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1. Introduction. Let us consider the following mathematical programming
problem:

(1) J(u) —inf, welU,
(2) U={uelUy:g9i(u)<0,i=1,...,m, gi(u)=0, i=m+1,...,s},

where Uj is a given set and J(u), g1(u),...,gs(u) are finite functions defined
on Up. It is known [7, 8, 10, 21], that the problem (1)—(2) is generally unstable
under perturbation of the functions J(u), g;(u); therefore solving it we have to use
some regularization technique. In the following we will use classical regularization
methods such as the method of stabilization, the method of residuals and the
method of quasisolutions. These methods will be based on the extension of the
feasible set, or on the penalty and barrier function methods. One can find the
application of these methods for the problem (1)—(2) in [7, 8, 10, 21, 9, 11, 2, 12,
22, 3, 13, 14, 24, 15] where the convergence rate for the objective function values
has also been investigated.

In this paper, which is a continuation of the papers [8, 21|, we survey the
results published in [13, 14, 24, 15, 16, 23, 26, 4, 5, 17] on the convergence rate
of minimizing sequences constructed by the mentioned regularization methods.
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We note here that the estimates of the convergence rate for the function
values can be obtained under not very strong assumptions on the problem (1)
(2), namely it is usually supposed that

AsSUMPTION 1. J, = infy J(u) > —oo, Uy, ={u € Uy : J(u) = J.} # 0 and
there exist ¢ > 0,...,¢cs > 0 such that

(3) Je < J(u) + Zc,gf(u) = Go(u), wue Uy,

where g (v) = max{g;(u),0}, i =1,...,m; g (v) = |gi(v)|, i=m+1,...,s.

ASSUMPTION 2. The set Uy is exactly known, but instead of the exact functions
J(u), gi(u) we only have their approrimations Js(u), gis(u) such that

(0 max{|Js(u)~J (W) max lgis(u)—gi(w)l} < 5(1+2(w),  ue Uy, 8 >0,

where 2(u) is a nonnegative function on Uy.

It is worth mentioning that condition (3) is satisfied if the Lagrangian function
L(u,/\) = J(U) +Zf:1 /\,gl(u), u € Uy, A€ Ay = {/\ ER?: A\ >0,..., A\ > 0},
has a saddle point (u., A*), i.e. L(ue, A) < L(us, \*) < L(u, A*), u € Uy, X € Ag.
In this case any number for which |A;| < ¢; can play the role of ¢;. Consequently,
the class of problems satisfying condition (3) is rich enough (see e.g. [18]).

The common structure of the mentioned methods of regularization consists of

the following steps: they construct the set U,(9) of optimal points for the prob-
lem given by the functions (J5(u), gis(u),...,gss(u), d) for which the following
estimates are computed:
() Jw) <+ B0). Q)< Q+A0), max g () < 00). we UL(5).
where 2, = infy, 2(u); B(6), v(J), o(d) are positive functions of § > 0. From
(4) and (5) one can deduce the following estimate of the convergence rate for the
objective function:

(6) —lclio(d) < J(u) = J. < B(6), ueU.(d), lch =) e
i=1
It is obvious from (6) that the convergence condition is
(7) lim 5(6) = lim o(4) = 0;
in that case
(8) lim sup |J(u) — J.| =0.
6—0 U..(5)

Conditions (7) are the consistency conditions for the parameters of the regular-
ization methods.
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In Sections 2-4 we expound this common structure for each regularization
method. Assuming that Assumptions 1 and 2 are satisfied we describe the con-
struction of U,(d) and the consistency conditions of the parameters; moreover,
we give explicit formulas for the functions 3(d), v(d), o(d) in (5).

In Section 5 we deal with the convergence rate for the optimizing sequences.
To obtain such type of convergence rate much stronger assumptions on problem
(1)—(2) will be required. We formulate these assumptions and under these as-
sumptions we give estimates for the distance (in the norm-metric) between the
optimal solution and its approximation obtained by any regularization technique.

2. The methods of extended feasible set. Let us define
9) W) ={ueUy:ghu) <51+ 2w)), i=1,...,s}.
From (4) it follows that

ghw) < gt (W) + 061+ 2(u), wel, i=1,..s

therefore U C W (§), § > 0. Consequently, W (d) is a nonempty set which is in
fact an extension of U. Moreover, using (4), for every u € W () we have

(10) gt (u) < gfh(u) +6(1+ 2(u)) <25(1 + 2(u)), weW(), i=1,...,s.

The method of stabilization based on the extended feasible set solves the prob-
lem

(11) t(u) = Js(u) + a2(u) — inf, we W(5), a=a(d) > 0.

The problem (11) is considered as an extremal problem of the first type [7, 8, 10,
21], i.e. we seek a point u = u(d) from the set

(12) U, (6) = {u € W) : t(uw) < t. +e(8)},  £(5) >0,

where t, = infyy (5) t(u). Choose the parameter o(J) consistently with the param-
eter 0 > 0 in the sense that

(13) a(0) > o0(1+2[clr), 6>0.

Then under Assumptions 1 and 2 the estimates (5) and (6) will be satisfied with
the parameters (cf. [10, 12, 15])

_ 2014 £2,)(1 +|ch) +2(9)

14) 10 =G sty 2l
B(6) = a(6) 2. +£(6) + 26(1 + 2.) +67(),
(15) 0(8) =26+ 2, +~(5), >0,

The method of residuals based on the extended feasible set defines a point
u = u(d) from the set

(16) U.(6) = {u € V(6) : u) < inf 0(u) +<(0)},  =(5) >0,
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where

(17)  V(3) ={ueW(5): J5(u) < V}}g)[%(U) +0(3)2(u)] +0(9)},

0(5) >0, o(d) >0.
Let the parameters 6(d), 0(d) be made consistent with the parameter ¢ by choosing
(18) 0(6) > 6(1+2|cl1), o(d) > (34 2. + 2|c|r).

Then under Assumptions 1 and 2 for the problem (1)—(2) the estimates (5) and
(6) hold [15] with parameters

(6) = €(5),
B(0) =25(1 + £2) + ()92 + o (6) + 6¢(6),
and p(0) is computed by the rule (15) with (d) taken from (19).

(19)

The method of quasisolutions based on the extended feasible set defines a point
u = u(d) from the set

@) UL0) = (€ Q) ) < jnf i) +ed), <) >0,
where
(21) Q) ={ueW(©):2u) <rd)}, rd)>w.,= iI(}fQ(u).

If Assumptions 1 and 2 are satisfied then the estimates (5) and (6) can be obtained
[15] with parameters

7(0) = max{0;r(d) — 2.},

B2 506) = ma{0; . (r(0)) — .} + £(8) + 2001+ 2. + (),
where
(23) Jo(r) = inf J(u), U(r)={ueU:2(u)<r}

Ul(r)

and with parameter p(0) obtained by putting the value v(J) from (22) into (15).

3. The barrier function methods. Discussing this method we will limit
our investigations to the most simple generalized barrier function [2, 3, 5]

(24)  Bs(u) =

S

1

; v(6) +6(1 + £2(u)) — gis(u)
- 1
+Z»:;+1 V) 101+ 2) +gww)’ "€ W(6), v(6) >0,
+oo, u € Uy \ W(5)7

where W (4) is defined as in (9).



CONVERGENCE RATE 237

If {ur} € W(8) and limy—o0 (g5 (ug) — (14 2(uy))) = 0, then lim,,_, . Bs(ux)
> 1/v(d). It is seen from here that in the case of little value of v(d) the value
lim,_, . Bs(uy) will be large. Consequently, Bs(u) characterizes to what extent
we penalize the closeness of the point u to the boundary of the extended feasible
set, i.e. to the set

I'pW () = {u € Uy : gj5(u) = 6(1 + 2(u)) for at least one i, 1 <i < s}.
The cases of other simple and more general barrier functions are discussed in

[2, 3, 5.

The method of stabilization based on the barrier function technique chooses a
point u = u(d) which minimizes the function

(25) t(u) = Js(u) + a(0)2(u) + a(d)Bs(u), «(d) >0, a(d) >0,

with accuracy €(d) > 0, i.e. this point is chosen from the set U,(d) which was
defined according to (12). The consistency of the parameters is characterized by
the inequality

(26) a(8) > 8(1 + 2|ch) +25;2((55)> (25 — m).

If Assumptions 1 and 2 and condition (26) are satisfied then the estimate for the
method satisfies the inequalities (5) and (6) [2, 5] with parameters

26(1 4+ £2,) [1 + el +2 a2(<56) (2s — m)] +e(0) + a(g)(% —m)
10) = e 0
a(d) — 5[1 +2|c|1 +2 a2( ) (2s — m)]
0 0 - (o)
B(0) = a(0)2, +€(0) + —=(2s —m) + (1 + £2,) [1—1—2]/2(5) (2s—m)]

+0(1+ 02, +4(6) [

m|.

The method of residuals based on the barrier function technique defines the
set U, (0) according to (16), but here

(28)  V(8) = {u e W(): Js(u) + a(6)Bs(u)
< inf () + a(9) Ba(w) + 6(6)2(w)] + o(9)}.

and o(9) is defined by (15) with (d) from ( )

a(9) >0, 6(0) >0, a(d) >0.

Under Assumptions 1 and 2 and the consistency condition (18), we have the
estimates (5) and (6) for the method defined by (16) and (28), where the exact
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values of the parameters are (cf. [5])
7(8) = £(9),

B(5) = 26(1 + £2.) + 0(8)02, + o(6) + 6e(8) + ZEZ;@S —m),

while the parameter o(d) is defined by (15) with v(J) taken from (29).

(29)

The method of quasisolutions based on the barrier function technique defines
the set U,(9) by

(30)  U.(0) ={u € Q(9) : Js(u) +a(d)Bs(u) < C121(1§)[<]5(U) +a(0)Bs(u)] +(d)},

where a(d) > 0, () > 0 and the set (9) is given by (21). For this method we
obtain the following result [5]: if the problem (1)—(2) satisfies Assumptions 1 and
2 and condition (21) is also satisfied then the estimates (5) and (6) are valid with
parameters

7(6) = max{0;7(0) — 2.},
B(6) = max{0; Ju(r(8)) — o} +(8) +28(1 + 2, + ()
a(9)
+ m@s —m),
while o(9) is computed by the formula (15) with v(J) taken from (31) and J.(r)
is defined in (23).

(31)

4. The penalty function methods. Analyzing the regularization methods
in connection with the penalty function techniques we will limit our investigations
to the very simple penalty function P(u) and its approximation Pjs(u) given by
the formulas

S S

(32) Pu) =) (9 ()", Ps(u)=) (g5w)", uwely p=1.

i=1 =1

More general cases are discussed in [22]. Since the deviation |Ps(u) — P(u)| may
be computed from (4) and (32), for the sake of simplicity we replace the condition
(4) in Assumption 2 with

(33)  max{|Js(u) — J(u)|; |Ps(u) — P(u)|} <6(1+ 2(u)), wueUy d>0;
we will refer to the modified assumption as Assumption 2'.

The method of stabilization based on the penalty function methods defines the
set U.(0) by the rule (12), but here
t(u) = Js(u) + a(8)2(u) + A(6)Ps(u), «(d) >0, A(5) >0,
(34) t, =inft(u).

Uo
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For the consistency of the parameters the following is required in addition to (13):
(35) a(d) > 6(1+ A(5)), §>0.

If Assumptions 1 and 2’ and conditions (13) and (35) are satisfied then the es-
timates (5) and (6) hold for the method defined by (12) and (34), where the
parameters are given as follows (cf. [8, 11, 12, 22, 13]):

(6 = DU+ 2+ AW) +26) 0 VA D =t
(36) a(6) —o(1 + A(9)) a(d) —o(1 + A(0)) it p>1,
P(0) = a(9)§2 +(0) + 6(1 + A(9)) (2 + 202« +7(9)),
(37) (6) = <A<§>(5—)\c!> p=1, inf A0) > ld
¢ B [( ’C| >P/(P1)+p.ﬁ(5):|1/p T
A0) p—1 A0) |
where
max|ci it p=1 NP/ D)
le] = (Z |Ci|p/(p—1))(p_1)/p if p>1; M = (p- 1)(2)

i=1

The method of residuals based on the penalty function methods defines the set
U.(6) by the rule (16), but in this formula V' (9) is the following set:

(38) V(0) ={ueUy: Js(u)+ A(d)Ps(u)

< i(rlef[Jg(u) + A(0)Ps(u) + (1 + A(9))2(u)] + o(d)}

o(6) >0, A(9) > 0.

If the parameters o(d), A(d) are consistent in the sense that
(39) a(8) > 8(1+ A(6))(3 + 2.) + M(A(S)" V=D 5 >0,
and Assumptions 1 and 2’ are satisfied, then the estimates (5) and (6) hold [14]
with parameters
(40) 1(0) =¢e(d),  B(0) =0(1+ A(9))(312 +2+¢(d)) + a(9)
and o(9) is computed by (37) with v(J) and 5(J) taken from (40).

The method of quasisolutions based on the penalty function methods defines
the set U, (9) as follows:

(41) U.(0) = {u € Q(8) : Js(u) + A(8)Ps(w)
< f [J5(u) + AQ0) Ps(u)] +<(d)},  £(d) >0,

inf
Q)
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where

(42) QW) ={uecUy: 2u) <r()}, r(d)>w.= i[IJlOf Qu).

Under Assumptions 1 and 2’ the method defined by (41) and (42) satisfies the
estimates (5) and (6) with parameters (cf. [24])

7(6) = max{0; () — 2.},

B(6) = max{0; J.(r(8)) = J.} +2(8) + 6(1 4+ A(6))(1 + £2. +7(9)),

and p(0) is defined by the rule (37), in which the parameters 5(J) and ~(d) are
taken from (43) and J,(r) is from (23).

(43)

5. Estimation of the convergence rate of the regularized minimizers.
In this section we show that under stronger assumptions on the problem (1)—(2)
for each regularization method described above we may obtain an estimate of the
convergence rate of the chosen optimizing sequences.

ASSUMPTION 3. The set Uy is a convexr closed subset of a reflexive Banach
space B which is equipped with the norm |[ul; J(u), g (u),..., g} (u) are convex
and (in the strong topology) lower semicontinuous functions on Uy.

THEOREM 1. Let Assumptions 1-3 be satisfied and let J(u) be a strictly uni-
formly convex function on Uy with modulus of convexity w;(t). Let the set U,(0)
be defined by one of the described methods of reqularization with consistently cho-
sen parameters (see the conditions (13),(18),(26), (35),(39)) and let u, denote
the solution of the problem (1)—(2). Then

(44) lu = usll < wi'(B(0) + lcho(8)),  u € Us(d),

where w7 (€) is the inverse function of wy(t) and the parameters (), o(d) are
the values from (5) and (6) corresponding to the considered regularization method.

If the parameters 3(8), o(0) satisfy the condition (7), then
(45) lim sup |[u—wu| =0.
=0 4eU, (5)

If B =H is a Hilbert space and J(u) is strongly convex on Uy, i.e. wy(t) =
42, then the estimate (44) has the following particular form:

= | < i(ﬂ(é) +lchie@)?,  ue U.(d).

Proof. Under the conditions of the theorem the set U is convex and closed
and with the strictly uniformly convex function J(u) the solution of the problem
(1)—(2) is unique, i.e. U, = {u.} [10, 18]. Moreover, the function Go(u) in (3)
is also strictly uniformly convex with the same modulus of convexity wj; as
the function J(u), and it reaches the infimum on U, at the point wu,, while
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infy, Go(u) = G(uy) = J.. Then [10, 18]
wrlllu = wl) < Go(w) — Go(us) = J(u) = T + Y _cigi (w), uelp.
=1

Using the estimate (5) we hence obtain the estimate w; (||lu—u.||) < B(8)+]|c|10(0)
for every u € U,(9). Taking into consideration the strict monotonicity of w; this
inequality is equivalent to (44).

Since limg_1ow; ' (€) = 0, limg_owy'(§) =0 [18], we deduce that (45) is
valid. m

Another estimate for the convergence rate of optimizing sequences may be
obtained under a weaker assumption for the objective function J(u) but a much
stronger condition for the stabilizing function 2(u). Namely, let us associate
with (1)—(2) the problem of finding the {2-normal solution wu, € U, as follows:

Q2(u) — inf,
U.
(46) Ui={ueUy:gi(u), i=1,...,m;
gi(u) =0, i=m+1,...,s; J(u)— J. <0}.

ASSUMPTION 4. The function 2(u) is strictly uniformly convexr on Uy with
modulus of convezity wq(t) and for the problem (46) there exist real numbers
po > 0,..., us > 0 such that

(A7) 02, < 2(u) + po(J(w) — J,) + Zuigj(u) =Gi(u), wue .

Condition (47) holds, for example, if the Lagrangian function of the extremal
problem (46) has a saddle point; in this case any value not less than the modulus
of the ith Lagrangian multiplier can play the role of p; in (47).

THEOREM 2. Let Assumptions 1-4 be satisfied and let the set U.(J) be de-
fined by one of the described methods of regularization with consistently chosen
parameters. Then

(48) lu = we|l < w5 (HoB(8) + |ulio(8) +7(8)),  ue UL(d),

where wy,' (€) is the inverse function of weo(t), |plh = i_,, and B(5), o(5), v(J)
are the values from (5) and (6) corresponding to the considered regularization
method.

If the parameters $(0), o(0) satisfy condition (7) and
(49) Jm v(8) =0,

then also (45) holds.
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If B = H is a Hilbert space and 2(u) = ||ul® then wo(t) = t2, and the
estimate (48) has the form

lu = usl| < (10B(6) + |ul0(8) ++(8))/%,  u € UL(9).

Proof. Under the conditions of the theorem the set U, in (46) is a closed,
convex set, and the strictly uniformly convex function 2(u) has a unique minimum
point u, on it [10, 18]. The function G;(u) given by (47) is also strictly uniformly
convex on U, with modulus of convexity wq(t). From (47) it follows that the
function G;(u) reaches an infimum on Uy at the point u, while infy, Gi(u) =
G1(uy) = £2,. Consequently,

wo(llu —u.) < Gi(u) — Gi(ux)
= 2(u) — 24 + po(J(u) — Jy) + Zuig;r(u), u € Up.

From this, using (5) it follows that wo (||u—u«||) < v(8) + uoB(8) +|pl10(9)), u €
U.(9), which is equivalent to (48).

(45) can be proved as in the previous theorem. m

Using the explicit formulas for 5(J), v(9), o(d) we can express the conditions

(7) and (49) by the parameters of the methods. For example, for the method
given by (11) and (12) the conditions

4] 1 £(9) .
su < , sup—= < oo, lim(a(d)+e(0))=0
Wa@ S Traa 3@ <m0
guarantee (7), and to satisfy (49) it is enough to require that
lim 20 _ ¢
6—0 a(5)

We remark that the rate of convergence for the minimizing sequence can be
obtained for all considered regularization methods and also for their modifications
in the case if we assume that the problem (1)—(2) has the property of the so called
strong compatibility [18]. Some results in this field can be found in [13, 14, 24,
15, 16, 5|. Furthermore, we mention the papers [1, 25, 6, 20, 19], in which the
regularization of the linear programming problems is discussed, and the rate of
convergence is established without the assumption of uniform convexity of the
objective and the stabilizing functions.
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