CLIOLOt, ) + 119F ua(t, )| + L(1)}
Using (3.27), (3.28) and (3.29), by induction on P we have
(3.30)  [[97 7170 2ult, )|l + 19F T o 20 )| + or T o e |
< CL(t) for0<P<L-1,

where I,(t) = ||OF (us(t, -), ux(t, ), 0(t,-))||+13(t). Hence, combining (3.18), (3.25)
and (3.30), we have

(3.31) Ya(t) < C{exp CL()H{EL + 97~ AN O)|| + [IFL(0)]| + L2(t) + (1)} -

Now, we shall estimate the nonlinear terms. To do this, we need the following
calculus lemma (cf. [3, §3] for its proof).

LEMMA 3.3. (1) Let t > 1 and let L be an integer > 1. Then
1l < CUS DI ke jaoll Fllio  where N € (0,L) and a=1— NL™*.

(2) Let L > 1 and let F be a smooth function defined on {u = (u1,...,um) €
R™ [ |u| < up}. Assume that F(u) = O(|u|®) near w = 0. If |u(t,z)| < ug for
(t,x) € [0,t0] x £2, then

IDEF(u(t, )| < C(F, L)1+ [ID"ult, ) ) ~F I D ult, )|I* -
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(3) Let L > 2. Then
10 (u(t, Ju(t,-)) — O ult,-) - v(t,) — ult, )0 v(t, )|
< CDAID ult, )| IDE2H w(t, )| 4+ DA, )| | DE (e, )|}
(4) Let r; (1 <j<m and m>2), K, L and M be integers such that

m
L>1, Y rj=L, 0<m<r<..<r,, M>1, K+L<M.
=1

Then
| TTw| < Tl
Jj=1 j=1
First of all, we show that

(3.32) IVIt14m/241 S CY (1)

For ¢t <1, (3.32) is obvious because [L/2]+1 < L—1. For t > 1, by Lemma 3.3(2),

IVlieasripsz+1 < CIVIE asmjaoll VIoS -1 s

where o = 1 — ([L/2] + 1)(L — 1)~. Since (1 +7)/a < K as follows from (1.12),
we have (3.32).
By Sobolev’s inequality and (3.32), we also have

(3.33) [Vl 4- < CY(2).
Application of (3.33) to |||R¢|||t,14++ (cf. (3.15)) immediately yields
(3.34) Ii(t) <CY(t).

Now, we estimate I5(t). For simplicity, we use the following notation for the
function Z = Z(Xoo + Uy, Teo +0) 1 Z° = Z(X0oo,Too) and Z' = Z1(uy,0) =
Z — Z9. Note that Z1(uy,0) = O(|(uy,0)]). Since 0FQ = 0FQ*, by (3.33) and
Lemma 3.3(2),

(3.35) 1107 Q-0zlle,1my /2.0 < 10allls, (147 /2010F Q|00 < CA+Y (1) 7Y (1)

Here and hereafter, we sometimes use the estimates ||(ug,0)|s0, < Y (¢). By
direct calculation, we have

(Fé)t = {&eL(S%?Ut:c) - SzlratLUtm - 8tLSle‘ Ut} + {875(5%97&) - Sil“atLHt
— OFSH - 0;} + 0L St - ugy + OFSE -0, — 0,8t - OFu, — 0.8k - OF0.
Then, applying (2) and (3) of Lemma 3.3 and using (3.32) and (3.33), we have
(3.36) I(FL)elle,1470 < COA+Y ()5 1Y (1)

Performing the same change of the formula for F?, by (2) and (3) of Lemma 3.3,
(3.32) and (3.33), we also have

(3.37) IFElleasr0 < CA+Y ()XY (1),
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Put 771 = T_! + a(f) where a(f) = —0/(TTs). Since
+T7HO Q" 022) — 7 Q"+ Oz — Q10F O}
+ Tﬁl{atL(Q:alxex) - 615@5}5 0, — lecatLew}a

and since (Q0.). = O(|(uz,Uzz,0,0z,0:2)]), Q1 = O(|(ug,0)]) and QL =
O(|(ug, tzs, 6,0.)]), by (2) and (3) of Lemma 3.3, (3.32) and (3.33), we have

(3.38) IGLllasro < C(L+Y(0)2 1Y (0)2.
Combining (3.35)—(3.38), we have
(3.39) L(t) <CA+Y(#) Yy (t)?.

Now, we shall estimate I3(t). Since S(Xoo,Tho) = 0, Al(uy,0), 1 = 1,2,
are quadratic forms in (uz,6). Thus, we may write symbolically A'(u,0) =
al(ug, 0) (ug, 0), where a!(uz, 0) =O(|(uy,0)|). Applying (2) and (3) of Lemma 3.3,
(3.32) and (3.33), we have

(3.40) [ A'le147,0 < C{la’
+la'lle0,12 /2101 | (s ) 17,1 + 6 0,2l (s O)[2,14
+lla! (el (i, 0) 1.0, }

<CA+Y)r 'y ()?  forl=1,2.

Since B = a(0)(Q0.): + Tx'(Q10,)., and since both a(0)(Q0,), and (Q6,), are

O(| (g, Usz, 0,0z, 0:4)|?), we may write symbolically B = b(W)W where W =

(Ug, Ugg, 0,04, 0,,) and b(W) = O(|W]). Noting that [(L —1)/2] <[L/2] + 1 and

employing the same arguments as in (3.40) (L should be replaced by L—1), by (2)
and (3) of Lemma 3.3, (3.32) and (3.33), we have

t,0,L—1 || (ux, 9) ||t,1+r,[L/2]+1

(3.41) IBllorsrsr < C(L+ Y (£)E2Y (1)
Combining (3.40) and (3.41), we have
(3.42) L) <COA+Y@)E 1y (1)?.

Since we can write the estimate of the term ||0F~! A (0)|| symbolically as follows:

loF = AT(0)]] < C{Il(um(O, ), 6(0,-))l

L—1 v
0D (w0, ), 6:(0, N ... (D ug(0, ), 76(0, .))aéu}

Jj=1 aj

.. ,oz;) and a? are multi-indices satisfying

J J
Y klajl=j and Y|k <,
k=1 k=1
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applying Lemma 3.3(4), we have

(3.43) [0F~LAY0) < C(1 + Ey)E2E; .

In the same manner, we see that

(3.44) IFLO)] < CO+ B1) 2.

Since E; < 1, combining (3.43), (3.44), (3.42), (3.39), (3.34) and (3.31), we have
(3.45) Ya(t) < Clexp CY () HEy + (1 + Y ()XY (1)} .

Now, we estimate Y;(t). Since Yi(t) < 20¥7Y(¢) for t < 1, we consider the
case where t > 1 below. Applying Theorem 2.1 to (3.20)—(3.22), we have

(34-6) ||aua: - 5‘9||t,K,1 + ”(ewy 9I$7 9t$7 etajw)Ht,K,O < CIS(t)

where I5(t) = BE1+||(0L AY, A2, B) ||t kc+-r+ 1.4k +7- Here, we have used the fact that
4K + 8 < L, which follows from (1.12) and the fact that |v(¢,1)] < C||0Lv(t, )]
for I =0 and 1.

Now, let us prove the decay property of Uz, Uts, U, U, Ug, 0 and O;. By the
identity uz, = o (U, — 00,) + a0, we have |[uzy|lrx0 < CI5(t). Since
(B+6%2a71)0; = Y0, — o™ (quyy — 660;) — A? + B as follows from (3.21), we have
60¢]]e.c.0 < CI5(t). Now, the identity usy =061 (04 — 30, — AZ+ B), which follows
also from (3.21), implies that ||uig||¢, k0 < CI5(t). Moreover, by (3.20) we see that
llu|le, 0 < CI5(t). Integrating (3.1) on {2 and using (3.3) and (1.13), we have

(3.47) fl ue(t, z) de = j ut (0, z) do = j ui(z)dx =0 fort € [0,t].
0 0 0

Let us recall the well-known Poincaré inequality:
1
(3.48) o] < c{uv/” + ‘ [ o) dx‘} for v e H.
0

Combining (3.47) and (3.48) with v = u(t,-), we have |lu(t,-)|| < CI5(t). To
deal with the decay property of u, and 6, we use the following form of Poincaré’s
inequality:

(3-49) vl + [[wl]
< C{Hv’H + |lw'|| + ‘ f (dv(x) + Pw(x)) dx‘ + ’ f (av(z) — dw(x)) dx‘}

for v,w € H'. In fact, if we put p = dv + fw and ¢ = av — dw, noting that
v=(af+8*) " (dp+Bq) and w = (af + %)~ (ap — dq) and applying (3.48) to p
and ¢, we have (3.49) immediately. Applying (3.49) to v = u,(t,-) and w = (¢, -),
we have

(3.50)  [ua(t, )| + 102, )| < C{Hum(t-)H +1162(, )l
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+’ f (Ouy(t,z) + BO(t, x) dx‘ +‘ f aug(t,-) — 60(t, l‘))dﬂ?’}
By (1.5) and (1.6.a) we see that

1
(3.51) e(Xoo, Too) = [ (Xoo + ts(t,2), Too + 0(t, 7)) dz
0

1
+§ fut(tx2

0
By Taylor expansion, (3.23), (1.6.b), (1.7) and (A.2), we have

e(Xoo + g, Too +0) = (Xoo, Too) + Too (duz + BO) + €' (us, 0) ,
where €’ (ug, 0) = O(|(uz, 0)|?). Since |V (t,z)| < o, by (3.51) we have

—_

(3.52) ‘ [ (uy(t, ) + pO(t,2)) da
0

< Co([lug(t, )l + 10, I + (0/2To0 ) [Ju(, )l -

Combining (3.50) and (3.52) and choosing ¢ > 0 small enough, we infer that
lluzlle, k05 10]l¢. 5,0 < CIs(t). Hence

(3.53) Yi(t) < CI5(t)

provided that o > 0 is small enough and |V (¢,z)| < o for all (t,z) € [0,¢0] x [0, 1].
Finally, we estimate I5(t). First, we show that

(3.54) VIt +r+1) 72,4547 < CY () -

Since 4K +7 < L — 1, (3.54) is valid for ¢ < 1. By Lemma 3. 3( ), we have

where o = 1 — (4K—|— 7)( - ) 1. Since (K—|—7'+ )/(2@) < K as follows
from (1.12), we have (3.54). Recall that A! = a'(u,,0)(u,,0) and B = b(W)W
where W = (ug, Upe, 0,0z, 022), a'(uz,0) = O(|(ug,0)]) and b(W) = O(|W]).
Applying Lemma 3.3(2) to A', A? and B, noting that 4K +7 < L — 1 and
using (3.54), we have

||(5;A1>A§aB)||t,K+7'+1,4K+7

< C{l(a", a®) I, (retrs1) /2,458 (U, O) |6, (ke 4r41) /2,45 +8
+ ||th,(K+r+1)/2,4K+7||W||t,(K+7-+1)/2,4K+7}
<CA+Y@)Ety ()2,
Thus, we have

(3.55) Yi(t) < C{E; + (1 +Y(@)E 1Y (¢)?}.
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Since exp CY (t) < 1, combining (3.54) and (3.55) completes the proof of Theo-
rem 3.2.

4. Proof of Theorem 1.1. To prove Theorem 1.1, first of all we shall quote
the local existence theorem for the following problem:

(4.1) X =8(Xe, T)a in [t1,t1 + to] x £2,

(42)  TN(X,,T) = QX T)T,)e  in [yt + 6] x 2,

(4.3) S(X., T)=T,=0 on [t,t1 + t2] x 042,

(4.4) X(0,z) =vo(x), X(0,2) =vi(x), T(0,z)==E&)(x) in (2.

To state the regularity of initial data and the compatibility condition, for a mo-

ment we assume the existence of solutions X and 7" to (4.1)—(4.4) satisfying the
conditions

L+2
X e n Cj([thh + tg],HL+2_j) ,
(4.5) =0 .
T e CM ([t b1 + t2), L2) N (1) €7 ([t ta + to], HMF277)
j=0
(4.6) (X.(t,x), T(t,x)) € G(B) for (t,x) € [t1,t1 + t2] x [0,1].
Put

(4.7) vjyo(x) =X (t1,2) and &y (x) =8 T(t,z) for 0<j<L.

As stated in §1, vj41 and ;41 are determined successively from vy, v1 and &y by
differentiating (4.1) and (4.2) j times with respect to ¢ at t = ¢;. Next, differen-
tiating (4.3) with respect to t at t = t1, we have the conditions at ¢ = ¢; on 92
for vy, v1 and & through vy, vs,...,vp41 and &;,..., &L, namely,

(4.8) NS (X, T)i=t, =&z =0 forzedRand j=0,1,...,L.

We shall say that vg, vy and &y satisfy the compatibility condition of order L
att =1;.

THEOREM 4.1 (cf. Shibata [5]). Assume that
(4.9) v eH'? (0<j<L+1), &eH"™ 7 (0<j<L),
(4.10) (vy(z),&0(x)) € G(B)  for x € [0,1],

and that vg, v1 and &y satisfy the compatibility condition of order L —2 att = t;.
Let B’ > 0 be a constant such that

2 1
(4.11) D lvslls—s + > lglls—5 < B’
=0 =0

Then there exists a to depending on B’ but independent of t1 such that the problem
(4.1)—(4.4) admits a unique solution X, T satisfying (4.5) and (4.6).
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Now, by using Theorems 3.1 and 4.1, we prove Theorem 1.1. Let ¢ be the
supremum of the numbers t( such that solutions X and 7T in [0, to] exist. Suppose
that ¢ < co. In view of Theorem 4.1, we know that ¢ > 0. Let to be any number
in (0,%). Let X, T be the solution in [0,t]. Below we use the same notation
as in §3. Consider the continuation of X and T by using Theorem 4.1.To do
this, let us give the initial data for the problem (4.1)—(4.4) with t; = ¢y by
vo(x) = X (to,x), vi(x) = 0: X (to,x) and &(x) = T(tg,z). Since X and T satisfy
(3.1) and (3.2), differentiating (3.1) and (3.2) with respect to t at t = ¢, we see
that 8/ 72X (tg, ) = vjra(z) and 3/ T (tg,2) = €41 (x) for 0 < j < L, where
vjyo and &4 are the same as the functions defined in (4.7). Then, differentiating
(3.3) with respect to t at t = tp, we also see that vy, v; and &y satisfy the
compatibility condition of order L at t = ty3. Obviously, it follows from (3.5)
that (vj(x),&0(z)) € G(B) for all x € [0,1]. Also, it follows from (3.6) that
v; € HET27I (0< j < L+1)and & € HX™277 (0 < j < L). By Theorem 3.1 we
see that Y (t) < 1 for ¢t € [0, ] provided that E < § for some § > 0. Note that
the choice of § is independent of ;. Since

12X (to, )| < 1X(0, )1 + fo 1Xs(s, )l ds < (1/2)"2 + |Juo| + toY (to)
0

X (to, )2 = I Xoo + ua(to, )|l < [Xeo| + Y (t0),
1T (to,-)ll3 = [ Too + O(to, -)|l3 < [Too| + Y (o),

where we have used the fact that X (0,z) = z+uo(x), and since v (x) = w(to, x),
va(x) = ug(to, ), &1(x) = O:(to, x), to < t and Y (tg) < 1, we have

2 1
D Mvslla—s + D 1€ls—5 < X (to, )| + 1 Xa (05 )z + llue(to, )2

j=0 j=0
+ [Juze(to, )l + 1T (to, )5 + 110 (to, ) [|2 < B’

where B’ = (1/2)Y2 + |Jug|| +  + | Xoo| + |Too| + 6. By Theorem 4.1, we see that
there exists a to > 0 independent of ¢y such that the problem (4.1)-(4.4) admits
a solution X', T” satisfying (4.5) and (4.6). Moreover, it follows from (4.7) that
ANTEX! (to, ) = & X (tg,x) and 3T (tg,2) = 8T T (tg,x) for 0 < j < L.
If we put Z"(t,x) = Z(t,x) for 0 <t < ty and = Z'(t,x) for tog < t < to + t2
where Z = X, T, we easily see that X", T" is a solution in [0, ¢y + t2]. Since to
is independent of ¢y, if we choose ty in such a way that tg = ¢ — t3/2, we have
to+te = t+t2/2 > t, which contradicts the maximality of ¢. Thus, ¢ = oo, which
completes the proof of Theorem 1.1.
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