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Abstract. A normal form for small CR-deformations of the standard CR-structure on the
(2n + 1)-sphere is presented. The space of normal forms is parameterized by a single function
on the sphere. For n > 1, the normal form is used to obtain explicit embeddings into C"*L. For
n = 1, the cohomological obstruction to embeddability is identified.

1. Introduction. In this paper, we study the space of strongly pseudocon-
vex CR-structures on the sphere S?"*! in a neighborhood of the standard CR-
structure given by the standard embedding as the unit sphere in C**!. Three
questions present themselves:

(1) Which CR-structures near the standard one arise as the boundaries of
domains in C"*1? (Such CR-structures are said to be embeddable.)

(2) Is there a normal form for CR-structures near the standard one?

(3) Is there a natural parameterization of the space of equivalence classes
of CR-structures, where two CR-structures near the standard one are said to
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be equivalent if they are CR-isomorphic via a diffeomorphism which is near the
identity.

There is a dichotomy between the cases n > 1 and n = 1. Results of Boutet
de Monvel [BAM] show that, when n is greater than 1, all CR-structures near the
standard one are embeddable; and, as we will see here, the results of Lempert
[L1] and Bland-Duchamp [BD1] give a normal form.

In the case n = 1, an example of Rossi [R] shows that there exist CR~structures
near the standard one which are not embeddable. In [BE], Burns and Epstein
showed that they are almost never embeddable. A recent result of Lempert [L2]
showed that if the CR-structure is sufficiently near the standard one and embed-
dable in C™ for some m, then there is an embedding near the standard sphere.
This fact was used in [B] to show that the embeddable CR-structures form a
Hilbert submanifold in the space of all CR-structures and to give a normal form.
Cheng and Lee [CL] have proved the existence of a local slice for the action of
the contact diffeomorphisms on the space of CR-structures. Our goal here is to
outline a framework within which these results naturally fit. Most of the technical
machinery needed is contained in [BD1], [B]. Details will appear in [BD2].

2. Abstract CR-structures on spheres

2.1. Basic facts. We begin with a review of some basic facts about CR-
structures.

DEFINITION 2.1. An n-dimensional Cauchy-Riemann structure (CR-structure)
on 52" is a rank n complex subbundle Hy o) C TeS?™ ! of the complexified
tangent bundle of S?"*! such that

(1) Hu,0y N Hpy =0,

(2) Hc = Hq,0) @ Ho,1) C T S?7*+! has complex codimension one, where, as
usual, H(g ) denotes the conjugate bundle H(j ),

(3) the integrability condition [X,Y] € T'(H 1)) is satisfied for all smooth
sections X, Y € [(Ho,1))-

The bundle H(, o) is called the holomorphic tangent bundle of the CR-struc-
ture.

Two CR-structures H(; ) and I:I(Lo) are said to be equivalent if there is a
diffeomorphism F : §?"+1 — §2n+1 quch that FLH(1 ) = ﬁ(1,o)- We are only
interested in CR-structures up to equivalence. Observe that H¢ is the complex-
ification of a real codimension one subbundle H C T.S?>"*! consisting of vectors
of the form X + X, X € H ). Let n be a 1-form dual to H. The CR-structure
H1,0) is said to be strongly pseudoconvex if —idn(X, X) > 0 for all non-zero
X € H(y ). In this case, n A (dn)" is a nowhere vanishing (2n + 1)-form. A real
1-form 7 satisfying this latter condition is called a contact form and H is called
a contact distribution. A diffeomorphism leaving the contact distribution fixed is
called a contact diffeomorphism.



CR-STRUCTURES ON SPHERES 101

The most important examples of CR-structures are those arising from domains
in C"1. Let p be a smooth nonnegative function on C**! and let D={z€ C"*1! :
p(z) < 1} be a bounded domain. The boundary 9D is a CR-manifold for which
the holomorphic tangent bundle is the intersection of the complexified tangent
bundle of D with the holomorphic tangent bundle of C"*!, and, if the pullback
to 0D of the 1-form idp is a contact form, then it is strongly pseudoconvex (1).

The standard CR-structure is the one induced by the standard embedding
S+l cCnHl) and the standard contact form is the restriction of i0|z|? to S2"*1
where (2%, ..., 2"!) are the coordinates for C"**. Henceforth, H(; o) C TpS?"*!
denotes the holomorphic tangent bundle of the standard CR-structure, 1 denotes
the standard contact form, and H¢ denotes the complexification of the standard
contact distribution. Objects associated to any other CR-structure will be dec-
orated with hats. The symbol Diff y denotes the infinite-dimensional group of
orientation preserving contact diffeomorphisms of §2"+1.

Two strongly pseudoconvex CR-structures on S?"*! are said to be isotopic
if they can be connected by a smooth 1-parameter family of strongly pseudo-
convex CR-structures. In this paper, we consider only strongly pseudoconvex
CR-structures which are isotopic to the standard one on S27+1.

2.2. Representation by deformation tensors. Every CR-structure which is iso-
topic to the standard one can be represented by a deformation tensor.

The proof of this fact relies on a theorem of John Gray [G] which states that
all contact structures on a compact manifold near a fixed contact structure are
equivalent:

THEOREM 2.1 (Gray). Let ny be a differentiable family of contact structures on
a compact 2n + 1 dimensional manifold M. Then there is a differentiable family
of diffeomorphisms Fy : M — M and a family of non-vanishing functions py such
that

Fy*(ne) = peno.

COROLLARY 2.1. Ewvery strongly pseudoconver CR-structure on S*"+1 which
1s isotopic to the standard one is CR-equivalent to one of the form
(1) ﬁ(l,o) ={X-¢(X): X € H(1,0)}
where ¢ : Hg 1)y — H(1,0) a complex vector bundle map, called the deformation
tensor for fI(LO).

Proof. That the CR-structure is equivalent to one satisfying the inclusion re-
lation H; gy C Hc is clear from Gray’s theorem. Thus, there is a family H(; o)(t),
t € [0,1], joining H(y gy to fI(LO). For t small, it is clear that there are bundle
maps ¢(t) such that H (1,0)(t) is the graph of —é(t). The integrability conditions

(1) The fact that D is bounded forces the Levy form to be positive everywhere on 9D.



102 J. BLAND AND T. DUCHAMP

for CR-structures (see below) imply that ¢(t) satisfies certain symmetry proper-
ties and an a priori bound on the size of ¢(t), from which the result follows. (See
[BD1, page 83] where a similar argument is given.) m

2.3. Geometry of the standard CR-structure. There is a natural circular ac-
tion on the sphere which leaves the standard CR-structure invariant—mnamely,
multiplication by the group U(1) of unimodular complex scalars. Let T be the
generator of this U(1)-action with period 2w. The vector field T is characterized
by the two conditions

T 1n=1, T 1ldn=0.
The orbit space of this action is the set of complex lines through the origin, CP",
and the quotient map is the Hopf fibration.

Often, it will be worthwhile to do calculations using local coordinates. We
will fix our notation now. Let (w!,...,w™, ) be local coordinates for S?7+1,
where (w?, ..., w™) are the local inhomogeneous coordinates for CP™ defined by
the equations w’ = 27/2"*1 and @ is a local fiber coordinate; that is, the w
variables parametrize the complex lines through the origin, and 6 determines a
point on the line at unit distance from the origin of C"*!. Define the function
u :=log (1 + |w|?). In these local coordinates,

9
o0’
n = df + Re(idu) = df + %(uadwa — U dw®),

where we have used the notation u, = du/0w®. A local framing for H o is
given by the vector fields
0
- owe
and the dual coframing is given by the 1-forms dw®, 1 < a < n.

Notice that n defines a connection form on the circle bundle over CP™, that
eq is the horizontal lift of the vector field 0/0w®, and that

)
a - 5 aTa
e +2u

dn = iuagdwo‘ A dw®
is a nondegenerate 2 form. The form
0 := —idn = 00u = uaﬁdwa A dw?
is the Fubini Study metric on CP™.

2.4. Integrability conditions. Consider now a CR-structure of the form (1). In
local coordinates,

d) = QZ)EO‘ dwﬁ ® eq
and H, (0,1) is spanned locally by the vector fields

éa =g — %’Beﬁ.
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Expansion of the brackets [ég, éﬁ] using the commutation relations
[Ta ea] = Oa [Ta 65} = Oa [eow eﬁ] = O’ [eaa eﬁ] = _iuaBT
immediately yields the conditions:

(A) (Symmetry): QS&B = 3 W;here P55 = qba'yu,yﬁ.
(B) (Horizontal integrability): 0y¢ — 5 [¢, ¢] = 0, where

_ 05" _ -
Oy = —dw® A dw’ @ e,
ow™
and where [, | is the bracket operation

(¢, 8] = dw™ A duwP ® [pa’es, %"ea].

Recall that we assumed H (1,0) to be isotopic to the standard structure. There is,
therefore, a family of tensors ¢(t) with ¢(0) = 0 and ¢(1) = ¢. The condition
H1,0y N H,1) = 0 shows that the composition

o(t) 0 ¢(t) : Hero) — Hr )
cannot have eigenvalue one. On the other hand, the symmetry condition can
be used to show that all eigenvalues are nonnegative real numbers. Hence, all
eigenvalues are bounded above by 1. This is equivalent to the following condition:

(C) (Nondegeneracy): |pasX*XP| < uaBXO‘XB for all X € C™.

Let D,, denote the space of deformation tensors satisfying conditions (A), (B)
and (C). Every strongly pseudoconvex CR-structure on S2"*! which is isotopic
to the standard one is equivalent to one defined by an element of D,,. Moreover,
the group of contact diffeomorphisms of S?"*! acts on the set of such tensors in
a natural way. Consequently, the classification of these CR-structures on S$?7+1!
can be achieved by the two-step program of (1) studying the space D,, and (2)
studying the action of the group of contact diffeomorphisms on it.

3. The space D,,. Our analysis of the space D,, mimics the approach to de-
formation theory of complex structures as developed by Kuranishi. We construct
a complex of certain vector-valued forms. Deformation tensors are the 1-forms of
the complex which satisfy a nonlinear differential equation (the integrability con-
dition (B)), and these are parameterized by a certain component of their harmonic
decomposition.

3.1. The symmetric complex (Q((,O”)(H(LO)),gb). We will work on a subcom-
plex of the 9;-complex of Kohn-Rossi. The symbols (9 and (0-9) (H1,0)) de-
note the spaces of smooth scalar and H; o)-valued forms on S 2n+1 Thus, elements
of Q09 and Q(O’Q)(H(LO)) are forms of the types

T = ngwB and T = TEO‘de ® €q,
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respectively. (The standard summation and multi-index conventions are in force
throughout.) The operator 0, is given by the formula

T = ez (TEQ) dw? A dwB ® eq.

In order to take into account the symmetry condition (A) above, we introduce
the hook product of T and €2, written 7 A €2:

TAQ = Tgauoﬁdwg A dw?.
The hook product operation is the process of lowering one index via the Hermi-
tian metric uagdwo‘ ® dw” followed by skew-symmetrization. In the special case
of vector fields (vector forms of type (0,0)), the hook product is just interior eval-

uation. Observe that a tensor ¢ € QD (H 4 () satisfies condition (A) precisely
when

o NQ=0.

The identity ¢ A © = 0 generalizes, for ¢ > 0, to define the subcomplex of

symmetric vector-valued forms:
ng’q)(H(l’o)) ={r:7AQ=0}.

For g = 0 this definition will not suffice, since X AQ = 0 for X € H(y oy implies
that X = 0; we proceed somewhat differently. We need a partial inverse of the
hook product, written ( )#. Let n = 17§dwE be a horizontal (0, g)-form. Then
n* is the vector valued (0,q — 1)-form defined by the local coordinate formula,

# = ,uoﬁdwﬁl FANRAAN dwﬁq71 ® €a

=B B,y

where (uaﬁ) is the inverse of the matrix (u,z).

The requirement that 9, X be an element of Qf,o’l)(H (1,0)) forces the identity
Oy X A = 0. A simple local calculation then shows that (locally) such a vector
field must be of the form

X = (0uf)*
for f a complex-valued function on S?"*!. We define the space of symmetric
0-forms by the equation

QOO (H 0)) = {X € QOO (H 1)) : X = Ouf)*, f € C},
where C* denotes the space of smooth, complex-valued functions on S?"*!. We

call QS,O’O)(H(LO)) the space of horizontal Hamiltonian vector fields.

DEFINITION 3.1. The symmetric complex (ng’.)(H(Lo)),gb) is the differential
complex

) K} ),
0 — QOO (H o)) = QP (Hp ) =2 QO (Hy ) 2 ...

Remark. The complex Hamiltonian vector fields just defined are related to
contact vector fields. Recall that a contact vector field is a real vector field Y
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satisfying the condition

Lyn = hn,
for some function h on S 2n+1 When f = gi, with g real, the complex Hamiltonian
vector field X = (9, f)* is the (1,0) part of a contact vector field. More precisely,

Xf = —’ifT + X + X
is a contact vector field. Notice that f = Xy | in, and Lx,n = —iT(f)n.

Using the Folland—Stein estimates, it is possible to develop a Hodge theory
for the symmetric complex with good estimates on the orthogonal complement
of the harmonic forms. Thus, there are homotopy maps hy : Q((,O’q)(H(LO)) —

ng’q_l)(H(LO)) which give rise to the symmetric decomposition
T =050 ho(T) ® hy 0 (7)) ® Ho (1),

where H, : Q,(To’q)(H(LO)) — HQ(Q((,O”)(H(LO)),&) is orthogonal projection onto
the harmonic symmetric forms. In degree 0, the symmetric decomposition assumes
the form

X = hy 0 0y(X) & H,(X).

Let fof;q)(H(Lo)) and T'* be the Folland-Stein completions of Q%% (H1,0))
and C*°, with respect to the Folland-Stein norm || |5 (see [BD1]). Let D,, s denote
the Folland—Stein completion of the space D,,. In[BD2] we prove the following
theorem.

THEOREM 3.1. Suppose n > 1 and s > 2n+4. Then H* (Q((,O’.) (Hi,0)),05) =0
and Dy, s is a smooth Hilbert manifold.
Moreover, let

Ne={f €T f Lker (950 (0(:))7), IIflls+2 <€}

and assume that € is sufficiently small. Then N is diffeomorphic to a neighborhood
N’ C Dy 5. More precisely, every deformation tensor ¢ € N’ can be uniquely
expressed in the form

¢ = 511(51).][.¢)3‘%£ @ h056¢7
which defines a diffeomorphism ¢ — fg from N to N.

The function f, introduced in Theorem 3.1 is called the generating function
for the deformation tensor ¢.

4. Normal form (n > 1). The parameterization in Theorem 3.1 is not
optimal. Since the action of the group of contact diffeomorphisms on deformation
tensors has not been taken into account, each equivalence class of CR-structures
is represented by an infinite dimensional family of deformation tensors. In this
section, we show how to normalize small deformation tensors via this action by
contact diffeomorphisms.
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4.1. The Fourier decomposition. The U(1)-action on S?"*1 preserves the stan-
dard CR-structure, as well as the contact form 7. It, therefore, induces an action
on the 9,-complex, which is equivariant with respect to the operators A, ( )# and
Op. The direct sum decomposition of the spaces Q(O’Q)(H(LO)) into eigenspaces
of the U(1)-action is called the Fourier decomposition. Thus, each vector form
TE Q(O’Q)(H(LO)) has the decomposition

o0 _
T= E 7, where 1, =7, 5% 0 dwP @ eq.
k=—o00
and 7, 5 is independent of #. If 7 is symmetric, then so are each of the terms in

its Fourier decomposition. The decomposition of tensors into positive, negative
and zeroth order Fourier components gives the splitting

Q((TO,q) (H(I,O)) — Qc(r?f) (H(I,O)) D Qg?bq) (H(I,O)) ©® fo?f) (H(I,O))

and we write 7 = 7_ + 79 + 74. Similar decompositions are defined for ordinary
forms and for functions. If f is a real-valued function on S?"*! then its Fourier
decomposition

f=r-+fo+ I+
satisfies the identities f, = f_ and, consequently, f_ = f,.

Of particular interest are the tensors with only positive Fourier components.
Such tensors extend holomorphically along each of the disks of the unit disk
bundle of £ — CP™, and, because they vanish on the zero section, they descend
to the blow-down—to tensors on the unit ball in C**!. Tensors with only a
zeroth Fourier component are pull-backs to E of forms on CP", and are called
basic. (Here we are implicitly using the fact that the holomorphic tangent bundle
of §27*1 is the horizontal lift of the holomorphic tangent bundle of CP™ via the
connection form 7.)

4.2. Action of the contact diffeomorphisms. We now consider the action of
the group of contact diffeomorphisms on the space of deformation tensors. This
action is not strictly a pullback of the deformation tensor; rather, it pulls back
the CR structure, and considers the new CR structure as a deformation of the
standard one. More specifically, we have the following definition.

DEFINITION 4.1. Let ¢ be a deformation tensor on $?"*! and F : §?"*! —
S2n+1 4 contact diffeomorphism and let H, (1,00 C Hc be the bundle of vectors of

type (1,0) defined by ¢. There a unique subbundle H El 0 C H¢ such that the
equation F,H(, o = H(0) holds. The pullback of ¢ by F, written F*¢, is the
deformation tensor whose space of (1,0)-vectors is H, (1.0)"

This defines an action

U :Diffy x Dy, — D, (F,¢)— F*¢.
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To compute the derivative of the map ¥ at the point (id,0), we work formally,
leaving details to [B] and [BD2].

Let F; =id +tX + O(t?) denote the one parameter family of contact diffeo-
morphisms which is generated by a contact vector field Xy, where f = gi is pure
imaginary as above. Let ¢; =t¢+O(t?) be a family of deformation tensors and let
X = (Opf)* = X%,. We calculate (to first order in t) as follows. Recall that the
vectors of type (0, 1) with respect to ¢, are spanned by éﬁ =eg— ﬂ’tveﬂ,. Then,
since Fy ' = id—t X+ O(t?), the pull-back under F} of the space of (0, 1)-vectors
is spanned by the set

dFt_léE = eg —teg(X7)ey — teE(XV)eq —tpgley + O(t%).
After a change of basis, we find that it is also spanned by vectors of the form
GE — t(%’y —+ GE(X’Y))G,Y + O(t2)
Thus, the derivative d¥ ;4 o) has the form
AV g0y : TDiff g x TD — TD, (Xy,¢) — ¢ + 0p(0pf)7,
where f = gi for some real-valued function g .

4.3. Cancelling negative Fourier coefficients. We now show how the action
of the group of contact diffeomorphisms can be used to normalize deformation
tensors. As we have just seen, the infinitesimal action is of the form

¢ — ¢+ 0p(0pf)7,

where f is pure imaginary. We have also seen that, for n > 1, ¢ has the decom-
position

¢ = 0(06fs)* + ho (D)
and that ¢ is uniquely determined by its generating function fy.

Notice that, one may construct a pure imaginary function by starting with
an arbitrary function with no positive Fourier components and subtracting from
it the conjugate of its negative Fourier components. We can use this freedom to
modify the negative (and part of the zeroth) Fourier components of a deformation
tensor via the action of the group of contact diffeomorphisms. An application of
the Implicit Function Theorem for Banach spaces gives the following normal form
result, which shows that every sufficiently small deformation of the standard CR-
structure on the spheres S?"*!, n > 1 is representable by a deformation tensor
with no negative Fourier components.

THEOREM 4.1. Let n > 1 and s > 2n + 4. Then there is a number ¢ > 0
depending on n and s such that each deformation tensor ¢ € D, s with ||¢|ls < €
is CR-equivalent to a deformation tensor in the normal form

0(0uf)* + ho(7)
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where f € Tyyo(S* ) and 7 € Qg?ﬁl(H(Lo)) have Fourier decompositions of
the forms

+o0 +oo
f:ka andT:ZTk,
k=0 k=0

where fo is the pull-back of a real-valued function on CP™. The tensor T is
uniquely determined by the gemerating function f.

Remark. The normal form constructed in this theorem is unique up to
specification of a finite number of additional parameters. This is clear from the
observation that the linearized mapping dW¥ 4,0y has a finite dimensional kernel
of the same dimension as the automorphism group of the standard CR structure
on the sphere. Specifying these parameters can be interpreted as determining a
point on the sphere, and a second order framing at that point.

Remark. The proof of this theorem will appear in [BD2]. It involves en-
dowing the neighborhood of the identity in Diff y with a Hilbert space structure
which is compatible with the Folland—Stein norms. With respect to this structure,
one can show that the action ¥ is of class C! on the Folland-Stein completions
of Diff y and D,,.

Omori [O] has analyzed the action of the contact diffeomorphism group in
great generality; our analysis is similar to his. Omori’s treatment, however, is
based on the standard Sobolev spaces while our work uses the anisotropic norms
of Folland—Stein. This fundamental difference means that a much more detailed
analysis is required. This analysis, in the case of S3, is contained in [B], and the
higher dimensional cases will be discussed in [BD2]

4.4. Recovering the indicatriz. In general, it is impossible to eliminate the ze-
roth Fourier component of a deformation tensor through the action of the contact
diffeomorphism group. For suppose that we have normalized to a deformation ten-
sor of the form ¢ = Y, ; ¢, where ¢ is a small deformation with ¢y # 0. Since
¢o descends to define a deformation of the complex structure CP™, and CP" is
stable, there is a small diffeomorphism, say F', of CP™ which is an biholomorphism
between CP"™ with the complex structure defined by ¢y and its standard struc-
ture (i.e. F*(0) = ¢9). Notice that F' is unique up to a biholomorphism of CP"
and it is generally not symplectic. Lift F' to a bundle map F : §27+1 — §2n+1,
Since F' does not preserve the symplectic form of CP™ (the curvature form of the
connection 7), F does not preserve the connection form 1. Let 1’ be the unique
connection form for which F*n/ = 7. Thus,

n=n+p
where [ is the pullback of a 1-form on CP". Notice that the contact structure
on S?"*! defined by 7 is not the standard one, and it defines a unique (up to
a constant dilation) Hermitian norm A on the tautological bundle £ — CP™. If
Sy, denotes the unit circle bundle with respect to this new norm, then the map F
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may be interpreted as a CR-isomorphism between S?"*! with the deformed CR-
structure given by ¢ and the standard CR-structure on S;, which it inherits as
hypersurface of E (or, equivalently, of C"1); that is, we have the CR embedding:

F . (52n+1’¢0) — S, C (Cn+1.

Now, because F is a U (1)-equivariant contact diffeomorphism between S 2n+1 and
Sh, the CR-structure defined by ¢ is transferred via F' to a CR-structure on Sj

of the form
¢ = .
k=1

The deformation tensor ¢’ is now to be interpreted as a deformation of the circular
domain Sy and it is precisely the modular data of the type considered by us in
[BD1], where we show it to be the modular data for a marked, linearly convex
domain in C"*1. (Recall that a marking of a domain D C C"*! consists of a
point p € D together with a complex basis for the complex tangent space T),D.)

In [BD1], we show that the data depends only on the biholomorphism class
of D and the marking. Moreover, specifying the marking amounts to specifying
(n +1)2 +n + 1 parameters. Thus, the pair (Sy,¢’) is uniquely determined up
to the specification of a finite number of additional parameters.

Infinitesimal generating functions for indicatrices. Changing the indicatrix has
a nice interpretation within the framework of the symmetric complex. Recall that
the sphere is the set of points in C"*! defined by the equation |z|> = 1. The
indicatrix S;, above is defined by the equation
h:=|z?e’ =1,

where, by definition, v = log(h/|z|?), which descends to a function on CP"™. The
contact structure on S?"*! defined by h is the 1-form

n =n+ %(51)—81))

and the map F discussed above is constructed as follows: Set n,=n + t0, where
f = 5(0v — Ov). Then there is a 1-parameter family of diffeomorphisms F; :
S2ntl _, §2n+1 guch that

Ft*nt =1,
which is constructed as follows by a variation of Weinstein’s proof of the Darboux
theorem [W]. (The technique is due to Moser.) Begin by letting Y; be the time
dependent vector field characterized by the two conditions
Y Jne=0, Y, Jdnp=-0.

(When v is small, such a vector field exists.) Let F; be the 1-parameter family of
diffeomorphisms generated by Y;. Then,

Ly,ne = —pB.
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Now compute:
d, =, dny -
3#@”0251 dt+£nm = I (8-p)=0.

This implies that F’t*nt is independent of ¢. Since Fy = id and }35“770 =7, it follows
that Fn, = 7 for all t.
Notice that Y; = (X, + X;) where X is the (1,0)-vector field defined by the
equation
Xt _ Qt = —50,
where Q; = —idn;. The lift of X; to a horizontal vector field on S2"*1 is —(9yv)#t
and one finds that (to first order)

by := FF(0) = —t0y(Fpv) ™ + O(t?).

Thus, the process of transferring to a new indicatrix is represented infinitesimally
by a term of the form —0;(9,v)#, for v a real-valued function on CP™".

4.5. FEaxplicit construction of embeddings. When the deformation tensor ¢ has
sufficiently small Folland—Stein norm ||¢||s, s > 2n + 4, it is possible to obtain
explicit embeddings which realize the abstract CR-structure defined by ¢ as the
CR-structure on a hypersurface. Moreover, when ¢ is in normal form, this em-
bedding coincides with a circular map constructed by Lempert [L1] and yields a
solution of the homogeneous Monge-Ampére equation on the interior.

An embedding into C™*! is obtained by constructing (n + 1) independent
functions which are CR with respect to the deformed CR-structure given by ¢.
Let h be one such function. It is easy to show that a complex-valued function h
is a CR-function on S?"*! with respect to the CR-structure defined by ¢ if and
only if it satisfies the equation

(2) (@6 — ¢~ 0y)h
where ¢ - 0y := ¢ | Oy := qﬁﬁo‘ea.
To find h we write it in the form
ﬁ:h+g

where h is the harmonic projection of h onto the space of CR-functions on §27+1
with respect to the standard structure. Notice that the function g = h—his
L?-orthogonal to these CR-functions.

The function h can be viewed as a perturbation of h. We will show that when
the Folland—Stein norm ||¢||s is sufficiently small, i determines g, and, therefore,

it determines h. To see this, note that from equation (2), it follows that
GO, (3y — ¢ B)g = Gy (¢ - D).

Since g is perpendicular to the space of CR-functions, nggbg = g = Ig. Hence,
g is a solution of the equation

(3) (I -G8, 0¢-d)g=GD,(¢- Ih).
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The operator on the left hand side of this equation is invertible if the operator
norm of GEZ o ¢ - Jp is less than one, and this is the case, provided that the
Folland—Stein norm ||¢||s is sufficiently small. Assume that this is the case and
let g be the solution to equation (3).

It remains to show that A is a solution of equation (2). To this end, set =
(0p— ¢+ 0y ) h and notice that, by construction, GEZB = 0. For n>1, the (0, 1)-form
0 has the harmonic decomposition

B = 0,G0, 3 + G, 0,0
Since ng 6 =0, we may compute as follows:
8= G0,043 =GB, (3 — ¢ 0,)3 + Gy (6 - 945)
=G0,y — ¢+ 0)(Ds — ¢ )b+ GO, (¢ DB) = GO, (&~ D).

where we have used the integrability condition for ¢ at the last step. On the other
hand, if ||¢||s is sufficiently small, then

18lls+1 = 1GBy (¢ - 36B) 51 < [1Blls41,

which implies that § = 0.

To obtain an explicit embedding, let A7, j = 1,2...,n + 1 be the restrictions
to §27+! of the standard coordinate functions on C"*1, let hi = hi+ ¢’ be the
CR-functions obtained by the procedure we just outlined. They define a map

F - S2n+1 N (CnJrl,

which, by construction, is a CR-map of (S?"*1, ¢). By the Sobolev embedding
theorem of Folland-Stein [F'S], for Folland-Stein norm ||¢||s sufficiently small,
s > 2n+4, F will be at least C?* for some a > 0. Let D C C™*! be the domain
bounded by F(5?"*1) and note that, for ¢ sufficiently small, D is strongly convex.
Recall that, when ¢ is in normal form, it has no negative Fourier components.
This important fact means that ¢ extends holomorphically along the unit disks of
the Hermitian vector bundle £ — CP"™ to define an integrable complex structure
on the unit disk bundle of E with respect to the standard metric, and that the
map F' extends to a map which is holomorphic relative to this deformed complex
structure. If we transfer the map to the indicatrix Sy defined by the zeroth Fourier
component of ¢, then one can show that the map F descends to a C''-map from
the indicatrix I = {z € C"*! : h(z) < 1} into the strongly convex domain D. The
results of [BD1] show that the map F' is one of the circular representations of the
strongly convex domain D constructed by Lempert [L1]. We have, thus, recovered
Lempert’s construction for domains in a neighborhood of the round sphere.

5. Normal form n = 1. The case of S? is both simpler and more subtle
than the higher dimensional case S?"*!, n > 1. It is simpler because both the
symmetry condition (A) and the integrability condition (B) are vacuous—there
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are no 2-forms—and because there is a global framing of the holomorphic tan-
gent bundle H(, o) which facilitates computations. It is more subtle because the
degree 1 cohomology of the symmetric complex is infinite dimensional, making it
impossible to normalize all negative Fourier components of a deformation tensor
to zero. The detailed analysis of the 3-dimensional case is done in [B].

For n = 1, the symmetric complex assumes the form

9,
0 — QO (Hy g)) — QD (H ) — 0.

It is convenient to express all tensors in terms of the global framing on S® obtained
by restricting the vector fields

Z = ZQ% - zl%, Z = zgazl - 218822’ T=—Im (zlaazl +228822>
on C? to S3. The dual coframe is the restriction to S of the 1-forms
2dzt — 2N, n=-— Im(0log |z|?).
Notice that every deformation tensor is of the form
p=pw®Z, |ul<l1.

To translate into the coordinates (w,#) used above, write 22 = €¥(1 4 |w|?)
and w = 2! /2% and recall that e := e, is a local framing for H,0)- A straightfor-
ward computation then yields the formulas

w=e1+ |w? tdw and Z =e 21+ |w|?)e

It follows that the tensor ¢ has the form
(4) ¢=epdw @e.

The cohomology of the symmetric complex was computed in [B], where it was
demonstrated that
(5) HI(QSO")(H(LO)),gb) := cokerdy, o (9p( ))*

= {(f1(2)z" + f2(2)2*) B ® Z : fj(2) € CR(S?), j = 1,2},

where CR(S3) denotes the space of CR-functions on S®—that is, the bound-

ary values of holomorphic functions on the unit ball which are smooth up to
the boundary. Thus, by virtue of equation (4), every cohomology class [¢] €

w=22dz' —2'd?, @

—1/2

H! (Q,(fo") (H(1,0)), Op) has a representative with Fourier decomposition of the form

—4
b= ok

The existence of cohomology classes with representatives having negative
Fourier components implies that (at least at the infinitesimal level) there are
CR-structures for which it is impossible to find representatives having no nega-
tive Fourier components. However the cohomology group H* (ng,.) (He1,0))s Op) is
the only obstruction [B]:
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THEOREM b5.1. Every CR-structure sufficiently near the standard one in the
Folland-Stein s-norm (s > 6) is equivalent, via a small contact diffeomorphism,
to one of the form

(%) ¢=¢_ + do+ P4
where ¢o = igdw ® e for the pull back of some real-valued function g on CP?!,

o= ([17'+ 2" )weZ
for CR functions f; as in (5), and

b1 = -
k=1

The form (x) is unique up to the choice of a marking on the CR manifold (deter-
mined by fixing 7 additional parameters.)

Of these, the only CR structures that embed in C™ for some integer m are
those for which ¢_ = 0. Hence, the space of embeddable small deformations of
the standard sphere forms a contractible linear space.

Remark. The last part of Theorem 5.1 follows from a stability result of
Lempert contained in [L2].
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