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1. Introduction. Consider quasilinear differential algebraic equations (DAESs)
(1.1) Az (t) + g(z(t)) =0

where the leading coefficient matrix A € L(R™) is singular and g : D — R™ is O,
D C R™ open. Those DAEs are well known to arise in describing the dynamics of
circuits, chemical reactions subject to invariants, constrained dynamical systems
etc. No doubt, stability criteria that can also be checked numerically would be
welcome even in those fields of applications.

From a geometric viewpoint, (1.1) should induce a smooth vector field on a
certain state manifold. However, if it does, the vector field as well as the manifold
are given only implicitly, and they are not available in practice for higher index
DAEs except for interesting case studies.

Further, it should be mentioned that viewing a DAE as a differential equation
on a manifold (see e.g. [8]) requires more smoothness than seems to be natural.

For instance, the so-called index 2 Hessenberg form DAE

(1.2) v —g(u,v) =0, h(u)=0
leads to the vector field
/
u = g(u,v),
(1.3) 9(u,v)

v = = (1 (w)g, (u, v)) THE (w)gy, (u, v) + 1" (w)g(u, v) }g(u, v)
on the manifold
Moy = {(u", o) € R™: h(u) =0, h'(u)g(u,v) = 0}

where the matrix h'(u)g! (u,v) is assumed to be nonsingular.
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For given (ul,vl)T € My, system (1.2) is shown to have a solution u € C*,
v € C, passing through that point (cf. [7]) while the analogous initial value
problem (IVP) for (1.3) requires some more smoothness.

Moreover, considering the differential equation (1.3) on the whole space R™
instead of on the manifold M5 would not be helpful, since this so-called underlying
regular ordinary differential equation (ODE) might show a completely different
stability behaviour than (1.2) and (1.3) on Ma.

In this paper we try to transfer classical results concerning Lyapunov stabil-
ity of stationary solutions of regular ODEs to the case of DAEs (1.1), keeping
smoothness as low as possible. For equilibrium points z, € D of (1.1), we formu-
late stability criteria in terms of the matrices A, ¢’'(z.) only.

As a by-product, we prove certain new solvability statements for index 3 equa-
tions (1.1) as well as for index 1 equations

(1.4) A(z(t))2'(t) + g(x(t)) = 0,

where the leading coefficient matrix A(z) has an z-dependent null space.

The paper is organized as follows: In Section 2 we collect the necessary back-
ground material, report on index 1 and index 2 results, and apply them to equa-
tion (1.4). Section 3 deals with solvability and asymptotical stability for index 3
DAEs. The results obtained are then specified for the case of constrained multi-
body systems. The Appendix contains some facts we need on matrix calculus.

2. Index 1 and index 2 cases. Let Q € L(R™) denote any projector onto
the null space ker(A) =: N of the leading coefficient A, and let P := I — Q.
Because of A = AP, equation (1.1) may be rewritten as
(2.1) A(Pz) (t) + g(z(t)) = 0.

Now we agree to accept continuous functions x : Z — R™ with continuously
differentiable components Px, which satisfy (2.1) on the interval Z C R, to be
solutions of (1.1). Denote the related function space by

CL(Z,R™) = {z € C(T,R™): Px € C*(T,R™)},

or briefly by C4.
Trivially, all orbits belong to the set

(2.2) Mi:={weD:g(w) €im(A)},
i.e., if z € Ck solves the DAE (1.1), then
xz(t) e My, tel.

The best understood class of DAEs is that of index 1 equations, for which M;
becomes the set of all consistent initial values, that is, a solution passes through
each g € M1, meaning that M; becomes the state manifold.
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DEFINITION. The DAE (1.1) is called an index 1 tractable (or a transferable)
DAE on D if the decomposition

(2.3) So(x) ® N=R™, =z2€D,
holds, where
(2.4) So(z) :=TpyMy ={z € R™: ¢'(z)z € im(A)}

is the tangent space of My at x € M.

Remarks. 1. An equivalent formulation of (2.3) is the following: The matrix
pencil {A, ¢'(x)} is regular, and index{ A, ¢'(z)} = 1, x € D. This is the origin of
the notion of an “index 1 DAE” (coming from [2]).

2. Put B := ¢'(x¢) for given 2y € M. Then, by Lemma 4.1 below, A+ BQ =
A; is nonsingular. Define ug := Pxg, vg := Qzo; further, let @y € im(P) be
determined by g(ug + vg) = —Atug. Consider F(w,u) := Aw + g(u + Qw) on a
neighbourhood of (wy, ug), wo := Uy + vg. Clearly, F(wo,ug) = 0, F. (wo,ug) =
Aj, so that the Implicit Function Theorem provides a C! function w = f(u),
F(f(u),u) =0. Solving the IVP

(2.5) u'(t) + PAT g(u(t) + Qf (u(t)) = 0, ulto) = ug = Po

and putting

(2.6) v(t) == Qf (u(t))

we may easily check z(t) := u(t) + v(t) to be the only solution of (1.1) satisfying
(2.7) x(to) = o € M;.

Hence, the IVP (1.1), (2.7) is locally, equivalently transferred into the state vari-
able form (2.5), (2.6), which leads to the notion of a “transferable DAE” (cf. [3]).
3. Since f is C*, so is v. Consequently, solutions of an index 1 DAE (1.1) are
C! solutions in fact.
4. Obviously, also the IVPs for (1.1) with the initial condition

(2.8) P(z(t) —2°) =0, 2°eR™, |Pz® — Pz sufficiently small,
do have solutions
.’E(t, xoa to) = ’U,(t, Pmoa tO) + Qf(u<t7 P{I:O7 tO)) )

but now the related consistent initial value is z(to;2°,t9) = Pz? + Qf(Pz?).
In general, we expect that x(to;2°,t9) # 2° since we have not tried to choose
2’ e M
1-
5. Obviously, we can apply the above definition to each open subset U C D
instead of D itself.

THEOREM 2.1. Let g be a C? function, and x, € D be an equilibrium point of
(1.1), i.e. g(zs) =0. Let {A, g (xs)} be a reqular index 1 pencil, and let all its
eigenvalues have negative real parts. Then there are a T > 0 and a §(g) > 0 for
each € > 0 such that
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(i) all IVPs (1.1), (2.8), |Px° — Px.| < 7 have unique solutions defined on
[to, OO),
(ii) |Pz® — Pz,| < §(¢) implies |x(t;2°,t9) — x| < &, t > to, and
(iii) |z(t; 20, t0) — 2| — 0 (t — 00).

Proof. Without loss of generality we may assume @ to project onto N along
S(z.).

Define B := ¢'(z,). Clearly, the matrix M := —PA['B is responsible for the
stability behaviour of the ODE given by (2.5).

By Lemma 4.1, we have M = PM = MP, Q = QA 'B.

Suppose (A +B)w = 0, w # 0. Multiplying by PA; ! and QA;* we decouple
this equation into

(AP —M)w=0, Quw=0.

Therefore, all eigenvalues of the pencil are at the same time eigenvalues of M.
On the other hand, each nontrivial eigenvalue of M belongs also to the pencil
spectrum, since Mz = Az, A # 0, z # 0 implies z = Pz, Alez — QAlez + Az
=0, thus Bz+ A1 Pz = Bz+ A Az = 0. Additionally, M has the zero eigenvalue,
the related eigenvectors span ker(A) = ker(M).

Finally, by slightly modified standard arguments (cf. [7], Lemma 4.4), which
take into account that we are interested in initial values for (2.5) belonging to
im(P) only, the statements of the theorem may be obtained. m

Remarks. 1. Theorem 2.1 generalizes the classical Lyapunov Theorem (with
A=1,P =1, My =D). Note that the assumption for g to be C? is standard
there.

2. Note that A;(x) := A + ¢/(x)Q remains nonsingular for = from a neigh-
bourhood U C D of z,, since so is Aj(z.) = A+ BQ. This means that (1.1) is
an index 1 DAE on U.

Due to Theorem 2.1, in order to be sure that an equilibrium is asymptotically
stable it will do to check the spectrum of the pencil {A, ¢’(z.)} only. Moreover,
if the DAE (1.1) itself is not known to have index 1 in advance, it is sufficient to
compute index 1 for the pencil formed at this single point.

Unfortunately, for higher index DAEs the situation is more complicated. On
the one hand, the state manifold is now a submanifold of M; only. This fact is
illustrated e.g. by example (1.2), where we would have My :={(u*,vT)T cR™ :
h(u) = 0}, but My given in §1 is the state manifold. On the other hand, the pencil
{4, ¢'(z0)} given at a single point xy only does not contain sufficient information
for determining the index. This will be demonstrated by example (2.12) below.

DEFINITION. The DAE (1.1) is called indez 2 tractable on D if
(2.9) So(x) NN £ {0},
(2.10) Si(z) ® Ni(x) =R™, =x€D,
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where
Si(2) = {2 €R™ : ¢(@)Pz € im(Ar(2))},  Ai(x) = A+ ¢ (2)Q,
and the null space Ni(z) := ker(A;(x)) has constant dimension (see e.g. [5], [7]).

Remarks. 1. Note that the conditions (2.9), (2.10) are satisfied if and only
if {A,¢'(x)} is a regular index 2 pencil for all z € D ([5], Theorem 2.6).

2. Dimension changes of the null space Nj(x) may give rise to new singularities
like bifurcations etc. (cf. also example (2.12) below).

3. By Lemma 4.1 below, the condition (2.10) is satisfied if and only if the
matrix

Ga(z) := Ay (z) + ¢' () PQ1(x)

remains nonsingular for all € D, where Q1(z) € L(R™) denotes any projector
onto Ny (x).

4. Again we can apply our definition to an open subset U C D instead of D.

5. It may be shown that

(2.11) My ={we M : ¢ (w)PATg(w) € im(A;(w))}

describes the state manifold of an index 2 DAE (1.1), where A' denotes the
Moore—Penrose inverse of A. However, formula (2.11) seems to be of no practical
use.

6. Recall that index 1 DAEs were characterized by nonsingular A, (z), that is,
we obtain Ms = M; when formally computing My for an index 1 equation.

The problem with testing index 2 at a single point is the following: Suppose
that, at some point xg, we know Aj(zo) to be singular, but G2(x() nonsingular.
Clearly, for = belonging to a neighbourhood of xg, G2(x) remains nonsingular
provided Q1 () is continuous. However, A;(z) may become nonsingular for = # z
or change the null space dimension.

Let us illustrate this situation by the following example (cf. [1], [7]), which
describes a simple nonlinear resistor circuit. For the system

] —a(xs) =0,
(2.12) xh — B(z3) =0,
xg—{—xgxg—i—xl =0

with smooth given functions «a, 3 : R — R, we compute

1 0 —ad(x3) 1 00
Al (.T) == 0 1 —ﬁ,(.Tg) s P=A= 0 1 0 N
0 0 x3+ 323 0 0 0

further,
N:{z€R3:21:22:0},
So(z) = {2 € R®: 2y + 2325 + (z2 + 323)23 = 0},
My = {wER?’:w1+w2w3+w§’:0}.
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Trivially, all solutions of (2.12) lie within the set M;, describing a surface that
has a fold. Denote by H := {z € M : x5 + 323 = 0} the set of points belonging
to the fold curves.

Clearly, (2.12) has index 1 on R*\{x €R3 : 25+ 323 = 0}, and there are unique
solutions passing through the points 2o € M\ H at time ty. However, on H the
situation changes considerably, since A;(x) becomes singular there. Formally, we
have

Ni(z) ={z € R®: 2y — 2w323 = 0, 20 = 23},

Si(x) ={z€R®: 2y + 2325 = 0} = Sp(x) forz e H,
hence Ny(z) N Sy(z) = {0} for all x € H\{0}, thus all related pencils {4, ¢’'(z)}
are regular of index 2. Different choices of «, § lead to bifurcations and impasse
points (cf. [1], [7]). In the trivial case of a(x3) = [(x3) = 0, all solutions are
stationary.

On the whole, the DAE (2.12) represents a rather singular index 1 DAE (with
singularities on H). Obviously, checking only the pencil {A, ¢’(xo)} for some xg €
H would not provide sufficient information on the DAE.

To avoid those singularities we restrict the class of DAEs. By [7], Lemma 2.2,
for a large class of DAEs, considering a single pencil {4, ¢'(z)} will do.

LEMMA 2.2. Let R € L(R™) denote any projector onto im(A). For given
xo € D, with B := ¢'(x0), let the matriz pencil {A, B} be regular with index 2.
Suppose

(2.13) (I = R){g(y) = g(Py)} € im((I = R)BQ), y € Uo,
where Uy C D denotes a neighbourhood of xo. Then the DAE (1.1) is index 2
tractable on a neighbourhood U C Uy of xy.

For the proof we refer to [7].

Note that condition (2.13) means, roughly speaking, that the derivative free
part (I — R)g(x) in (1.1) should depend on the component Qx only linearly. The
Hessenberg form DAE (1.2) has this property trivially.

THEOREM 2.3. Let g : D — R™ be of class C', and let the assumptions
of Lemma 2.2 be valid. Additionally, let Qq1, Py, Ay € L(R™) be determined by
Lemma 4.2 below, and let the consistency conditions
(2.14) g(zo) € im(4), QA3 'g(xzo) =0
be satisfied. Then

(i) There is a T > 0 so that all IVPs for (1.1) completed by the initial condi-
tion
(2.15) PPyz(ty) = PPya°, 20 eR™,
' |PPya® — PPiag| <,

are solvable in C}.
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(ii) If, additionally, QlAglg is of class C? then these IVPs are uniquely
solvable, and the solutions belong to the class C*.

For the proof we refer to [7]. Recall only that the basic idea is to use the
decoupling of the linear part of

Az (t) + Bx(t) + h(z(t)) = 0,
where h(y) := g(y) — ¢'(z0)y.

The inherent local state equation is of type
u' + PP A Bu+ PPy A  h(p(u) =0,
u(ty) = PPya°.

THEOREM 2.4. Let g : D — R™ be of class C?, x, € D, g(xx) = 0; further, let
condition (2.13) be valid on a neighbourhood Uy of x.. Let the pencil {A, g (x.)}
be reqular of index 2, and let all its eigenvalues have negative real parts. Then
there are T > 0 and d(g) > 0 for each € > 0 such that

(i) all IVPs (1.1), (2.15), |[PPy(2° — 2.)| < 7 have unique solutions defined
on [tg,00),
(ii) |[PP2° — PPx.| < 8(e) implies |z(t; 20, t0) — 24| < & for all t > to, and
(iii) |z(t;2°,t0) — 24| — 0 (t — 00).

(2.16)

The proof is carried out in [7]. There, due to Lemma 4.4 below, a Lyapunov
function related to im(PP;) is used to continue the local solutions provided by
Theorem 2.3 and the locally inherent regular ODE (2.16).

Next we apply the above results to the equation
(2.17) Alx()'(t) + gla(t) = 0,

where the matrix function A : D — L(R™) is also assumed to belong to C*.
If A(y) has a constant null space, i.e.

ker(A(y)) =: N, ye€D,

then we turn to the enlarged system

Pz —y =0,
(2.18) Y
A(z)y +g(x) =0,
where P =1 — @, and @ denotes a projector onto N as above.
If the null space of A(y) depends on y, then we turn to

!/
z—y=0,
(2.19)
Az)y +g(z) = 0.
Both enlarged systems (2.18) and (2.19) have the form (1.1), i.e.
AT (1) +3F(1) =0.
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In the first case, index 1 tractability (transferability) is defined (cf. e.g. [3]) as
described above by the use of
A(z) and Al (z)y +g'(x)
instead of A and ¢'(x). In particular, the “transferability matrix” is now (on
account of A (z)yQ = 0)
Ay (x) = A(z) + ¢'(2)Q.

It is well known that (2.18) is index 1 tractable on D x R™ if and only if (2.17)
is index 1 tractable on D. For given xg € D, yo € R™, the related matrices for

(2.18) are
~ ~ |P 0 ~ |Q O
peas[2 ) [0 Y.
E—[ 0 —I }
- [ AL(zo)yo + ¢’ (o)  Alwo) |’
< = P I
Av=A+BQ= [g%mo)cz A(xoﬂ ’
A’,l _ P Al_l(xo) :|
1 _Q PAl—l(xO) )
M=_—Pi'B—— [PA11(A§5360 +4'(20)) 8} '

Hence, Theorem 2.1 can be applied immediately.

In the second case, if ker(A(y)) depends on y, we may formally extend the
notion “index 1”7 via the transferability matrix

(2.20) A(z) + (AL (2)y + ¢'(2))Q(z) =: Ar(2,y),

where Q(z) is again a projector onto ker(A(z)). Now we derive, for given xg € D,
Yo € Rma

5 7 I 0 ~ 0 0 ~ I -1
P_A_{o 0]’ Q‘[o I]’ Al_{o A(wo)]'
A is singular since so is A(xg). Further,

Q1 = [g(ﬂfo) O} projects onto ker(A),

(z0) 0
o[ 3], aeaesra-[l i)

where A := (A% (z0)yo + ¢'(20))Q(x0).
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The matrix Ay is nonsingular provided that so is Ay (zq, o). Hence {A, B} is
a regular index 2 pencil. Further, we compute

i1 [I-ATTA AT
A= [ —Al_llA A%l] o A= Au(zo, o)
PRy B = [ PO il o o) ],

THEOREM 2.5. Let A(+) and g(-) belong to the class C. For given xy € D,
yo € R™, let the matriz A1(xo,yo) given by (2.20) be nonsingular; moreover, let

(2.21) im(A(x)) = im(A(zo))
for all x from a neighbourhood of xg. Additionally, let the consistency conditions
(2.22) A(zo)yo + g(wo) =0,  A1(xo,Y0)yo + g(x0) =0

be satisfied. Then
(i) The IVPs for (2.17) with the initial conditions
P(xo)(2(to) —2°) =0, 2° eR™,
|P(20)(z° — xo)| <7, 7 sufficiently small,

are solvable in C'.
(ii) If, moreover, A(-) and g(-) are even C? functions, then the IVPs are
uniquely solvable, and the solutions belong to C?.

Proof. Condition (2.21) is nothing else but condition (2.13) for (2.19).
Namely, we have here

=~ I 0 N~ 0 0
R= (0 0)’ (I - R)BQ = [o A(azg)} :
Thus we have to satisfy now
Ax)y + g(x) — g(z) € im(A(zp)), ie. (2.21).

The consistency conditions (2.22) are derived from (2.14) for (2.19). Hence, the
statement is proved by applying Theorem 2.3 to the enlarged system (2.19). m

Remarks. 1. Clearly, Theorem 2.4 can also be applied to (2.19) in the same
manner. If 2 is now an equilibrium of (2.17), then the spectrum of the matrix

—P(w0) AT (A7 (20)yo + ¢ (20))
and the pencil
{A(o), A% (z0)yo + ¢'(20) },
is responsible for the stability behaviour.

2. Denote by z.(-) : [to,T] — R™ the solution of (2.17) with x.(ty) = zo
provided by Theorem 2.5(ii). Consider the perturbed IVPs

(2.23) A(z(t)2'(t) + g(x(t)) = q(t),  P(zo)(z(to) — o) =0.



254 R. MARZ

Then, due to [7], Theorem 3.3, the IVP (2.23) has a unique C! solution z(:) :
[to, T] — R™, provided

lallsc + (Q(z0) A7 " a)' |l

is sufficiently small. Moreover, we have
(2.24) lz = .llor < K{llalloo + 1(Q(z0) AT ) [loc} -

3. The consistency conditions (2.22) are obviously equivalent to

A(zo)yo + g(zo) =0,  Q(z0)yo =0
because of Aq(zo,y0) L A(z0) = P(x0).

3. Index 3 case. In this section we try to obtain analogues of Theorems 2.3
and 2.4 for an appropriate class of index 3 DAEs.

We continue investigating the DAE (1.1). By Lemma 4.3 below, for fixed
xg € My :={x € D : g(x) € im(A)}, we determine the matrices A;, Az, As,
and the projector matrices Q), @1, @2, P=1—-Q, P, =1—Q1, Po =1 — Q9,
according to the pencil

(3.1) {A,g'(x0)} =: {4, B}

which is now assumed to be regular with index 3. Note that the pencil (3.1) is
a regular index 3 pencil if and only if A1, A5 are singular but As is nonsingular

(see e.g. [4]).

We will use a similar technique of decoupling (1.1) by projections as in [7] for
index 2 DAEs. To give a first insight into that procedure, let us briefly deal with
the linear constant coefficient DAE

(3.2) Az’ (t) + Bz (t) = q(t) .
Due to Lemma 4.3 below, (3.2) is equivalent to the system
(PP,Pyz) + PP PA; ' BPP, Pyx = PP P, A3 'q,
—(QP1Q2x) — (QQuz) + Qu = QPP A3 g,
—(Q1Q2x) + Q1o = Q1P A3 g,
Q2x = Q243 'q.

This is realized by scaling (3.2) by A3 ! and decomposing I = PP, P, + QP, P, +
Q1 P> + Q2. Note that these products of projectors are projectors again.

The system shows clearly the different quality of the solution components:
PP, P,z solves a regular explicit ODE, Qsx is an “algebraic” component, com-
puting @1z includes a differentiation, and for the null space component certain
components of ¢ have to be differentiated twice. We are going to take this into
account by using the decomposition

(3.4) I'=PP P+ PPiQ2+ PQ1+Q

for the solutions. Note that the products in (3.4) are also projectors.

(3.3)



LYAPUNOV STABILITY CRITERIA 255

Rewriting the nonlinear DAE (1.1) as
(3.5) Az'(t) + B(z(t) — 20) + h(z(t)) + g(z0) =0,
where h(y) := g(y) — g(xo) — ¢’ (x0)(y — z0), y € D, and putting
U= PP1P2£U, V= QQ'T) w = Q1x7 Z = QLU,
ug := PP Pyxo, wvo:= Qawo, wo:=Q1To, 20 := Qo
we proceed with (3.5) as we did with (3.3) before. This leads to
u' + PP Py A3 B(u — ug) + PP Py A  (h(u + PPv + Pw + 2) + g(xg)) =
—(QPyv) — (Qu)' + 2z — 29 + QP Py A3  (h(u + PPyv + Pw + 2) + g(x0)) =
—(Q1v) + w —wo + QP2 A7 (h(u+ PPiv + Pw + z) + g(x0)) =
U—UU+Q2A 'h(u+ PPv+ Pw+ z) =
since Q2 A3 g(wo) = 0.
Next we restrict the class of DAEs as for Lemma 2.2, aiming at decoupling the
above nonlinear system. We formulate these restrictions in terms of the decoupling

technique; they will be discussed below.
Let the conditions

(3.6) Q245 {g(y) —g(PPiy)} =0, yeU,

(3.7) (Qi+PP)P AT g(y) —g(Py)} =0, yeU,

be satisfied, where U C D denotes a neighbourhood of zy. They lead to
(3.8) Ay H{h(y) — h(PPy)} =0, yeU,

(3.9) (@ + PPl)PQ 5 {h(y) —n(Py)} =0, yeU,
because of

Q245'B = Q2A;'BPP;, (Qi+ PP)P,A;'BQ=0.
Due to the conditions (3.8), (3.9) the above system simplifies to
(3.10) o' + PPyPyA;'B(u — ug) + PP, Py A3 (h(u + PPyv + Pw) + g(20)) = 0,
(3.11)  —(QPv) — (Qw) + 2z — 2
+ QPP AT (W(u+ PPyv+ Pw+ z) + g(z0)) =0,
(3.12) —(Q1v) +w — wo + Q1 Py A3 (h(u + PPyv + Pw) + g(x0)) =0,
(3.13) v — vy + QA3 h(u + PPw) = 0.
Next we assume that g is a consistent initial value, and that = € C}; solves
the related IVP. Hence u, v, w€ C!, 2 € C form a solution of (3.10)—(3.13) passing

through wug, vo, wo, z0. Note that h(xg) = 0, h'(x¢) = 0, and h is of class C*.
Differentiating (3.13) we get

V() + QoA 'R (u(t) + PPo(t)) (v () + PP () =0,
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which leads to

V' (tg) =0, Q1v'(tg) =0, QP1v'(tg) =0.
Consequently, (3.12) is satisfied at ¢ = ¢ if and only if the consistency condition
(3.14) Q1P A3 g(20) =0

is satisfied.

From (3.12) it is clear that Qqv is of class C2. Further, from (3.10) we know
that so is u.

Consequently, also the related components of h and g should be C2.

In the following we simply assume QA3 19 to be a C? function. Then so is

Q243 h.
From (3.12), (3.13), (3.10) we derive
w'(to) = Q10" (t0) = —Q1Qa Az *h" (o)t (to)u' (to)
= —Q1Q2A5 "1 (w0) PPy Py Ay ' g(0) PP P A5 g (o) -
Now, an additional consistency condition follows from (3.11), namely

(3.15) QPiPA; ' g(m0)=—QQ1Q245" " (w0) PP P2 Ay g(0) PPL Py A3 g () -

THEOREM 3.1. Let g be a C function, xg € D be fized, B := g'(xo). Let the
pencil {A, B} be regular with index 3, and let Q, Q1, Q2, A1, Aa, Az be determined
by Lemma 4.4 below. Let Qo A3 "'g be a C? function, and the conditions (3.6), (3.7)
be satisfied. Additionally, assume the consistency conditions (3.14), (3.15) and
(3.16) g(xo) € im(A)

to be satisfied. Then there is a T > 0 such that all IVPs for (1.1) with initial
conditions

PP Py(z(ty) —2°) =0, 2°eR™,
(3.17) 1 Pa( ((())) )
|PP1P2(£B —330)| S T
are uniquely solvable in C3;.

Proof. For simplicity assume zg = 0 and ug =0, vg =0, wg =0, zg = 0.
The system (3.10)—(3.13) gives the idea how to proceed. Motivated by (3.13)
consider the C? function

F(u,v) := v+ Q2A3 ' h(u + PPyv)

acting from R™ x R™ into R™.
Because of F'(0,0) =0, F/(0,0) = I, the Implicit Function Theorem provides
a C? function f with

F(u, f(u)) =0, ueB0,p1),
f(0)y=0, f(0)=0,
£7(0) = —F!,(0,0) = —Q245'1"(0) = —Q2A5"¢"(0) .
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Next, if we supposed the IVP were solvable we would have (cf. (3.10))
o(t) = flult)),
V'(t) = = f'(u(t)){PPiP Ay Bu(t)
+ PP Py A (h(u(t) + PPy f(u(t)) + Pw(t)) + g(0))} .
This fact, together with (3.12), motivates us to consider the C! function
K(u,w) := w+ Q1 Py A h(u + PPy f(u) + Pw)
+ Q1f' (W{PPP,A; ' Bu+ PP P, Ay (h(u + PPy f(u) + Pw) + g(0))}

acting from R™ x R™ into R™. Since K(0,0) = 0, K (0,0) = I, there is a C!
function k : B(0, p2) — R™ such that

E(0) =0, K(u,k(u))=0, uebB0,p2).
Additionally, we derive
(3.18) K'(0) = —K,,(0,0) = —Q1f"(0) PPy P, A3 ' g(0)
= Q1Q245"'g" (0)PPL P, A3 ¢(0).
Inserting v = f(u), w = k(u) formally into (3.10) provides the regular ODE
(3.19) ' + PPy PyA;'Bu+ PP P A (h(u+ PPy f(u) + Pk(u)) 4+ ¢(0)) = 0.
Further, inspired by (3.11) consider the additional function
L(u, 2) := 2z + QP Py Ay ' (h(u + PPy f(u) + Pk(u) + z) + g(0))
+ (QK (u) + QP (u)) PPy P A7 { Bu
+ h(u+ PPy f(u) + Pk(u)) + g(0)} .
L is continuous and has a continuous partial Jacobian L/,. We have
L(0,0) = QP P, A3 1 g(0) + QK (0) PP P, A3 1 g(0) = 0

according to condition (3.15); further, L’ (0,0) = I. Again the Implicit Func-
tion Theorem provides a continuous function ! : B(0, 03) — R™ with [(0) = 0,
L(u,l(u)) =0, u € B(0, 3).

Next, return to the regular ODE (3.19). Multiplying it by I — PP, P, we find

(I—PPlPQ)u' :0, i.e. ((I—PP1P2)u)/ =0.
Therefore, choosing
(3.20) u(ty) = PP, Pya®

we obtain an IVP-solution which does not leave the subspace im(PP; Ps).
On the other hand, by construction,

f(u) = Q2f(u),  k(u) =@Qik(u), l(u)=Ql(u)
for u € B(0, 04), 04 = min{ o1, 02, 03}
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Finally, the ODE (3.19) should be regarded on a region that is determined
by B(0, 04) as well as by U of the conditions (3.6), (3.7). Solving the IVP (3.19),
(3.20) and putting

x(t) == u(t) + PP f(u(t)) + Pk(u(t)) + l(u(t)), teT,
we obtain a C}; solution of (1.1), (3.17). m

Remarks. 1. Note that the solution components PP Pox, Q2x are even C?
functions.

2. If, additionally, QgAglg € C3, (PP + Ql)PgAglg € C?, then f € C3,
ke C?andl e C', hence x € Ct, Px € C2.

3. The explicit ODE (3.19) represents the inherent local state system of (1.1).

4. Denote again by R € L(R™) a projector onto im(A). Then

(3.21) (I = R){g(y) —g(PPiy)} € im(({ — R)B(Q + PQ1)), yeU,

is an equivalent formulation of (3.6). Roughly speaking, this requires the deriva-
tive free part in (1.1) to depend only linearly on the components Qz, PQ;z.
5. Since QgAglA =0,

(3.22) (I - R)g€ C? implies QuA;'gec C?.

THEOREM 3.2. Let g : D — R™ be of class C2, z, € D, g(x.) =0, B := ¢'(z.),
let the pencil { A, B} be regular of index 3, and let all its eigenvalues have negative
real parts. Further, let the conditions (3.6), (3.7) be satisfied on a neighbourhood
U of x,.

Then there are T > 0 and 6(¢) > 0 for each € > 0, such that

(i) all IVPs (1.1), (3.17), |[PP, Ps(2° — z,.)| < 7 have unique solutions defined
on [to,00),
(i) |[PPPy(2° — z.)| < &(e) implies |x(t;2°,tg) — x| < & for all t > tg, and
(iii) |z(t; 2% tg) — w| — 0 (t — o0).

Proof. For more transparence, assume x, = 0. Since g(x,) = 0, the consis-
tency conditions (3.14), (3.15), (3.16) are satisfied trivially, hence the IVPs (1.1),
(3.17) have local C}; solutions z(-) : Z — R™. Then the components u := PP Pyx
solve the regular IVPs (cf. (3.19))

(3.23) ' 4+ PP PyA;'Bu+ PP PyAy h(u+ PPy f(u) + Pk(u)) =0,
(324) u(to) = PP1P2:EO, ’PPlPQ.rO‘ S T,

and x = u+ PPy f(u) + Pk(u) + l(u).

Recall from Theorem 3.1 that f € C%2, ke Ct, 1€ C.

By Lemma 4.5 below, the matrix M := —PP; PgAng has the same nontrivial
eigenvalues as the pencil {A, B}. The remaining eigenvalues of M = PP, P,M =
MPP, P, are zero, and their structure is simple. Therefore, Lemma 4.4 below
provides a scalar product which may be applied as a local Lyapunov function
related to im(P Py P,) to the explicit ODE (3.23) in the standard way (see e.g. [6],
Theorem 4.3). There, we take into consideration that S(u) := h(u + PP f(u) +
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PFk(u)) is continuously differentiable, S(0) = 0, §’(0) = 0, and that, as is easy to
check,

|S(u)| < clu*  for u € B(0, o)
with small o. =

By Theorem 3.2, checking the spectrum of the pencil {A, B} or, equivalently,
that of the matrix PP, P, A3 ' B, and proving the conditions (3.6), (3.7) to be sat-
isfied, will do to know whether an equilibrium point x, of (1.1) is asymptotically
stable.

For important classes of DAEs (1.1) the conditions (3.6), (3.7) are valid due
to the special structure of those equations. We finish this paper by considering
Euler-Lagrange formulations of constrained multibody systems in some more
detail. Consider the nonlinear system

W —-—v=0,
(3.25) v+ flu,v) + B (w)Tw =0,
h(u) =0.

Assume h/(u) to have full rank, i.e. the holonomic constraints to be linearly in-

dependent. Note that w represents the Lagrange multiplier, u the position, and

v the velocity. For given 2§ = (ul,vd, wd) we compute

I 0 O 0 —-I O
A=10 I 0|, B=|F G HT|,
0 0 0 H 0 0
where F := f!(ug,vo) + h'(uo)Two, G := f!(ug,v0), H := h'(up). Since H

has full rank, HH" is nonsingular. Define Py := HYH, Qy := I — HYH,
H* = HY(HHT)=!. Choosing

Q=

S oo
o O
~ o o

a:=(HHY)'H{FQu + GQuGPy}, p:=(HH")'HGQpy,

we derive

I 0 0
Ai=A+BQ=|H% I+HT3 HT|,
0 0 0
0 -1 0
Bi=BP=|F—-H" G-HTp 0],
H 0 0
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further,
0 0 0
Ql =10 PH 0 )
0 —(HHTH™'H o0
1 — Py 0
Ay = A1 + B1Q1 = Ho I+HTﬁ+GPH HT R
0 0 0

ker(As) = {(uT, v, wT)" : u = Pyu,v = Pyu — QuGPyu,
w=—(HH")"Y(Hu + HGPyu)},
Sy = {(u”, v, w")T : Hu =0},
Py 0 0
Q2= Py — QuGPy 0 0},
| —(HH")"'H(I+GPg) 0 0
Az = Az + B1P1Q2

I+QuGPy —Py 0
= HTOé—{—FPH—GQHGPH I—l—HTﬂ—GPH HT|.
i H 0 0
Then Ajz is nonsingular, A3 L equals
Qu 0 (I -QuG)H*
—Py +QuGPy Qu (I - QuG - QuF +QuGQuG)H™ |,
gl (HH")"'H(I - GQn) 6

where
v:=(HH"Y 'H(I + GPy — GQuGPy — FQpy),
§:=(HH")Y 'H(-I -G~ F+GQuG+GQgF
+FQuG — GQuGQuG)H™T .
Moreover, it may be checked that, in fact,
Q=QP PA;'B, Q1 =QiPA;'BP, Q= Q:A;'BPP

are the projectors announced in Lemma 4.3 below.
Furthermore, we have

1 0 0 1 0 O
P=10 I 0, PP =0 Qg 0f,
—a -8 0 -a -3 0
Qu 0 0
and PP1P2 = QHGPH QH 0
—« -6 0

Are the conditions (3.6), (3.7) satisfied? Because of
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(Q1+ PP )RA3 {g(z) — g(Px)}

= (QHh/(u)T(u?—i-au—i-ﬂv)) ., x= (Z) ,
—Bh (u) T (w + au + o) w
condition (3.7) is satisfied for all z from a neighbourhood U of ¢, provided
Quh'(w)T =0
for the component wu, i.e.
ker(h'(u)) = ker(h'(ug)) .
On the other hand, for z € U,

[0 0 H*
Q245 {g(x) — g(PPiz)} = |0 0 (I-QuG)H*
0 0 —(HHT")'H(I+G)H*

—PHU
x | A ()T (w+ au+ Bv) + f(u,v) — f(u,Qgv) | =0.
0

Next, consider the consistency conditions (3.14), (3.15), (3.16) applied to the
system (3.25). Formula (3.16) can be simplified to

Condition (3.14) means now

0 0 0
—Py Py 0
(HH™)~'H (HHT)"'H 0

—Quvo ]

0=

Prvy — QuGPrvo + Qu f(uo, vo)
—yvg + (HHT) " H(I — GQg)(f (uo,vo) + I (vo)Twp)
that is, Pgvg = 0.
Further, it follows that

[ —Qmvo
PP P, A g(z0) = | —QuGQrvo + Qu f(uo,v0) |
—aQuvo — BQu f(uo, vo)
[ 0
QPP A3 g(z) = 0 ] ,
| (HHT)"'H{f(uo,v0) + h'(uo)Two}
0 0 O 0

QQ1Q2A5" = 0 0 0
| —(HHT)™'H 0 0

0 0
Azt=10 0 0
0 0
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0

QQ1Q245"¢" (x)yy = 0 ,
—(HHT)_lh”(u)ylyl

and, since the last component of PPy Py A3 'g(z0) belongs to im(Qg),
QQ1Q2A45"g" (x0) PPL P2 A3 g(0) PP Py Ay g(0) = 0
has to be true. Consequently, condition (3.15) is satisfied if
Py f(uo, vo) + I (ug) Two = 0.
Now we summarize what we know about (3.25).

COROLLARY 3.3 Given the system (3.25) with f € C1, h € C?, and ug, vo, wo
with
(3.26) h(ug) =0, Puvo =0, Pyf(ug,vo)+h (ug) wy=0.
Additionally, suppose
ker(h'(u)) = ker(h'(ug))
in a neighbourhood of ug. Then

(i) Then the IVPs for (3.25) with
(3.27) Qu(u(to) —u’) =0,  Qu(v(to) —v°) =0

are uniquely solvable in Ck, provided |Qp(u® — ug)| and |Qp(v° — vo)| are suffi-
ciently small.
(i) If, additionally, f € C*, h € C3, Quvo =0, Qu f(ug,vo) =0, and
A -1 0

det | F M +G HY| =0 implies Rel<0,
H 0 0

then (ug,vg,wd)T is an asymptotically stable equilibrium of (3.25).

Proof. These statements are specifications of Theorems 3.1 and 3.2, respec-
tively. Thereby, Q2 A3 14 is C? since so is h.
The initial condition (3.27) is equivalent to PPy Ps(z(tg) —2°) = 0. =

4. Appendix: Some linear algebra

LEMMA 4.1. Let A, B,Q € L(R™) be given, Q% = Q, im(Q) = ker(A), i.e. Q
projects R™ onto ker(A). Put S :={z € R™: Bz € im(A)}. Then
(i) The decomposition R™ = S @ ker(A) holds if and only if the matriz
G := A+ BQ is nonsingular for any projector Q onto ker(A).
(i) R™ = S @ ker(A) implies G™'A = P, Q = G~'BQ, and QG B repre-
sents the projector onto ker(A) along S.

Proof. [3], Theorem A.13, Lemma A.14. m
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LEMMA 4.2. Let {A, B} be a regular index 2 matriz pencil, A, B € L(R™).
Then the projectors Q, Q1 € L(R™) may be chosen in such a way that

Q=QPA;'B, Q1=Q:14;'BP,
Q projects onto ker(A),
A=A+ BQ, Ay:=A+BPQi, P :=1—-0Q,
and Q1 projects onto ker(Ay) along
S1:={z€R™:BPzcim(4;)}.
Proof. [7], Lemma 2.1. m

LEMMA 4.3. Let { A, B} be a reqular index 3 matriz pencil. Then the projectors
Q,Q1,Q2 € L(R™) may be chosen in such a way that

Q2 = Q2A;'BPP, Q1 =Q1PA;'BP, Q=QPPA;'B,
where Al = A+BQ, A2 = Al + BPQl, A3 = A2 + BPPlQQ, P.=1- Q,
PZ:[_QZ72:1727
Q projects onto ker(A), @y projects onto ker(Ay),
Q2 projects onto ker(As) along So := {z € R™ : BPPyz € im(A3)}.
Proof. Choose any projector @ € L(R™) onto ker(A) and put
A=A+ BQ, Ay:=A+BPQ, As:=Ay+ BPPQ>

where @1, Q2 € L(R™) are any projectors onto ker(A;) and ker(A,), respectively.

Due to [4], Theorem 3, Ay, Ay are singular but As is not. By [4], Theorem 5,
we are allowed to choose @)1 in such a way that @1Q = 0. Moreover, we may
choose ()2 to project onto ker(As) along So := {z € R™ : BPP,z € im(A2)} by
applying Lemma 4.1. Thus, Qs = QgAngPPl.

Next, it is easy to check that

Q:= QP PRA;'B

is a projector onto ker(A).

Now, we start the above procedure again, by putting

A=A+ BQ.
Taking into account that Q = QQ, Q = QQ, we evaluate
Ay = A\(I+QP,P,A;'BP),

WheEe F, =1+ QPngAB_IBP is nonsingular, Fl_1 =1- QP1P2A3_1BP. Hence
Furthermore, Q,P,A;'BP is a projector onto ker(A;), and thus Qi =
Fl_lQlPQAs_lBPFl projects onto ker(A;). However,
Q1= Q1P2A§13P,

so that ker(Al) = ker(ﬁl), @1@1 = Ql-
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Next compute
Ay = Ay + BPQy = Ay F,
where
Fy:=F +Q,P,A;'BPP; is nonsigular,

Fy'=1-QPP,A;'BP — Q,P,A;'BPP; .

We observe that im(As) = im(Az).
Since Q9 := F;lQQFQ = ()2, we also have ker(As) = ker(Ay). Moreover,

S1 =81, Sy=28,,

and Zg = A3F2.
Because of Sy = So, ker(As) = ker(Ay), Q2 represents the projector onto
ker(As) along Ss. Due to Lemma 4.1,

Q2 = QA5 'BPP; .
Further, it may be proved that
Q1= Q1P A;'BP.
Does Q=Q P, PyA; A7'B hold? Unfortunately, it does not in general. We derive
QPngAg B = QP1P2A3 BP + QP1P2A3 BQ = QP,P,A;'BP+Q,
but
QP PyA;'BP = Q(Q1 — Q1) P2 A; ' BPP, P
may not vanish.
Finally, start our procedure once more putting

Q= QP P2A;'B.

By the same arguments as above, we obtain

Q1= QP2 A" BP = Q1 Qy=Qy4;"BPP1= Q2 = Qs
but now @(51 Q1)P2A;'BPP, Py =0, and thus
QPP A;'B=Q.
Consequently, 5, 51, 52 are the projectors required. m

LEMMA 4.4. Given M, Il € L(R™), II> =11, M =IIM = MII, rank(Il) =: p.
Let M have p nontrivial eigenvalues A1, ..., A,, each with a negative real part.
Then there is a constant 3 > 0 and a regular matriz C € L(C™) such that

Re(Mz, 2)o < —f|z|%, 2z ¢€im(I),
where (u,v)o = (C~tu, C~1v)s.
Proof. [7], Lemma 4.2. m
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LEMMA 4.5. Given a regular index 3 matrix pencil {A, B}. Let Q, Q1, Q2 be
determined by Lemma 4.3, and
M = —-PP P,A;'B, p:=rank(PPP,).
Then
grad det(AMA + B) = u
and {A, B} has p eigenvalues, say i, ..., A,.
Moreover, A1, ..., A, also belong to the spectrum of M, where the correspond-

ing eigenvectors lie in im(PPy Py). The remaining eigenvalues of M are zero, and
the corresponding eigenvectors span ker(P Py Py).

Proof. Note that M = MPP, P, = PP,P,M. Suppose (M + B)w = 0,
w # 0. Multiplying by PPy P A", QPP AT, Q1 PaAs!, QA" yields
APPPow — Mw =0,
A=QQ1 — QP1Q2)w + Qw =0,
AM=Q1Q2)w + Qw =0,
Q2w =0,
hence w = PP, Pow, Mw = \w.
On the other hand, suppose
Mz=MXz, z#0.
If A\ # 0, then M = PP, P, M yields z = PP, P,z # 0 immediately. In this case
we have
APP Pyz = —PP Py Ay ' BPP Pyz = —Py P,A; ' BPP, Pz
= —PyA;'BPP Pyz = —A;'BPP Paz,

since QP PoA;'BP = 0, Q1 P,A;'BPP, = 0 and Q2 A;'BPP, P, = 0. Hence
)\A3PP1P22 + BPP1P2,Z = 0, i.e. ()\A—|— B)PP1P22 = 0.
If A\=0 but PP, P>z # 0, we conclude as above that

0= Mz=—PP,PyA;'BPP,Pyz = ~A;'BPP Pyz,

thus BPP1P22 = 0.
Finally, ker(PP, Py) C ker(M), and z € ker(PP, Py), z € im(M) C im(PP, P»)
imply z = 0, hence the related eigenstructure of M is simple. m
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