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Abstract. We consider the motion of a viscous compressible barotropic fluid in R? bounded
by a free surface which is under constant exterior pressure, both with surface tension and without
it. In the first case we prove local existence of solutions in anisotropic Hilbert spaces with
noninteger derivatives. In the case without surface tension the anisotropic Sobolev spaces with
integration exponent p > 3 are used to omit the coefficients which are increasing functions of
1/T, where T is the existence time.

1. Introduction. First we consider the motion of a viscous compressible
barotropic fluid in a bounded domain 2, C R?, which depends on time t € R}r
The shape of the (free) boundary S; of §2; is governed by the surface tension.
Let v = v(x,t) be the velocity of the fluid, o = o(z,t) the density, f = f(z,t)
the external force field per unit mass, p = p(p) the pressure, p and v the viscos-
ity coefficients, o the surface tension coefficient and py the external (constant)
pressure. Then the problem is described by the following system (see [4], Chs. 1,
2,7):

o(vy +v - V) + Vp(o) — pAv — vVdive = of  in 2T,

ot +div(ov) =0 in T,
(1.1) olt=0 =100,  V[t=0 =10 in {2,

Tn — ocHn = pgn on §T,

v =—¢/|Ve| on ST,
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where ¢(z,t) = 0 describes S;, 21 = Ute(o,m) 2 x {t}, {2 is the domain of the
drop at time ¢, 25 = {2 is its initial domain, ST = Ute(O,T) S, m is the unit
outward vector normal to the boundary (n = V¢/|V¢|), u, v, o are constant
coefficients. Moreover, thermodynamical considerations imply v > 1/(3u) > 0,
o > 0. The last condition (1.1)5 means that the free boundary S; is built up of
moving fluid particles. Finally, T = T(v,p) denotes the stress tensor of the form

(12) Tij = —péij + ,u(@mwj + 8mjvi) + (V — u)dm dive = —p(;ij + Di]‘(v) R
where i,j = 1,2,3, D = D(v) = {D;;} is the deformation tensor and H is the

double mean curvature of S, which is negative for convex domains and can be
expressed in the form

(1.3) Hn = Ag,(t)x, == (a2 2°),

where Ag, (t) is the Laplace-Beltrami operator on S;. Let S; be determined by
r = x(s1, 82,1), (51,82) € U C R?, where U is an open set. Then

(1.4)  As,(t) = g 205,97 *Gapds, = g7/%0s,9"?g*"0, a,f=1,2,

B
where the convention summation over repeated indices is assumed, g =
det{gapta.p=1.2; Gap = Ta - Tg, Where v, = 95 1, {g*’} is the inverse matrix
to {gap} and {gas} is the matrix of algebraic complements for {gnzs}-

Let the domain 2 be given. Then, by (1.1)5, 2; = {z € R? : 2 = z(¢, 1),
¢ € 2}, where x = x(,t) is the solution of the Cauchy problem

ox
(15) E :’U(Z‘,t), x‘t:O :g € Qa §: (51752763)'
Therefore the transformation z = x(&,t) connects the Eulerian x and Lagrangian
¢ coordinates of the same fluid particle. Hence
t
(1.6) =6+ [ (g s)ds = Xu(6,1),
0
where u(§,t) = v(X,(£,t),t). Moreover, the kinematic boundary condition (1.1)5
implies that the boundary S; is a material surface, soif £ € S = Sy then X, (&,t) €
Sy and Sy = {z:xz=X,({ 1), £ €S}
In virtue of the continuity equation (1.1)e and (1.1)5 the total mass M is
conserved and

(1.7) [ olw,t)dz =M,
£2¢
which is a relation between o and (2.
The aim of Section 3 of this paper is to prove local existence of solutions for
the problem (1.1). We use spaces Wé’l/ ?(027T) with noninteger derivatives.
In Section 4 we show local existence of solutions to (1.1) with o = 0. Since the
existence for the nonlinear problem was considered in [16] it is sufficient to find
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an estimate (see (4.3)) for the linearized problem (1.1); 34 with o = 0 (see (4.1))
with a constant independent of T for T' < oo. A similar estimate for a scalar
parabolic equation in the case of the Neumann boundary condition was found
n [14].

Local existence of solutions in the compressible case was considered in [6, 7,
13]. In the incompressible case local existence is proved in [2, 11].

2. Notation and auxiliary results. In Section 3 of this paper we use the
anisotropic Sobolev—Slobodetskil spaces Wl 1/2(QT) [ € Ry (see [3], Ch. 18) of
functions defined in 27 = 2 x (0,7). In fact W 2 1 ¢ 7., are Besov spaces; the

equivalence between Wzl A 2, | € Z, and Besov spaces follows from considerations
in [1], Ch. 7. In the case of noninteger [ we introduce the following norms ({2 C R3)
for functions defined in £27:

T ) 1/2
lullgogom, = (f Ny dt)
0

1/2
_ 2
Hu||w20,z/2(QT) = (bf HUHWZW((O,T)) dm) )

lalBysay = 3 DSl o)

lee| <[]
(2.1) )
|Dgu(z,t) — Dyu(y,t)|
+ Z ff [ — 2= dz dy
lal=[l] 2 ©
= Z |Dul3 o + Z [Dgu]lz—m,n
lee] <[] la|=l[]
= Y Dgulz o+ [ulig,
la|<[1]

where DY = 091092052, |a] = a1 + g + a3, 0, = 0/0x;, [l] is the integer part
ofl, o=1—l] € (0,1) and in the case when [ is an integer the last term must be

omitted,

[1/2] /2, [1/2] 2
|0; " “u(x, t) — 0F “u(x, T)|
||u|| wi2((0,1) ZH@ UHLQ((OT))—"_ f f |t_7-|1+2(l/2 [1/2]) dtdr
[l/2]

; 1/2
= Z |5§U|§,(0,T) + [3t[/ ]U]?/z—[Z/z},(o,T) 5

where o =1/2—[1/2] € (0,1) and in the case when [/2 is an integer the last term



514 W. M. ZAJACZKOWSKI

must be omitted,

||UH wlh/2(ory = Z Dz tu||L2(QT)

e <[1]

| D& u(x,t) — D u(y, t)]?
+ > (ff J t|z— |3+2(?t[l]) dz dy dt

o= [l] 020

N fff Dg yu(z,t) — D Lu(, 7)|? dtd7dx>

|t _ 7-|1+2(l/2 /20

200
= Z Dy tu|2 ok
e <[1]
a 2
+ Z D3l gy ore + D5l e /9. 0m0)
ler=[1]
= Z D3 yul3 or + [ulf g + [} gy
e <[1]
where o = (g, @1, a2,a3) is a multiindex, Dy, = 9;°051052052, |a| = 200 +

a1 + ag + as and we use generalized (Sobolev) derivatives. Similarly using local

coordinates and a partition of unity we introduce the norm in the space W2l’l/ 2(5’ !
of functions defined on ST = S x (0,T), where S = 9f2. We also use Wi(£2) with
the norm (2.1)3 for functions defined in {2. We do not distinguish norms of scalar
and vector-valued functions. To simplify notation we write

fulhio = Nullysirzgg, i Q= 2T or Q= 57, 10,
lulle = llullwyo) if Q=020 Q=(0,T), 120,
and W°(Q) = W(Q) = Ly(Q). Moreover,

||U||LP(Q) = |ulp,@; Ju |l,p,QT = ”uHLP(O,T;WQI(Q))v 1<p<o0.

Let us introduce a space I':(£2) with the norm
lullry = > 10juli—2irg,
1<[l/2]
where Julir.q = llullw(qg), for Q either £ or S. In the case when Q is either 27

or ST we define Jul;,.q = HUHW:‘,Z/Z(Q).

We also define the following norms:

— sup ( S DS allo+ YD >1/2,

el T] <y la=[1]

1/2
uhoo=( Y DsaBo+ D [Diahue) . 1€R:.
e <[1] lee|=[1]
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‘We introduce
W52(QT) = {u e Wy'*(@QT) : diulimo = 0, i < [1/2 —1/2]},

where @ is either {2 or S.
We also need the notation

1: ‘ 1/2
Iul[l}—‘rn,QT = ( Z f 22, Q ) ) k€ (Oa 1))

la|=
lull @y, 0m = HUHZ,QT + Iul[l]+;<;,QT )
lull,orx = llullor +T7% > DS uls,or -

lee|=[1]

We denote by Wé:i/Q(QT) the space with the norm || ||y, o7,,.. For T finite and
Kk < 1/2 —[1/2] the above norms are equivalent because in view of Lemma 2.6
below we have
Ty, or < lulpyror < clulpyrore + T (W) or
< TVRUPITR ]) gry + I "(u) o7
where £ < 1/2 = [1/2], (w)p,or = >4 | D5 ul2, 07

Now we introduce spaces convenient for proving the existence of solutions to
the linearized parabolic problem (1.1)1 34 (see [8, 15]):

T
Il ory = [ € el Wilgar g,

where v > 0. Here for [/2 ¢ 7Z,

T
el ony =7 J €l

10Fuo (-t =) = OFuo (-, )13 o
—2vt :

+ f Tt f dr 142(1/2—k)

and k = [1/2], up(z,t) = u(z,t) for t > 0, ug(z,t) =0 for ¢t <0. For 1/2 € Z

T
/2
lullforrn ey = [ €2 G Nl + 101 %ulls ) dt
0

and we assume that &Juli—g = 0, j = 0,...,1/2 — 1, so ug(z,t) has a general-
ized derivative 8,{/ ®ug in Ly (2 x (=00, T)). Moreover, we introduce the notation
Il = 1l 72 ory
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For the purposes of Section 4 we define

r o\ p\ /P
oo = ( [ [ dear 8D =W OPNT ) = e,
|x x| po

0 2

[Wipo =Y [Dfulpi-pm.a-

e =[]

Next we introduce the notation used by V. A. Solonnikov (see [10]):
Bnii={z1,...,20,t} =R B, ={z1,...,2,} =R",
E,={(z,t) € Epy1:2n =0}, Dpyq={(2,t) € Enyq:t >0},
Dpir={(z,t) € Bnyq :2n >0}, D,={z€E,:z,>0} =R
Dp={(x',t)€Ep:t>0}, 2= (x1,...,%0_1),
R={(z,t)€Epy1:2, >0,t >0}, E, ={zcE,:z,=0=R""",

If G is one of the sets E, 1, E,, Dy, 15n+1, D,,, R, we denote by G(T) the set

of all points in G with ¢t < T, and G(c0) = G.
Moreover, we introduce the following norms and seminorms:

7P, Z ’D tu’p Q> leN,

o=t
T 1/p
u(z, t) — u(@’, )" n
[u]quwQT’m - < f dt f dx f dz , ]a:—x’]nﬂ?g ’ 2CR , 0€ (07 1)7
0 2 0

T T 1/p
|u(z, t) — u(z, t')|P
[Wlp.o.0me = (fda:fdtfd’ e . 0€(0,1), pe(1,00),
0 0

[Ulp.o.0m = [U]po.0r2 + [U]p o0t

[u]; por = Z ([Dg sulpi—m,0rz + [Dg yulpi/2—1/2,07,)
| =[1]

= [ulipore + [Uip oty

foril>1,1—[l] € (0,1),1/2—1l/2] € (0,1), p € (1,00).
Finally, we define

dh \''"
<< 0,0, En,t; — (f ”U, L1yewey, X4 h,...,xn)—u(x) ngnhl‘i‘pQ> y 96(0,1)

In the case of E,,11(T) we have

(g =Y > DS -t B (), + (O 0N 12— 1/2) B (105
=1 |a|=[1]
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where

<<u>>p,Q,En+1 (T),x;

o dh 1/p
= ( f ]u(a:l,...,wi—l—h,...,:vn,t)—u(:z:,t)g’EnH(T) thg) ,i=1,...,n,
0

oo dh 1/p
(Do, Brsr(T)t = < [ lute,t = h) —w@, )" 5 o hlm) , 0€(0,1).
0

We need the following imbedding theorems and interpolation inequalities:
LEMMA 2.1 (see [3]). For a sufficiently smooth u on {2 we have
(2.2)  [Dfuly.e < clulla.o,
3/2=3/f+|u<d, 0<deR, 1< feR, |uf € NU{0},
(2.3)  [Diulpe.a < clull.q,
3/2=3/p+ul+o<l 0€(0,1), 1<peR, |uf € NU{0},
(24)  [Dhulpe < e (u)a,0 + e lulze,
0<k=(3/2=3/f+ul)/ld] <1, e €(0,1),
(25)  |Dfulpe <& ulgzn + e ulp,
0<r=(3/2=3/f+u)/d<1,
(2.6)  [DFulp e <e' T uli20 + g " ulzn,
0<re=(3/2=3/p+|ul+0)/l<1.
LEMMA 2.2 (see [9, 12]). For a sufficiently reqular u we have
(2.7) 10 ullo—2/p.p.2 < c(0full2p.0r + 10)uli=olla-2/pp.2)
where the constant ¢ does not depend on T'.

LEMMA 2.3 (see [10], Sect. 12, p. 72; [12], Th. 5). The norms [u]; p &, ., (1)
and (u)ip £, .. (T) are equivalent.

LEMMA 2.4 (see [10]). Let u=0 for t <0. Then

T
2 1
(28) <<u>>:,o¢,gn(T),t S [u]:,a,ﬁn(T),t + E f dt ’u(?t) i,Enfltria ’
0
where a € (0,1).

LEMMA 2.5. Let f(0) =0 and supp f C [0,T]. Letp € (1,00), 1/p <1 < 1.
Then there exists a constant A(l,p) such that

T e\ P 1/p T T - o\ 1/p
(2.9) <f /()] daj) §A(p,l)< [dz [ dy |f(z) = f (W)l ) ,
0 0 0 ‘

P x — y| 1P
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where f is such that the right-hand side is finite and
0<A=a/[(1-(p)~"/Pa!"1/P)d],
= (1= (1=’ ) /@' +1)Y), ae(0,1),1/p+1/p =1.

Proof. It is sufficient to prove the lemma for smooth functions vanishing near
0. We consider the identity

f@) == [y s L T - @i, a<.
0 0

By the Holder inequality we have

210) |G >r<*(frf wan) " (f )"
0

/p  ax /
@) = fWlP L\ it g\ P
ax( S ) ([ e )

0

where 1/p+ 1/p’ = 1. We calculate the integral

ax ax

f |z — y,p’(l/erl) dy = f (z — y)p’(l/pH) dy
0 0
"(1+1
_ 1-— (1 — a)p ( )xp,(l_"_l) — a(p7 a)p/xp/(l_,’_l) '

p(1+1)
Therefore, (2.10) becomes

1/p axr p 1/p
(211) |f(x) f fwPdy)  +alagpaet( [ LEZSOE AT
|z -y

0

In view of the Minkowski inequality, (2.11) implies

(212 <j ‘f:(cil)‘p dx) <ol [ Of |f(y>|pdy)1/p

J
0
o T ax ) — p 1/p
+a(fd$f |f(z) — f(y)] dy>
0 0

=

i
+3(fdxfwdy>l/p51.
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Integrating the second integral in the first term yields

(F )= (o)< (2) "

y/a

Hence we have

T 1/ )P 1/p
—1/p,1—1
I < (pl) /Pg /p( f ypl ) ( f dx f ’x — ‘1+pl dy) .

0

Since [ > 1/p, assuming that

T 1/p
( f |f;:cpl)|p da;) < 0
0

(here we use f(0) = 0) and that a is so small that 1 — (pl)~/Pa!=1/P > 0 we
obtain (2.9). This concludes the proof.

We recall Lemma 6.3 from [8].

LEMMA 2.6. Let 7 € (0,1). Then for u € WO’T/Q(QT)

-,t u(-, t)[3 r
(2.13) f yu\m—< ¢ fdtfdt —i 22 4 o [ |ul} g dt,

0

where ¢1, co do not depend onT and u.

For T' = oo the last term in (2.13) vanishes. The above result was shown
n [12], Lemma 2, p. 138.

3. Local existence. To prove the local existence of solutions to (1.1) we write
it in the Lagrangian coordinates introduced by (1.5) and (1.6):

nuy — ,uViu —vVyVy -u+Vyqg=ng in 27 ,
N +nVy-u=0 in 21,
(3.1) Tou(u, )7(é, 1) — 0 As, (1) Xu(€, 1) = —pon(€, ) on ST,
ult=0 = vo(§) in £2,
Nli=0 = 00(§) in §2,

where 77(57'75) = Q(Xu(§7t)7t)7 Q(fat) = p(Xu(§7t)7t)7 g(f,t) = f(Xu(§7t)7t)7
Vu = 0:8Vei, Vei = Ogi, Ty(u,q) = —q0 + Dy(u), 6 = {6;;} and Dy (u) =
{u(@xifkvgkuj + 3xj§kvfkui) + (v —p)6;jVy - u}, with V,, -u = axika£kui. Let
A be the Jacobi matrix of the transformation z = x(&,t) = X, (&, t) with elements
ai; = 0i; + f(f Oeiu' (&, 7) dr. Assuming |Veu|o or < M we obtain

(3.2) 0<c(l—Mt)? <det{fqz'} <co(l+ Mt)*, t<T,
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where c¢1, ¢o are constants and T is sufficiently small. Moreover, det A =
exp(f[;t Vo - udt) = 00/

Let S; be determined (at least locally) by the equation ¢(z,t) = 0. Then S is
described by ¢(x(&,t),t)|i=0 = ¢~5(§) = 0. Moreover, we have

f V.o(, 1) _ Ved(€)
nz(&,t),t) = =——— , n = —=".
oD = e en T o)

To prove the existence of solutions of (3.1) we consider first the following linear
problem:

up — pAeu —vVeVe - u = fi in 27
IIo D¢ (u)mo = g1 on ST,

t t
noD¢ (u)ng — o Ag(0) f w(r)dr=gs+0 f hi(r)dr on ST,
0 0

ult=0 = ug in 2,
where IIo, IT are projections defined by IIg =g — (9-m)m, IIpg = g — (g - Tip) Mo,
and D¢ (u) = {u(deiu! + Ogsu’) + (v — p)d;;0erur}.

LEMMA 3.1. Let fl S Wzl:f{p(\QT), gi1,92 € WQZII/2’Z/2+1/4(ST), h, €

Wy PPTVA(ST), wg € WY (R2), S € Wi and T < co. Let 0 < | ¢ Z
be such that /2 = n+3/4+ Kk, n € NU{0}, k € (0,1/4). Then there exists a
solution of problem (3.3) such that u € WQZIQ’I/2+1(QT) and

(3.4) lullig2,0rr < c1(X1 +[u(0)|141,0,.0) < c2a( X1+ Xo + |luollir1,0),

where

2
X1 = | Alluere + Y gilliv1yz,sme + 1halli-1/2,570

=1
[1/2—1/2]
Xo= D 0/ f1(0) 1200,
=0
[1/2+1/2]
w4100 =Y 0fu(0)llir1-2i < ea(Xa + [[uollir1.e)
1=0

and the constants c1, ca, c3 do not depend on T for T < oco.
Proof. Let ¢* = diul—g € W72 () be calculated from (3.3); inductively:
(35) @ = Vit uVVe @ +0A(0),  i<[l/2-1/2).
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They satisfy the following compatibility conditions:
IoDe (')t = 031(0), @ < [l/2+1/4-1/2],
(36) ﬁg]D)g(goi)ﬁo — ompAs(0)' ™t = 8l g2(0) + 00 hi(0),
1<i<[l/2-1/4-1/2],
ﬁg]D)g(goo)ﬁo =¢2(0), fori=0.

We extend the functions ¢’, i = 0,...,[l/2+1/2], to R? in such a way that the
extended functions @' € WAT1=2(R3), 0 < i < [1/2 4 1/2], satisfy

||@iHl+1—2i,R3 <l lit1-2i0 -
Now we construct a function v such that
(3.7) Oftli—o=¢", i<[l/2+1/2].

By Theorem 3 of [12] there exists a function v € WQZIQ’Z/QH(R?’ xRy), v <
1/2 —[1/2], satistying (3.7) and in view of Lemma 2.6 we have

[1/2+1/2]
3.8)  lollir2rsxry i < cllVlli42roxr, <c Z 16" l14+1-2i,R
i=0
[1/2+1/2]
<e Y ¢ lsa-zie = duO)litro,e < e(Xo + [luollie) -
=0

Let v = v|r. Then introducing the function

(3.9) w=u-—uv,
we see that it is a solution of the problem

wy — ,uvgw —vVeVew = fj in 27,

II)De (w)mo = g1 on ST
(3.10) t t

oD (w)ng — oM As(0) [ w(r)dr =gh+o [ hidr on ST,

0 0

Wli=o =0 in 2,

where
fi=F— (v = uVgv —vVeVe -v) € Wy 0",

(3.11) g = g1 — IIoDe (o) € W,/ H(ST),

g, = g3 — oD (v)Ty € WhTY/2/2H1/4(gTy

Wy = hy — oo Ag(0)v € WhY/2/2=1/4(gTy
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Therefore, we have

2
(3.12)  [Ifillior + Z 19ll11/2,57 + 1R lli-1/2,57
i=1

2
< C<Hf1Hl,QT + ) Ngillariyzy,smm + 1alliz1yz,st + ””Hl+2,QT)
=1

+ IDe ()0l 41/2) 15,57 +1 70D (V)0 111 /27 45,57
< (X1 + [vllip2,07)

because

(3.13)  IDe(v)Aolps1/214,57 H1T0De (V)T0d 141 /21 40,57 < (D) [[0]l142,07 -
The restrictions imposed on [ in the assumptions of the lemma imply that [/2 —
/2] = 8/4+ Kk > 1/2, 1/2 —1/4—[1/2 —1/4] = 1/2 + k > 1/2, /2 +1/4 —
[[/2+1/4] = k < 1/4. Therefore, fi, g;, i = 1,2, b} can be extended by zero into
t < 0 without losing regularity. Denote the extended functions by f{, g, ¢5, hY,
respectively. Moreover, in view of Lemma 2.5 we find that f;" € Hé’l/ 20T, hll e
Héfl/2’1/271/4(ST) and by Lemmas 2.3 and 2.4 that g7, ¢} € H(l)+1/2’l/2+1/4(ST)
and

£ 12,00 < cllfillior
(3.14) 193 li41/2,2,0,87 < cllgillgs1/2),s7,  1=1,2,

17 1li=1/2,2,0,57 < cl|Pi]li—1/2,87 ,
where the constant does not depend on T
Since T' < oo, the norms of H}y’l/Q(QT) and Hé’l/g(QT) (and similarly for
boundary norms) are equivalent. Therefore, from [8] we deduce that f; €
H,ly’lﬂ(hQT), g9, 95 € H,ly+1/2’l/2+1/4(ST), hi € H%fl/Q’l/%lM(ST) and there ex-
ists a constant ¢(y) such that

11 12,01 < eI l1,2,0,07
(3.15) 19 li+1/2,2,4,57 < cNG] 412,200,875  i=1,2,

IhY l1=1/2,2,7,57 < e(IPY li=1/2,2,0,57 -

Performing the above extension on the right-hand sides of (3.10) we obtain the
following problem:

Wy — pNVzw — vVeVe - w = fff in 2 x (—o00,T),

II)De (w)mo = g7 on S x (—o00,T),

(3.16) ¢ t

oD ()7ig — 0T As(0) [ @(r)dr =g +o [ h(r)dr
0 0

on S x (—o0,T),
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where w is zero for t < 0. By [15] there exists a solution of (3.16) such that
@ € HSP7H (0 x (=00, T)) and (3.12), (3.14), (3.15) imply
[@]l142,2,7, 2% (—00,7) < (VX1 + X2 + [luolli+12) -
For T' < oo we have
(3.17) W0l142,2,0, 2% (—00,7) < (¥, T)|0]|152,2,7, 2% (—00,T)
< (7, T) (X1 + Xz + [luolli+1,2)
where ¢(y,T) is an increasing function of T
Let w = w|jo, ). Then (3.17) yields
w207k < ct(Dwllit2,0mi/2-1/2) < c2(T)|Wli42,2,0,2x (—o0,T)
< e3(7, T)( X1 + Xo + [Juoli+2,2) s

where c1, ca, c3 are increasing functions of 7T'.
From the above inequality, (3.8) and (3.9) we get (3.4). This concludes the
proof.

Now we consider the following problem with > 0 (we use here the consider-
ations from [9, 16]):

nus — pAeu —vVeVe -u = F in 27,
H()Dg(u)ﬁo =Gy on ST,

(3.18) t T
oD (u)iio — 0T As(0) [ u(r)dr =Gy + [ H(r)dr onS”,
0 0

Uli—o = up in 2.
LEMMA 3.2. Assume that F' € Wé:L/Q(QT), G; € WQZ?:I/Q’Z/QHM(ST), i =
12, H € Wy, /2274 ST) 1/ € Loo(27), 0 € Loo(0,T: 1371 (£2)) N

W2l+1’l/2+1/2(QT), n € C*NT), a € (0,1) (where C*(N2T) is the Hélder space
(see [10])), ug € WiH(Q), S € W2, | > 3/2 satisfies the assumptions of
Lemma 3.1 and x € (0,1/4). Then there exists a solution of problem (3.18) such

that u € WQlIQ’Z/QJFI(QT) and

(3.19) HUHH-Q,QT,K < (T, |1/77|oo,QT’ |77|l+1,0,oo,QT> ”nHl—H,QT)
2
X IF N+ D IGilliprosms + IHl-1 2,57
=1

+ [u(0)i1.0.0 + lullom.e |
where 1 is an increasing positive function.

Proof. Weintroduce a partition of unity {C,i)‘) (E,t),Qé’\)} (see ]9, 16]), ,(j‘) =
suppC™M, k = 1,...,N, such that S0 (N = 1, (6,1 € 2T, X =
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max;, diam Q5. ¢V >0, 0 < pg < Y30, (¢M)? < Np and [Dg, ¢V (€ 1)] <
c|A|71el. Set uy, = uC,i)‘) and hy = h(,?). Therefore instead of (3.18) we consider
N(&o ti) e — pAeu — vV Ve - = [17(8kstr) — n(€, )] + nudly’

— plAe, C(A)]u —v[VeVe - ,Qg’\)]u + Fy=F+ Fy = Fy,

D¢ (ug)mo = HoDe (¢, > ))nou + G =Gy + G = Gk,
t

TioDe (ur) o — 0o As(0) [ wk(7) dr
0

= TL()Dg( (A ))ngu — no]D)g( (A )(0)>ﬁ0u0 + Gk

(3.20)

+ [ [~omo[As(0), ¢V u + ToDe (w) (V7o) dr

S

+ [ (=GoY) + Hy(r)) dr

S

t
= Gy + Goi + f (Hi(7) + Hy(r))dr = Gy + [ H(r)dr
0

Uk |t=0 = Yok ,

where (&, 1) € Q,(:‘), [L,ulw = L(uw) — uL(w), L is an operator. To obtain the
boundary condition (3.20)s we differentiate (3.18)3 with respect to time, multiply

by C,g‘) and integrate the result with respect to time to get
t
ﬁon(U}Jﬁo - O’ﬁoAs(O) f uk(T) dr
0

t
= [ [oDe(¢Y)Tour — o7i0[As (0), ¢V Tu + oD (uCy ) )io] dr
0

+ Goy, — f (GQC(A) Hy)dr.

0
Integrating by parts in the first term on the right-hand side we get (3.20)s.
Changing variables 7 = nk_lt, Mk = Nk (&k, tx), and applying Lemma 3.1 yields

(3:21)  luklligo,0r/m .

2
c<||FkHl,QT/”k7n + Z IGikllis1/2,5m/me s+ 1 Hilli—1 /2, 57/m 5 + ”u0k||l+1,9) .
i=1
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Going back to the variable ¢ in (3.21) implies

(3.22)  |lukli+2.07x < ¢i(1/minn, maxn)
~ 2 ~ ~
x (1Bl + 321Gkl o, 57 + 1kl o, 57 + ok s, -
=1

Now we employ the explicit forms of F}, G’,, H},, i = 1,2, which are given by the
right-hand sides of (3.20). We only consider the Wé’l/ (02T norms, because the

remaining part of the Wzlf{/ *(2T) norm is easier. First we estimate the first term
in the last brackets on the right-hand side of (3.22):

(3.23) (&, te) — n(&s 1)) urelli,or < eA¥|n|ceom)lluklliye,or
+ [Nukel o7 + MUkl o + {lower order terms} .

Now we estimate the second term. Let

D¢, = Z D?’Bto‘o, o = (an,a0,a3), || =a1 +az+as, |of =[].
2a0+|a’ |=|af

Then

[nukt]l,QT,m
t | a—p B a—f 2\ 1/2

77D5 ¢ Ukt — Dy Dy Ut |
< dt d¢ d¢’ ST 6 ’ :
( of r[fzf |c;m g:l [§ = gy

- la| a—03 2
n—D;, m2IDg; Mup|
< ( fdt ffdf Y < o € — §/|t3+2(l % :
0 2 N

le=[1] 18]=1

|Dg7tn|2|Dg;Bukt _ Dg;ﬁuktP 1/2
’f _ 5/‘3+2(l—[l])

T ] 5 t UkthB 1/qp
= < Jat > > <[Df,t77]l +¢/2,2p5, 9< / f dg d¢’ —‘5 e sqﬂ>
0 lal=[181=1

‘Dg/ m‘2qﬁ 11 a—B. 12 V2
+ < fbf d£d£ ‘g _£/|2 Eq'5> [Dg,t ukt]l[l]+6/2,2p}3,9>)

|

<fdt Z Z §t77 +E/22p/3,Q’D uktlgqﬁ,n

0 lee|=[1] |B]=1
1/2
2 a— 2 —
+ |D?,tn|2qé7Q[D§,t ﬂukt]l—[l]+€/2,2p;3,ﬂ)) =1,

where a > 3, >0, 1/pg+1/qs =1, 1/py+1/q5 = 1.
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Using the imbedding theorems (2.2), (2.3) and the interpolation inequalities
(2.5), (2.6) with 3/2—3/(2pg)+|0|+1—[l]+c/2 < 1+1, 3/2—3/(2q5)+|o|—|5]+2 <
[+2and 3/2—3/q;+|6] <1+1,3/2—3/(2p}) +|a| = B +1—[l] +e/2+2 < 1+2,
respectively, we have

I < c|nlig1,0,2,00,07 (1 [Urllir2,0r + cllukllyor) -

Next we consider

[nukt]l,QT,t
T T la| ‘Dﬁ Da—ﬁ _Dﬁ DO&—B 2\ 1/2
e Dey "ure — D gDy g |
< ( fd£ f fdtdt’ It — t/[1+20/2-[/2)
0 0 0 la| =[] |B]=1

z T L /102 n = DLy IDE Pupel?
/ ,t &t &t t
<(fae [ [aar XS (P
0 O

‘Dgt'n’ ’D + Ukt D?Vt_,ﬁuktlf 1/2
|t — ¢/|t+20/2-[1/2)

T T la| 2 a—p 2
77 D{t’n‘2p5,Q|D£,t “k:t|2qﬁ,9
([ Jaw ¥ 3 (PR P
0 0

le|=[1] 18]=1

’Dgﬁ,t/mg%,(g’D?gﬁ“kt - D?,;Bukt/gqg,n vz
¢ — pea- 72 =l=L+L,

where 1/pg+1/q5 =1, 1/pj3+1/q; = 1. First we estimate I3. Let [3| = 1. Then

- [DEn() = D) By, 0 v
fo= < S [aear > ¢ — /| 1272 (i/2) > ‘D“u’“b‘“”dt)
00 |8]=1 la|=[l]—-1 0O
rr In(t) — ()|
a 2 / [[]+1,02
= <S‘§p Y IDgunlsy .o [ f dtdt [t — ¢ [l/2])> =15,
la|=[1]-1 00
where we used the imbedding (2.2) with
(3.24) 3/2 - 3/(2p1) < 1.
To estimate the first factor in I5 we consider two cases: [I[] = 2s + 1 and

[I] = 25, s € NU{0}. In the first case the highest derivative 9wy, appears in
the factor which is the highest ¢-derivative in the Wl+2 A/ 2+1(QT) norm but it
does not appear in the Wzl A/ ?(2T) norm where the highest t-derivative is 9.
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Therefore to estimate the expression

Is = sup [0 uplag, 0
t

we use
1 1
(3.25) Opuy, = E(MAéu +VVeVe - u)Cr 4 ulpe + HF;C .
We obtain
- 1 ,
Is < Zcis sup |07 7"~ Z 108 D ulgy 1,24
i=1 t 2q174,82 || =2

1
n

where 1/r; +1/r, =1,i=1,...,s, and §2;, = 2 N supp (.
Now in view of (2.5) and (2.7) we have

EI7,

+ {lower order terms} + sup
t 2q1,82

I < C|1/7I|z+1,o,oo,9,§ (e |’UH1+2,Q{ +e "l or + | Frlli,or + [w(0)|141,0,2)
where
3/2-3/2qr;) +2(s—i) <141,

(3.26) k1= (3/2—=3/2qr)) +2i+2)/(1+2) < 1.

In the case [[] = 2s the highest ¢-derivative in the first factor in Iy is 0fug.
Therefore the factor can be estimated by

e lug |2, 0r + cg” 2 ukllor + cu(0)]i1,0,0
where
(3.27) ke = (3/2 = 3/(2q0) + [[] + 1) /(1 +2) < 1.

Summarizing, (3.24), (3.26), (3.27) are satisfied for | > 3/2, where for [ € (3/2,2)
we have to assume ¢; = 1, p; = oo. Therefore

Is < (T, 11/0 o0, 07 10l141,0,00,07)10ll141,07
X (ellulliyo,or + cle)ullior + [ Fillior 4 [w(0)i41,0,2) -

Now we examine I3 for 2 < || < [l]. Then in view of (2.2) and (2.5) we have
I3 < Z(€I_H3ﬁ|uk|l+l,0,oo,QT + cg " urly0,00,07) INlli41,0m = 6,
B

where 3/2—3/(2pg) + 08| < []+1, kag = (3/2—3/(2¢) +|a— 5| +2)/(1+1) < 1,
2 <|B| <], || = [I]. Finally, from Lemma 2.2 the first factor in I is estimated
by ellugi12,0r + c(&)|ur]it1,0,2l=0-
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Summarizing, we have shown that

(328) I3 < (P/2<Ta ’1/77|OO,QT7 ’n’l+1,0,oo,QT)(|77’l+1,0,oo,QT + H77|’l+1,QT)
X (€HUHZ+2,Q,{ + C(€)||U”z,n,§ + c(&)ukli+1,0,2l=0) -

Now we examine I4. From (2.4) and (2.5) we have for 2 < || < [I]

I < lis1,0,00,07 > (E T urlisa 0, 0me + e |ug |y or)
B
where 3/2—3/(2pj) +|B| < 1+1, kap = (3/2—3/(2q5) +|a—=B|+2)/([[] +2) <1
are satisfied for [ > 2.
The case |3| =1 can be treated similarly to I3. The terms with time derivatives
of order less than s + 1 can be estimated by the same bound as I, above. To
estimate the expression

s+1 _ as+1 1/2
O e = 00kl 0 dtdt/>

1D vl3y 210;
I; = ( f f Z it — ¢/[1+20/2-1/2)

0 0 [af=1
we use (3.25), so the above is

P : 0 (ueeCr) — 05 (ueeCi) 3, 1/2
D2 yl3 o] eeC) = 05 (GueeCh)lag 0
<c<ff § dt dt

R It — ¢/|1+20/2-1/2)

T M3y 0|0F(GF) = 05 (5 F)I3 1/2
ftn‘Qp ol t 2q], '
C( f f Z |t_t/|1+2(l/2—[l/2]) dtdt
0 0 |al=1

+ {lower order terms} .

We only consider the first term, because the second can be estimated similarly.
By the Leibniz formula and the Holder inequality the first term is bounded
by

T T S ll as i1 o
t’ n 2(1 Ti,d4k
C< f fdtdt Z ‘Dét’nbp’ QZ S’( t/|1+2(l/2 [1}2 |07 55‘2q’r/ 2y,
0 0

lee|=1

1
+ (07" =
n 2(];77;,Qk
where 1/r; +1/r, =1, 1/7; + 1/7, = 1. Since [l + 2] = 25+ 3, [l + 1] = 2s + 2,
from (2.2) and (2.4) we obtain

Is §C< f fdtdt/ Z D¢l o

lee|=1

- ”ats ' 1 ats’ t1 H2 (1)4+1—-2(s—1),82 i i
X ( s El0iul e oy (Ol i 0,)
=0

2 |Ojuce — Ofueel3y i1 0, >>1/2 _,
= 18,

|t _ t/|1+2(l/2—[l/2])
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1
9=
n

2 H@Zu - azf’u||[2l]+2_2i7_(zk
€ |t — ¢/[1+20/2-[1/2)

il
10w — af/“”[zq_m 2y,
+ele) It — ¢/|1+20/2=11/2) ))) =1I,
where 3/2—3/(2p})+1 <1+1,3/2-3/(2¢1r:)+2(s—i) < [[|+1, 3/2—3/(2¢\7})+
2% +2<1+2 and 3/2—3/(2p)) +1<1+1,3/2—3/(2¢\F;) +2(s —i) <1+ 1,
3/2-3/2q17;)+2i+2<[l]+2,i=0,...,s, [[] =2s+ 1. The above restrictions
are satisfied for [ > 3/2.
Summarizing, we have

I+1—2(s—1),82

Iy < O5(T, nli41,0,00,07 + 10ll151,07)
X (ellullyy2,or + cle)lull,or + clu(0)it1,0,2. + 1 Fklli0r)
+ A e oryllurlliqe,0r -
(M, (A) N . i
Using the fact that [Ag, (7 u = A u+ V(" ue we consider the expres
sion (where Ck is replaced by ( for simplicity)
[Ceuglli,or = [Ceueli,ore + [Cetel, o + {lower order terms} .
First we consider
DE7P¢eDP ue—DS P ¢ DY juei |
Ceuel on< [ [ Jaw T 3 e o2 Dt Do bo Do e
0 jal=[1] 18I <lal &-¢

Do B D P21 DP 2
er Ce=Dery Cerl”| f,tu5|
< fdtf fdfd{ Z Z Caﬂ( € — ¢/pr2a-1)
0

le| =[] 1B]<]al

|Da ﬁC&’ ’Dgtu_Dﬁ tu‘2>

¢ — g0t
T
>c fdt< Z |Dgtuf\2 2 T Z gtufz [l],z,@)
0 1B1<[1] 1B1=[1]

< clellull? 5 gr + ellul? gr)

where € € (0, 1) and the last inequality follows from the interpolation inequalities
(2.5) and (2.6).
Finally, we examine the expression

[Ceuel} ors

!Dgt CeDgtue D¢ ¢ DY e ?
/ 5 5
< fd&ffdtdt Z[} Z — p[r20/2-[/2)

la| 18] <|e|
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LT D, "G = Do CelPIDE yue?

/ RIS IR £,tWe

< fdg f fdtdt Z Z Caﬁ( It — ¢/[1+20/2=11/2)
(% 0 0

lel=[1] [8]<|a]

£7t/
It — ¢/ +20/2-[1/2])

|Da_ﬁ<£|2|D?,tu€ - D?’t,u§|2>

A 7 |D? ue — DP ,ue|?
B, 12 el — Peplicla o,
<c (fdt|D£’tU§’2,_Qk+ [ [ dtdt ) >
[BI<[i] ~ 0 0 0
T
<o 3 ((J dtelp usel o, + Dl )
181<[m N o
nro e|Df yuge — DY yugel? o + c(e)| DY yu— DY ul? o
T f f ‘t—t"1+2(l/27[l/2})
0 0

< clellullfys,0r + c@)llullf or)

where € € (0,1).
Summarizing, we have

(3.30)  [[Fillior < @4(Ts 1nli+1,0,00,07 I7lli41,07)
x [ellulliye,or + cl@)lullior + [Frlli,or + [u(0)]i+1,0,5]
+ A% || ca(ory lurlliy2,0r -

After similar considerations we obtain
2
(3.31) Y NGiklliv1y2,s7 + [Hillim1yz,s7
i=1
< ellullisa,or + e 1S ygeo)lul oz

By repeating similar considerations for the remaining part of the Wzlf@/ 2(QT)
norm, from (3.22), (3.30) and (3.31) it follows that

(3.32)  urllize,0mn < @5(T 11/ 000,07 M141,0,00,07 [1]li41,07)

2
X 5||U||z+2,QkT,n + | Frlli, 07 + Z |Girllit1/2,570 + [ Hilli—1/2,57x
i=1

+ c(e)||u

LTk T ‘U0k<0)’l+1,079} + Al caor lukllir2, 07k -

Assuming that A is so small that
cAY

3.33 T — o <1
( ) min gz n|77|c (27T) )

summing (3.32) over all & € {1,...,N}, using the fact that the norms
Zszl Hw||l+39m and |w|[;43 07 are equivalent (see for example [10],
W
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Ch. 5), then assuming that ¢ is sufficiently small we get (3.19). This concludes the
proof.

Finally, we examine the problem

nus — pAptt —vVyVy -u=F in 27,
I ITD, ()7 = G4 on ST
(3.34) t t
oDy (u)7n — onpAg, (t) f udr =Gy +o0 f Hdr on ST,
0 0
U|t:0 = Ug n Q,

where w is treated as a given vector, m = T(X, (£, t)) and Ag,(t) also depends
on w.

To prove the existence of solutions to (3.34) we write it in the form
nuy — pAegu —vVeVe - u
= —p(As — Ap)u —v(VeVe - =V Vy - Ju+ F = F+F,
ToDe (u)Tip = MoDe (w)Tig — o ITDy (u)7i + G1 = G + Gy |

ﬁ0D5 (u)ﬁo — UﬁoAS(O) f U(T) dr
0
(3.35) = moD¢ (u) (g — 1) + T (De (u) — Doy ()7

t
—O'TL()(AS Ast fu dT+G2+O’ fH
0

—G2+G2+af )+ H(7))dr,

u|t:0 = Ug -

LEMMA 3.3. Let the assumptions of Lemma 3.2 be satisfied. Let w €

W2l+2’l/2+1((2T) and let 61 € (0,1). Let | and k be the same as in Lemma 3.1.
Let

(3.36)  T*([[wlliy2,0r + |wlit1,0,00,07)
X @3(Ta Ta(HwHHQ,QT + ‘w’lJrl,O,oo,QT)‘l/n’oo,QTu H77Hl+1,QT7 ’n’l+1,0,oo,QT) <01,

where w3 = Y1p2, p1 and o are determined by (3.19) and (3.42) below, respec-
tively, a > 0 and 1 is sufficiently small. Then for sufficiently small T there exists
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a solution of problem (3.34) such that u € WQIIQ’Z/QH(QT) and

(3.37) lullige, 07 < @a(T, [1/0] 00,07 I0lli+1,07, 10i+1,0,00,07)

2
X Il or s+ 3 1Gillipr /o5

i=1
[ H[i-1/2,57,5 + [u(0)|i41,0,2 + ulls, 07| »
where @4 is a positive increasing function.

Proof. We have to examine the right-hand sides of (3.35). In view of their
strong nonlinearity with respect to w we only consider their qualitative behaviour.
We restrict our considerations to terms without the coefficient 7~%. Examining
them we have

t t
Plar < e[ [ wsedra], 4|12 [ uedruce],,,).

t
(3.38)  G1llit1/2,57 + 1G2llig1/2,57 < CHfs Of we dt u5¢5H5+1/2,ST ;

¢ ¢
[Hl1-1/2,57 < 0Hf4( Of Wee dT ug + 6[ we d7u55)¢£“l,1/275T 7

where f; = f¢(5+f(f wedr),i=1,...,4, are smooth and J is the Kronecker delta.
Comparing the above expressions we see that it is sufficient to estimate only the
terms on the right-hand side of the first inequality. We have to bound them by an
expression with the factor 7%, a > 0. We shall restrict our considerations to the
first norm on the right-hand side in (3.38);. It is sufficient to consider the main
terms in the norm. Therefore, we consider the expression

¢ 2
3 ([D?fthg"; [ weedr Dgiuf}l_m .
o[+l [+ las| =1 0 5
¢ 2
" {DE’;fD’E’i Of wee d Df’iug} l/2—[l/2],.QT,t> =htlz,

where f; was replaced by f for simplicity. We have the Leibniz formula (see for
instance [5, 17])

t t
(3.39)  DEf = capy..s, (01711 f)(Dét [ wgdf)ﬁ ...(Dg,t I dT)BS,
0 0

where s,01,...,0s € NU {0}, a,a1,as, a3 are multiindices, 51 + ... + (s =
la|+1—s,s <|a|, f1+202+...+0s = |a|. Below we introduced the shortened

notation D' = Dy, = 37, _; Dg,. Below D" is either D}, , or D¢ . Then we
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have

S

L<cey detffdgdg’
0 2 0N

l:‘l(D’ jw dT)ﬁi — (D/i jw dT)ﬁi
0 ‘ 0 ‘

. 285 ! 2
| pr [ wedr| DI [ wee dr[ D1 hug 21 - €201
0 0

‘251

t
D/1 fwgl dT
0

2

‘251 ’265

T
tc [t [ [ dgdg
0 2 N

t t 2
x )DM [ wee dr — D12 [ were dT‘ | Dleslug|?/|¢ — ¢/ |PH20- 1)
0 0

Dt ngrdT ...‘D’S j‘wgrdT
0 0

T t 28,
te [at [ [dcde|D! fwng’
0 2 N 0

¢ 28 t 2
...‘DS fw,ng‘ ‘Dag fwgng’
0 0

x | Dloslye — Dloslyg |2 /16 — ¢ P20 = 1y 4 Ly + Ly .

We only consider I15. The other integrals can be estimated in the same way.
Moreover, we shall restrict our examinations to two cases. The first is when the
time derivatives only appear in the last factor. The second is when at least one
time derivative appears in each factor.

In the first case, applying the Holder inequality we have

T U‘TD2U) d7-|2ﬁlp1 1/p1
Lo<ec [ at dede’ 0 ¢ >
- J ( ;[ J €€

OTDS+1w d7-|265ps > 1/ps

/|f 3
...<J0fdfd§ e

y f f dg dg/ ‘IOT(D|§012|+21U — D|§?‘2‘+2w) dT‘2p3+1 1/ps+1
2 0 € — ¢/[3+2ps+1 (=D +e(por1—1)

\D|€a3|+1u|2p5+2 1/ps+2
> = Jl 5

X dfdfl—,,s
(J J et S

where e >0and 1/p1+ ...+ 1/psyo =1, 01+ ...+ Bs = |a1| + 1 — s, s < |aq],
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B1+ 202+ ...+ 58s = |ai|. As e > 0 we obtain

A 1/p1
Iy < CT2(E/371+1)—(1/171+...+1/;Ds+1)( f !Dﬁw\igiii,n dr)
0

1/ps
’Dg—klw‘?ﬁsm d’r)

T
f 2Bsps, {2
0
z 1/p
las|4+2  12psia s+1
x ( f [D£ w}2ps+1,l—[l]+(€/2)(1—1/17s+1)797$>
0
T 1/2
+1 _
ce ( f ’leag‘ u‘%ps+2’9 dt) = J2 .
0

We now use the imbedding theorems (2.2), (2.3), for which we need the conditions
3/2—-3/(20p1)+2<1+1,...,3/2—-3/(2Bsps) +s+1<1+1,

(3.40)  3/2=3/(2pss1) +|az| +2+1 =[] +e(1/2 = 1/(2ps11)) < 1 +1,
3/2—3/(2pss2) + |as| +1 <1+ 2,

which are satisfied if e(1/2 — 1/(2ps4+1)) < (1 —3/2) > 5 +1 — 3/2, which holds
for [ > 3/2. Thus, we get

T
Jy < CT2(Eﬁi+1)—(1/p1+...+1/ps+1)( f Hw”?&p(l) dT) 1/ o
0

z 1/p z 1/p L
2 s s 2 s s+1
(Sl an) (el dr) T [ il dr
0 0 0

; 2¥.B3i+2
< T2 sup [l Gl 2,00 -

Now we consider the second case. Then I3 takes the form

11226

dt [ [ ded¢
2 N

]Déat2|w — D‘;ﬁtlw[?

2 —1,,128s ; los[+1 12
X | we s ...]Dg}t w|?? € g |D§‘t3 ul >

2 _1 2 S
<ec [dt(wel3}, o 1D 0l o

Ct—y T

laz| 12 lag|+1 12 —
X [Df,t w]l*[l]+£(1/271/p5+1)72p5+17Q‘Df,t u|2p5+1,0) = J3 .
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We use the imbedding theorems (2.2), (2.3), for which we need the conditions
3/2—3/(2Bapo) +1<1+1,...,3/2—=3/(2Bsps) +5—1<1+1,
(341)  3/2=3/(2pe) + laal + 1~ [l +2(1/2 = Upy1) 1+1,
3/2=3/(2pst2) +las| + 1 <141,
which hold if the following inequality is valid:
e(1/2—1/(2pss1)) < (1+1/2) > Bi+1-3/2,
and it holds for [ > 3/2. Therefore, we have

2(2Bi+1
Js3 < CT|w‘zJ(r1,ol,Q )’U‘12+1,0,Q-

Continuing as above we obtain
I < T o(|w]i41,0,00,027 5 Hw||l+2,QT7T)(HUHlQ-i—Q,QT + ’u|12+1,0,oo,QT) ;

for some a > 0.
Now we examine I5. By the Leibniz formula we have

s T T ) " t’ 28,
Iggcngfdgofafdtdt D Ofwng’
ot 2034 . ¢ 2/3;
‘ D ar) — (D" d
( bl‘wg 7') ( Oj"wg T)

! 284 ¢ 2
...‘Ds fwng‘ ’D\azl fw&dT‘ | Dloalyy 2|t — ¢/|~(+20/2-1/2D)
0 0

‘231 ‘255

T T t’ t
te [de [ [dtar|D" [ wedr ...’D’S [ wedr
2 0 0 0 0
t t 9
v ‘D\az\ [ weedr — D2l [ g dT‘ | Dloaly 2|t — ¢/|~(+20/2-1/2D)
0 0

‘2/31

T T t’

+c [de [ [ dtat'|D" [ wedr

2 0 0 0

...‘D’S ng dT‘zBS‘D|a2| j"wgg dT‘z
0 0

x |Dlslye — Dlloslye 21p — /|~ UH202=020) = 1) 4 Loy 4 3.

We only consider Iys. The other integrals can be estimated in a similar way.

Moreover, we restrict our considerations to the same two cases as in the estimate
of 112.
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In the first case, by the Holder inequality we obtain

I <c tdt ‘ w 7" .. ‘ D 7"
22 f f f 33 261p1,82 f £ 206sps,82
0 0 0 0
t !’
2
X) f D‘|fa2|+2w_ f D|§a2|+2w‘2p Q’D‘EQS‘u'f‘gszrz,.Q|t_t/‘_(l+2(l/2_[l/2])) = ']47
o 0 s+15

where 1/p; + ...+ 1/psy2 = 1. In view of the Minkowski inequality,

T 231 T o 28s
I <o [ lwgchopadr) ([ 1DE whs.p. 007)
0 0

x.ffdme?”%ﬁwaHQWﬁuﬁmﬁdw¢T*W%W%=Ja
0 0
where ¢ € [t,#'] and we have used the relation
t t’
[ D PPwdr — [ D Pwdr = D P (@)t - ).
0 0

We employ the imbeddings (2.2) with the restrictions 3/2 — 3/(261p1) + 2 <
L4 1 .3/2— 3/(2Bups) b5 41 <141 3/23/(2pas) + |as] +2 < 142
3/2 —3/(2ps42) + |as| +1 < 1+ 1, in the case |ag| < []]. In the case |as| < [I]
the last two inequalities should be replaced by 3/2 — 3/(2psy1) + |ao| +2 < 1+1,
3/2 —3/(2ps+2) + las| + 1 < 1+ 2. The above inequalities are satisfied if 0 <
(1-3/2) > Bi+1—3/2+1—[l], which holds for I > 3/2. Since |a1|+|as|+|as]| =[]
we have

Js < CTQEB”“Q(I_(Z_M))|w|124§18i0 X

where

Y= [wllig2,0r|ulit1,0,0  for |as| <[],
|wlig1,0,0|uli42,0r  for las| < [I].

Finally, we consider the second case. Then

T T
Ip<c [d¢ [ [ dtdt [we]* ... |Dg,Pwe|**
02 0 0

x D2l — DIl 2 D g 2|t — ¢/ |- (42072 1/2D) = g

In view of the Holder inequality,

T T
2 - 28,
Jo < ¢ f f dt dt’ ‘w5‘2g1p179 e ]D§7t2w§]2g‘5p579\D|§t2lw - Dl&?"w‘%psﬂﬂ
0 0

% |D|§O,ét2‘u’gp5+2,ﬂ|t _ t/|_(1+2(l/2_[l/2])) = J7 .
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As |oq| + |az| + |as| = [I] we have |az| < [l] so we can always use the for-
mula \D,lstﬂw — D.Ist%lw] = ]Dgf‘ww(f)(t — t')|, where t € [t,t/]. Using the
imbedding theorems (2.2) with the restrictions 3/2 — 3/(2032p2) +1 <1+ 1,...,
3/2—3/(28,ps)+5—1 < 1+1,3/2—3/(2ps11) + || +2 < 1+1, 3/2—3/(2pss2) +
lag] +1 <1+ 1, which hold if 0 < (I +1/2)> 8; +1 —[l] +1 —5/2 so they are
satisfied for [ > 3/2, because Y 3; > 1. Therefore,

T T
Jr < CW’?E%?)’“‘?H,O,Q f f dt dt’ It — t/‘1—2(1/2—[z/2])
00

< cT3—2W2‘“/2D\wllsz,’ifleu\12+1,o,n-

Summarizing, we obtain

2
(3.42)  [[Fl; 0r + Z 1Gilliv 12,57 + [[HI[1-1/2,57

i—1
ST (Jwllig2,07 + |wlit1,0,00,07 )02 (T, T (|w]|i12,07 + |[W]i41,0,00,07))
X (|ullit2,0r + |uli+1,0,00,07) -

Similar considerations can be applied in the case of the seminorm | |[l] tr, 0T
Using Lemma 3.2 and the estimates (3.19), (3.42) we obtain (3.37) for sufficiently
small d;. To prove the existence of solutions we put u,, in the right-hand sides
of (3.35) and w41 in the left-hand sides. Then for sufficiently small §; we have
convergence of the sequence assuming that ug is constructed similarly to v in the
proof of Lemma 3.1. This concludes the proof.

Remark 3.4. To estimate the term fot H (1) dr we assume that S is described
by & = £(st,s?), and S; is determined by z = z(£(st, s%),t), so

t t
9ap(t) = 2wl = gap(0) + [ wiy dr&&h+ [ whdr€ligh
0 0

¢ t
+ f wéj dr - f wé, dr gflgg ,
0 0

where go3(0) = 5352} and &, = 05a&' and the summation convention is used
(4,5,0 =1,2,3, o, B = 1,2).

Moreover, considering problem (3.31) we see that G must contain the term
070 As, (D)€ = oig (As, (1) — Ag(0))€ + o H (0), where H(0) = nfg(0)¢k , is the
double mean curvature of S. Taking into account the difference go5(t) — ga(0)
we have

(3.43) [P0 (A®#) — A(0))¢ll1—1/2,57 < Twlli42,0res(T, T |w]i42,07)

where @5 is an increasing positive function.
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A solution of (3.1)2 5 has the form

(3.44) 1(Et) = 00(€)exp [ — [ V- ué,7) dr].

0

LEMMA 3.5. Assume that 0o,1/00 € WL (2)NCY(2), u € WH2/2H1(QT)N
C(0,T; 'Y (), 1 is as in Lemma 3.1 and | > 3/2, o € (0,1). Let s € (0,1/4).
Then the solution (3.44) of (3.1)2 5 satisfiesn,1/n € Wéf(QT)ﬂC(O, T; v H(02)
NC/2(NT) and
(3.45)  mllis1,0rs + 111/1lli41,07k

< (oo llis1.0 + 11/00l1.0)06 (T, T ([ull 1,07 + ul1.0,00,07):
(3:46)  [nli41,0,00,.07 < ll0olli1,007(T, T (|ull 142,07 + [uli41,0,00,27))s
(3.47) nlcaarz(ory < loolce(2)es(T?ullir2,0r),
where a,b are positive numbers, pg, p7,ps are increasing positive functions, and

Co/2(T), C*(0) are the Holder spaces (see [10]).

Proof. First we prove (3.45). Using the explicit dependence &, = f(J +
fg ug d) we have

t
Illier,or + 11/nlr,0r < d|ro€)F (5 + J e ar),,, o =50

where r(§) = 00(§) + 1/00(§). To estimate K; it is sufficient to consider the
highest derivatives. Therefore, we consider

Z Z ([D?at_ﬁroD?,t-ﬂl+17[l+1],_QT7w
la|=[+1] |BI< e
+ [D?’;BTOD?’tf](l+1)/27[(l+1)/2]79’1"t) =Ky, + Ks.

By the Leibniz formula (see the notation in the proof of Lemma 3.3) we have

t
Ko< P Z Z [Dét TO(Dé’tf%dT)ﬂl...
0

lo|=[141] [B]<|e|

' (ngt ft Ue dT)BSL—[z],QT,x
sh( X5 Jaf [

lee|=[1+1] \ﬂ\<|a| 0

’Dgt ro —
e

7" 23
t 0’ }Dg/ fugl dT‘ '
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t 283s s
"‘Dg’,t f Ugr dT’ +Z‘Dg;ﬁ’r0‘2...
0 =1

i t ) i t .
€~ EFFRa-1 o[ Py [ uedr

EK4—|—K5,

Where /81++68 = |/8’+1_S7 /81+2ﬂ2++sﬂs = ’/6‘7 S S [l+1]7 ﬂlw'wﬁsv
s,i € NU{0}, o, 8 are multiindices and P, = Pl(f(;t |tg|oo,2 dT) is an increasing
positive function. We only examine K5. Let ¢ < [l + 1] = k. Then using

(Dé,t ftuﬁdT)wi - (Dé',t fu£d7'> —251<D5t f“&& d7>2ﬁi71(§—§,)
0 0

for some & € [€,¢'], and the Holder inequality yields

Ken( XYY fang ﬁrobpoﬂ‘thf“de‘

lee|= [l+1] 1B]<|e| i=0 0

. 28;—1
bt [ dT( ( u dT‘ N
’ g’t! Rl PP L f € o0

261

2B1p1,82

285 1/2
> = Kﬁ,

t
k

.. ’D£7t 6]‘ Ug dT‘Qﬁkpk,.Q

where 1/po+1/p1+...+1/ps+1/p; =1,i=0,... k.

First we consider the case when the t-derivatives do not appear in the deriva-
tive D. We use the Minkowski inequality and the imbedding (2.2) with the re-
strictions 3/2 — 3/(2po) + o] — 8] < 1+1, 3/2— 3/@B;p;) ++ 1 < 1+2, j £ 4,
3/2—=3/((26; — 1)p;) +i+1<1+2,3/2-3/(2p')+i+2 <1+ 2, which hold if
0<(0—=1/2)> By +1+1—[l+1]+(1/2)(3/2 41— 7). The relation is satisfied
fori>1/2and ) 5 > 1.

Hence, we obtain

Ko < T (T, T"|ullis2,07)lIrolli1,0

where a > 0, b > 0 and ¢} is an increasing positive function.

Consider the case when at least one t-derivative appears in each derivative
D¢ ;. Then we use the imbedding (2.2) with 3/2 —3/(2po) + || — |B] < [ + 1,
3/2-3/(20;p;)+7—1 <1+1,3/2-3/((26;—1)p;)+i—1 < 1+1, 3/2—-3/(2p})+i <
l+1,j#14,7 > 2, which hold for 3/4 < (I+1/2)>. 8, +1+1—[I+1]+ (I —1i)/2,
which is satisfied for Y 8, > 1 and | > 1/2. Therefore, we obtain the estimate

2306+
Ko < PiT|rollf1,0lluli35 oo or -
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In the case i = [+ 1] = k we have =1, 8; =0, j < k and

T IDE, Jo ue dr — D, [o uer dr|?
B 2 &t Jo M€ ¢t Jo "€
K5 = Pi[rol% 0 fdt ffdfdf, € = PR -]
0 2 2

In the case when no t-derivative appears in D¢ ; we have

k
K5 < Pi|rg |§O,QT2 [Dg+1u]l2+2—[l+2],2,QT,x

< P1T2||7”0”z2+1,(z||7~‘H12+2,QT .

If at least one t-derivative appears in Dg,t we have

| Dk it “£’|2
P1|’“0‘oof? fdt ffdgdg ‘5 §|3+2(l+1 [1+1])
0
T
< cPirolfre [ @t 1DEwuls0 < Tlrollfy o supulfi o
0

Now we estimate K3. By the Leibniz formula,

t
K3 < B Z Z [Dgt TO<D§¢ fu5d7')61...
0

lov|=[1+1] \6\<|a|

DS d BS
( &t f te T) }(1+1)/2—[(l+1)/2],9T7t
7o D?;ﬁTOP

< > > [ f fdtdt [,t_tf|f+2<<z+1>/2 [+1)/2])

le=[l+1] |B|<|a| £ 0 0

L 261 L 26,
X ‘Dét/ f Ug dT‘ ...‘Dgt, f Ug dT‘
0 0

5 a=B_ 12| 1 { 261
+ Z ‘Dg,t o] ’Dg,t f Ug dT’
i=0 0

7 t . i ' A
Dy, Jo ue dr)2Bi — (Dg,t/ e dr)28|?
|t — t/|t+2((+D)/2=[(+1)/2)

t’ 28, 1/2
..‘Dgt, qudT‘ ] >EK7+K8,
0

where Py = Pz(fg |tg|oo, dT) and the numbers ; are the same as before. We
only examine Kg. Consider the case s < [l + 1] = k. First we assume that no
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t-derivative appears in D¢ ;. Since

’

tEo 2B; ¢ . 20;
([ petuar) ([ Dittuar)
0 0

:2ﬁi<j:D2+1u5dT)2
0

Bi—1

D tu(t)(t — 1),
for some ¢ € (t,t'), we obtain

KggPQ( Y ffdtdt DS 1030 ‘Dg qudT‘

lee|=[1+1] |B|<|a] O 0

261
2B1p1,82

’

¢ 28;—1
i+1 ’ i4+1 2 s+1 203
) !Dg udT‘(%Fl)th\Dg u(? )\%Q...‘ 0ng wdr2%

) |t — ]2 /2 [(z+1)/2]))1/2

where 1/po+1/p1+...+1/ps+1/p, =1,1€{0,...,s}. We use the imbedding (2.2)
with the restrictions 3/2—3/(2po)+|a|—|6| <1+1,3/2—-3/(28,p;)+ji+1 < 1+2,
G#4,3/2—3/((28i— D)p;) +i+1<1+2,3/2—3/(2p}) +i+1< [ +2, which are
satisfied because the relation 1/4 <I+1—[I+1]+(1—1)/24+(l—1/2) ) B, holds
for I > 3/4 and > 3, > 1. Then from the Minkowski and Hélder inequalities it
follows that

Ky < |rollis1,0T05(T, T ||lull;y2.0r)  for some a >0, b>0.

Considering the case when in each derivative D¢, at least one t-derivative
appears we obtain

Kg < HrOHHLQT“cpg(T, Tb]u]HLO’OOVQT) for some a >0, b >0,

where we have used the Holder inequality and the imbedding (2.2).

Similar considerations apply in the remaining cases. In this way (3.45) is
proved.

To prove (3.46) the same considerations must be used but since the L., norm
with respect to t is taken the factor T'* does not appear.

To prove that n € C(0,T; LT (£2)) we have to show that [Dg 41,0, 18
continuous with respect to ¢. This follows from the form (3.44) of . This concludes
the proof.

Now we prove the main result of this section.

THEOREM 3.6. Let vg € Wit (2), 0o € WITH(2), f € CHYR? x (0,T)),
S € W21+5/2, l is as in Lemma 3.1, I > 3/2 and k € (0,1/4). Let G be the
function from (3.55) (see the proof) and suppose that A > G(0,0,«, 3,7), where
a, 3,7 are defined by (3.53). Let |v(0)]141,00 < A. Let 81 be sufficiently small.
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Let T, be so small that
T Aps(Ty, TPA, A, A) <61 (see (3.36)),
0 <ci(1—AT,)? < det{0z/0¢} < co(1+ AT,)?,
where z(&,t) = f—l—fg%(f, T)dr, t < T., G(T.,T?A,0,8,7) < A, a > 0 and
ee

Uo(&,t) is defined below. Then there exists Tyx, 0 < Thy < T (see (3.62), (3.64)),
such that for T < Ty, there exists a unique solution to problem (3.1) such that

ue WytP P Ty e w2 (0T n (0, T); TEH(02)) and
w207, <A,

(3.48)  mllig1,07k + I1Ml141,00,07 + 11/7lli51,07,x
< (lleolli+1,2 + [11/00ll14+1,2) 06 (T, T*A),

where g 1S an increasing positive function.

Proof. We prove the existence of solutions to problem (3.1) by the following
method of successive approximations:

2
nmatum—i-l - Mvum Um+1 — Vvum vum *Um+1

= Vi, a(hm) + Mg in 7,
MoIT,, Dy, (s 1)7(U) = 0 on ST,
(3.49) t
Dy, (Um+1)(um) — oMo A, f U1 (T
0
= 7o - () (4(Nm) — po) + oo A (1) on ST,
Umn+1|t=0 = Vo in (2,
and
(3.50) ONm + MV, * Um =0 ?n T,
Nmli=0 = 00(§) n {2,
where m = 0,1,..., up = vy and II,, , A,, denote that they depend on u,,.

Now we define vg. Let us introduce the functions ¢* = diuli—o, i < [1/2 +1/2],
which are calculated inductively from (3.1). The functions ¢* satisfy the following
compatibility conditions:

0; (Tu(u, )7U(&,t) — 0 As, () Xu(€, 1) + pori(§, 1) |e=0 = 0,

where d{ul;—o, 9jn|i—0 have to be calculated inductively from (3.1)1 2 and (3.1)45.
Next we extend ¢° to functions @° on R?, and define v to be the solution of the
Cauchy problem

(8, — AVFVAG =0, 0|0 =3, i<[l/2-1/2].

Finally, 19 = v]g.
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Assume that (3.36) is satisfied (with w = wy,, 7 = 7,) with sufficiently small
01 and use Remark 3.4. Then by Lemma 3.3 there exists a unique solution to
problem (3.49) such that w41 € Wzl:?’l/QH(QT), where T' = T'(61) is also small
and

(3.51)  |um+1llivo,0mr + [wmt1li41,0,00, 020
< @1 (lmi1.0,00,07 11/ l11.0.00,00) [V ea () 1,0,

T

+ [1mli41,0,00,07 911,07 + f [tm1llig2, 00 dE
0

+ Ta||um”l+2,QT,f<305(T7 Ta(”“m||l+2,nT + |Um|l+1,o,oo,QT)> ”1/77m||l+1,QT)
+!Um+1(0)|l+1,o,9] ,

where we have used ||ul|? ,r < chT [ullf 1 o dt + [u(0)[7 g, which follows from
u(t) = fg Oru(7) dr + u(0). By Lemma 3.5 we have

1Mmli41,076 + 11/ 0mlli+1,07,

(3.52) < (lleoll+1,2 + 11/ olli+1,2) T @6 (T, T*|[tm |l 11-2,07)

[T |141,0,00,02t + |1/Mm|141,0,00, 0t
< (lleolli+1,2 + 11/ 0olliv1,2) 07 (T, T |um |l 142,07) ,

where T" must be sufficiently small (see (3.2)) and ¢t < T.
Introduce

ym(t) = Hum||l+2,ﬂt + |um|l+1,0, 02t
(3.53) >

a=llooli+2.2, B=|flcrr®wxory, 7=u0)iti00, t<T.
Then (3.51) and (3.52) imply

t
(354) ym+1(t) < ¢8(t? taym(t)7 Oé) f ym-’-l(T) dr + ®9 (t7 taym(t)> «, /87 7) )
0

where g and g are positive increasing functions. Finally, from (3.54) we obtain
(355) Ym+1 (t> < ¥9 (t7 taym (t>7 «, 57 7) exp[t<p8 (tv taym (t)v Oé)]

= G<t7 taym(t)7 Ck, /87 ’7) .
The function G is such that G(0,0, «, 3,7) = Go(a, 5,7) > 0. Let A > 0 be such

that [u(0)];41,0,0 < A and Go(a, 5,7) < A. Then for y,, < A there exists a time
T, < T such that for t < T, we have

(3.56) Ymi1 < G(t,t"A o, 8,7) < A.
Thus we have proved that
(357) ym(t) = ||um||l+2,9t + |u|l+1,0,oo,9t S Au m = 07 1) ey t S T* .
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Now we prove the convergence of the sequence {t,, 7, }. Consider the follow-
ing system of problems for the differences U,, = tm — Um—1, Him = Dm — Dm—1:

MmO U1 — iV, Umit =V, Vau, - Unii
= —H,,0uupy, — M(Vim — Vimfl)um
—v(Vu, Vau,, =V, Va1 )Um
+ Vi @(hm) =V 10(hn-1) + Hing
= + Iy,
IyI1,, D, (Unt1)7(tm,)
= Ily[I1,, D, (wm)(Um) — Iy, Dy, () 0(4m—1)] = G1,

3.58 4
(3:58) 10D, (Ut 1)72(um) — 0o A (1) f Uny1(7)dr
0

= 10D, (Um)(um) — Dy, (thm )78t —1))]
— 0T0(Am(t) = Am1(t)) [ tm(r)dr
0
+ng - [ﬁ(um)qmm) - ﬁ(“m—l)‘](nm—l)] — pomo - (M(um,)

—T(Um—1)) + 0T (Am(t) — Am—1(t))€ = G2 + Gy,
Unm+ilt=0 =0,
where
= _Hmatum + ng + quQ(ﬁm)Hm s GIQ = ﬁ(“m)(Q(nm) - q(nm—l)) y

and Fi,Go are determined by the remaining terms on the right-hand sides of
(3.58)1,3, respectively.

To estimate the right-hand sides of (3.58) we only consider their qualitative
forms:

t t t
Fr=fi fUmngumgg+f2 fUmgngum,g-Ffs f Unme dT film—1.¢ ,
0 0 0

t
Gi="fi [ Unedr,
0
t t
Go="fs [ Unedr(1+ume)+ fy [ Unedr, Gh= fofiHpm,
0 0

where f; = fi((5+f0t Ung AT, 5+fg Um—1,¢dT),i=1,...,6, f]’ = f]’-(nm),j =1,2,3,
are C'*° functions of their arguments.
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Now we examine
| Hin Ot 1, 07 = [HimOstm 12,075 + [HmOstm]i /2,2 o7 + {lower order terms}.

We need only estimate the highest order terms. We omit the subscript m for
simplicity. Then

]

[Hudio,0me = Y. Y caplDE HDE Pwla gy, ams

la|=[1] |8]=0
la /3 H\Q 1/2
a 2
<X ((2 fdtffdgdf e 08 )
lee|=[1] [8]=0 0
laf |D°‘ Batr — DBy 12N 1/2
2 t t §’t ut|
(3 fanf fagag ozt T )
|8]=0 0 20
<c ( (fdt 2pﬁ,l7[l]+5/2,9,x|D§,t ut|2q3,Q>
la|=[l] |B]=0 O

]

Te Z ( f dt[Dg; Puil 2p' =[] +e/2,2,
18]=0 0

where 1/pg +1/q3 =1, 1/p3 +1/q5 = 1 and ¢ > 0 was used. By the imbedding
theorems (2.2) and (2.3) with 3/2—3/(2pg)+|8|+1—[l]+€/2 < 141, 3/2—3/(2q3)+
la| =8| < land 3/2—3/(2pf) +|a|—|B|+1-[l]+€/2 <1, 3/2-3/(2q5) +|B| < I+1,
which are satisfied if 1/2 4+ ¢/2 < [, we obtain

1/2
D§7tH|§%79> ) =1,

Ly < ¢|H|141,0,00,07 [|Ulli42,07 -

Consider now the expression

[Hut]l/2,2,QT,t

ﬂ H Dﬂ H|2
— £t 2
B |z—:m <ﬂz<: |Caﬁ f fdtdt fdf t’\1+2<l/2 l/2)’ it ¢l
D TPup — D2 g2\ V2
+|D£t,H|2| o = Dy u] = L.
|t — ¢/ [1+2/2=11/2])
In view of the Holder inequality we have
H-DP JH|2 1/2
£t et 2ps.02 | e
Ly<c Z Z [( ffdtdt — ¢/|1+20/2-11/2]) ‘D .t ut’2¢16 9)

|| =[] 18]<]|al

]Dg’t’ﬁut — D?’t,ﬁut/\gpg7g>1/2]

) _
< f f dt dt’ |D5 t1H|2q’B,Q |t — t/|1+2/2=1/2]) =1l
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Employing the imbedding (2.2) with 3/2—3/(2pg) + 5] <[] +1, 3/2—3/(2¢3) +
la| = 8] +2 < 1+ 1, which hold for I > 3/2, and 3/2 — 3/(2q3) + B8] < 1+ 1,
3/2 =3/(2p3) + |af = [B] +2 < [I] + 2, the latter being satisfied for [ > 1/2, we
obtain

L3 < c|H 141,07 |[uli41,0,00,07 + ¢/ H|151,0,00,07 [t]| 142,07 -
Summarizing, we have shown
(3.59) HHmuthl,QT
< c(|Hmlli1,0m + [Hmli41,0,00,07 ) (1Um 42,07 + [4mli41,0,00,07) -
Hence after similar considerations we obtain
(3.60) | Fall;,0r + 1GSllis1/2,57 < c(Hmlli41,07 + [Hmlit1,0,00,07)
X (lumlli2,07 + [wmlir1,0,00,07) -

Considering the expressions Fi,G1, G2 we see that in each of their terms there
appears at least one factor which is an integral with respect to time. Therefore,
repeating the proof of Lemma 3.4 yields

(3.61)  [[F1ll,or + [|G1llix1/2,57 + [|G2lli41/2,07
< @10(A)T*(IUm 142,07 + Unlit1,0,00,07) -
Applying Lemma 3.3 and Remark 3.4 to problem (3.58) gives
(3.62)  NUnm+t1llit2,0tn < o11(t, At ([Unlli+2,000 + [Unli+1,0,00,0¢)
+ 12(t, A) ([ Himllir1,2t + [ Hmlir1,0,00,.02¢) -
Next we consider the problem
OHy + Hy, divy,, Uy, = —Nm—1(divy,, Uy, — dive,, | Um—1),
Hplt=0=0.
Integrating (3.63) with respect to time yields

(3.63)

H,,(&t) = —exp [—j divy,, w dt’
0

t/
(nm_l(divum U, — divy, | Um—1) €Xp f divy,, Um dt") dt’,
0

X

S

so we get

. m||l+1,2t k m|1+1,0,00,02t > ¥13\0, ml[l14+2,02t K -
(3.64) ([ H o | + [ Ho < p13(t, A)t | Uni|

Thus, by (3.62) and (3.64), for ¢t <T.., where T, is sufficiently small, the sequence
{tm, Nm} converges to a limit

{u,n} € Wat2P QN 0 Lo (0, T TETH(12))
X Wy D2 (0t n e ((0,1]); TEH(92)),
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t < min{T, T\, }, which is a solution to (3.1). Uniqueness can be proved in the
standard way. This concludes the proof.

Having shown the local existence of solutions to (3.1) we find a more appro-
priate estimate which will be useful in the proof of global existence. Recall that
Ry = (2|[)'/3, t > 0. In view of Definition 1.1 from [18] of an equilibrium
state we shall look for motions of (1.1) which are close to the equilibrium state.
Assuming that the initial motion is sufficiently close to the equilibrium state we
introduce the quantity ¢, =q—po —qo, where ¢y = 20/ Ry. The quantity describes
the deviation of the pressure from the sum of the external pressure py and the
pressure (qo) of the surface tension in the case when the drop is a ball. Therefore
we consider

nur — uVou — vV Vy - u = Vs + 19,
HoHDu(u)ﬁ =0,

(3.65)  ToDu(u)i — oA, (t) [ u(r)dr
0

="ng NGy + UﬁO(ASt (t) - AS(O))"&- + O'(H(f, 0) + 2/]%0) 5

ult=o0 = Vo
and

Got = —qo¥ (1) divy, u — (po + qo) divy u,
(3.66)
4o lt=0 = p(00) — Po — qo

where W(n) = p,(n)n/p(n), Py = Oyp-
By Theorem 3.6 we have the existence of solutions to (3.65) and (3.66). More-
over, we obtain

Remark 3.7. Let u,n be a solution of problem (1.1). Then from (3.65) and
(3.66) for sufficiently small 7" we obtain the estimate

(3.67)  lullize,0mr + g0 liv1, 07k + ldoli1,0,00,07
< p1a(T [volli+1,0, lleollivr,e: ([ fllor @ xo.my), 1SNyyiesr2)

X [[I fller+1 msx0,1)) + lvollis1,

+ |lp(00) — po — qolli+1,2 + [|H(&,0) +2/Roll141/2,5] »
where [ > 3/2.

Proof. Applying Lemma 3.3 to (3.65) yields

(3.68)  llulliyz.omn < (T, Ay, 8,7 [y i40/2)
l1,0m + [[H(&,0) + 2/ Roll141/2,5] -

X llgolli41,0mx +llg
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Integrating (3.66) implies

(3.69) ¢, (&,t) = —exp [— f ¥ (n) div, udt’}

t t’
x| [ [0+ ao) divuuexp [ w(n)div,udt”] dt' +pleo) — po— o).
0 0

From (3.69) we have
(370) Hq0'Hl+1,QT7I€ + qull+1,0,(>o,_QT < C(T7 A? «, ﬂa Vs HSHW2H’5/2)

X (T ||ullig2,07 « + lP(00) — Po — qollix1,2), a>0.

From (3.68) and (3.70) for sufficiently small T" we get (3.67). This concludes the
proof.

4. Existence for (1.1) with o = 0. In this section we show the existence
and an estimate for solutions of the linear problem

Lu=u — pAu—vVdivu=f in 2T,
(4.1) Bu=D(u)a =g on T,
u’t:() = Ug in Q,
where 2 C R" is a bounded domain, 7 and D(u) are defined in Section 1.

To prove the existence of solutions of problem (1.1) with ¢ = 0 we have to
show the existence and find a suitable estimate for solutions of problem (4.1).
Having found this we use [16] to prove the existence of solutions of the nonlinear
problem (1.1) with o = 0.

We consider problem (4.1) under the following conditions:

(42) f e WTZZJ(QT) . g€ WT21+171/7',H~1/271/(27‘) (ST) . ug € WTQZ+272/7‘(Q) 7

where [ € NU{0}, 1 < r € R (for the definition of these spaces see [10]).
Considering problem (4.1) with the data (4.2) we have to impose the following
compatibility conditions:

(4.3) D(0iu(0))m = dig(0) onS, i<l+1/2-3/(2r),

where 9fu(0) = A0 u(0) + 91 f(0) are calculated inductively and A = pA +
vV div, u(0) = up.
First we define functions ¢;, i <[l +1—1/r|, by

(4.4) ©0; = Oluly—o in 2 C R™.
Using the Hestenes—Whitney method (see [3], Ch. 3) we have

LEMMA 4.1. Assume that ¢; € WfHQ*QFQ/T(Q), i <[l+1—1/r]. Then there
exists an extension @; of v; to R™ such that ¢; € Wfl+2_21_2/T(R”) and

(4-5) |@|2l+2—2i—2/r,r,Rn < C|80i|2z+2—2¢—2/7~,r,9 ) where ¢ = C(Q)
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LEMMA 4.2. Let ¢; € W2T27272/" (), i <[+ 1 —1/r]. Let T < co. Then
there exists v € W2AHT2HL(OT) such that
(4.6) Olv)i—o = @i in §2,

1
(4.7) lolaiioor < Cz | <Pz‘|21+2—2¢—2/r,r,rz,
i=0

where the constant ¢ does not depend on T'.

Proof. In view of Lemma 4.1 there exist functions ¢; € Wfl+2_2i_2/r(]R”)
and the estimates (4.5) hold.

Now we define v to be the solution of the Cauchy problem

(0, — )T =0 inR"xRL,
i) i—0 = B inR", i=0,...,l+1—1/r].
By potential techniques (see [10], Sect. 12) we have

(4.9) >

|a|=21+2

(4.8)

o ~
Dz,tv|T,Dn+1

<a Z Z (D3 @il 214+2—2i—2/r—[214+2-2i—2/r], B, -
i=0 | |=[214+2—2i—2 /7]

where ¢; is an absolute constant.

To estimate the lower derivatives we use the fact that T' < oo and the formula
(see [10], Sect. 18)

k: .
t'L
(4.10) g(=x,t) = E—‘G (x,7)|r=0
i!
=0

+ (,{;_11). 6[ (t—7) [0k g(aw, 7) — OFgla, 7)|r=o] dT .

Using the initial conditions (4.8)s and (4.10) for g = v we obtain

411 D> > D2 p, )

i<2042 o] =i

l
Scz(T)[ > DSl pr + O NGilaa—2i-2prip, |
| =21+2 i=0
where c3(7') is an increasing function of 7. Therefore, from (4.9) and (4.11) we

obtain
l

(4.12) 1oloii2,r,, (1) < €3 Z | Giloiio—2i—2/r B, 5
i=0
where c3 does not depend on T for T < oco.
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Introducing v = v|(, and using Lemma 4.1 we obtain (4.7). This concludes the
proof.

Now we introduce the function

(4.13) w=u—"v
which is a solution of the problem
Lw=f—-Lv=f; in 7,
(4.14) Dwir=g—-Dwna=g onST,
Wi=o =0 in £2,

where in view of the compatibility conditions (4.3) we have
Ol fili=o=0, i=0,1,...,01—1,

(4.15) Otgili—o=0, i<[+1/2—1/(2r)],
Owli—o =0, i=0,1,...,1.

Therefore, f; € I/f/il’l(QT), g1 € W%l+1_2/r’l+1/2_1/(2r)(ST). It is sufficient to
consider problem (4.14) in RT = R x [0, 7] only because using a partition of
unity and appriopriate norms (see [10], Sects. 20, 21) we obtain the existence and
an appriopriate estimate of solutions for problem (4.14) in a bounded domain 2.
To examine (4.14) in RT we have to perform the following extensions. First we
extend f1, g1, w by zero for t<0. Denote the extensions by fa, g2, wy. Thus (4.14)
is replaced by the problem

Lwy = fo in D11 (T) = R} x (=00, T],
(4.16) ~

D(w)m =gz on E,(T) =R"! x (—00,T].
Next we extend f2 by the method of Hestenes—Whitney with respect to the hyper-
plane ¢t = T, so denoting the extended function by f3 we have f3 € W2{(D,,.1)
and

(4.17) (Fo)or 5

with a constant independent of T
We extend f3 by the Hestenes—Whitney method with respect to the hyperplane
x, = 0. Denote the extended function by f;. Then f; € W2L(E,, 1) and

n+1 < c<f2>2l7T75n+1(T) ’

(418) <f4>2l,7“7En+1 < C<f3>217r75n+1 .
Now we consider the problem
(419) L’UJ2 = f4 in En+1.

Potential techniques imply (see [10], Sect. 12)

(4.20) (W2)ory2,rrR(T) < (W2)2u12,r B,y < C(fa)21r B,y <l fillorerr -
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Extend ¢- to E,, and denote the extension by gs. Then the function
(421) w3 = W1 — W2
is a solution of the problem

ng =0 in En—i—l )
(4.22)

D(ws)m = g3 — D(w1)7t|pm0 = g4 in By .
By potential techniques (see [10], Sect. 12) we have
(4.23) (W3)o142,rR(T) < <w3>2l+2,r,5n+1 <clgalyiy 1),
< C([93]2l+171/r,r,5n + ”w1H2l+277‘,5n+1)
< C([92]21+1,2/T7T,EH(T) + I f2llot,r,m7)

where the last inequality follows from the Hestenes—Whitney extension.
By Lemma 2.3 we have

(4.24) [92]21+1—1/r,r,5n(T) < C<<92»21+1—1/r,r,1§n(T) :

We also have

n—1 n—1
(425) Z<<alm/ig2>>r,2l+1—1/r—u,§n(T),:Ei - Z<<8Zi92>>T,2l+1—1/7"—l/,5n(T),Ii ’
i=1 =1

where v = [2] +1 — 1/r]. Next by Lemma 2.4 we obtain

" r W
(4.26) (0 g2>>r,z+1/2—1/(2r)—u,ﬁn(T),t < [0 gz]nl+1/2—1/(2r)—uﬁn(T),t

T dt
0 T
+2 f |0} 92|r,En71 tr+1/2=1/(2r)—p) °
0

where p = [l +1/2—1/(2r)].

In view of Lemma 2.5 the second term on the right-hand side of (4.26) is
estimated for » > 3 by the first term with a constant independent of 7', so (4.26)
becomes

(4.27) <<8592>>r,z+1/2—1/(2r)—u,5n(T),t S 0[8#‘92]r,l+1/2—1/(2r)—u,5n(T),t ’

where p = [l +1/2—1/(2r)].
Summarizing, we have

(4.28) <w3>2l+2,r,R(T) < C([92]21+1_1/T,T’5H(T) + ||f2H2l,7“,R(T)) :

Therefore, using (4.10), (4.20) and (4.28), employing an appriopriate partition
of unity and corresponding norms (see [10], Sects. 20, 21) we obtain
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LEMMA 4.3. Assume that
Sewrtn o fewti(an),
g€ I/VTZHIf1/r,l+1/271/(27‘)(ST)7 ug € W7‘2l+272/r<0),

r >3, T < oco. Then there exists a solution of (4.1) such that u € W2+2H1(OT)
and

(4.29) lulaiior or < clflaror Hgloiii—1/rr st + [u(0)|2142-2/r0,r.0) »
where ¢ does not depend on T and
(4.30) [u(0)|2142—2/r,r 2 = Z (Ofuli=0) 21+2—2/r—21],r02 -

i<[l+1-1/7]

Lemma 4.3 and [16] yield

THEOREM 4.4. Let vg € IPT*72"(), f € CPYR3 x (0,T)), 00,1/00 €
W2HL()), S € | I S 3/r,r>3,1—1/2—-3/(2r) € Z. Then for a
sufficiently small T there exists a solution of problem (1.1) with o = 0 such that

v e WETHHRT) N Loo (0, T5 TPH272/7(2))
0,1/0 € WHHHY2(QTy N C(0,T; I (12)).
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