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Abstract. We introduce the notion of system of meromorphic microdifferential equations.
We use it to prove a desingularization theorem for systems of microdifferential equations.

1. Introduction. Let X be a complex manifold. Let £x be the sheaf of microdiffer-
ential operators on 7*X. Let Y be an hypersurface of X. Let j : T*(X \Y)—>T*X be
the open inclusion. Let £% be the sheaf of sections P of j,j~*Ex such that, given a local
generator f of Iy, f*¥P € Ex, for k large enough. The restriction to the zero section of £%
equals the ring Dx [v] of differential operators on X, meromorphic along Y. Nevertheless,
the sheaf &% is not a ring. Actually, if Y equals {x = 0} then

0y et =) Kla ko k.
k>1
The ring Ex is deeply related with the geometry of 7*X. In order to localize £x along a
hypersurface of T* X, this hypersurface should be “special”.

Let Y be a normal crossings divisor of X. Let 7 : T*(X/Y) — X be the fiber bundle
with sheaf of sections the locally free O x-module Q% (v) of logarithmic differential forms.
We will built in T*(X/Y) a sheaf Ex[v] such that Ex[v] equals Ex outside 7~ 1(Y) and
the restriction of £x[v] to the zero section equals the ring Dx[v]. The sheaf Ex[v] is
a microlocalization of the sheaf Dx[y] in the same sense as the sheaf £x is a microlo-
calization of the sheaf Dx. We call a coherent Ex[v]-module a system of meromorphic
microdifferential equations. We call the Ex[y]-module Ex[v] @p [y] N the microlocaliza-
tion of a Dx[y]-module N. The sheaf £x[v] is introduced in section 3. In section 2 we
have summarized without proofs the relevant material on logarithmic contact manifolds
(see [N1] and [N2]). In section 5 we use the blow ups introduced in section 4 to prove
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a desingularization theorem for holonomic systems of microdifferential equations in two
variables. This result will be used elsewhere to study the local structure of such systems.

2. Logarithmic contact manifolds. Let X be a complex manifold. We will denote
by Ox the sheaf of holomorphic functions on X. Given a subvariety Y of X, we will
denote by Iy the ideal of Ox of holomorphic functions that vanish on Y. We say that Y
is a normal crossings divisor of X if for each yg € Y there is an open neighbourhood U

of yo and a system of local coordinates (z1,...,x,) on U, centered at yg, such that
(1) YNU={x...2, =0}
If condition (1) holds, we will say that the system of local coordinates (z1,...,x,) is

adapted to the normal crossings divisor Y.

We will denote by 2% the complex of sheaves of differential forms with holomorphic
coefficients. A differential form « of degree 1 with meromorphic coeficients is said to be
a logarithmic differential form with poles along Y if Iya C Q%, Iyda C Q%. We will
denote by QL (v) the Ox-module of logarithmic differential forms with poles along Y.
We define Q% (v) = APQL (v). Under the assumption (1),

v dl‘ n
2 04 =) Op—= Oydz;.
( ) X<Y>‘U 12:; g Ti +i:zu;-1 v

If w =7 adei/a; + 31, aida; is a section of Q% (v) on U, we define the
Poincaré residue of w along {x; = 0} as the restriction to {z; = 0} of a;. This definition
does not depend on the choice of the system of local coordinates (see [D]).

DEFINITION 1. Let X be a complex manifold of dimension 2n — 1 and Y a normal
crossings divisor of X. We say that a logarithmic differential form w of degree 1 is a
logarithmic contact form with poles along Y if w(dw)™~! is a local generator of Q%g“lof).

We say that an invertible sub-Ox-module £ of Q% (v) is a logarithmic contact structure
with poles along Y if £ is locally generated by logaritmic contact forms with poles along
Y. A logarithmic contact manifold is a pair (X, £) where X is a complex manifold and £
is a logarithmic contact structure on X.

Let (X1,L1), (X2, L2) be two logarithmic contact manifolds. Let ¢ : X3 — X5 be a
holomorphic map. We say that ¢ is a contact transformation if for any local generator w
of L5 the logarithmic differential form p*w is a local generator of £;. We say that ¢ is a
contact isomorphism if ¢ is an invertible contact transformation.

When Y is the empty set we get the usual definitions of contact manifold and contact
transformation. We remark that in the category of logarithmic contact manifolds a contact
transformation is not always a local homeomorphism (see Proposition 4.3.1(i)).

It follows from (2) that QL (v) is a locally free Ox-module of rank dimX. We will
denote by my : T*(X/Y) — X a vector bundle on X with sheaf of sections isomorphic to
QL (v). This vector bundle is unique up to isomorphism. Let 7*X denote the cotangent
bundle of X. Its sheaf of local sections equals Q4. Since Qﬁ((Y)|X\y = Qk\y, the vector
bundles T*(X/Y) and T*X are isomorphic on X \' Y. We call T*(X/Y) the logarithmic
cotangent bundle of X with poles along Y.
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It is well known that there is a canonical 1-form 6 on T*X. We can define in a similar
way a canonical logarithmic differential form on 7*(X/Y), with poles along 7y (Y'), 6y,
such that Oy | -1(x\y) = 0|x—1(x\v)- Given a system of local coordinates (z1,...,z,) on
an open subset U of X, adapted to the divisor Y, a canonical system of local coordinates on
ﬂ;l(U), adapted to the divisorY, is the system of local coordinates (z1, ..., 2Zn,&1,. .., &n)
on 7y (U) such that

(3) Oy |r—1(vy = Z&dx_i + Z Sidx;.
=1

x
v i=v+1

We can easily deduce from (3) that (dfy )™ generates Q%E<X/Y> (=~1(Y)). Because of that
we say that dfy is a logarithmic symplectic form with poles along Y .

We call a pair (X, 0) a logarithmic symplectic manifold if X is a complex manifold
and o is a logarithmic symplectic form with poles along some normal crossings divisor
Y. We call Y the set of poles of X.

We will denote by my : P*(X/Y) — X the projective bundle associated to the vec-
tor bundle T*(X/Y). We call the projective bundle P*(X/Y) the projective logarithmic
cotangent bundle of X with poles along Y. We will denote by ~ the canonical map from
T*(X/Y)\ X onto P*(X/Y).

The projective bundle P*(X/Y") is our first example of a logarithmic contact manifold
(see Remark 4.1).

DEFINITION 2. Let (X, £) be a logarithmic contact manifold with poles along a normal
crossings divisor Y. Let Y; be a smooth irreducible component of Y. We say that a point
y° belongs to the residual submanifold of X along Yy if the residue of w along Yj vanishes
at y°, for any local section w of £ defined in a neighbourhood of y°. The residual set of
(X, L) is the union of the residual submanifolds of X. If the divisor Y is smooth, then
the residual submanifold of X is the residual submanifold of X along Y. We define in a
similar way the residual set of a logarithmic symplectic manifold.

THEOREM 1. Let (X, L) be a contact manifold of dimension 2n — 1 with poles along a
normal crossings divisor Y. Given yg € X, let v be the number of irreducible components
of Y at yg. Then v < n. Moreover,

(i) If yo belongs to the residual set of X, then there is an open subset U of X and
a system of local coordinates (x1,...,Tn,P1,-..,0n-1) on U, centered at yo, such that
YNU={x1---z, =0} and

v

das n—1
dr, =Y pi x_z - Y pidz;
=1

v i=v+1

is a local generator of L.
(ii) If yo does not belong to the residual set of X, then there is an open subset U of

X and a system of local coordinates (x1,...,%n,p1,...,Pn—1) on U, centered at yo, such
that Y NU = {x1...2p_12, = 0} and

dxz.,, ke dx; s 4

U —— " Ti ;pl "

is a local generator of L.
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It follows from theorem 1 that the residual submanifold of X along Yj is a submanifold
of Yy. Moreover, this theorem shows that a contact manifold is locally isomorphic to
an open set of a projective logarithmic cotangent bundle. This theorem contains as a
particular case the classical Darboux Theorem for contact manifolds.

DEFINITION 3. We say that a submanifold I" of a logarithmic contact manifold (X, £)
is Legendrian if the dimension of I' equals 3(dim X — 1) and the restriction to I' of a
section w of £ vanishes for any w. We say that a subvariety I' of X is Legendrian if its
non-singular part is Legendrian.

Let X be a logarithmic contact manifold with poles along a normal crossings divisor
Y. Let I" be a subvariety of X of dimension %(dimX —1). We say that I is a Legendrian
variety if T'N (X \'Y) is a Legendrian subvariety of X \ Y and T is the closure in X of

N(x\Y).

DEFINITION 4. Let M be a complex manifold and C a closed submanifold of X. We
define the conormal bundle TAM of X along C by the exact sequence

0—=ToM - CxyT"M - T7C — 0,

where the morphism C x ; T*M — T*C is induced by the inclusion map C — M. If C
is a subvariety of M we define the conormal bundle T M of M along C as the closure
in T*M of T¢.., (M \ Csing). The projective conormal bundle of M along C' is the image
PEM of TEM \ M by the canonical projection v : T*M \ M — P*M.

Let N be a normal crossings divisor of M and C' a subvariety of M that is the closure
in M of a closed subvariety of M \ N. The logarithmic conormal bundle of M along C,
with poles along N, is the closure in P*(M/N) of the conormal bundle of N \ (N N C)
along C'\ (N NC). We will denote it by P (M/N).

PROPOSITION 2. Let M be a complex manifold of dimension 2 and N a normal cross-
ings divisor of M. Let T be an irreducible Legendrian subvariety of P*(M/N). Then T
equals the logarithmic conormal bundle P} 1 (M/N) of M along m(I'), with poles along N .

Let (X, £) be a logarithmic contact manifold with poles along a normal crossings divi-
sor Y. Let I" be a Legendrian submanifold of (X, £). We say that Y intersects transversally
the set of poles of X at p® if Y is smooth at p° and TpoY +Tpl' =T X. We say that T’
intersects transversally the set of poles of X if I' intersects Y transversally at p° for all
P’ e XNT.

THEOREM 3. Let (X, L) be a logarithmic contact manifold of dimension 3 with poles
along a normal crossings divisor Y. Let T' be a Legendrian curve of (X, L). Let p° be a
point of Y NT.

(i) If Y is smooth at p°, then p° belongs to the residual submanifold of X .
(i) If p° belongs to the singular set of Y, then p° does not belong to the residual set
of X.
(iii) If T is smooth and T and A are transversal at a point p*, then there is an open
subset U of X and a system of local coordinates (x,y,p) on U, centered at p°, such that
dy — pdzx/x is a generator of L]y and TNU = {y =p = 0}.
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Let X be a complex manifold. A group action o : C* x X — X is called a free group
action of C* on X if for each 2 € X the isotropy subgroup {t € C* : a(t,z) = z} equals
{1}. A manifold X with a free group action o of C* is called a conic manifold. We
associate to each free group action a of C* on X a vector field p, the Euler vector field
of a. Given A € C, put Ox(») = {f € Ox : pf = Af}. A section f of Ox(») is called
a homogeneous function of degree . Given two conic complex manifolds (X7, aq) and
(X2, a2), a holomorphic map ¢ : X7 — X» is called homogeneous if it commutes with the
actions aq, as.

DEFINITION 5. Let X be a complex manifold of dimension 2n and Y a normal crossings
divisor of X. We say that o € Q% (v) is a logarithmic symplectic form if o is locally exact
and 0" is a generator of the invertible O x-module Q%" (v). If X is a conic manifold, then
we say that a logarithmic symplectic form o is a homogeneous logarithmic symplectic
form if ajo = to, for any ¢t € C*. Here ay equals af(t, *).

If X is a [conic] manifold and o is a [homogeneous]| logarithmic symplectic form, we call
the pair (X, o) a [homogeneous| logarithmic symplectic manifold. If (X1, 01), (X2, 09) are
[homogeneous] logarithmic symplectic manifolds, then a [homogeneous] holomorphic map
v : Xy — Xy is called a morphism of [homogeneous] logarithmic symplectic manifolds if

* —
@Y 02 = 01.

We notice that if the normal crossings divisor Y equals the empty set, then we get the
usual definition of [homogeneous] symplectic manifold. We remark that a morphism of
logarithmic symplectic manifolds is not necessarily a local homeomorphism, as it happens
in the category of symplectic manifolds.

If (X, 0) is a homogeneous symplectic manifold with poles along Y and p is its Euler
vector field, then the interior product 6 = i(p)o is a logarithmic differential form with
poles along Y. Moreover, df equals 0. We call 6 the canonical 1-form of the homogeneous
logarithmic symplectic manifold (X, o).

DEFINITION 6. Given a complex manifold X, we say that a C-bilinear morphism
{*x*} : Ox x Ox — Ox is a Poisson bracket if {f,g} = —{g, f}, {fg.h} = f{g,h} +
g{f,h} and {{f,g},h} + {{g,h}, f} + {{h, f},g} =0, for all local sections f, g, h of Ox.
We call a complex manifold X endowed with a Poisson bracket a Poisson manifold.

An analytical subset V of X is called involutive if {Iy, Iy} C Iy.

If (X1, {*,*}1), (X2, {*,+}2) are Poisson manifolds and ¢ : X; — X5 is a holomorphic
map such that {o*f, o*g}1 = ©*{f, g}2, for any holomorphic functions f, g defined in an
open set of Xy, we call ¢ a morphism of Poisson manifolds.

If V' is an involutive subvariety of X5 and ¢ : X7 — Xs is a morphism of Poisson
manifolds then ¢~1(V) is an involutive subvariety of Xj.

Remark 1. A logarithmic symplectic manifold has a canonical structure of Poisson
manifold. Given a € Q4 (v), let H(a) denote the only vector field u € © x(v) such that
(u, @) = o(u, H(a)). The bilinear form (f, g) — (dg, H(df)) is a Poisson bracket on Ox.
If (x,€) is a system of local coordinates on an open set U of X such that o|y equals the
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differential of (3) then {f, g} equals

~,. (999 _Of 99 +§n: of 99 _ Of 99
P ‘\0¢ 0x;  Om; O et & 0x;  Ox; 08 )
In particular

o (Sij.%'j iflgjgl/,
{gi’xj}_{(sij lfV—‘y-lS]STL

Remark 2. Given a homogeneous logarithmic symplectic manifold X, we endow
the manifold X of the orbits of its C*-action with a logarithmic contact structure (see
Remark 4.1). Let v = vx denote the canonical map X — X. A morphism of homogeneous
logarithmic symplectic manifolds ¢ : X — Y induces a contact transformation ¢ : X —'Y
such that vy ¢ = ¢yx. The functor X — X is an equivalence of categories between the
category of homogeneous logarithmic symplectic manifolds and the category of contact
manifolds.

Given a logarithmic contact manifold X and a subvariety V of X, we say that V is
involutive if v5' (V) is an involutive subvariety of X.

3. Systems of meromorphic microdifferential equations. Given a fiber bundle
7:E — X, we will denote by O|g) the subsheaf of O of sections wich are polynomial
in the fibers of 7.

Let X be a complex manifold and Y a normal crossings divisor of X. We will denote
by Dx(v) the sub-Ox-algebra of Homc, (Ox,Ox) generated by ©x(v). We call the
elements of Dx (v) differential operators on X tangent to Y. Let j: X \' Y — X be the
open inclusion. Let 7wy : T*(X/Y) — X be the projective cotangent bundle. A section
P of j,j7'Dx is called a meromorphic differential operator if there is a holomorphic
function f that vanishes at most in Y such that fP € Dx. If Y equals the empty set
then the sheaves Dx (v) and Dx[y] equal the sheaf Dx of germs of differential operators
on X.

DEFINITION 1. Let U be an open set of X and let (z1,...,2,) be a system of local
coordinates adapted to the normal crossings divisor Y. Let (x, &) be the associated system
of canonical coordinates on 7y, (U) C T*(X/Y). Given a section P of Dx(v), we define
the total symbol of P as the element (P;) of O+ (x/v)]

e_<x1§/)upe<xa§l)u’

where (z,£), = 37, &logxi+ ", x:&; and each P; is a homogeneous polynomial of
degree j relative to the action of C* on the fibers of T*(X/Y") and coefficients in m3-' Ox.

Let §,, denote x;0;,,if 1 <i<wv,and 0,,,if v+1<i<n.
The following proposition tells us how to calculate the total symbol of the sum and
product of two differential operators tangent to Y.



MEROMORPHIC MICRODIFFERENTIAL EQUATIONS 265

PROPOSITION 1. Given two sections P, Q of Dx(v), (P + Q) = P + Qy,
1 (03 «
(1) PQu= > (e i) (02 Q).

l=j+k—|a|
aceN"™

If P # 0 then the principal symbol of P relative to Y is the homogeneous part oy (P) of
highest degree of the total symbol relative to Y and to some system of local coordinates.

Let X,, be a copy of C™ with coordinates (x1,...,2,). Put Y = {z; = 0}. Let
9 =3 | &da; be the canonical 1-form of T*X. Let 0/ = {{dx1/z1 + Yy &jdx; be the
canonical 1-form of T*(X/Y). The following equalities hold:

0(2104,) = 21&1, oy (210,,) =&, 0(0z,) =&1.

DEFINITION 2. Let n be a positive integer. Let v be a nonnegative integer smaller or
equal then n. Let X, be a copy of C™ with coordinates (21, ...,2,). Let Y, be the normal
crossings divisor {z;---x, = 0} of X,,. Let U be an open set of T*(X,,/Y,). Let m be
an integer. Let £, .. 4, ) (m)(U) be the complex vector space of formal series | P;
where P; is a section of Op-(x, /y,)(5) on U, such that for any compact set K contained

j<m

in U there is a real number C' such that supy |P—;| < C7 3!, for each j > 0.
Given P, Q € &, ... ., ) (m)(U), we define their product by (2). The ring ¢, . 2, 1)
is endowed in this way with a structure of filtered C-algebra.

Given a complex manifold X and a normal crossings divisor Y of X, we can associate
in this way a canonical sheaf £ x/yy on T*(X/Y) that equals Ex on T*(X \ V). We call
this sheaf the sheaf of logarithmic microdifferential operators on X with poles along Y
(see [N1]).

Given a section P of £ x/y), we can consider a total symbol (P;) € &g, z..0)
representing P as the “power expansion” of P relative to the system of local coordinates
(71,...,%,). From now on we will identify the sheaves £, . 4. . and Ex, /v,)-

The ring £x has no nontrivial two-sided ideals. This is not the case with £ x/y.
The ring £ x/yy is a ﬂ;lDXo/)—module. In particular, we have a canonical imersion
W;IIY — &x/y)- The two-sided ideal generated by 7~y is proper. We will denote it
by Zy. We notice that, if f is a local generator of Iy,

Fe€x/vy =Ex/vyf =1y
DEFINITION 3. Let j : T*(X \Y) — T*(X/Y) be the open inclusion. Given P €

j*j_15<x/y>7 we will say that P is a meromorphic microdifferential operator if, given a
local generator f of Zy,

fnP S 5(X/Y)7 for n > 0.
We will denote the sheaf of meromorphic microdifferential operators by Ex[v].

The sheaf Ex[v] is a sheaf of rings. Given P, Q € Ex|[v], there are m,n > 0 such
that f™P, f"Q € Ex/yy. Since f*(f™P) = P'f", for some P' € £ xyy, f""(PQ) =
P(f"Q) € Ex)vy-

THEOREM 4. (i) The sheaves £ xyy and Ex[v] are (left and right) noetherian Rings
with zariskian fibers.
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(ii) The following equalities hold:

5<X/Y>|7r;1(X\Y) = 5x[YJ|7r;1(X\Y) =&x |7r;1(X\Y)
(iii) There are canonical flat imersions
Ty ' Dx(v) = Exyyvy, Ty Dxly] < ExIv.

Moreover, £ x/vy|x = Dx(v), Ex[¥]|x = DxI[v].
(iv) If the principal symbol of P € £ x /vy, does not vanish at p, then P is invertible.

Proof. The results on £ x,yy were proved in [N1]. The results on Ex[v] are straight-
forward consequences.

Since the sheaf Ex[v] is locally constant along the fibers of 7y, we can identify it with
its direct image into P*(X/Y).

DEFINITION 4. Let X be a logarithmic contact manifold. A logarithmic quantization
of X [meromorphic quantization of X| is a sheaf of filtered C-algebras £ on X such that
for all p° € X there are a complex manifold M, a normal crossings divisor N of M, an
injective contact transformation ¢ from an open neighbourhood U of p° onto an open set
V of P*(M/N) and an isomorphism of filtered C-algebras

©:0u(Elu) = Enymylv [P pu(Elu) — EmNIlV]

such that o(®(P)) = o(P) o ¢, for all sections P of p.(Ey).

A quantized logarithmic contact manifold [quantized meromorphic contact manifold|
is a pair (X,€&), where X is a contact manifold and £ is a logarithmic quantization
[meromorphic quantization] of X.

Let (X1,&1), (X2,&) be two quantized logarithmic contact manifolds [quantized
meromorphic contact manifolds|. Let ¢ : X9 — X; be an injective contact transforma-
tion. We say that an isomorphism of filtered C-algebras @ : & — &1 is a quantization
of ¢ if o(®(P)) = o(P) o ¢, for all sections P of ¢.&s.

A quantized contact transformation from (X1, &) into (X2, &) is a pair (¢, @), where
 is a contact transformation and ® : p,.E — & is a quantization of .

PROPOSITION 5. Let (X,E) be a quantized meromorphic contact manifold with poles
along a normal crossings divisor'Y . Let M be a coherent £-module. The support of M is
the closure in X of its intersection with X \'Y. Hence the support of M is an involutive
subvariety of X.

Proof. Let u be a section of M with support contained in Y. Then locally there is
a local generator f of Iy such that f"u = 0, for n large enough. Hence u = 0.

DEFINITION 5. Let M be a coherent Dx[y]-module. We say that M is a holonomic
Dx[v]-module if M|X\y is a holonomic Dx\y-module. The characteristic variety of the
Dx[v]-module M is the closure in T7*(X/Y) of Char(M|x\y). We will denote the char-
acteristic variety of the Dx[v]-module M by Chary (M).

Let (X, &) be a quantized meromorphic contact manifold. A system of meromorphic
microdifferential equations of (X, £) is a coherent E-module. A holonomic system of mero-
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morphic microdifferential equations is a coherent £-module whose support is a Legendrian
variety.

Notice that the support of the Ex [v]-module Ex[v]®p, [y] M equals the characteristic
variety of the Dx[y]-module M.

4. Blow up of a [meromorphic] system of microdifferential equations. We
will study in this section three types of blow ups that will be needed in the next section
in order to win the desingularization game.

Let U, V be two open sets of a complex manifold X. Two differential forms «, 3
defined respectively in U and V are said to be equivalent if there is a nowhere vanishing
holomorphic function ¢ defined on U NV such that a|pny = ¢8luny. To give a logarith-
mic contact structure on X with poles along Y is equivalent to giving an open covering
(U;) of X and for each i a logarithmic contact form w; on U;, with poles along U; NY,
such that w; and w; are equivalent, for all pairs 7, j.

DEFINITION 1. An affine logarithmic contact manifold of dimension 2n + 1 is a triple
(1) (B, (a1, s ang1,b15. 00, bpgr),w)

where E is a complex vector space of dimension 2n + 1, as,...,an, b1,...,by41 are
holomorphic functions on E, w is a meromorphic differential form on F and there is an
integer v such that

v dai n
w:ZbZ a —I—Z b;da;.
=1 1=v—+1
We will denote (1) by [w]. If v = 0, then we call (1) an affine contact manifold.

Remark 1. Let usdenote by 7 the canonical map from T*(X/Y)\X onto P*(X/Y).
Suppose for instance that X equals C? and Y equals {z; = 0}. In this case, 6 equals
&dxy /1 + &adxs. The open sets U; = v({&; # 0}), ¢ = 1,2, cover P*(X/Y). Put p=
—&1 /&, ¢ = —&2/&1. The differential forms éf), 1 = 1,2, define on P*(X/Y") differential
forms w;, i = 1,2, where

w1 = dxo —p@ and w9 = @ — qdxs.
1ol T
Since wil|y,nu, = Piwe|u,nu,, these logarithmic contact forms define on P*(X/Y) a
structure of logarithmic contact manifold. We have thus shown that P*(X/Y") is the
obvious patching of the affine logarithmic contact manifolds

d d
[dxz — pxl] and [datl — qm}
X1 T2
We can show in a similar way that if Y equals {zy = 0}, then P*(M/N) equals the
obvious patching of the affine logarithmic contact manifolds
[dmz dxy } [dccl dzs ]
— —p—| and |— —q—|,
o X1 x1 Z2

patched by p = %. Moreover, P*M is the patching of the affine contact manifolds

[dxo — pdxq] and [dzy — gdxs).
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Let M be a complex manifold of [ dimension n and N a normal crossings divisor of M.
Let 2° be a point of N. Let ¢ : M — M be the blow up of M along z°. Let E be the
exceptional divisor of o. Put N7 = ¢~!(N). The morphism ¢~ ' Dy[N] — D [N°] is flat.

Let N be a holonomic Dj;s[N-module. The blow up of M along z° is the DyIN)-
module N = D IN?) @Dy, [N] N.
The blow up of a holonomic system is holonomic.

4.1. Let (X, £) be a contact manifold of dimension 3. Let A be a closed Lagrangian
submanifold of X. Let 7 : X — X be the blow up of X along A. Let E be the exceptional
divisor of 7. Let j : X \E — X be the inclusion map. Let O(g) be the subsheaf of
j«i 1Ox of sections f such that fg is holomorphic for every function g in I.

PROPOSITION 1.1. (i) The O ;-module L= Om)T*L is a structure of logarithmic
contact manifold with poles along E. Moreover, T|§\E : X \ E — X is a contact trans-
formation.

(ii) The proper inverse image of a Legendrian curve of X is a Legendrian curve of)?.

DEFINITION 1.1. We call the pair (7 : X — X, /3) the blow up of the contact manifold
(X, L) along its Legendrian submanifold A.

THEOREM 1.2. Let (X, E) be a quantized contact manifold of dimension 3. Let A be a
Lagrangian submanifold of X. Let 7 : X — X be the blow up of X along A. Let E be the
exceptional divisor of T.

(i) There is a meromorphic quantization g of the logarithmic contact manifold X
and a morphism of filtered C-algebras

(1.1) d:7ESE

such that ® ‘)?\E: =€ |§\E—> £ \)?\E is an isomorphism. The morphism ® is flat.
Given another quantization &' of Xo and another morphism of filtered C-algebras

& 771E — & such that ' |§\E: 1€ |§\E—> g |§3E
and only one isomorphism of filtered C-algebras ¥ : £ — &' such that ¥& = P’.
(ii) Given a holonomic E-module M the E-module M = € ®¢ M is also holonomic.

Moreover, the support of M equals the proper inverse image of the support of M.

18 an tsomorphism, there is one

We refer to (1.1) as the blow up of the quantized contact manifold (X, &) along A. We
call M the blow up of the holonomic £-module M along A.

Let M be a complex manifold. Let N be a coherent Djys-module. An hypersurface H
of M is called noncharacteristic to N if Tj;M N Char N C Ty, M.

THEOREM 1.3. Let M be a complex manifold of dimension 2. Let Z be a discrete subset
of M. Let o : M — M be the blow up of M along Z. Let E be the exceptional divisor of
o. Put A =7y} (Z) C P*M.

(i) The blow up of the contact manifold P*M along A equals the logarithmic contact
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manifold P*(M/E) Moreover, the diagram below commutes.
P*(M/E) — P*M
(1.2) ! 1
M — M

(ii) Let H be an hypersurface of M. Let Z be a discrete subset of H. Let H°, [H] be
the inverse image [proper inverse image] of H by o. Put M’ = M\PNI, E = E\I;T Given
a holonomic Das-module N such that H is noncharacteristic to N and the intersection
of H with the singular support of N equals Z, the support of the blow up of Exy @p,, N
along A is contained in P*(M'/E"). Moreover,

ExitH7 ®@p 1) (DamlH] @Dy N)™

P /By —(Em @Dy N [pear /ey -

Statement 1.3(ii) says that the blow up of the microlocalization of a Dj-module N
along the inverse image of a discrete subset Z of M is essentially a microlocalization of
the blow up along Z of the localization of A/ along a noncharacteristic curve.

We recall a classical theorem of contact geometry (see for instance [H]).

THEOREM 1.4. Let (X, L) be a contact manifold and let T' be a Legendrian submanifold
of X. If yo € I, then there is an open neighbourhood U of yy and a system of local
coordinates (T1,...,Tn,D1,---,Pn-1), centered at yo, such that

rnv={xy=---==z, =0}
and dx, — 2?2—11 pidz; generates L on U.

Statements 1.1(i) and 1.3(i) were proved in [N1]. Statement 1.1(ii) follows immediately
from the definitions of proper inverse image and of Legendrian subvariety of a logarithmic
contact manifold. Statement 1.2(ii) follows immediately from the definitions of blow up
of a holonomic system along a Legendrian submanifold and Proposition 3.5.

We will now sketch the proofs of 1.1(i) and 1.3(i). Let M be a complex manifold and
let Z be a discrete subset of M. Put X = P*M and A = 7=1(Z). Let us show that there
is a canonical map 7 : P*(M/E) — P*M such that the diagram below commutes.

P*(M\E) — P*M/E) — M
(1.3) I ! !

P*(M\Z) < P*M - M
Since the problem is local in M we may assume that M is a copy of C? with coordinates
(z,y). Put zo=2, yo=y/x, x1 =2/y, y1 =y. The manifold M is the obvious patching
of the copies My, M of C? with coordinates (z,y/x), (z/y,y). Moreover, Eq :== ENMy =
{zo = 0}, By := ENM; = {y; = 0}. The difeomorphism M \ E — M \ Z induces a
symplectic transformation

(1.4) T*(M\ E) - T*(M\ Z).
Let (xo,Y0;&0,m0) be the canonical coordinates associated to (zg,yp). The symplectic

transformation (1.4) takes (zo, yo; &0, 70) into

Yo 1
xo, ToYo; §o — —"No, — "o |-
xo Zo
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Let (o, yo; &), nj) be the logarithmic canonical coordinates associated to (xg, yo) relative
to {zp = 0}. Notice that &) = x¢&o, ) = no. The symplectic transformation considered
above is now given by

1 1
(0, Y03 &0 10) — <xo,l’oyo; — (& — yom), 776>-
o o

Therefore we have a meromorphic map from T*(My/Ep) into T*M [P*(My/FEy) into
P*M]. If we consider (§y,n0) and (£),n,) as homogeneous coordinates, the morphism
above is still given by

(1.5) (20, Y03 €0 10) — (20, ToYo; € — YoNs 10)-

Since (&), — yong, 1) = (0,0) if and only if (&), n() = (0,0), the meromorphic map (1.5) is

actually holomorphic. We leave to the reader the verification that the map 7 is the blow

up of P*M along A, proving 1.3(i). Statement 1.1(i) follows from Theorem 1.4 and 1.3(i).
We will now prove 1.2(i). There is a canonical isomorphism of filtered C-algebras

Dy T N

peng — CatlBlp-in my-

The pair ((7 —1 ®) is a quantized contact transformation. Let j : P*(M\ E)—

b P*(J\~4\E))
P*(M/E) be the inclusion map. The morphism @, induces a morphism

® e = Jag Eglnl

It suffices to show that the image of ® is contained in £ [£]. Given a section P €
(U, 77*€y), we have to show that there is Q € I'(U, EM[E]) such that ®o(P|i\g) =
Q| g Since the problem is local we may assume that M is a copy of C? with coordinates
(z,y) and U is contained in P*(My/Ep). The restriction of &g to P*(Mp\ Ep) is the only
quantized contact transformation such that

1
Po(2) =20, Po(y) =0y, Po(9y) = ;anm Q0(0z) = (020 — Y0Oy,)-

Let C be a copy of C* with coordinates (,y, zo, o). Let us consider in T*(C/{x¢ =
0}) the associated system of logarithmic symplectic coordinates (x, y, Zo, Yo; &, 74, o, M0)-
Let W be the open set of T*(C/{xo = 0}) where 7 and 79 do not vanish. Let p, g be the
restrictions to W of the canonical projections of W into T*M and T*(My/{xo = 0}. Let
7 be the ideal of Eqalzo=0]|w generated by

1 1
T —To, Y — ToYo, 81/ - ;anm Oy — ;0(510 - yoayo)-

It is enough to show that, given a section P of p~1&y;, there is a section Q of ¢~ 1€, [Eo]
such that P — @ € Z. Actually,

Qo (Plpw)npr(m\2)) = Qlaw)nP=(Mo\ o)

(see for instance [S], section 1.5). Let us assume that P has order < 0. Dividing P
successively by 2 — o, y — zoyo, 020, ' — (0200,," —yo+0,.') (see the division theorem for
logarithmic microdifferential operators of [N1]) we may assume that there is a logarithmic

microdifferential operator @ with total symbol >, <, axn™* such that P — Q' € T and
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the oy are sections of q_l(’)T*<MO/EO>(0). Now > .oy akx’gnak is a section of ¢~ 1Exs, [Bo]

and
- —k
Zakn k_ Zakxlgno eT.
E>1 E>1

If P has order m then
Do(P) = Po(9y" (9, P)) = ()"0 (0, ™ P) € ¢~ Enty B0

Statement 1.3(ii) is not used in the proof of the main theorem. Hence its proof its
omitted (see [N3]).

4.2. Let M be a complex manifold, let N be a normal crossings divisor of M and let
S be a smooth hypersurface of M. Let z¥ be a point of M. We say that S intersects N
transversally at x° if z° is a regular point of N and S is transversal to N at z°. We say
that S intersects N transversally if S intersects N transversally at all points 2° of M.

Let (X, £) be alogarithmic contact manifold of dimension 3, with poles along a normal
crossings divisor Y. Let A be a closed Legendrian submanifold of X, tranversal to Y. Let
7+ X — X be the blow up of X along A. Let E be the exceptional divisor of 7. Let
i X \E — X be the inclusion map. Put Y7 = 7= (Y).

PROPOSITION 2.1. (i) The O5-module L= Om)T*L is a structure of logarithmic

contact manifold with poles along Y. Moreover, 7| : X \ E— X is a contact trans-

' X\E
formation.

(ii) The proper inverse image of a Legendrian curve of X is a Legendrian curve of)?.

DEFINITION 2.1. We call the pair (7 : X — X, LN) the blow up of the logarithmic
contact manifold (X, £) along its Legendrian submanifold A.

THEOREM 2.2. Let (X,E) be a quantized meromorphic contact manifold of dimen-

sion 3, with poles along a normal crossings divisor Y. Let A be a Lagrangian submanifold
of X. Let 7 : X — X be the blow up of X along A.

(i) There is a meromorphic quantization g of the logarithmic contact manifold X and
a morphism of filtered C-algebras

(2.1) d:rlE—E

X\E' e |)?\E_’ € ‘)?\E
Given another quantization &' of)N( and another morphism of filtered C-algebras @' :
T71E — & such that @' ‘EZ\E: =€ |§\E—> g |§\E is an isomorphism, there is one and
only one isomorphism of filtered C-algebras W : E — &' such that U® = &',
(ii) Given a holonomic £-module M the E-module M = € ®¢ M is also holonomic.
Moreover, the support ova equals the proper inverse image of the support of M.

such that @ | s an isomorphism. The morphism ® is flat.

We refer to (2.1) as the blow up of the quantized contact manifold (X, E) along A. We
call M the blow up of the holonomic £-module M along A.

THEOREM 2.3. Let M be a complex manifold. Let N be a normal crossings divisor
of M. Let S be a smooth hypersurface of M, transversal to N. Let A be the logarithmic
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conormal of S relative to N. Let X be the blow up of P*(M/N) along A. Put Ny = NUS.
Let T be a Legendrian curve of P*(M/N).

(i) There is an open subset W 0f)~( such that W contains the proper inverse image of
T and there is a canonical open imersion W — P*(M/Ny) such that the diagram below
commutes.

P*(M/Ny) «— W — X — P*(M/N)
(2.2) ! !
M = M
(ii) Let N be a holonomic Dpy(N]-module with characteristic variety T'. Then
(E11N0) @y (o] N)lw = (EntIN] @, v N Twr-

Statement 2.3(ii) says that the blow up of the microlocalization of a Djs[N]-module
N along the conormal bundle of a curve H transversal to N is essentially the microlo-
calization of the localization of N along N U H.

The results of geometric nature stated in this section were proved in [N2]. In order to
prove the sheaf theoretic results it is convenient to sketch the proofs of the geometrical
results.

Let X = [dy—pdx/x] be an affine logarithmic contact manifold. Some straightforward
computations show that the blow up of X along the Legendrian submanifold {y = p = 0}
equals the obvious patching of the affine logarithmic contact manifolds

d d dze=Y/P d
Xy[ypx] and Xp[xeyp],
Yy yzx ze~ /P pp

Statement 2.1(i) follows from the remark above and from Theorem 2.3(iii).

From a set theoretical point of view E N (X, \ X,) equals {(z,y,p/y) € Xy : ¢ =
p/y = 0}. Hence EN (X, \ X,) equals the intersection of X,, with the residual set of X
along {z = 0}. Statement 2.3(i) follows from the remarks above and Theorem 2.3(ii).

Let M, My, M; be copies of C? with coordinates (z,¥), (o, ¥0), (z1,%1). Put N =
{z =0}, No = {zoyo = 0}, N1 = {x1y1 = 0}. We can look at P*(M/N) as the patching
of the affine logarithmic contact manifolds X and [£ —qdy]. We can look at P* (M}, /Ny),
k = 0,1, as the patching of the affine logarithmic contact manifolds

X = [dyk —pkdxk] and [dxk - deyk}
Yk Tk Tk Yk
We will identify the affine logarithmic contact manifolds X, and Xy, X, and X;. Put

E=EuNx, &y =EmNollx,, Ep=EmN|x,-

y)

Let P denote the section
+oo 1 k—1
> 2% [T =)
k=0 " j=0

of the sheaf &,. We will glue the sheaves £, and &, by the only quantized contact trans-
formation (ta such that

ﬁ(xO) = ylPa B(yO) = _5m1x16y_117 6(6@)) = 5y17 ﬁ(éyo) = 6w1~
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We obtain in this way a quantization & of the blow up of the affine logarithmic contact
manifold X along A. We can define morphisms

(I>yl7'_lg|xy—>gy, <I>p:7_1€\xp—>5p
by
1
q)ll(x) = Zo, (I)y(y) = Yo, q)y(ar) = 510; (I)y(ay) = %51!0,
_ 1
Pp(z) =P, Dp(y) = *5111'153111’ Pp(dz) = by, Pp(9y) = *;15?;1-

We can glue these morphisms into a morphism ® : 771€ — £.
Given another quantization £ of X and another morphism of filtered C-algebras
® : 771 — & such that @’ 5 771 | — & | is an isomorphism, there is a
quantized contact transformation ¥q : 5~|§\E — 5’|§\E su~ch that \I/<I>|)?\E = ¢/
Let ¥, be the only quantized contact transformation from £|x, to £’|x, such that
‘I'y(xo) = ¢/($)|Xya lI/y(IUO) = ‘I’/(y)|va
Uy(0e) = ' (0a)lx,,  Wy(dy,) = ®'(y9y)lx,-
We can glue the quantized contact transformations ¥’, ¥, into a quantized contact

transformation @ defined outside a complex submanifold of dimension 2 of X such that
Ud = @', Tt follows from Hartogs’ Theorem that we can extend ® to X.

X\E X\E

X\E

4.3. Let (X, L) be a logarithmic contact manifold of dimension 3, with poles along a
normal crossings divisor Y. Let Z be the singular part of Y. Let 7 : X — X be the blow
up of X along Z. Let E be the exceptional divisor of 7. Put Y™ = 771(Y).

PROPOSITION 3.1. (i) The O%-module L =1L is a structure of logarithmic contact
mamnifold with poles along Yy. Moreover, T is a contact transformation.
(ii) The proper inverse image of a Legendrian curve of X is a Legendrian curve of X.

DEFINITION 3.1. We call the pair (7 : X — X, L) the blow up of the logarithmic
contact manifold (X, L) along the singular part of its set of poles.

THEOREM 3.2. (i) Let (X, E) be a quantized meromorphic contact manifold of dimen-
sion 3. Let 7: X — X be the blow up of X along the singular part of its set of poles.
Let E be the exceptional divisor of 7. Then there is a meromorphic quantization g of the
logarithmic contact manifold X and a morphism of filtered C-algebras

(3.1) d:7ESE
such that ® \)?\E: 1€ |§\E—> £ \)?\E is an isomorphism. The morphism @ is flat.

Given another quantization &' of)? and another morphism of filtered C-algebras @' :
T71E — & such that @' ‘)?\E: r=1l€ |§\E—> o |)?~\E is an isomorphism, there is one and
only one isomorphism of filtered C-algebras ¥ : £ — &' such that V& = @',

(ii) Given a holonomic E-module M the E-module M = € ®¢ M is also holonomic.

Moreover, the support ova equals the proper inverse image of the support of M.
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We refer to (3.1) as the blow up of the quantized contact manifold (X,E) along A. We
call M the blow up of the holonomic £-module M along A.

THEOREM 3.3. Let M be a complex manifold of dimension 2. Let N be a normal
crossings divisor of M. Let C' be the singular part of N. Let o : M — M be the blow up
of M along C. Let E be the exceptional divisor of o. Put Nygma = o 1 (N).

(i) The blow up of the contact manifold P*(M/N) along the singular part of its set of
poles equals the logarithmic contact manifold P*(]TJ/N”}. Moreover, the diagram below
commutes.

P*(M/N°) — P*(M/N)
(3.2) l !
My — M
(ii) Let N be a holonomic Dpy[N]-module. Then
EmINT @p,, (no] N——=(Em N @p,, (N] N )™

Statement 3.3(ii) says that the blow up of the microlocalizaton of the Dps[N]-module
N along the inverse image of the singular point {z°} of N equals the microlocalization
of the blow up of N along x°.

Proposition 3.1 and statement 3.3(i) were proved in [N2]. The proofs of Theorem 3.2
and statement 3.3(ii) are similar to the proofs of similar results in the previous subsections
and hence omitted.

5. A desingularization theorem

THEOREM 1. Let (X, &) be a quantized contact manifold of dimension 3. Let M be a
holonomic E-module. Let T be the support of M. Then there are an open subset X of
X that contains T, a quantized meromorphic contact manifold ()Z',g) with poles along a
normal crossings divisor E, a holonomic E-module M and a proper map T : X — Xo,
such that:

(i) The support r of]\/lv is a smooth Legendrian curve that intersects E transversally.
(ii) The holomorphic map 7T|§\E : X\ E — X is a contact transformation, m(X \ E)
is an open neighbourhood of I'veg and m(— T') equals T'.

(iii) The restrictions of M and M to w(X \ E) are isomorphic as systems of microd-

ifferential equations.

Let (X, L) be a contact manifold of dimension 3. Let T be a Legendrian curve of X.
Let us consider the following desingularization game: to blow up the contact manifold
(X, L) along centers of the three types considered in Section 4, taking at each step the
proper inverse image of the Legendrian curve I', in such a way that, after a finite number
of explosions, the proper inverse image of I' is smooth and transversal to the normal
crossings divisor created by the explosions.

We showed in [N2] that we can always win this game, proving theorem 2. Theorem 1
follows from theorem 2 and statements 4.k.2(ii), 1 < k < 3, that show that the support
of the blow up of a system of meromorphic microdifferential equations only depends on
the support of the system.
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THEOREM 2. Let (X, L) be a logarithmic contact manifold of dimension 3. Let T' be
a Legendrian curve. Then there are an open subset Xo of X that contains ', a logarith-
mic contact manifold ()N(,Z) with poles along a mormal crossings divisor E, a smooth
Legendrian curve T and a proper map X - Xo, such that:

(i) The curve T intersects E transversally.

(ii) The holomorphic map 7T|5('\E : X\ E — X is a contact transformation, ©(X \ E)

is an open neighbourhood of I'iex and w(T') equals T'.

D]

1]
IN1]
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N3]
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