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Introduction. In several papers which appeared since the seventies, M. Kashiwara,
T. Kawai and T. Oshima generalized the classical theory of differential equations with
regular singularities in the framework of microlocal analysis and the theory of D-modules.

These developments were parallel to the progress of the so-called microlocal theory of
sheaves whose main tools are the specialization and microlocalization functors.

In this paper we deal with Kashiwara’s notion of specialization and microlocalization
for (not necessarily holonomic) D-modules along a fixed submanifold Y.

In Theorem 1.1.1 we obtain the relation between specialization and nearby cycles for
D-modules using the normal deformation along Y, which is the analogue of Verdier’s
relation in sheaf theory. As a consequence, we give a precise meaning to the famous
comparison theorems due to Kashiwara (in the eighties) for regular systems along Y (cf.
3], [13)).

We study the behaviour of microlocalization for D-modules under formal tensor prod-
uct (defined by Sato, Kawai, Kashiwara in [15]).

As a consequence we prove that the microlocalization of a D-module M along Y only
depends on the microdifferential system M obtained from M after tensoring by the sheaf
of microdiferential operators. When the D-module M is regular along Y we obtain a
relation for the microcharacteristic varieties associated to A = T3y X (the conormal fiber
bundle to Y).

Finally, we state some interesting properties of the bifunctor ghom which was first

introduced by Kashiwara-Kawai (cf. [6]) in the framework of regular holonomic systems,
and generalized in [20] to a larger category, and we analyse some examples.

1. Microlocalization for D-modules and £-modules along a submanifold

1.1. D-modules. Let X be an n-dimensional complex analytic manifold and ¥ C X
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a smooth d-codimensional submanifold. Let Dx be the sheaf of linear holomorphic dif-
ferential operators of finite order on X, and

Vi(Dx)={P € Dx : Pl C ’** Vj,j+k >0},

the so-called V-filtration on Dx with respect to Y, where I denotes the defining ideal of
Y. Except in case of ambiguity we suppress Y. Let
V*(Dx)

srv(Px) = D i,

and 7 : Ty X — Y the projection of the normal bundle on Y. Then 7. Dip, x] =~ gry (Dx),
where Dir, x| denotes the algebraic linear differential operators on Ty X with respect to
the fibers of 7.

Let 6 be the Euler operator on Ty X (i.e. the vector field on Ty X describing the
infinitesimal action of C* on Ty X). @ acts by the identity on I/I? and we shall keep the
notation @ for any of its local representatives in V°(Dy), which will be fixed henceforth.
For example, if

YV ={(z,t)eC:teC? t=0}, t=(t,...,ta),

we may choose
9
0= ti—.
; l 8t2

Moreover, we shall often write “D-module” instead of “Dx-module”.

Let M be a coherent D-module. Then, locally, M admits a good V-filtration {M7};¢z,
i.e.

(a) M U; ez M7

(b)y M MJH, Yg;

(c) Vk(DX)M] C MItE Y5k € Z;

(d) VE(Dx)MI = MI*F V¥j>0and k>0or j <0 and k < 0;

(e) M7 is VO(Dy)-coherent.

We shall say that M is specializable along Y if for every good V-filtration U*(M) on
M there exists a nontrivial polynomial b(s) € C[s] such that

b6 — KYU*(M) c U M),

such a b(s) is also called a Bernstein-Sato polynomial for U*(M).

Let us endow C with the lexicographic order.

For every local nonvanishing section u of M there is a minimal polynomial b, (s), the
b-function for u, such that b, (0)u € V1 (Dx)u and one sets order u = {a € C : b(a) = 0}.

The canonical V -filtration on M is defined as follows: for a € C, V(M) is the sheaf
of germs of sections u such that orderu C {# € C: 8 > a}.

We denote by V>%(M) the sheaf of germs of sections such that orderu C {3 € C :
B > a}. We define the specialization of M along Y by

-1 VI(M) >
vy (M) :=Dr,x [Ex] T (jeZ VIti(M)

(cf. [13] for more details).
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Therefore, the characteristic variety of vy (M) is contained in the canonical hyper-
surface of T*(Ty X ), which is the characteristic variety of 6.
One defines the Dy-module of nearby cycles of M along Y as

0 el
or (M) i= A = @ s = mM)
0<a<l

It is obvious that the complex
SOl(ZY (M)) = RHOHIDTYX (ZY (M)a OTYX)

is monodromic, i.e., its cohomology groups are locally constant on the orbits of the action
of C*.

Let us briefly recall the real and complex normal deformations of a real (resp. complex)
manifold X along a submanifold Y, which we will denote respectively by X® and X (for
more details see [8] and [21]).

1. Let X be a real differentiable manifold. Then X¥ is a real differentiable manifold
together with canonical morphisms

XB L2, X and XF-LR
such that if we consider local coordinates (z,y) in X, with Y being defined by z =
(71,...,24) = 0, one obtains a system of local coordinates on X%, (2/,9',¢), ¢ € R, such
that p(z',y',¢) = (2’¢,y’) and c(2',y',c) = c.

Let  be the open subset of X®, Q = ¢~!(R™), and consider the commutative diagram

of morphisms

vx - Xt L.

TJ, ip VE
X

Yy —

Then for any F* € Obj D?(X) one defines Sato’s specialization
vy (F) = s '"Rp 'F.

2. Let X be a complex analytic manifold. Then one considers the complex construc-
tion analogous to the preceding one, i.e., with R replaced by C.
One defines Verdier’s specialization in D*(X), as follows:

(a) First of all let us recall Deligne’s nearby cycle functor associated to a holomorphic
function f : X — C, (). Let (C,p) be a universal I covering of C\ {0}, and X' the
fiber product X' = X x¢ C with p: X — X and f X' — C the canonical projections.
Consider the diagram

~
@}

x L
lﬁ lp

Yy — X — C
Then for F* € Obj D(X) one sets
G (F) =i "Rp.p~ (F).
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(b) Let us consider the following diagram:
)= TyX — X — C

LN b
Y — X
Then Verdier’s specialization functor v (-) is defined as follows, for any F* € Obj Db(X):
VW (F7) = 4e(p"F).
For a complex of left D;(—modules F" set

Fle =0z "o F,
0%

the localization of F" along Y := ¢~ 1(0).

One says that M is regular along Y if M is specializable and if there exists an
Ox-coherent submodule Mg of M such that M = Dx My, and a nontrivial polynomial
b(s) € C[s] such that

b(0) Mo C [V (Dx) N Dx(m)] Mo,
where {Dx (k) x>0 denotes the filtration on Dx by the order, and m is the degree of b(s).

The following Theorem 1.1.1 is the analogue of Verdier’s specialization. For any co-

herent Dx-module M let
5 M.
—ipy

THEOREM 1.1.1 ([20]). Let M be a coherent Dx-module. Then:

1) HE(“p* M) = 0, Yk # 0;

2) MO[c™Y] is coherent and regular along Y

3) suppose that M is specializable along Y and consider M°[c™'] endowed with the
canonical V -filtration. Then the Dy -modules gr?(M°[c™1]) and vy (M) are naturally
isomorphic.

M® =H(D

AS(VHX
p

Let us rapidly recall the formal Fourier transform (for more details, see [10], [2]).

Let F Y be a complex holomorphic vector bundle and denote by Dig) C Dg the
sheaf of algebraic differential operators with respect to the fibers of . Let us denote by
Mon (Dg) or Mon (Djg;) the abelian category whose objects are the Dg-coherent modules
(or Dig-modules) locally generated by sections u such that there exists a nontrivial
by (s) € C[s] satisfying b, (8)u = 0.

Let E* > Y be the dual vector bundle and Qg y) the sheaf of algebraic relative
differential forms of maximal degree, with respect ton: F — Y.

One defines the formal Fourier transform F as an isomorphism of sheaves on Y:

-1 £
Qv 20m@ Qr/v) — Dre+
given by

dr @ P(y,Dy) ® dr® 1 — P(y, D,),

0
dr @7 @dr® ! —,
! dE;
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d’r®i®d7®71 — —&;
aTj 7
where 7; denotes the variables on the fibers of F, y the variables on Y, ; the variables on

the fibers of E*, for a given trivialization of E. Let now M be a D|g)-coherent module.
Then F induces an exact functor of Mon (Dg;) in Mon (Djg-+)) given by

E(M) =y @ M,

where F is regarded as a D|g-j-module.
Now, if M is a monodromic Dg-module one defines

F(M):=Dg- ® F(M’),

[B*]

where M’ is a monodromic D(g)-submodule generating M since it does not depend on
the choice of M’ satisfying these conditions.
Let now M be a Dx-module specializable along Y. One may define the microlocal-

ization of M along Y by p, (M) 1= F(vy(M)).
Let us recall the symplectic (nonhomogeneous) isomorphism of vector bundles
T*(E) 25 7*(E")

introduced in [8]. In local symplectic coordinates (y,7;&,7) on T*FE and (y,7;&,7) on
T*E* one has

Py, 75:8m) = (Y, 1§, —7).
It is straightforward that
Car(p,, (M)) = Car(ry (M))
using the identification by ¢g. If P € D and P is its image by I in Dig+] one has

o(P)¢r = o(P) (o denotes the principal symbol).
Let I be the Fourier-Sato transform in sheaf theory. One has

F(SOl(ZY (M))) = RHOIHDT;X (HY (M), OT;X)[—d]

THEOREM 1.1.2 ([3]). Let M be a regular D-module along Y. Then one defines natural
isomorphisms in D*(Ty X) (resp. in D*(TyX)):

(a) vy (RHomp, (M, Ox)) = RHomp,, , (vy (M), Ory x)
(resp.
(b) uy(RHOme (M,Ox)) =~ RHomDT;;X(Hy(M)’OT;X)'

Idea of the proof. (a) One starts by proving the natural isomorphism
vy (RHomp, (M, Ox)) ~ RHom,-1p, (17 "M, vy (Ox))
which is easy. Then, by theorem 7.2 of [6], one gets that the natural morphism
RHom,—1p, (7'M, v (0x)) — RHom,—1p, (7'M, vy (Ox))

is an isomorphism.
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Let p denote the restriction of p : X—>XtoX \ Y. Since Y = ¢ 1(0) is a smooth
hypersurface defined by a global equation, we may use the results in [13] and obtain
vy (RHomp, (M, Ox)) < vy (RHomp, (M, Ox))
= .(p”'RHomp, (M, Ox))
= 1/)0(]RHomD; (Lp* Mlc™Y, 03))
~ RHomp,, (Ye(M°[c™Y]), Ory x)
~ RHomp,.  (vy (M), Ory x),

where we use the fact that, for any object F" of D*(X), v.(F") only depends on the
behaviour of F" outside ¢ = 0 and p is smooth.

(b) is analogous to (a).

1.2. &-modules. Let X be a complex analytic manifold and £x the sheaf of microd-
ifferential operators of finite order on T*X. Let A be a smooth homogeneous lagrangian
submanifold of T*X, the cotangent vector bundle with the zero section deleted. Let

7:T*X — X be the projection. Let &4 be the subsheaf of rings of microdifferential
operators generated by Ex(0), and

Ta={P€&Ex(1):01(P)|s =0}

Here Ex (k) denotes the sheaf of microdifferential operators of order k and oy denotes the
symbol of order one. One sets

Ea(m) = ExEx(m)
(filtration on Ex with respect to Y'), and
EAym =&4N 5x(m)

(filtration on £4 by the order). When A =T5% X, one has

Ea(m) =V, "(Dx)ly, VYm>0.
Let us choose a section (locally) 6 € 4 satlsfymg
820'1
do1(f) = —wmod I,k , Z 52,0 SJ mod I,

where (z,&) stands for a system of canonical coordmates on T* X, w the canonical one-
form on T* X, I, the defining ideal of A. 8 is well defined mod £,4(—1).
Let M be a coherent left £x-module.

DEFINITION 1.2.1. One says that M is microlocalizable along A if, locally, one has:

(a) there is a coherent £, submodule Mg of M such that M = Ex Mo,
(b) there is a nontrivial b(s) € CJ[s] such that b(0) My C Ex(—1)M,.

Remark 1.2.2. We may suppose that the zeros of b(s) do not differ by an integer.

For a microlocalizable £x-module M one sets

gra(M @5 —1M0
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where M is chosen in the conditions (a), (b) and remark 1.2.2. If M is replaced by
another My, in the same conditions, we obtain a natural isomorphism of graded modules.

DEFINITION 1.2.1'. We shall say that M is regular along A if there exists a coherent
Ex(0)-submodule My such that M, generates M and a nontrivial polynomial b(s) such
that

b(G)MO (- SX (_1)6A,m+1M0a

where m is the degree of b(s). This notion is different from those in [5], [7] (which imply
in particular that Car(M) C A) but is the same as that introduced in [16].

Locally on A we may choose an invertible O 4-module £ such that
LoL~0h © a7t
Oa ;r*lox
where Q" denotes the sheaf of homogeneous differential forms on A of maximal degree.
A remarkable fact is that gr,(€x) is isomorphic to the sheaf A of homogeneous
differential operators on £ (cf. [5], [7]). Consequently, we may identify D%, the sheaf of
homogeneous differential operators on A, and the sheaf

L1 @ ar (Ex) ® L,
o oy

where O denotes the sheaf of homogeneous holomorphic functions on A.
Let M be a microlocalizable £x-module along Y.

DEFINITION 1.2.3. The microlocalization of M along A, HA(M)’ is the D 4-coherent
module
14 (M) =Dy @ (L™ @ gry(M)),
D} o}
where gr (M) is defined by choosing a coherent £4-submodule M as in Definition 1.2.1.

If we take another My, in the same condition, we obtain two isomorphic D 4-modules,
as well as if we choose a different O 4-invertible module £’ with the same property as L.

Remark 1.24. Let Y C X be a smooth submanifold, A =75 X and M be a
specializable D-module. It is straightforward that £x ®,-1p, 7 1M is microlocalizable
along A and, choosing £ = QZIY one has

py(M)la=Ds ® () ' gry (M)
(4] 701'7103/
=Dy ® (Qﬁl?fl @ gralx) ® m lgry(M))
Dk o 710y
:HA(EX ® M).

7\'71DX

Let X and X’ be two complex analytic manifolds. Let us recall the formal tensor
product of a Dx-module M and a D’x-module M’ as defined in [15]:

MR M =Dxyx ® (py "M @c py ' M),

1 1
p; Dx ®cpy Dxr

where p; : X X X’ — X and ps : X x X’ — X’ are the projections.
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PROPOSITION 1.2.5. Let X, X' be two complex analytic manifolds.

(a) Let YC X and Y' C X' be two smooth submanifolds, M a Dx-module specializ-
able (resp. regular) alongY, and M’ specializable (resp. regular) alongY’. Then MRM'’
is specializable (resp. regular) along Y x Y’ and there is a natural isomorphism

HY (M) g HY’ (M/) = HYXY’ (M g Ml)

(b) The same statement holds with Y replaced by a homogeneous lagrangian subman-
ifold A of T*X, Y' by a homogeneous lagrangian submanifold A" in T*X', and M (resp.
M) a left Ex-module (resp. a left Ex:-module) microlocalizable (resp. regular) along A
(resp. along A').

Proof. We will only prove (a) since (b) is similar. Let us fix representatives 6, ' of
the Euler fields respectively on Ty X and Ty X'.

Let us consider a system {u;};er (resp. {v;};es) of local generators of M (resp. of
M’). Then M X M’ is generated by the images u; K v;. Let

b, (0) = T[]0 — vy

k
be a b-function for u; and

buy (0") = [] (0" = Bju) v

k/
a b-function for u; Then an easy calculation entails that
(%) bij(0+0) = TL(0+0" — qin — B )per oo

kK’
is a b-function for u; X u} hence the first assertion of (a) is proved. Now, relation (*)
entails that V*(M X M’) is equal to
> VA(Dxxx) ® (VI M) @9y 'V (M),
(40 = pIIVYO(DX)®Cp271V;/)/(’DX’) c
where we consider the canonical V-filtrations respectively with respect to Y x Y/, Y and
Y’, and Iy «y+ denotes the defining ideal of ¥ x Y’ in X x X'.
An easy verification shows that VR (Dxyxx) is flat with respect to p; 'V¥(Dx) ®c
py V3 (Dxr).
Hence
Vy oy (MBM') = vy (M) B vy (M)
and to finish we only have to remark that the formal Fourier transform is compatible
with formal tensor products of monodromic D-modules. m

COROLLARY 1.2.6. Let M be specializable along Y. Then:

(a) py (M) only depends on Ex @r-1py I M
(b) supp p,, (M) C Car(M) NTy X,

TEX

Proof. (b) is an immediate consequence of remark 1.2.4 as well as (a) when we
o

restrict to T3 X. Now let p € TyY. We will use the dummy variable trick (cf. [5]).
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Let N be

De
“C _p
D(Ct (C(S(t)a

where t is a coordinate on C. Then one has

MBEN) = p, (M), (V) =, (M)B Oz e

HYx{o}( {0}

Let A =Ty X and A’ :T?O}(C and j : A — Ax A’ the inclusion ¢ — (g, (0,1)). One easily
checks the isomorphisms
(#¢)  j'Homp, , (DaROx,p, (M)BOL) =~ HCx Bp, (M) = p (M)

Let M’ be another specializable D-module along Y,  an open subset of T3 X con-

taining p, and suppose
Ex ® 7T_1M|Q ~Ex ® 7T_1M/|Q.

71'71DX 7T71DX

Let m denote the projection T*(X x C) — X x C. Then
Exxe ® (MHEN)axa =Exxec © (M EN)oxa

7= (Dx xc) 7= (Dx xc)
hence
Ly oy M BNl = g o (M BN s,
By M) B Onraxar = puy, (M) B Ourfaxa
which completes the proof by (). m
Let 5§ be the sheaf of microlocal operators on T*X and if N is a left £x-module set
NE =R o N.
Ex
The microlocal analogue of Theorem 1.1.2 is the following:

THEOREM 1.2.7 [6]. Let M be a regular Ex-module along the homogeneous lagrangian
submanifold A and L a simple holonomic Ex-module supported by A. Then there is a
natural isomorphism:

RHome, (M, L®)|4 ~ RHomp, (1,(M),O4).
1.3. Applications to microcharacteristic varieties. Let M be a coherent &£x-module

and A a smooth lagrangian homogeneous submanifold of Zo“*X . Let C4(M) be the mi-
crocharacteristic variety of M along A (i.e. the normal cone of supp M along A [9]),
Ca (M) be the formal microcharacteristic variety and C}(M) the 1-microcharacteristic
variety (see [10] and [17]).

The following inclusions are well known:

Ca(M) C CLM),  Cx(M) C CLM).
When A = IC)“;X and M is of the form Ex ®,-1p, © 'N, where N is a regular
D-module along Y, one has
Ca(M) = SS(RHomp, (1, (N)] 4, 0a) = SS(py (RHomp (N, Ox))|a)
C CA(SS(RHomp, (N,0x)) = Cp(M).
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Here SS stands for “microsupport” (cf. [8]). Hence C (M) C Cx(M) if M is regular
along Y.

1.4. Application to phom. Let us consider the category C whose objects are pairs of
coherent Dx-modules such that M XN ™ is specializable along A, the diagonal of X x X.
Here

N* = RHOHIDX (N7 DX)[TL] ® Q?}il,
with n = dim X. One defines the bifunctor phom from C to Mod.(Dr+x ) by phom (M, N)
= p, (MEN¥), where we identify 7*X and TA (X x X) by the first projection.

THEOREM 1.4.1 [20]. Let (M, N) be an object of C such that (M B N™) is regular
along /\. Then one has a natural isomorphism
RHomg, (Ex @p-1py T "M, E% @r1p, © *N) ~ RHomp,., . (phom(M,N), Op-x).
From the results in Section 1, we conclude that for (M, N) € ObjC,
(i) supp phom (M, N) C Car M x Car N,
(ii) phom(M,N) only depends on Ex @ -1p, 7'M and Ex @ -1p, 7 N
ExXAMPLE 1.4.2. Let M be a Dx-module specializable along
Y ={(t,x) eC™:t=0} c X =C',
A=Ty X, and
Dx
Dxt + DxDml 4+ ...+ DxDzd
Then (M, N*) is an object of C and we will check that
pthom (M, N™) = Dpexa @p, iy, (M).
Let u be a local section of M and b,(s) be a b-function for u. Then
by ((t =)D} + (21 — 7)) Dyy + ... + (xg — 7)) D2y
is a b-function for 0(¢) Mwu where we consider (¢, z1,- -, zq,t', 2}, -+, x}) as alocal coordi-
nate system on X x X. Hence By|x XM is specializable along A C X x X. Furthermore,

N = By|x = = Dxo(t).

Dxxx 1
® py M
Dxxxt+DxxxDy; + ...+ DxxxDuy p; Dy 2

and VR (By|x I M) is the image on By |x X M of

' Dxxx ) .
Vi - VEM),
kéa A <DXxXt+DXxXDm1 +...+DxxxD., p;lvg(Dx)pg ¥ (M)

By x XM ~

where we consider the canonical V-filtrations with respect to A and Y.
At this point we only have to remark that the Fourier transform of

Dy, (xxx)

D1, (xxx)t + Dro(xxx)Pz, +.--+ Dry(xxx)Diy
is precisely Dp«x < A where we consider the equations

g / ~ / ~ /
t=t—t =0, Z1=21—27=0, ..., Zg=24q—2,=0

as the equations of A in X x X and identify T*X and TX (X x X)) by the first projection.
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