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Abstract. In this paper we present some recent results concerning convergence rate esti-
mates for finite-difference schemes approximating boundary-value problems. Special attention
is given to the problem of minimal smoothness of coefficients in partial differential equations
necessary for obtaining the results.

1. Introduction. Recently, increased attention is given to approximation of
generalized solutions of partial differential equations with finite-difference
methods.

For a problem with the solution belonging to the Sobolev space W ({2), the
convergence estimate

(1) lu = vllwrw) < Ch*Mullws ), s>k,

is said to be compatible with the smoothness of the solution [12]. Here ue W (£2)
denotes the solution of the original boundary-value problem, v denotes the so-
lution of the corresponding finite-difference scheme, h is the discretization pa-
rameter, Wf(w) denotes the discrete Sobolev space, and C' is a positive generic
constant, independent of h and wu.

Estimates of this type have been obtained for a broad class of elliptic problems
(see [6, 10, 11, 13, 16]). Analogous results have also been obtained for parabolic
and hyperbolic problems (see [5, 7, 8, 9]). As a rule, the Bramble-Hilbert lemma
[2, 4] is used in their proofs.
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For equations with variable coefficients, the natural problem arises of estab-
lishing the minimal smoothness properties of coefficients for obtaining the same
type (1) of estimate. Such coefficients belong to classes of multipliers in Sobolev
spaces.

2. Multipliers in Sobolev spaces. Let {2 be a domain in R™. By D(2) =
COO(Q) we denote the space of infinitely smooth functions with compact support
in 2, and by D'(2) the space of distributions. Moreover, = (x1,x2,...,2y)
denote vectors from R™, and o = (aq, 9, ...,q,) are multi-indices. Let |a| =
a1+ as + ...+ «p. Partial derivatives are denoted by

Diju = 0u/0z; and D% = D" D3*...Dp"u

Suppose V and W are two function spaces contained in D’({2). A function a
defined on {2 is called a pointwise multiplier, or simply a multiplier, from V to
W if, for every v in V, the product a - v belongs to W. The set of all multipliers
from V to W is denoted by M(V — W). In particular, when V = W we put
MWV)=MV —=V).

In this section, we shall be concerned with multipliers in Sobolev spaces

which belong to M(W}(22) — W;(£2)), 1 < p < oco. Naturally, we assume
that ¢ > s.

To begin, we consider multipliers in pairs of Sobolev spaces on R”. Motivated
by the definition of multiplication of a distribution with a smooth function, for
a € M(Wy(R") — WS(R")) and u € W *(R"), 1/p+1/p’ = 1, we define the
product a - u € Wp_,t(R") by

{a - u, ¢>Wp7txwt = (u,a- g0> W Vo € WH(R™).

This definition implies that M (W, *(R") — Wp_,t(R”)):M(W; (R™) — W7 (R™)),
and therefore it suffices to explore the properties of the sets M (W;(R”) —
W2 (R™)) and M(W}(R™) — W, *(R")) for t > s > 0.

We recall a collection of fundamental results on multipliers in Sobolev spaces
(see [14]).
LEMMA 1. If a € M(WE(R") — W3(R")), t > s> 0, then:

a € M(W;7*(R") — Ly(R")),

aeM(W; 7(R") = W 7(R"), 0<o<s,
®a € M(W}(R") — Will(R™),  |a| <,
%q e M(WEstlel(RYy — L, (R™)), |a| <s.

p
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LEMMA 2. Fort > s >0, M(W;(R") — W;(R")) C W} i, where

Woanie = {f | sup [In(z = 2) - f(2)llw; < o0, ¥n € D(RY), n =1 on Bi},
zERM p

and By is the unit ball with center 0. If tp > n, then M(W}(R™) — W3 (R™)) =
Ws ...
p,unif

LEMMA 3. For s > 0, M(W;(R")) C Lo (R™).

LEMMA 4. Suppose 1 < p < oo, and let s and t be nonnegative integers such

that t > s. If
a= Z D%a,
|| <t
and a, € M(W;(R") — W}f’s(R”)) N M(W;,(R”) — Ly (R™)), 1/p+1/p' =1,
then a € M(W}(R"™) — W, 5(R™)).
LEMMA 5. Let p > 1, t > s > 0, and suppose that either q € [n/t,o0] and
tp <n, or q € (p,o0) and tp =n. If

s
a € Bq,p,unif

={/f | sup [In(z —2) - f(z)|
z€R™

where Bj  is the Besov space, then a € M(W}(R™) — W}(R™)). The result is
also true for t = s, provided a € By | ;s N Lo (R™).

g <00, Vne DR"™), n=1 on B},

LEMMA 6. If aq EM(W;_Ial(R") —WE=F(R™)), s > k, for every multi-index
« then the differential operator

(2) Lu = Z ao(x)D%, x€R"™,
|l <k

defines a continuous mapping from W7 (R") to W;*k(R”).

The analogous result holds true for s < 0. If p = 2 then the result holds true
for every s. Under certain conditions we have the converse result:

LEMMA 7. Let the operator (2) define a continuous mapping from W;(R™) to

W5 (R"), and p(s — k) >n, p>1. Then a, € M(W;fla‘(R") — W3k (R™)),
for every multi-index «.

All of these results can be transfered to Sobolev spaces in an open subset
of R™. More precisely, if {2 is an open set in R™ with a Lipschitz continuous
boundary and a € M(W}(£2) — W;(£2)), then a can be extended to a function @,
defined on the whole of R", such that @ € M(W}(R") — W} (R"™)). The converse
is also true: the restriction to 2 of a multiplier a € M (W} (R") — Wy (R")) is an
element of M(W/(£2) — W3 (2)).

For bounded domains, W .. and By ;¢ are replaced by standard Sobolev
and Besov spaces, respectively. Employing Lemmas 2, 3, 5, imbedding theorems



168 B. JOVANOVIC

for Besov spaces [1, 17] and the representation of distributions from negative
Sobolev spaces [18], we obtain the following results:

LEMMA 8. Suppose that (2 is a bounded open subset of R™ with a Lipschitz
continuous boundary, s >0 and p > 1. If a € W} (§2) where

gq=p, t=s whensp>n, and
g>n/s, t=s+¢e, €>0 whensp<n,
then a € M(W;(12)).
LEMMA 9. Let 2 be a bounded open set in R™ with a Lipschitz continuous
boundary, s >0 and p > 1. If a € Ly(£2) where
q=7p when sp > n,
q>0p when sp=mn, and
g>n/s whensp<n,
then a € M(W;(£2) — L,(£2)).

LEMMA 10. Let {2 be a bounded open set in R™ with a Lipschitz continuous
boundary and

a(x) = ap(x) + Z Dja;(x).
i=1

If ag € M(WE(02) — Ly(92)), and a; € M(WE(2) — Wy~ 5(2)NM (WL 1 (02) —
Ly(02)),i=1,2,...,n, where 0 < s <1<t <2 s#1/2, thena € M(Wi(02) —
W, *(2).

3. Boundary-value problem and its approximation. As a model problem
let us consider the first boundary-value problem for a second-order linear elliptic
equation with variable coefficients, in the square 2 = (0,1)2:

2
(3) - Z Di(aijDju)+au=f inf2, w=0 onl =01.
i,j=1

We assume that the generalized solution of the problem (3) belongs to the Sobolev
space W5 (£2), 1 < s < 3, with the right-hand side f(z) belonging to W5~ 2(£2).
Consequently, the coefficients a;;(x) and a(z) belong to the following classes of
multipliers: a;; € M(W5™1(2)), a € M(W5(2) — W5 %(2)). According to
Lemmas 8-10 sufficient conditions are the following:

a;j € Wgs_l‘((}), ae WQ‘S_ll_l(Q), for |s —1] > 1,

2
aij € W]Ls—l\—l—é(g)’ a:a0+ZDiaia
=1

ag € L2+5<\Q), a; € WZ‘)S_ll_‘—é(Q),
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where € > 0,
>0, p>2/ls—1 forO<|s—1 <1, and
0=0, p=o for s=1.

The following estimates do not depend on ¢ in any way, so we can put § = 0.
We also assume that the following conditions hold:

aij = aj, Z a;jYiYj < Co Zyl, x €2, o= const >0,
7,7=1

a(z) >0 in the sense of distributions, i.e.
(a-p,0)p'xp >0, VpeD(2).
Let @ be the uniform mesh in 2 with step h, w = @ N £2, y=wnT, v =

{revy|z =k 0<xz3_; <1}, k=0,1, and w; = wU ;9. We define finite
differences as usual:

Vg, = (U—H - U)/ha Uz

i

= _v_i)/h7
where v (x) = v(x & hr;), and r; is the unit vector on the z; axis.
We also define the Steklov smoothing operators:

1
T f(z) ffa:—i—htr, Ydt =T, f(xz + hr;) =T, f(x + 0.5hr;) .
0

These operators commute and transform derivatives to differences:
T;rDiu =Uy,, 1, Dju=ug,.
We approximate the problem (3) with the following finite-difference scheme:
(4) Lyw=TTyf inw, v=0 onvy

where Lpv = —0. 52” 1[(az~jv5j)xi + (ijva,)z,) + (TETFa)v and T? = T; T} .
The difference scheme (4) is a standard symmetric difference scheme (see [15])
with the right-hand side and coefficient a(x) averaged. For 1 < s < 3 these
coefficients may not be continuous, so the difference scheme with non-averaged
data is not well defined.

4. Convergence of the finite-difference scheme. Let u denote the solution
to the boundary value problem (3) and v the solution to the difference scheme
(4). The error z = u — v satisfies the conditions

2
(5) Lyz= Z Nijz +¢ mw, 2z=0 onvy
ij=1

where n;; = T;"T3_;(ai; Dju)—0.5(a;;us, —|—a+Z ) and ¢ = (TETFa)u—T3T3 (au).
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For 0 Cwlet (-,-)g = (-,-)1,(0) and || - |0 = || - ||z, (o) denote the discrete inner
product and the discrete Lo-norm on 6. We also define the discrete Wg-norm
on w:

1131wy = 1002 + loay 12, + llva, 12, -
Using the energy method [15] it is easy to prove the next lemma.

LEMMA 11. The finite-difference scheme (5) is stable in the sense of the a
priori estimate

2
(6) I2lws o < C( Y lInwl

1,j=1

EANE

The problem of deriving the convergence rate estimate for the finite-difference
scheme (4) is now reduced to estimating the right-hand side terms in (6). Esti-
mates which follow are based on the following bilinear version of the Bramble—
Hilbert lemma [3, 10]:

LEMMA 12. Let E be a bounded open set in R™ with a Lipschitz continuous
boundary and let n(u,v) be a bounded bilinear functional on W3(E) x WE(E),
1<p,q<00,s,t>0, such that

n(u,v) =0

if either uw s a polynomial of degree < s and v € W(f(E), or v is a poly-
nomial of degree < t and uw € W7 (E). Then there exists a positive constant
C =C(E,p,s,q,t) such that

0w, 0)| < |ulwemlvlwim),  V(w,v) € W(E) x W(E),
with the seminorms of the corresponding spaces at the right-hand side.
First, we decompose 7;; in the following way:
Mij = Mij1 + Nij2 + Mij3 + Nija, ~ where
mij1 = T T3 (ai;Dyu) — (T T5_sai5) - (T;7 T3 Dju)
mije = [T, T3 sai; — 0.5(ai; + af)] - (T;7T5_; Dju)
nij3 = 0.5(a;j + a;;i) TFTE  Dju — 0.5(ug, + ug)], and

nija = —0.25(a;; — a;;i) (g, — u%]’) .
For 1 < s <2 we set ( = (p+ (1 + (2, where
Co = (T?T2ap)u — T?TZ(agu), and
G = (TET3Dia)u — TETy(Dia; - w), i=1,2.
For 2 < s < 3 we set ( = (3 + (4, where
(3= (T{T5a) - (u—T¢T5u),  and
G = (T¥T5a) - (TET3u) — TYT3 (a - w) .
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Let us introduce the elementary rectangles e = e(z) ={y | ly; —z;| < h, j =
L2} and e; = e;(z) ={y | zi <yi <z +h, lys—i —x3-i| < h},i=1,2.

The value 7;;1 at the node x € w; is a bounded bilinear functional on Wq/\(ei) X
WQ“q/(q_Q)(ei) where A > 0, p > 1 and ¢ > 2. Moreover, 7,1 = 0 if either a;; is
a constant or v is a first-degree polynomial. Using Lemma 12 and a procedure
proposed in [11], developed in [10], we obtain

miji| < CW)lasjlwacenlulws ey 0<A<L 1<p<2,

where C(h) = Ch*T#~2. Summation with the use of the Holder inequality yields
(M) Imijal
Set A=s—1, u =1 and ¢ = p. By the imbedding theorem [17], W5 C Wzlp/(p_2)
for 1 < s < 2. Therefore, from (7) we obtain
(8) 17511
Similar estimates hold for 7;;2, 7i4, ¢1 and (a.

Let now g > 2 be a constant. The following imbeddings hold: WQ’\ thel W(;\

for > 2—2/q, and Wyt C Wéﬁz/(q—% for A > 2/q. Setting A+ p = s we obtain
from (7),

w < Ch}‘*‘“*!ag\w;(())’“‘W" /(q72)(9)7 0<A<, 1<u<?2.

2q

w; < Chs_lnainW]j*l(Q)HUHWQS(.Q)a 1<s<2.

(9) 1731 llw; < Ch*Hlaijllys—1 o lullwy @), 2<s<3.

In the same manner we can estimate 7;;4.

For s > 2, n;j2(z) is a bounded bilinear functional on W5~ '(e;) x WL (e;)
which vanishes if either a;; is a first-degree polynomial or u is a constant. Using
the same lemma and the imbedding W5 C WL we obtain for 7;;o an estimate of
the form (9).

Similarly, 7;;3(x) is a bounded bilinear functional on L (e;) x W3 (e;), s > 1,
which vanishes if u is a second-degree polynomial. In the same way, using the
imbeddings W5~ C Lo (for 1 < s < 2) and W;™! C Ly, (for s > 2) we again
obtain estimates of the forms (8) and (9).

Let 2 < g <2/(3—s). For 2 < s < 3, (35() is a bounded bilinear functional on
Ly(e)x W;qf/%qim (e). Moreover, (3 = 0 if u is a first-degree polynomial. Using the
Bramble-Hilbert lemma and the imbeddings W5 2 C L, and W35 C Ws—

2q/(q—2)
we obtain the estimate

(10) I¢slle < Ch*Hlallys-2 () lullws @), 2<s<3.

For 2 < 5 < 3, (4(z) is a bounded bilinear functional on W35~ 2(e) x WL (e).
Using the same methodology and the imbedding W5 C WL, we obtain for ¢4 an
estimate of the form (10).

Finally, let 2 < ¢ < min{2+¢, 2/(2 — s)}. For 1 < s <2, (o(z) is a bounded

bilinear functional on L (e) x W2Sq_/%q—2) (e) which vanishes if u is a constant. Using
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the imbeddings Loy € L, and W3 C W;,;/%q,gy we obtain the estimate
(11) 1ol < Ch*Haol Loy llullws ),  1<s<2.

Combining (6) with (8)—(11) we obtain the final result:

THEOREM. The finite-difference scheme (4) converges and the following esti-
mates hold:

(12)  fju— UHW;(w) < Chs_l(nilgx||aij”w;*1(9) + ||a”W;*2(Q))||U”W;(Q) )
for2 <s<3,
and

(13) lu = vllwpw) < Chs_l(ngij.x laijllwg—1 (o) + maxflaillye— (g

+laoll o) lullws 2y,  forl<s<2.

The obtained convergence-rate estimates (12) and (13) are compatible with
the smoothness of data. An analogous estimate in Ly-norm is obtained in [6].
Non-stationary problems were considered in [7, 8].
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