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Introduction. Let V be a stratified subspace of RY. We call it symplectic if there
exists a differential 2-form w on RY such that the restriction of w to each stratum is a
symplectic form. In the Marsden-Weinstein singular reduction theory these spaces were
studied by several authors [5, 4, 9, 1]. In this paper we classify the symplectic spaces
modelled on the so-called symplectic flag S. First we prove the corresponding Darboux
theorem and then we show that the only reasonable symplectic structures on S are those
with underlying Martinet’s singular symplectic structure of type X ¢. Finally we find the
normal form for this structure and show the similar result for an example of a stratified
symplectic space with singular boundary of the maximal stratum.

1. Singular symplectic spaces. A stratified differential space with each stratum
being a symplectic manifold is called a stratified symplectic space. This notion was in-
troduced in [9] (see also [4]) in the context of standard symplectic reduction. For our
purpose, in the first step we need embedded symplectic spaces.

DEFINTION 1.1. Let S be a stratified subset of RY with each stratum S; (even di-
mensional) endowed with a symplectic structure wg,. We assume that there exists a
closed two-form w on RY such that w
symplectic space.

s, = wg,. Then the pair (S,w) is called a singular

A representative model of a singular symplectic space is a disjoint union of semialge-
braic sets. We consider the following elementary symplectic flag:

S = 52, U San—n C R™™;
Son = {(x,y) € R®" : 21 >0}, Sopo={(z,y) € R* 21 =0,y =0}
endowed with a symplectic structure w. By tx : S; — R we denote the canonical

inclusions of Sa,,_x. Here So, 1 = {x € R?>" : 21 = 0}.
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EXAMPLE 1.1. Let V C (M,w) be an algebraic hypersurface. Let Xy be its Whitney
stratification. By V? we denote an element of Ay, V? € Ay, of dimension d. We say
V' is a coisotropic hypersurface if and only if each stratum of Xy is a coisotropic or an
isotropic submanifold of (M,w). We easily see that a typical hypersurface V defined by
the polynomial equation F'(p) = 0 is not coisotropic. As an example let us consider the
cusp-edge surface V in R?" endowed with a symplectic form w in general position with
respect to V. In this case wlgingy is a symplectic form. It is shown in [2] that (V,w)
is diffeomorphic to ({@% —y7 = 0},> "1 | dz; A dy;) and the reduced symplectic space of
V — Sing V is isomorphic to the singular edge of V' (cf. [4]).

We conjecture that if Sing V' is a coisotropic submanifold of (R?",w), then (V,w) is
diffeomorphic to ({z§ — 23 = 0},Y 1, dz; A dy;). Let @ : R*"~* — R?" be the parame-
terization of {z% — 23 = 0},

D5, Y1, Y2, T3, Y3y - - > Ty Yn) = (82,41, 8%, Y2, T3, Y3y - -+ » Ty Y )-
Then
D*w = ds A d(35%ys + 2sy1) + Zn: dx; A dy;.
i=3

Let 7 : R?»~! — R?"~2 be the mapping

(8, Y1, Y2, T3, Y3, -+ + s Ty Yn) = (8, 382 + 25Y1, T3, Y3, - -+, T, Yn)-
Let S be the image of . Then

S={(z,y) eR* 7?21 £0} U {(z,y) ER*" %121 =0, 25 =0}

and

n—1
" ( Z dx; N dyi) = d*w.
i=1

The reduced space S endowed with the Darboux form on R?"2 is a singular symplectic
space.

Now we have a natural extension problem: let @ be a symplectic form on So,_o, we
ask for the existence of the closed two-form on RY such that wl|g,, , = @ and w|g,, is
symplectic. The first step in approaching this problem is to classify singular symplectic
spaces (S,w), where w provides a symplectic structure on R?".

By G5 we denote the group of germs of diffeomorphisms (R?*",0) — (R?",0) preserv-
ing S, i.e. if ® € Gg then @(SQn) C Szn, and @(Sznfz) C Sop_s.

Let @ € Gg. Then using the standard setting of singularity theory (cf. [7]) we have

qs(xlaylu .. '7xn7yn) = (xl(bl(xay)u $1¢12(x7y) + y1¢22(x7y)7 ¢3(‘T7 y)7 ERE (]52"(5E, y))7

where ¢1, @12, ha2, B3, - - . , P2, are smooth germs of functions on (R?",0).
Let w1, ws be two symplectic structures on S (closed two-forms on (R?",0)).

DEFINITION 1.2. We say that wy and wy are S-equivalent (w1 ~g ws) if and only if
there exists @ € Gg such that &*w; = wo.
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THEOREM 1.1 (Darboux form). Let w be a symplectic structure on S. Assume w is a
symplectic form on R2®™. Then w is S-equivalent to the Darboux form:

w~g Z dzx; A dy;.
i=1
Proof. We take the homotopy (cf. [8]) w; = tw1 + (1 —t)wo, ¢ € [0,1]. One can check
that w; is a nondegenerate form for every ¢ € [0,1]. We seek for a smooth family ¢t — &,
such that

(1) Piwy =wy, Do =idgen.
Differentiating (1) we have
Ly,ws + w1 —wp =0,
where Ly, is the Lie derivative along the vector field V; generated by the flow @;. But
Ly,w; = d(Vi]we) + Vi Jdwy = d(Vi Jwy).
We have d(wg —w1) =0 and ¢5,,_;(wp —w1)=0. So by the relative Poincaré Lemma (see

g. [11]) there exists a one-form « such that do = wg — w; and « vanishes on Sa,_1.
Thus we have

(2) Vilwg=a and a|g,)=0 forevery (z,y) € Sop1.

Because w; is a nondegenerate form, (2) is always solvable with respect to V; and moreover
Vi(z,y) = 0 for every (x,y) € San—1. We deduce @, exists, @, € Gg and by compactness
of the interval [0, 1] we have $*w; = wy. =

2. Martinet’s singular symplectic spaces. Before we pass to the more detailed
analysis of the degenerate case we recall the basic results on the standard classification
of singularities of differential forms [6].

Let w be a germ of a closed two-form on R?" at zero. We denote

Yr(w) = {z € R*™ : rankw(x) = 2n — k},  kis even.
Let w™ = f§2, where {2 is the volume form on R?".

(1) If £(0) # 0 then w is a symplectic form (according to the standard notation denoted
by Xp) and by the Darboux theorem we obtain

(3) w= Z dz; A dy;
i=1
in local coordinates around zero.
(ii) Next we assume f(0) = 0 while (df)(0) # 0. We have Y3(w) = {f = 0} and let
¢ Xa(w) — R* be the inclusion. If t*w™1(0) # 0 then in local coordinates

(4) w = x1dx1 Ndy + Z dx; N dy;
i=2
and this type of singular form w is denoted by X5 o (and called Martinet’s singular form).
Both types of forms Xy, X o are locally stable (see [6]) and this is why we use them
in what follows.
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PROPOSITION 2.1. Let w be a symplectic structure on S. Assume f(0) =0 and dfy # 0
(stability conditions), then w is a singular form of type Xs ¢ at zero, i.e. w belongs to the
standard orbit of (ii) (4).

Remark 2.1. We see that the symplectic form w on S may be very singular in
general. The singular set of w is not visible from S (see Fig. 1). The above proposition
says that the typical symplectic forms on S can only have X5 ¢ or Xy type singularities
in the ambient space. Thus the two remaining stable cases Y3 2 o are naturally excluded
from our approach (cf. [3]).

Proof of Proposition 2.1. We see that w is a symplectic form on Sy, _o. Let
§: 22(w) = {f = 0}7
where w™ = f{2 and 2 is the standard volume form on R?”. We have T0§ =T0S9n_1, bg—
cause w is symplectic on So,. Sap_2 C So,—1 50 T9S2,—2 C TpS2n—1 and TySo,—o C TpS.
By assumption ¢}, _ow is symplectic. Thus (13, _ow)" " # 0 and this implies (t*w)" "1 #
0, where ¢ : S — R*" is the embedding of S. =

LEMMA 2.1. By means of a diffeomorphism @ € Gg of the form
Q(Ia y) = (QZS(.I,y), L2,y Ty Y1y -+ - 7yn)

one can reduce f to the following normal form:

f(xla Yty ooy T, Z/n) = :l:(xl - 1/}(y1; L2,Y2, -, Tn; Z/n))
DEFINITION 2.1. We say that 11, 12 are contact equivalent if and only if there exists a
diffeomorphism @ : (R?"~1,0) — (R?"~1,0) and a smooth function-germ g : (R?"~1,0) —
R, g(0) # 0, such that

Y1 =g (P209).

Let wy,ws be two symplectic forms on S. Let fi, fo define their corresponding sin-
gular hypersurfaces, wi’ = fi1§2 and w§ = faf2 and 91,12 are as in Lemma 2.1. By
straightforward check we obtain the following

PROPOSITION 2.2. If w1 and wy are S-equivalent then i1 and 2 are contact equivalent.

Let w be a symplectic form on S, w™ = f2, f(0) = 0 and dfy # 0. We see that
FL(0)=0and L(0)=0fori=2,...,n,j=1,...,n,s0 $L(0) # 0. Thus

df Ndyr Ndxa ANdya A ... Adxzy, Ady,(0) # 0,
so {y1,T2,Y2,...,%n,Yn} defines a coordinate system on
S={f=0}.
Before we formulate the main theorem concerning the normal form of w we need some

necessary facts ([6]).

LEMMA 2.2. Let T be a k-form on R™ satisfying

0 0
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Then T = w*1*1, where
m:R" = {x1 =0}, w(z1,2a,...,2,) = (0,22,...,2n),

t:{x1 =0} = R", (xa,...,zn) = (0,29,...,2p).

LEMMA 2.3. Let 7 be a k-form on R™ satisfying

0 o
(6) — |7 =0, a—ledT = T,

6,@1
where @ is a smooth function on R™. Then
T=(r"T,
where ¢ is a smooth function on R™, and (|(z,—oy = 1.

It is easy to prove the following lemmas.

LEMMA 2.4. Let « be a germ of a closed (n—1)-form on R™ at 0 satisfying the following
conditions:

1. (675} }é 0,
2. a germ of a vector field X at 0 such that X |a =0 and X(0) # 0 meets {z1 =0}
transversally at 0.

Then there exists a germ of diffeomorphism & : (R™,0) — (R™,0), which preserves
{z1 =0} and
P o =dxos N ... N\dxy,

where (x1,...,%,) is a coordinate system on R™.

LEMMA 2.5. Let a be a germ of a 1-form on R*%1 at 0 satisfying the following
conditions:

1. aA(da)k #0,
2. a germ of a vector field X at 0 such that

X |a A (da)* = (da)”
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meets {z = 0} transversally at 0,
3. t*ag # 0, where v : {z = 0} — R**L is the canonical inclusion.

Then there exists a germ of diffeomorphism & : (R***1,0) — (R*+1,0), which pre-
serves {z =0} and

k
P o =dz +dy, + Z xidy;,
i=1
where (2,21, .., Tny Y1, ---,Yn) 18 a coordinate system on R™.

Now we prove the main theorem obtaining the normal form (with moduli) of the
symplectic structure on S. The geometrical contents of this theorem is illustrated in
Fig. 1.

THEOREM 2.1. Let w be a symplectic structure on S. Assume f(0) =0 and dfy # 0.
Then w is S-equivalent to the form

(7) (Il - 1/}(‘I27 ceey Ty Y1y - 7yn))d($1 - 1/)(:1725 sy s Yl - 7yn)) A dyl

+Zd$z A dy;,
i=2
where ¥ is a germ at 0 of a smooth function, ¥(0) = 0, g—;{_(()) =0,1=2,...,n,

F20)=0,i=1,...,n.

Proof. By Lemma 2.1 we have f = +(z1 — ¢), where ¢ does not depend on ;. We
are searching for a 1-form « satisfying the following conditions:

1. da = w,
2. t*a A (de*a)y~ # 0, where ¢ : S < R?" is the canonical inclusion,

3. I*ag # 0, where i : SN {y; = 0} < R?" is the canonical inclusion.

w is closed, then there exists a 1-form « such that da = w. If « fails to satisfy condition 3
then we replace it by the 1-form « + dys, which satisfies conditions 1 and 3.

Since Ss,_9 is symplectic and TpSa,_o = TO(S' N {y1 = 0}), we have (Z*da)g_l =
(*w)d~" # 0. Hence by Lemma 2.4, we obtain
1 (da)"t =deg A ANdx, Adyr AL A dyy,
where § : (S,0) — (S,0) is a diffeomorphism which preserves S N {y; = 0}. Therefore
Cd(A* Q)" =daeg A ANdx, Adyr AL A dyy,
where A € Gg and

Az, y) = (21,0(x2, .o, Ty Y1y - -+, Yn))-
If A*« fails to satisfy condition 2, then we replace it by the 1-form A*« + dy;, which
satifies all the conditions.
From condition 2 it follows that a vector field X which satisfies the conditions

X|aA(da)" ' =0, X(0)#0,

meets S transversally at 0. Hence X also meets S,_1 transversally at 0. Therefore by
means of elements from G g one can reduce X to the form :l:a%l. Thus S is locally a graph
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of a smooth function 6 : (S2,-1,0) — (R,0). Hence (za,...,Zn,...,Y1,-..,Yn) define a
coordinate system on S. From 2 and 3 it follows that +*« satisfies the assumptions of
Lemma 2.5. Therefore we have

"L a=dyy + dys + indyi,
i=2
where ¢ : (5,0) — (5,0) is a diffcomorphism which preserves S N {y; = 0}. Let & € G
be such that
@(.I,y) = (Ila ¢(x25 oy Ty Yl e 7yn))

Hence we obtain

n
P = dyy + dys + szdyz
=2
It is easy to check that the vector field X satisfies the following conditions:

(8) X]a=0 and X|da= ¢q,

where ¢ : R?™ — R is a smooth function. Thus by Lemma 2.3, we obtain

a= h(dyl +dya + «Tidyi)a

i=2
where h : R* — R is a smooth function such that h|g = 1. We have
oh
do)™ = nlh" ' ——1.
(do)™ =nlh"=" o

On the other hand, by Lemma 2.1, w™ = +(z1 — g)f2. Hence ”!hn_l% = +(x1 — g),
and

oh" 1 ( )

4 (=

dz1 (n—11t Y
with an extra condition h|,,—4, = 1. Solving this equation we get

+1
h = 7\l/72(n_1)!(1171—9)24-1.

By the diffeomorphism A~! € Gz, where

A(x7 y) = (Il’h(x’y)x2" A )h(I,y)ITL?yl" A ,yn)7
we reduce « to
a = h(dys +dys) + Y zidyi,

i=2
The diffeomorphism

T(x,w:((xl—c) <n—1>!nf(Z.Zl)(ﬂ%oz)i—g,yl,...wn,yn),

=0

where ( is a function which does not depend on z; and satisfies

+1 %
M 2 l=+2 41
2m—1? T g T
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preserves the sets So,_1, Sop—2 and
* (xl B <)2 -
T = <i o 1) (dy + dye) +;$idyi-
If T does not belong to G5 then we replace it by @ o T, where
@(Ia y) = (_xlvaa ey Ty Y1yl ey yn)
Hence we obtain
1 ) -
o= <1 + 5(3:1 — ) )(dyl + dys) + ;gjzdgjZ
Therefore
1 n
w=da==x(x1 —Y)d(xz1 — ) ANdy1 + d(:z:z + 5(3:1 - 7,/})2> A dys + Zd:ci A dy;.
i=3

Finally, by means of = € G5, where

_ 1
‘:(‘Tuy) = (‘TluxQ + 5(:[:1 - 1/1)279537 vy T,y iy17y27y37 cee 7yn)7
we reduce w to the form 7. m
Now we pass to the investigation of stability properties of symplectic structures on S.

DEFINITION 2.2. Let w be a symplectic form on S. Then w is stable at p € Sa,, s if for
any neighbourhood U of p in Sy,,_2 there is a neighbourhood V' of w (in the C'*° topology
on closed 2-forms) such that if 3 is in V, then there is a point ¢ € U and a germ of a
diffeomorphism & : (R?", q) — (R*",p) which preserves S and ¢*3 = w.

It is easy to see that the Darboux form on S is stable.

PROPOSITION 2.3. Let w be a symplectic structure on S. Assume f(0) = 0 and dfy # 0.
Then w is not stable at 0.

Proof. From Theorem 2.1 it follows that w can be reduced to the form

(xy —)d(x1 — ) Ndyr + Z dx; A dy;.
i=2

Suppose the proposition is false. Let U be a neigbourhood of 0 € R?". 1(0) =0 € R is
a critical value of ¢|y. From the Sard theorem we see that there is e € R which is not a
critical value of ¥|y, in any neighbourhood of 0 € R. Let 8 = a+ ed(x1 —¥) Ady;. Then
we can find a diffeomorphism @ which preserves S and ¢*3 = w. Hence

P = (11— Y+ 90R) =" = (11— V)2

Since Y5(w) is tangent to Sa,—1 at 0, Yo(08) is tangent to So,—1 at ¢ = @(0) € Sop_a.
Therefore, we obtain

¥(g) =€  dipg =0,

which contradicts the fact that e is not a critical value of ¥|y. =
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2.1. Remark. Let us consider the following semialgebraic set:
S = 3, U Sapn C R
Sop = {(z,y) € R : 23 > y?},  Sop_o={(z,9) € R* :21 =0,y; = 0}.

We notice the difference with the previous space: 0S5, is a singular set.

We endow S with a symplectic structure w. As before Gg denotes the group of dif-
feomorphisms (R?",0) — (R?",0) preserving S. Let w1, wa be two symplectic structures
on S. We say that w; and wy are S-equivalent if and only if $*w; = w, for some @ € Gg.
Now we can show the following

PROPOSITION 2.4. Let w be a symplectic structure on S. Assume f(0) = 0 and dfy # 0.
Then w is a singular form of type X5 o at zero.

Proof. By straightforward use of the proof of Proposition 2.1.

An analogous Darboux theorem for the space S is proved by Arnold ([2]): Let w be a
symplectic structure on R?". Then w is S-equivalent with respect to formal equivalence
to the Darboux form:

n
w ~ Z dx; N dy;.
i=1
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