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In [1}, H. Amann derived an a priori bound for solutions of parabolic problems with
nonlinear boundary conditions in the Sobolev space W (£2, RY) (s>1,p>n, QCR"”
bounded). The result ([1, Theorem 15.2]) is based on the assumptions of an apriori
estimate for the solutions in some weaker norm (in W, (Q,RYN), s> 50, po > 1) and of
suitable growth conditions for the local nonlinearities arising in the problem. However,
the proof of this result contains some discrepancies (the choice of r in the proof does
not match the assumptions in [1, Lemma 15.1]) and the result itself is not correct in the
case n = 1: the growth of the function g arising in the boundary condition has to be
controlled by the power 1+ po/(n — sopg) also in this case. The aim of this paper is to
give a correct proof of a modification of the result mentioned above and to show that the
growth assumption is optimal for n = 1.

The idea of our proof is the same as that in [1]. For the sake of simplicity we consider
only the special case sy = 0. On the other hand, unlike [1] we do not assume p > n. We
consider the problem

ug + Au = f(z,t,u,Vu) in Q x (0,7),
(P) Bu = g(z,t,u) on 9Q x (0,T),
u(,0) = uo(z), T €1,

where 0 < T < oo,  is a bounded domain in R™ of class C2, u : Q x [0,7) — RV,
Au = (—Auq,...,—Auy), Bu = Ou/0n is the derivative with respect to the outer
normal on the boundary 9 (the generalization to more complicated, non-autonomous
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operators A, B as in [1] is straightforward), f, g are C! functions with
|0cf (2., &, m)| < CAA+ [P+ |2,
|0 f(,t,&,m)] < O(L+ [€[21 4 |2 +minthea)y,
|On f(z, 8,8 m)| < C(L+[E[" +[n]™),
Ohg(,1,6)] < C(1+[¢[" ),
|0cg(z,t,8)] < C(1+ [¢]"),
for some 14 < p/(n —p) (if p < n), va < p/n and p > 1 (the assumptions concerning the
smoothness of f, g in t and z can be relaxed; see e.g. [1, p. 255] for sufficient assumptions
in the case p > n).
If uge W5 (Q,RY), s€[1,141/p), then the theory developed in [1] guarantees the ex-
istence of a unique maximal solution of (P) in W3 (Q, RY). Moreover, u(t) € W;<(Q,RY)
for some € > 0 and any ¢ > 0 and a simple bootstrap argument together with standard

imbedding theorems show that u(t) € Wg(Q,RN) forany p>p, §<1+4+1/pandt > 0.
The solution fulfils a variation-of-constants formula of the form

t
u(t) = e Mug + f eiA(tfs)F(s,u(s)) ds,
0

where A is an operator associated with the differential operators A, B and F' is a map
induced by the nonlinear functions f,g (see [1, p. 244] for details). The results of [1,
Section 12] imply also that this solution is global if the map F' fulfils an estimate of the
type
1t (@Dl 2 < () (14 (@), c/2)

for some € < 1, s < 8 < 1+ 1/p and a nondecreasing function ¢ : RT™ — RT (where
Wg/z =Wy (2, RY) and the extrapolation space Wg/%l can be viewed as the dual of the
space W(?_S/(Q,RN) with 1/p+ 1/q = 1; see [1]). Moreover, if T = co and ¢ : RT™ — R*
is bounded then w : [0,T) — W3 (Q,R") is bounded.

Our main result is the following modification of [1, Theorem 15.2]. By || - ||sp or || - |Ip
we denote the norm in W3 (€Q,RY) or L,(Q,RY), respectively.

THEOREM. Let pg > 1, p > max(1,po(n —1)/(po + n)), A <1+ 1/p,

. 9 _
1<k <14 PCI gy
1+ Jpo
1<i<1+0
n

(

lg(y, )l < CA+1E1Y)
Jorz € Q,yed, tel0,T) and (&n) € RN xRN™. Let ug € W) (Q,RY) and let u be the
corresponding mazximal solution of (P) with the mazimal existence time Tpax < T. Let
c: Rt — R be a nondecreasing function and let |[u(t)||,, < c(t) for any t € [0, Tiax)-

Then Timax = T and supycy, 1) [u(t)l|s,p < 00 for any s <1+ 1/p, t1 >0 and t2 < T,
to < 00 (orty =00 if T =00 and c: RT — RT is bounded).

A

|f(z,t,&,m)| < CA+ [ + n™),
<C
, N
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Remark 1. The assumption A< 1+ 1/p seems to be of technical nature: it is due
to the fact that we work in the space W3 (€, R"Y) with s < 1+ 1/p which is required by
the nonlinear boundary conditions. If we consider e.g. homogeneous Dirichlet boundary
conditions then one can use the variation-of-constants formula and corresponding esti-
mates in the space W3 (Q,R") for any s < 2 and the assumption A1 < 14 1/p becomes
unnecessary (cf. also [2, Theorem 5.3]).

The proof of the Theorem is based on the following three lemmas.

LEMMA 1. Let po, \,7 > 1, A\r > 1, p>1,s,0 €0,2], s >0 and

s—o+n(l/r—1/p)
n+ opo '

(A) 14+ po(l/r —1/p) <A< 1+ pg

Then there exists € € (0,1) such that
Z’}O_E||u||§’p for any u € W;(Q,RN) N LPO(Q,RN).

Proof. The proof follows from [1, Lemma 15.1] by choosing e sufficiently close to
1, sp = 0 and observing that the assumption r > p > po in [1] can be relaxed to the
assumption 1/(Ar) < (1—1/X)/po+ (1/X)/p (cf. [2, Proposition 4.1]) which is equivalent
toA>14+po(l/r—1/p). m

LEMMA 2. Let po > 1, p > max(l,po(n — 1)/(po + n)), 1 < A< 1+ po/n. If
s € 1,14 1/p) is sufficiently close to 1+ 1/p then there exist v > 1 and X > X such that
r>pn—1)/(n—p(s—1)), rA <p(n—1)/(n—sp) (if n > sp) and (A) is fulfilled with
o=1/(Ar).

Proof. If n > 1 choose s € [1,141/p) such that s > max(2—n+n/p,1/n+1/p). Then
7:=pn—1)/(n—p(s—1)) > 1. Choose r > 7 such that 7(1+po/n) < p(n—1)/(n— sp)
(if n > sp) and Apax(r) > max(A, Apin (1)), where

Amin (1) := 14+ po(1/r —1/p) and  Apax(r) := Amin(r) + (po/n)(s — 1 /7).

This is possible since #(1+po/n) < p(n—1)/(n—sp) (if n > sp) and Apax(7) = 14+po/n >
Amin(7). If =1 and r > 1 is arbitrary then Amax(r) = 1+po(s—1/p) > max(\, Amin (7))
if s is sufficiently close to 14 1/p.

Now for any n > 1 choose A € (max(X, Amin (7)), Amax (7). This choice guarantees (A)
with o = 1/(Ar) since the second inequality in (A) is equivalent to A < Apax(r) in this
case. m

LEMMA 3. Let po > 1, p > max(1,po(n — 1)/(po + n)), 1 < o < 14 2po/n, s €
1,14+ 1/p), s € (s,1+1/p). Putr =pn/(n+(2—-5)p) ifn >1, r=1ifn=1.
If s € [1,1 + 1/p) is sufficiently close to 1+ 1/p then there exists Ao > No such that
rho < pn/(n — sp) (if n > sp) and (A) is fulfilled with o = 0 and X\ replaced by \o. If,
moreover, 1 < A\ < 1+ min(po/(n + po),1/p) then there exist R > 1 and Ay > A such
that RA\1 < pn/(n — (s — 1)p) and (A) is fulfilled with ¢ = 1, r replaced by R and A
replaced by 1.

Proof. Denote Apin = 1+ po(1/7 — 1/p), Amax = Amin + (po/n)s. Then (A) with
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o = 0 is equivalent to Apin < A < Amax. It is easy to see that

2 2 s’ —s
1+ﬂ>)\max:1+ﬂ_p0
n n n

> max(j\o, Amin) ifn>1,
2po S .

14+ — > Apax =14+ 2pg —po(1 +1/p — 8) > max(Ag, Amin) ifn=1
n

provided s is sufficiently close to 1+1/p. Moreover, r(1+42po/n) < pn/(n—sp) if n > sp
and s is close to 1 4+ 1/p due to our assumption p > po(n — 1)/(po + n). Hence, it is
sufficient to choose A\g € (max(Ao, Amin); Amax)-

Now let 1 < Ay < 14 min(po/(n + po),1/p).
If n > po(p—1) (ie. po/(n+po) <1/p), put R=r,
s—1+n(l/R—-1/p)

1 Apax =1+ , Anin=14+po(1/R—1/p).
(1) Po "+ 1o po(1/ /p)
Then
Amale—i-pio(l—(s’—s)), Amin:1+@(2—s’) ifn>1,
1+ po n
Do 1 1 )
Amax:1+ s—— 1, Amin:1+p0 1—-— ifn=1.
n+po p p

In both cases, Apax > max(j\l, Amin) if s is sufficiently close to 1 + 1/p so that we may
choose A1 between these values to get (A) with 0 = 1. Moreover, RA\; < RApax <
pn/(n— (s —1)p) if s is close to 1 + 1/p since p > po(n —1)/(n + po).

If n < po(p—1) (i.e. po/(n+po) > 1/p), put R = ppo/(po+1). Then R € [r, p) so that
we may choose R € (é,p). Define Amin = Amin(R) and Apax = Amax(R) by (1). Then
Amax(R) > Amin(R) if and only if R > ppo/(po + p(s — 1)). Since Amax(R) =1+ 1/p+
(s—=1=1/p)po/(n+po) > A1 for s sufficiently close to 141/p, we have also Apax(R) > M
for s close to 14 1/p and R close to R. Consequently, Amax(R) > max(;\l, Amin(R)) if s
is close to 14 1/p, R is close to R, R > ppo/(po + p(s — 1)), so that we may choose A,
between these values to get (A) with o = 1 (and r or A replaced by R or A1, respectively).
Moreover, RA\1 < RApax(R) < pn/(n—(s—1)p) if s is close to 1+ 1/p and R is close to
R since p > po(n —1)/(n+po). =

Proof of the Theorem. Let us write I’ = Fy 4 F; where Fy or F, represents
the contribution of the function f or g, respectively, i.e.

Ff(ta u) = f(7 t, U(), V’LL()>7

Fg(t’ u) - (0 + A)Rg(7 i, u())a
where o > 0 and the operator R is described in [1, Section 11]. Denote by f and § the
Nemytskii operators defined by

f(t,u,v) = f('?tvu(')vv('))v
g(tv u) :g('vtau('))'

Let s, A\, 7 be from Lemma 2. Denoting by Tr and ¢ the trace operator and the imbedding,
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respectively, the operator F,; can be written in the form (cf. [1, p. 258])

Fylt, ) W/ = W (Q,RY) B ws—VP(90,RV) 5 L, (09, RY)

1) (00, RY) L w1 r(a0, RN ) TEAR g /2

for some s’ € (s,141/p) (the imbeddings are guaranteed by the inequalities in Lemma 2).
Hence, using Lemmas 1 and 2 we can estimate

1yt )l r2-1 < Cllatt W)z, o) < CO+ ullz,, o0mv)

|5.0)

< O+ [[ullp ) < OO Jlul 3yl
< Ce(t) (1 [Julls, . 0).
B

Similarly, if s, Ag, A1, 7, R are the constants from Lemma 3 then the operator F; can be
written as

Fy(t, ) s Wy” = W@ RY) “S W@ RY) x (W1 (@, RY))”
b Loy (U RY) x (Lpa, (2, RY)" ) 1,0 RY) 5w /27!

together with the corresponding estimate

1 (& w2 < COA A Jull5y.2)- =

Remark 2. If we assume f = 0 and supco p) [[u(t)| 2, (00r~) < c(t) instead of
supseqo,r) [[u(t)| L, (@r~) < ¢(t) in our Theorem then we may repeat the considerations
above with the corresponding estimate

1yt w)llyyeromn < C(L+ IellZ, \00,2%))
S C(l + ||UH2;06(8Q’RN)||u||;/:*1/P(3Q7RN))

< Ce(t)* (1 + el /2)

under the following hypothesis on p, pg and M

1 .
p>max<17po(n)>, A1+ pol

po+n—1 n—

This corresponds to the results of J. Filo in [4].

EXAMPLE. Let n = N =1, Q = (=1,1), f = 0, g(z,t,u) = u*, A > 1, let ug :
[-1,1] — R* be a smooth function, uo(—x) = ug(z) for z € [-1,1], uf(1) = ud(1) > 0
and let the first four derivatives of ug restricted to the interval [0, 1] be non-negative. Then
[3] implies that the solution u is non-negative, it blows up in a finite time T' = T'(ug) and



314 P. QUITTNER

choosing pg > 1 we get

14 & 1 1
T fup"(a:,t) dr = fupo*lut dr = fum*lumc dx
0

0 0 0

1
1
=— f (po — D)uP°~2u? dx + uP ™ u,
0

x=0

potA—1
_ 20-1) PO+A—
<Pt l(1 1) < (;1) Y C(T — t)“z()&“fnl

where we have used the estimate (2.1) from [3]. Hence |lu(t)||,, stays bounded if zo(iiz)l <

1, i.e. if A > 1+4pg. This shows that the condition A<1 +po/n in our Theorem is (except
for the equality sign) optimal if n = 1.
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