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The paper analyses the biconjugate gradient algorithm and its preconditioned
version for solving large systems of linear algebraic equations with nonsingular
sparse complex matrices. Special emphasis is laid on symmetric matrices arising
from discretization of complex partial differential equations by the finite element
method.

1. Introduction. Our concern in this paper is the solution of a large system
of complex linear algebraic equations

(1.1) Az =10,

where A is a nonsingular N x N matrix. We shall assume that A is sparse,
i.e., only O(N) entries of A are different from zero. The necessity of solving
such systems arises when applying the finite element (or difference) method to
approximate differential equations with complex coefficients and some bound-
ary conditions. These problems come from electroengineering, acoustics, nuclear
physics (Schrodinger equation), geophysics, plasma physics and other domains
with time-periodic solutions (see e.g. [4, 8, 10]).

In solving factual three-dimensional problems the number of unknowns N can
be so large that we are not able to solve (1.1) by direct methods based on the
Gaussian elimination due to limitations of the internal fast computer memory.
On the other hand, iterative methods enable us to store only nonzero entries of
A and, of course, some information about their positions in A.
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At the present time the most efficient iterative methods seem to be conjugate
gradient type methods. The attractive feature of these methods is that they can
usually be stopped when the number of iterations is much less than N. We shall
deal with the biconjugate gradient method (BCG) which has, moreover, minimal
requirements upon computer memory. This method has been firstly described
by Fletcher [3, p. 80] for real nonsymmetric matrices. Its generalization to com-
plex non-Hermitian matrices can be found in [6, 10]. We establish some other
properties of the complex BCG method than in [6, 10] and derive a precondi-
tioned biconjugate gradient method (PBCG). The efficiency of BCG and PBCG
is demonstrated in solving a geophysical example.

2. Description and properties of the BCG method. Denote by o the
conjugate complex number to a complex number o. Analogously, A® will stand
for the conjugate matrix to A. Further, let

AH — (AC)T,
i.e., A is the conjugate transposed matrix to A. By r = ()T we mean the

row vector for a column vector 7.

The biconjugate gradient method for the system (1.1) is defined in the following
way. Let z( be an initial guess for the solution of (1.1) and let 7y be an arbitrary
N-dimensional column vector such that pif Apy # 0 and 75 ry # 0, where

(2.1) po=r0=0b—Axg, Dpo=T70.
Then we set
?Hrk

pH Apy,
(2.3) Tk+1 = Tk + QP ,
(2.4) Th1 = Tk — R Apy
(2.5) Thel = Th — OékCAHﬁk )

~H

Ter1Tk+1
(2.6) Br = B

k Tk
(2.7) Ph+1 = Thtt + BrDk
(2.8) Prsl = Thp1 + B5Pr,  k=0,1,...
Let

i.e., the BCG algorithm (2.1)—(2.8) does not break down within M iterations.

Before we prove that the BCG algorithm terminates in at most N iterations,
we prove several auxiliary assertions.
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LEMMA 2.1. Let xg, ..., xp and ro, ..., ra be determined by (2.1)—(2.8). Then
(2.10) r. =b— Az, k=0,...,M,
i.e., ro,...,Tn represent a sequence of residual vectors.

Proof. We prove (2.10) by induction. From (2.1) we see that r¢ is a residual
vector. Suppose now that rp, = b — Az holds for some k € {0,...,M — 1}.
Multiplying (2.3) by A, we have from (2.4)

Tk4+1 =Tk — OékApk =b— A.%'k — OzkApk
=b— Al’k - (Aka — Al‘k) =b- Akarl‘ u

Remark 2.2. Let 7o and b be arbitrary IN-dimensional column vectors,

7o =b— A"Z, and let

Thy1 = T + af, i
be included in the BCG algorithm just after the relation (2.3). Then in a similar
way to Lemma 2.1 we can prove that

(2.11) Fe=b—A"%,, k=0,...,M,
ie., 7g,...,7p are residual vectors associated with the problem
Al =b.

So, by the BCG method we can solve simultaneously the two systems Az = b and
AHT = b,

Remark 2.3. If A is a nonsingular Hermitian matrix, that is, A = A,
and 79 = 1o, then the BCG method (2.1)-(2.8) leads to the standard conjugate
gradient method with real coefficients ay, Or and vectors

Pk =Pk, Th=r1s, k=0,...,M—1,
which are complex in general.

In the next theorem we show that the sequences {ry}, {7x} and {px}, {pr}
generated by the BCG method satisfy the biorthogonality and biconjugacy con-
dition, respectively. This theorem can be found in [3, p. 80] for the real case.

THEOREM 2.4. Let (2.9) hold. Then for all k,l € {0,...,M}, k # 1, we have

(2.12) =0
and
(2.13) P Ap = 0.

Proof. We prove the theorem by induction and only for k < [, as the case
k > [ can be treated analogously. By (2.4), (2.1) and (2.2), we have

(2.14) Toir1 =7 ro — aopy Apo =0,
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and, by (2.7), (2.5), (2.2), (2.14) and (2.6),
P Apr = p§ Ary + Bopy' Apo

1 - ~ 1, _ ~
= —FH -7y + @r(l){m = —(=7Hr) + BoTtirg) = 0.
Qo Qo Qo

Now let [ be a fixed positive integer less than M. Assuming that both (2.12)
and (2.13) hold for all nonnegative k < [, we prove that they remain valid also if
[ is replaced by [ + 1. Using (2.4), (2.12), (2.8) and (2.13) for k£ < I, we obtain

T = — il Apr = —oq (Y — Br-1Pk-1)Apr = 0,

where f_; = 0 and p_; = 0 if necessary, and from (2.4), (2.2), (2.8) and (2.13),
il
Py Ap

Combining (2.7), (2.5), (2.13) and (2.12) for k < I, we get

~H ~H ~H ~H ~H ~H
T T =1 —oqry Apr =711 — (Pi" — Bi—1py—1)Ap = 0.

_ _ _ 1 5y -
P Apisa = pil Ariga + Bipy Apr = oTk(T’? — Fhy)rie1 =0,
and finally, from (2.7), (2.5), (2.2), (2.12) and (2.6),
P Apiya = b’ Ariga + Bipi Api
L g

- - B - 1, -
=—(r — rﬁl)mﬂ + —rlHrl = —(—rﬂlrlﬂ + ﬂlrle) =0. =
o (&7 87/

COROLLARY 2.5. If (2.9) holds then
?alk:ﬁkHrl:() for0<k<I< M.

Proof. Using (2.7) repeatedly, we find that
k—1
Pk =Tk + Br—1Tk—1 + Be—1Bk—2rk—2 + ... + ( H ﬁj)To :
§=0

Thus (2.12) yields 7 p; = 0 for k < I. The second relation pHr; = 0 follows
similarly from (2.8) and (2.12). =

LEMMA 2.6. If (2.9) holds then the vectors {r;}iry" are linearly independent
(i.e. M < N necessarily).

Proof. By (2.9),
(2.15) e A0 Yle{0,...,M—1}.

Suppose that rg, ..., rp—1 are linearly dependent. Then there exist complex num-
bers cg,...,cp—1 and an integer k € {0,..., M — 1} so that

(2.16) cp #0
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and
M-1
(2.17) 0= Z cry .
=0
Now by (2.17) and (2.12),
M—1
0= Z cﬁ,frl = CkFI?’I“k 5

1=0
which contradicts (2.15) and (2.16). =

Remark 2.7. Under the assumption (2.9) the BCG algorithm terminates in
at most M iterations and from Lemma 2.6 we know that M < N. If rpy = 0
then, by Lemma 2.1, 2/ is the true solution of the system (1.1). If rp; # 0 then,
by (2.9), pii Apar = 0 or 757y = 0, which means that the algorithm has broken
down. However, the latter case happens very rarely in practical computations. In
this case we have to restart the algorithm with other initial value (e.g. o = ).
The real difficulty may also come when the iteration is close to breakdown. For
real symmetric and indefinite matrices the algorithm (2.1)—(2.8) can be modified
so that it never breaks down — see [9, p. 1264] (cf. also [4, 5, 11]).

Let us introduce the so-called Krylov space
K* =span(rg,...,rp_1), ke{l,...,M},

where span stands for the linear span. Sometimes KC* is called the right Krylov
space (see [12, p. 485]) whereas span(7y,...,7,—1) is called the left Krylov space.
The next lemma establishes several expressions of the right space. A similar lemma
can be stated also for the left space.

LEMMA 2.8. Let (2.9) hold and let

]C]f = Spa’n(p07 o apk—l) )

K5 = span(ro, ..., AF"1ry),

KE = span(A(z* — x0),. .., A¥(z* — 2)),
where x* is the true solution of (1.1). Then KF = KF = K§ = K.

Proof. We prove the lemma by induction. The case k = 1 is evident due to
(2.1). So let the assertion hold for some k € {1,..., M — 1}. We divide the proof
into the following four steps, showing successively that K1 C ICllchl C K’§+1 C
K5 c kL

1. By (2.7), rx = pr — Br—1pk—1 and thus N lC’f'H.

2. We check whether p; € ICSH. By the induction assumption r,_; € K¥ =
Kk c K§+1, pr_1 € KF = K§ C ICSH, and thus we obtain Api_1 € ICIQH'l. Using
now (2.7) and (2.4), we find that

Pk =7k + Be1Ph—1 = k-1 — 1 Apr_1 + Br_1pr_1 € KETL.
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Hence, P! ¢ K5+
3. Since rg = b — Azxg = A(z* — x¢), we immediately see that IC';'H = IC§+1.
4. By Lemma 2.6, dimK**! = k + 1. We already know that ICF+1 C K’;H.
Hence, dim 5 = &k 4 1 and thus necessarily CF+t! = KT, u

3. The BCG algorithm for complex symmetric matrices. A finite el-
ement approximation of time-harmonic problems often leads to the system (1.1)
whose matrix is symmetric — see e.g. [4, 8] or (5.2) below. Let us now derive the
form of the BCG algorithm in this case.

THEOREM 3.1. Let A be a nonsingular complex symmetric matriz (i.e. A =
ATY, 7o = 1§ and let the sequences {ry}, {T1}, {pr}, {Pr} be generated by (2.1)-
(2.8). Then

(3.1) Te=rS fork=0,...,M—1,
and
(3.2) P =pS fork=0,...,M—1.

Proof. By (2.1) and the assumption 7y = r§ we see that the theorem is valid

for k = 0. Further, suppose its validity for some k € {0,..., M — 2}; we prove it
for k+ 1. By (2.5) and (2.4),

Tirr = Tk — af APy = 1 — of (A1) pf = ) — af A% =1,
To verify (3.2) we employ (2.8), (3.1) and (2.7):
Prr1 = Tr1 + 85 Pe = i1 + B DE = Diyy -

COROLLARY 3.2. For complex symmetric matrices the BCG algorithm (2.1)—
(2.8) reduces to the form

(33) Po =T = b — A(Eo s
’I“T’I"k
(34.) ap = k )
pt Apr
(3.5) Th+1 = Tk + QD ,
(3.6) Tpy1 =1 — apApr
T
Th41Tk+1
(3.7) B = St ——
’I"k Tk
(3.8) Pk+1 = Tht1 + Bebr, k=0,1,...

Remark 3.3. Notice that only one matrix-vector multiplication is necessary
in each iteration. Moreover, it is sufficient to store in computer memory only four
vectors b, p, 7,z (besides A). The vectors Apy, k=0,1,..., occurring in (3.4) and
(3.6) can be currently stored in b. Contrary to Remark 2.3, the coefficients ay
and () are complex in general and r] r; does not represent a scalar product in
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the complex case. Note that the popular conjugate gradient type methods OR-
THODIR, GMRES, ORTHOMIN and ORTHORES (see e.g. [14, p. 77]) require
much more memory cells than the BCG method.

4. Preconditioned BCG method. Let A be a nonsingular complex N x N
matrix and let Z be its “easily invertible” approximation (cf. Remark 4.2). Sup-
pose that Z is of the form

(4.1) Z=1LU,

where L and U are lower and upper triangular matrices, respectively. Multiplying
(1.1) by L™! and setting

(4.2) 7=Uxz,
(4.3) A=L'AU,
(4.4) b=L""b,

we may write

Az =L AU Wz =L Az =L =0,
that is,
(4.5) AT =Db.

It is known that the condition number of A has a considerable influence on the
rate of convergence of all iterative methods. An appropriate choice of Z enables
us to reduce essentially the condition number of A.

By the preconditioned biconjugate gradient method we shall mean the bicon-
jugate gradient method (2.1)—(2.8) applied to the system (4.5). Thus formally we
get:

(4.6) Po =70 =b— AZy, Po =70,
i\\/H/\
(47) B = =i
De APk
(4.8) Tht1 = T + QD
(4.9) Tht1 =Tk — Ak ADk
(4.10) iy =1k — ay AT py
(4.11) B = M
. k TN )
T‘k Tk
(4.12) st = Fos1 + Bibi
(413) 5k+1 :’Fk-l—l—i_ﬁlgﬁlw k':O,l,...,

where Z is an initial guess for (4.5) and 7o is an arbitrary N-dimensional column
vector. Throughout this section we again assume that the BCG algorithm (4.6)—
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(4.13) does not break down. In this algorithm there occurs A which is, however,

not suitable for computer implementation. That is why, for £k = 0,1,..., we set
(cf. (4.2))

(4.14) T =U""'Ty

and introduce the following notation:

(4.15) ri = L7, 7 = UHF,

(4.16) s, =U"%, 3v=L"H"ry,

(4.17) o =U""Pr, O =L"p,,

(4.18) ay = Qy, B = B,

where L™ = (L=1)H. We will now try to eliminate from (4.6)—(4.13) all quanti-
ties with the symbol ~. Thus by (4.6), (4.15), (4.4), (4.3) and (4.14) we get

(4.19) L Yrg=L"'% - L 'AU WWao = L7 (b— Axy) .

From (4.6), (4.16) and (4.17) we further have

(4.20) Uvg =Uso = L™ 'rg

(4.21) L%, =183, = U117,

The coefficient (4.7) can be, by (4.15)—(4.18) and (4.3), rewritten as follows:
(4.22) oy, = (LS ) L=ry, sty

(LHO,)AL-TAU 0wy, o Avy
and the equation (4.8), by (4.14) and (4.17), as

(4.23) Uzii1 =Uxk + aUvy .

To rearrange (4.9) and (4.10), we employ (4.15), (4.17) and (4.3):
(4.24) LY = L7y — ap LY AU Uy,

(4.25) U 5 =U 7, — U HATL-H LY,

Finally, the coefficient (4.11) and the equations (4.12) and (4.13) can be trans-
formed by means of (4.14)—(4.18) to the form

H¥ Hy-1 <H
(L7 8p1)" L rpqr Sp1Th+1

4.26 = + — Zkt
( ) P (LHS ) L1y, sHry
(4.27) Uvigy1 = Usky1 + BxUvy

(4.28) L%y = LH3, 0 + BY LH 7, .

From (4.1) and (4.15)—(4.28) we deduce the following corollary.

COROLLARY 4.1. The preconditioned biconjugate gradient method
(PBCQ) for the system (1.1) may be written as follows: Let ¢ and Ty be arbitrary
N-dimenstonal column vectors. Then we set

(429) To = b— Al’o y
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(4.30) vo = S0 =Z rg,
(4.31) Vo =30 = 2Z U7y,

sHy,
(4.32) ag = 55’; dor
(4.33) Tk+1 = Tk + agvg,
(4.34) Tht1 = Tk — @AV,
(4.35) Togr = 1 — af AT,
(4.36) Skl =2 'rig1,
(4.37) Sk = Z T,
(4.38) By = g’“Hgﬁ,Zk“

k Tk

(4.39) Vk41 = Sk+1 + OkVk ,
(4.40) Vht1 = She1 + 050,  k=0,1,...

Remark4.2. If A is sparse then the matrices L and U in (4.1) may be chosen
so that they are sparse. The inversion of Z in (4.30) need not be performed, since
the vector sg can be obtained more easily in the following two steps:

Lg:ro,
U30:y7

which have not great pretensions to the number of arithmetic operations. Analo-
gously we proceed in (4.31), (4.36) and (4.37).

Remark 4.3. It follows from (4.29), (4.33) and (4.34) that
rk:b—Axk, k‘IO,l,...,

i.e., the sequence {ry} represents the residual vectors of the original equation
(1.1). The proof is the same as in Lemma 2.1.

Remark 4.4. If A is symmetric (or Hermitian) then Z can be chosen in the
form Z=LL" (or Z=LL"), where L is a lower triangular matrix. The algorithm
(4.29)—(4.40) may then be simplified as in Corollary 3.2 (or Remark 2.3).

5. Numerical test. We compared the BCG method with classical iterative
methods in solving a model geophysical problem which is thoroughly treated in
[8, p. 163]. This problem is described by Helmholtz’s partial differential equation

—Au +iou = f

in a rectangular domain 2 C R? with mixed boundary conditions. Here i stands
for the imaginary unit, f € L?(2) and o is a real piecewise constant function
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with great jumps. Define a sesquilinear form

(5.1) a(z,u) = f ((grad 2)T grad u® +iozu®) df2,
Q

where z and u belong to the complex Sobolev space H!'(§2). For the standard
finite element piecewise bilinear and real basis functions 2", ..., 2V the associated
stiffness matrix

(5.2) A= (a(z,27)))oy
will be, due to (5.1), sparse complex and symmetric. Note that the matrix A+ AH
is moreover positive definite (cf. [15, p. 802]). Numerical tests show that the
spectrum of A entirely lies inside the first quadrant near the real axis.

The next table contains the minimum number of iterations necessary to
achieve the prescribed tolerance of the error and residual vector for N = 740.
The true solution z* of (1.1) has been obtained by the Gaussian elimination. The
symbol || - ||« stands for the standard [°°-norm (maximum norm). We have taken
the initial guess x¢p = 0 in all the cases considered.

Method lz* — zplloo < 5-1073 llrslloo < 5-1074
Jacobi 00 oo
Kaczmarz (orth. projections) 10892 9351
CG for system (5.3) 689 696
Gauss—Seidel 404 338
SOR with w =1.4—0.2¢ 192 170
BCG (3.3)-(3.8) 93 108
PBCG by diagonal matrix 79 82
PBCG by incomplete factorization 39 43

The classical Jacobi method (see [13, p. 73]) has not converged. The Kaczmarz
method of orthogonal projections (see [8, p. 89]) converges for any nonsingular
matrix. Nevertheless, we see that its convergence can be extremely slow. The
standard conjugate gradient method applied to the system (cf. [2, p. 68])

(5.3) AP Ax = AHp

(whose matrix is Hermitian but ill-conditioned) also converges very slowly. The
number of iterations is almost equal to N. Moreover, it was necessary to use dou-
ble precision in this case. The next two rows contain the results of the successive
overrelaxation method [7] for w = 1 (Gauss—Seidel) and w = 1.4 — 0.2i (almost
optimal). Note that the duration of one iteration of the proposed BCG algorithm
(3.3)-(3.8) was only 1.2 times that for the Gauss—Seidel method. The last two
rows illustrate the effect of preconditioning by the diagonal matrix Z = diag(A)
(see [8, p. 222]) and by the incomplete Choleski factorization (cf. [1, p. 284]).
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