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In this note an answer is given to the question of A. B. Borisov, formulated
during the Second Soviet School “Contemporary Problems of Numerical Analysis”
(Khar’kov, October 1990). The question concerns the structure of projective-
grid analogues of the operator 9/0t — A; in a slightly reformulated form the
problem leads to constructing the approximating subspaces with the optimal rate
of approximation in the metric of W3 such that the projective-grid analogue of
the identity operator has the same five point stencil as the simplest projective-grid
analogue of the Laplace operator.

Below the negative answer to this question is given, i.e., it is shown that there
exists no finite element subspace of the space W3 whose approximation properties
are optimal with respect to the rate and which generates an analogue of the unit
operator with the five point “cross-type” stencil. Moreover, a full description of
the projective-grid analogues of the identity operator is given.

Let E5 be the two-dimensional Euclidean space, and Z, the set of integer-
valued vectors in Eo. We consider the prolongation operators of the grid functions
of the form

(1) Ru(z) = Y ulil (@),
a€ZLs

where 7 is a grid function defined on the square grid hZs with step h, u” is the
value of 7 at the node ah, a € Zsy, and the functions ¢ are generated by a fixed
function ¢ € W (Ez) supported on [—1,1] x [-1,1]:

zbZ(w)zw(w/h—a), a € Lo, v €Ky
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In addition, only those functions ¢ will be considered for which the prolongation
operators of the form (1) generated by them have the following property: For an
arbitrary u € WZ(IEz) we can find a grid function @ such that

2 23 w2} < Klulliaes .

a€Zsg
(3) lu — Ritllws g, < Csh®*|lullwze,), 0<s<1,

where K and Cs do not depend on u and h.
The projective-grid analogue E of the unit operator is defined by the identity

(4) (R, RO),(s,) = h* Y (Bu)lol
a€lo
for all grid functions # and v.
As is shown in [3] (cf. also [4], Theorem 1.1), a function ¢ € W4 (E3) whose
support is [—1,1] x [—1, 1] generates a prolongation operator (1) with the proper-
ties (2), (3) if and only if the Fourier transform {b\ of 1 has the following properties:

o~

(A) % is an entire function of exponential type 1 (see, e.g., [2]),
(B) 9(@)(1+ [2]2)/2 € Lo(Ey), i
(C) ¥(0) #0, ¥(2ma) = D1y (2war) = Dayp(2ma) = 0 for each o € Zg, o # 0.

Since multiplication of a function ¢ by a nonzero constant does not change the
properties of an operator R of the form (1), later on we assume that in the
property (C) the normalization condition 1(0) = 1 is satisfied.

For convenience we introduce the notation

2sin &
g(t) = n 2 ) te ]El )

and we describe in a constructive way all the functions satisfying conditions
(A)~(C).

Using the results of the paper [5] and carrying out an argument which differs
from the proof of Lemma 5.2 in [4] only in nonsignificant details, we can easily
prove that every function satisfying conditions (A)—(C) must have the form

(5)  U(z) = 9(21)9(22){9(21)9(22) + Z cpg(z1 — 2mp1)g(z2 — 27Tp2)} :

pELY

where Z3 = {p € Zs : p1p2 # 0}, and ¢, = 471'2(—1)p1+p2p1p2D1D2{[1\(27Tp).
Therefore, a function i generates a prolongation operator (1) with properties
(2), (3) if and only if its Fourier transform @ is of the form (5).
Let us now answer the question which analogues of the unit operator can be
generated by such functions. For this purpose, we apply Theorem 1.1 from [4] to
the case under consideration. According to this theorem, the operator E defined



PROJECTION-DIFFERENCE ANALOGUES 229

by identity (4) is completely described by the behaviour of the function

= Z |1Z(3:—|—27r0z)|2.

aElg

sinz \? 2
E _ 102
<$+7rk> —1—§s1n o

k=—o00

Using the equalities

oo

sin” x 1 1
Z =——|—+cotx |,
(x+ 7k)3(x — mp + k) T \ TP

o .
sin’ z 1

kzz_oo (z +7k)*(z — 7p + 7k)(z — 7q + k) - m2pq

where p # 0, ¢ # 0 (see, e.g., [1]), we deduce that if @/Z; is of the form (5) then

2 2
G(z) = (1 ~3 sin? 3321) (1 ~3 sin? J;)

e 1 1
+sm2 ﬂsm2 962{ Z cp2+cp< + cot xl) < + cot 902)
2 2 o TEp1p2 \ TP1 2 TPp2 2

1 c,C
+ § pP=q 1+5Q1 1+5Q2 .
w4 0P1Q1p2£]2( p)l pQ)}

q,pEL,

(1461),

Applying now equality (1.9) and Remark 1.8 from the paper [4], which sets
the connection between the function G and the difference operators, we obtain

2 ~
(6) (Bu)l =l + {}g(alal + 920y) + i AR 0,020,
+ iBh*8,0102 + Ch?d,05 + Dh4alala2az}u’; ,

where Opu(z) = h™ u(z + hey,) — u(w)], Opu(z) = h~u(z) — u(x — hey,)] are the
first forward and backward differences in the direction of ey, O, = %(&k +04), and
the real numbers A, B, C, D, depending on the sequence {Cp}pezg from formula
(5), have the form

A=A0)= 5 Y M B=BO= 15 ) o

peZY peZy pipz’
1 a
C=C(c)=—-—— E d
2 bl
2m pezo P1p2

2

D= D) = 8774 Z M {‘ p

p1p2
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DD D I

p;ﬁO p27#0 p27#0

Z 02p|z}

pPip3
pEZY

Zl
=m

l
b2 I
(here a, = Recp, b, =Imc,).

Let us remark that if we additionally require that the function ¢ defined on Eo,
whose Fourier transform has the form (5), admits only real values, then c_, =7¢,
for all p € Z9; in this case A(c) = B(c) = 0 and equality (6) can be simplified.

It follows from (6) that at an arbitrary knot z € Zs the following equality is
satisfied:

1 1

(7) Bu(@)= Y Y Apwulxs +kih, 2y + koh),

ki=—1 ko=—1
where AOO = l + 4D, A:I:I,O = % - 2D F ’LA, AO,:I:I = % - 2D F ’LB, Al,:l:l =
D+ C+ (A:l:B) A—l,j:l :D:F%C— %(A:FB)

Hence the set of projective-grid analogues of the unit operator which are
generated by the prolongation operators of the form (1) with conditions (2), (3)
has the form (7).

With the application of the equality

1
Zﬂ:%’

pip2
pEZLY

D(c) can be rewritten in the form

1 2 1 e, |2
D(c i — e
(c) = 48 167r4{‘ Plpz 20 pi p;o D2
(ap + 1)? +b§,}
+ + L,
Z Z ol T T

P27’50 p1#0

which implies that the set of the values of D(c) as a function of the sequence
¢ = {cp}pezy is the half-line [L,00). Therefore D(c) # 0 and for any choice of

pELS

48>
c= {Cp}pezg at least two of the numbers A; 1, Ay _1,A_11,A_1,_; are different
from zero. This means that there exists no projection-difference analogue of the
unit operator which has the five point cross-type stencil. It is clear that, by
choosing the sequence ¢ = {c,},cz0, we can always achieve that D(c) = =,
A(c) = B(c) = 0, from which it follows that A4 0 = Ag +1 =0, i.e., the operator
E has the five point stencil of the type “skew cross” (moreover, in this case we can
also obtain the three point stencil {x, (z1 +h,x2+h), (x1 —h,zo—h)} if C(c) = =
or the stencil {z, (x1 4+ h,x2 — h), (x1 — h,x2 + h)} if C(c) = —3). However, as
follows from the results of the paper [6], each of the projective-grid analogues
of the Laplace operator has either the five point cross-type stencil or completely
filled 9-point stencil; hence in every case the union of the stencils of the unit
operator and the Laplace operator consists at least of seven points. Analogous
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conclusions can also be obtained in the case when we assume in advance that the
function 1 is real-valued.

Clearly, the existence of a cross-type stencil can be achieved by weakening
the conditions for the approximation properties of the prolongation operators
(or by extending the support of the function ¢); for this question see the final
considerations of the paper [6].
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