TOPOLOGY IN NONLINEAR ANALYSIS
BANACH CENTER PUBLICATIONS, VOLUME 35
INSTITUTE OF MATHEMATICS
POLISH ACADEMY OF SCIENCES
WARSZAWA 1996

ON THE SCHAUDER FIXED POINT THEOREM

LECH GORNIEWICZ

Department of Mathematics and Informatics, Nicholas Copernicus University,
ul. Chopina 12/18, Toruri, Poland
E-mail: gorn@mat.uni.torun.pl

DANUTA ROZPLOCH-NOWAKOWSKA

Department of Mathematics and Informatics, Nicholas Copernicus University,
ul. Chopina 12/18, Torur, Poland
E-mail: nowa@mat.uni.torun.pl

Abstract. The paper contains a survey of various results concerning the Schauder Fixed
Point Theorem for metric spaces both in single-valued and multi-valued cases. A number of open
problems is formulated.

1. Introduction. The famous Schauder Fixed Point Theorem proved in 1930 (see [S])
was formulated as follows:

Satz II. Let H be a convex and closed subset of a Banach space. Then any continuous
and compact map F : H — H has a fixed point.

This theorem still has an enormous influence on the fixed point theory and on the
theory of differential equations. Therefore it seems to be useful to present the most general
current results in this area and formulate some problems which are still open.

The paper is organized as follows: in Sections 2 and 3 we present a background con-
cerning the Lefschetz number and ANR-spaces. Then in Section 4 we consider the classes
of mappings for which the Schauder Fixed Point Theorem is true.

The most general formulation of the Schauder Fixed Point Theorem is presented in
Section 5 where several open problems are also stated.

In the last section we describe a large class of multivalued maps, so-called admissible
(see [LG] or [FG]), for which all results of Section 4 remain true.
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2. The Lefschetz number

2.1. The ordinary trace. In this section all vector spaces are assumed to be linear
spaces over the field of rational numbers Q and all maps between such spaces are linear.
We recommend [AG] for details. For an endomorphism of a finite dimensional vector space
E (i.e. linear mapping from E into itself) L : E — FE, we let tr L denote the ordinary
trace of L, i.e. the trace of its matrix representation.

We now recall well-known properties of the trace function tr:

PROPOSITION 2.1.1. Assume that in the category of finite dimensional vector spaces
the following diagram commutes

E =5 B
ol N
E — E"

u
Then tr L' = tr L”, or equivalently tr (vu) = tr (uv).

PROPOSITION 2.1.2 Given a commutative diagram of finite dimensional vector spaces

with exact rows
) — B — E — E' — 0

L e e

) — B — E — FE' — 0

we have tr L =tr L' +tr L".

DEFINITION 2.1.3. Let E = {E,} be a graded vector space i.e. a sequence of vector
spaces indexed by natural numbers. We say that E is of finite type provided:

(i) dim E, < oo for all g,
(ii) By = 0 for almost all ¢. If L = {L,} is an endomorphism of the space E (i.e.
L, : E, — E,;) then the Lefschetz number A(L) of L is defined by
ML) = (=1)tr (Ly).
q
Now we are going to define the generalized trace.

2.2. The Leray trace. Let L : E — E be an endomorphism of an arbitrary vector
space E. Denote by L(™) : E — E the n-th iterate of L and observe that the kernels

KerL c Ker L® c ... c Ker L™ c ...

form an increasing sequence of subspaces of F.

We put

N(L) = ] Ker L™,
n>1
By definition
reN(L)e LM (@) =0

t:?r some 1. Obvious~ly7 L maps N(L) into itself and, therefore, induces the endomorphism
L:E — E, where E = E/N(L) is the factor space.
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PROPOSITION 2.2.1. L:E — E isa monomorphism.

DEFINITION 2.2.2. Let L : E — E be an endomorphism of a vector space E. We say
that L is admissible provided the factor space F is finite dimensional. For such L, we
define the (generalized) trace Tr L of L by putting Tr L = tr L.

Below we list important properties of the generalized trace.

THEOREM 2.2.3. (1) Let L : E — E be an endomorphism. If dimE < oo, then
TrL=trL.

(2) Assume that in the category of arbitrary vector spaces the following diagram com-

mutes
E/ u E//

N e
E — FE.
Then if one of the maps L' or L" is adﬁzissible, then so is the other and in that case
Tr L' =Tr L".
THEOREM 2.2.4. Given a commutative diagram of vector spaces with exact rows

) — B — FE — E'" — 0

bkl
0 — B — FEF — FE' — 0
the endomorphism L is admissible if and only if both L" and L' are admissible and in
that case
TrL=TrL"4+TrL.

Now we are in position to define the generalized Lefschetz number.

2.3. The Leray endomorphisms. Let L={L,} be an endomorphism of a graded vector
space E = {E,} into itself. By L = {L,} we denote the induced endomorphism on the
graded vector space E = {E,}.

DEFINITION 2.3.1. We say that L is a Leray endomorphism provided the graded vector
space E = {E,} is of finite type. For such L we define the (generalized) Lefschetz number
A(L) of L by putting:

A(L) =) (—1)"Tr (Ly).
q
The following two theorems are immediate consequence of 2.2.3 and 2.2.4, respectively.

DEFINITION 2.3.2. Assume that in the category of graded vector spaces the following
diagram commutes
E' u E"

N e

E — BE”.

u
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Then if any of the maps L’ or L” is Leray endomorphism, then so is the other and in
that case A(L') = A(L").

THEOREM 2.3.3. Let

oo E — E, — E! — E,_,

’ " ’
N S

oo B — E, — E] — E;
be a commutative diagram of vector spaces in which the rows are exact. If both L = {L,}
and L' = {Lg} are the Leray endomorphisms on £ = {E,} and E' = {E,} respectively,

then so is L" = {Ly} on E" = {E}'}. Moreover, in that case, we have:
AL) = A(L)) — A(L").
DEFINITION 2.3.4. An endomorphism L : E — F is called weakly nilpotent if for every
x € F there exists a natural number n = n, such that:
L"(x) =0.
From 2.3.4 it is easy to see that L : E — F is weakly nilpotent if and only if N(L) = E.
Therefore we get:

PN

PN

PROPOSITION 2.3.5. Any weakly nilpotent endomorphism L : E — E is admissible
and Tr (L) = 0.

Assume that £ = {E,} is graded vector space and L = {L,} : E — E is an endo-
morphism. We say that L is weakly nilpotent if and only if L, is weakly nilpotent for
every q.

From 2.3.5 we deduce:

PROPOSITION 2.3.6. Any weakly nilpotent endomorphism L : E — E of graded vector
space E is a Leray endomorphism and A(L) = 0.

3. Lefschetz maps. By a pair of spaces, (X, A), we understand a pair of a metric
space X and one of its subsets, A. A pair of the form (X, () will be identified with the
space X. By a map, f : (X,A) — (Y, B), we understand a continuous (single-valued)
map f: X — Y satisfying the condition f(A4) C B.

Let H be the Cech homology functor with compact carriers and coefficients in the
field of rational numbers Q (comp. [LG] ).

For a pair (X, A) let us consider the graded vector space H(X, A) = {H,(X,A)}. For
a continuous map f : (X, A) — (Y, B), H(f) is the induced linear map f. = {f,}, where
fq: Ho(X, A) — Hy(Y, B).

We shall say that f : (X, A) — (X, A), has a fixed point provided that there exists
xo € X such that f(zg) = zo.

DEFINITION 3.1. A continuous mapping f : (X, A) — (X, A) is called a Lefschetz map
(with respect to H) provided f, : H(X,A) — H(X, A) is Leray endomorphism. For such
f we define the Lefschetz number A(f) of f by putting

A(f) = A(fo)-
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From 2.3.2 we get

PROPOSITION 3.2. If the maps f and g are homotopic, then their Lefschetz numbers
(if defined) coincide, i.e. A(f) = A(g).

THEOREM 3.3. Assume that in the category of pairs of spaces and continuous maps
the following diagram commutes

(X,4) = (V,B)

1N
(X,4) — (YV.B).
Then b
(i) if one of the maps f' or f" is a Lefschetz map, then so is the other and in that
case A(f") = A(f"),
(ii) f" has a fized point if and only if f does.

Given a continuous mapping f : (X, A) — (X, A) we denote by fx : X — X and
fa: A — A the evident contractions of f.

From 2.3.3 we obtain (see [CB])

THEOREM 3.4. Let f : (X, A) — (X, A) be a mapping. If any two of f, fx and fa are
Lefschetz maps, then so is the third map f and in that case

A(f) = A(fx) — A(fa).

Recall that a continuous mapping f : X — X is called homologically trivial with
respect to the functor H provided the induced homomorphisms f.q : H, — H, are trivial
for ¢ > 1 and fuo : Ho(X) ~ Ho(X). A space X is said to be acyclic (with respect to the
H) provided

(i) X is non-empty,
(i) Ho(X)~Q,
(i) Hy(X) =0 for all ¢ > 0.
The following result is self-evident.

THEOREM 3.5. Let f : X — X be continuous and assume that any of the following
conditions is satisfied:

(1) f(X) is contained in an acyclic subset A of X,

(2) Ho(X)~Q and f: X — X is homologically trivial,

(3) Ho(X)~Q and f: X — X is homotopic to a constant map.
Then, f is a Lefschetz map and A(f) = 1.

3.1. Absolute retracts.

DEFINITION 3.1.1. A space Y is called absolute retract (absolute neighbourhood retract)
whenever for any metrizable X and closed A C X each f: A — Y is extendable over X
(over an open neighbourhood U of A in X).

We use notation: Y € AR (Y € ANR).
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The following theorem characterizes AR (ANR) in terms of retraction property (up
to homeomorphism):

THEOREM 3.1.1 ([B]). A metrizable space is an AR (ANR) if and only if it is a retract
of (some open subset of ) some normed space.

Observe that any normed space is homologically trivial and therefore from 3.1.2 we
deduce that any AR-space X is homologically trivial, too. Hence, in view of 3.5 we get

PrOPOSITON 3.1.3. Let X € AR and let f: X — X be a continuous map. Then f is
a Lefschetz map and A(f) = 1.

Now as a simple consequence of 3.1.2 we obtain:

PROPOSITION 3.1.4. If X € ANR and U is an open subset of X, then U € ANR.

A continuous map f : X — X is called compact provided the closure f(X) of f(X)
in X is a compact set. We shall write: f € K(X).
We shall use the following theorem due to A. Granas [AG1]:

THEOREM 3.1.5. Let X € ANR and let f : X — X be a compact map then:

(1) f is a Lefschetz map,
(2) A(f) # 0 implies that f has a fized point.

We recommend [B], [AG], [AG1] for details concerning this section.

4. Compact absorbing contraction maps. Following [FG]| (see also [F1], [F2],
[F3]) we shall define some classes of maps of a great importance in our work.
Let X be a metric space.

DEFINITION 4.1. A continuous map f : X — Y is called locally compact provided that,
for each = € X there exists an open subset V' of X such that x € V and the restriction
flv of f to V is compact.

All mappings considered in this section are assumed to be locally compact.

DEFINITION 4.2. A map f: X — X is said to be a compact absorbing contraction if

there exists an open set U of X such that f(U) is a compact of U and X C ;2 f~*(U).
We use a notation: f € CAC(X).

DEFINITION 4.3. A map f : X — X is called eventually compact if there exists an
iterate f™ : X — X of f such that f™ is compact.

We use a notation: f € EC(X).

DEFINITION 4.4. A map f : X — X is called compact attraction if there exists
a compact K of X such that, for each open neighbourhood V of K, we have X C
Uiz f74(V). The compact K is then called an attractor for f.

We use a notation: f € CA(X).
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DEFINITION 4.5. A map f: X — X such that

oo
U {f"(x)} is relatively compact for every x € X
n=1

is called asymptotically compact if the set Cy = 2, fi(X) is a non-empty, relatively
compact subset of X. The set C is called the center of f.

We use a notation: f € ASC(X).

Note that any eventually compact map is a compact attraction, i.e. EC(X) C CA(X).
However, we need the following lemma to prove Proposition 4.7.

LEMMA 4.6. f € EC(X) = f € CAC(X).

Proof. Let f: X — X be an eventually compact map such that K’ = f»(X) is
compact. Define K = JI—; f/(K’), we have:

f(K) cC Lnj fAKYCKUf"X)c KUK' CK.
i=1

Since f is locally compact, there exists an open neighbourhood V{ of K such that L =
f (V) is compact.

There exists a sequence {V1,...,V,} of open subsets of X such that L ﬂm CVieq
and KU f"%(L) C V; for all i = 1,...,n. In fact, if KU f"~%(L) C V; and 0 < i < n,
since KU f"~*(L) and CV;N L are disjoint compact sets of X, there exists an open subset
W of X such that

KUf"YL)ycWcWcV;UCL.
Define Viy; = f~1(W); since f(K)U f(f*~C+)(L)) ¢ KU f"(L) C W, we have
KU f=0t0(L) € Vigy; and f(Vig1) € W € V;UCL implies LN f(Vi;1) C V;. Beginning
with KU f"(L) C K C Vj, we define, by induction Vi, ..., V,, with the desired properties.
Putting U = Vo NnViN...NV,, we have K’ ¢ K C U and

fO) cfo)nf)n...nf(Va) cLof(Vi)n...nfVa),

hence

FO) c(LNfV)N...0LNFV)NLCVon.. Va1 NV, =T,

but f(U) is compact since f(U) C L. Moreover,

XclJsr®)clJro).
=1 3

THEOREM 4.7. f € CA(X) = f € CAC(X).

Proof. Let f : X — X be a compact attraction map, K a compact attractor
for f and W an open set of X such that K € W and L = f(W) is compact. We
have L C X C U2, f~*(W) hence, since L is compact, there exists n € N such that
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LcUL, 7Y (W). Define V = Ui f74(W); then
xclJrimwmclJriw,
=0 i=0

n

fyclrmw)ycfw)uvcLuv eV

1=0
and
vy eyt e At e | A
i=0 j=0 j=0

which is compact and included in V, since L C V and f(V)) C V implies that filL)ycv
for all j € N. Thus the contraction f : V. — V of f is an eventually compact map.
By 4.6, there exists an open set U of V, hence of X, since V' is an open set, such that

f(U) = F(U) is a compact of U and V C () () c Uo—y f7™(U); hence

xcUrmeUrimeUsrio.

THEOREM 4.8. f € ASC(X) = f € CA(X).

Proof. Let f: X — X be an asymptotically compact map. Consider Cy. It suffices
to show that is a compact attractor for f. Then f is a compact attraction map and 4.7
applies.

Let V be an open subset of X such that C; C V. Let z € X. Put K = J,—, f*(z).
Note that the family {()/_, f*(K) N CV}nen of closed subsets of the compact K, has
empty intersection, hence there exists a finite empty intersection. Therefore there exists
n € N such that (_, f*(K) C V. Since

Py e | i) = (Y ) c FHK)
n=0 n=0
for every 0 <i < n. Thus f**(z) € (i, fi(K) CV and z € f~2"(V). O

We would like to emphasize that the Definitions 4.3, 4.4 and 4.5 are of geometrical
origin. Definition 4.2 is abstract and introduced to make the proof of Schauder Fixed
Point Theorem convenient to study.

The following diagram, as we proved earlier, shows the relations between these classes
of functions:

CAC(X)
U

EC(X) c CA(X)
U

ASC(X)
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Moreover, if f € EC(X) satisfies an additional condition:
(oo}
U {f™(z)} is relatively compact for every = € X,
n=1

then f € ASC(X).
Note that the fact
K(X) c EC(X) N ASC(X)
yields that the classes introduced in this section are not artificial.
However, the following important question still remains open:

OPEN PROBLEM. Are any of the inverse inclusions to those in the above diagram
satisfied?

In what follows: for a given absorbing contraction map f : X — X we fix U which
satisfies conditions of 4.2. Then we let:

[ (X,U) = (X,U), where f(z) = f(z) for every z € X.
PROPOSITION 4.9. Let f : X — X be a compact absorbing contraction and K be a
compact subset of X. Then there exist n € N such that f"(K) C U.

Proof. From 4.2 we have for every + € X a number n, € X such that f"(z) € U.
Note that (f™=)~1(U) is an open set. Consider a covering {(f™)~1(U)},ex. We choose
a finite family of sets {(f™)~1(U)}%_,. We end the proof putting n = max{ni,...,nx}.

O

As an easy consequence of the previous theorem and the fact of applying Cech ho-
mology functor H with compact carriers and coefficients in the field of rational numbers
Q we obtain:

THEOREM 4.10. Let f be a compact absorbing contraction map and f: (X,U) —
(X,U). Then f. is weakly nilpotent.

5. Main results. Now we are in position to state the Schauder Fixed Point Theorem
(cf. [S], [DG], [D]) in the most general form for single-valued mappings and metric spaces
(for non-metric case see [FB] or [W]).

THEOREM 5.1. Let X € AR and f € CAC(X). Then f has a fized point.

Proof. According to 4.2 we choose U C X to be an open subset of X and satisfying
all properties of 4.2. Then U € ANR. We consider f: (X,U) — (X,U) as in 4.2 and
fi1:U—=U, fi(x) = f(x) for every z € U.

Then, in view of 4.2 and 2.3.6 we obtain that f is a Lefschetz map and A(f) =0.
Since f; : U — U is a compact map, then from 3.1.5 we get that f; is a Lefschetz
map. Consequently, from 3.4 we infer that f is a Lefschetz map and A(f) = A(f1). So if
A(f) # 0, then A(f1) # 0. Now by applying once again Theorem 3.1.5 we have that f;
has a fixed point and hence f has a fixed point. |

Remark 5.2. Observe that in fact we have proved the following so-called Lefschetz
Fized Point Theorem:
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If X € ANR and f € CAC(X) then f is a Lefschetz map and A(f) # 0 implies that
f has a fixed point.

Now, as a special case of 5.1 we obtain:

COROLLARY 5.3. Let X be an AR-space or, in particular, a convex subset of a normed
space and let f : X — X be a continuous map.

(1) If feK(X), then f has a fized point.
(2) If f € EC(X), then f has a fized point.
(3) If f e CA(X), then f has a fized point.
(4) If f e ASC(X), then f has a fized point.

Now, we are going to state some open problems connected with 5.1. First, let us
remark that in fact theorem 5.1 can be deduced from the Lefschetz Fixed Point Theorem,
formulated in 5.1, by use of algebraic topology tools. On the other hand it is well-known
that (comp. [S], [D], [DG]) that Schauder Fixed Point Theorem for compact maps can
be proved without using algebraic topology, i.e. in an elementary way. Hence we state:

OPEN PROBLEMS 5.4. Assume that X € AR or, in particular, X is a convex subset
of a normed space and f : X — X is a continuous map. Is it possible to prove in an
elementary way i.e. without using algebraic topology any of the following formulations of
the Schauder Fired Point Theorem if:

(1) f e CAC(X),
(2) feEC(X),
(3) feCAX),
(4) f € ASC(X).

Yet, the authors do not know an answer for X = R? and f such that > : R2 — R? is
a compact map.

We would like to recall also the well-known asymptotic conjecture:

5.5 Asymptotic conjecture. It is possible to drop the assumption that f is locally
compact in at least one from the following cases:

(1) f € CAC(X),

(2) f € BC(X),

(3) f € CA(X),

(4) f e ASC(X).

6. Admissible maps. This section is devoted to a large class of so-called admissible
maps (see [LG], [FG] for details) for which Schauder Fixed Point Theorem remains true.

We begin with the relevant definitions and facts.

We use letters ¢, p to denote multi-valued maps. The single valued maps are denoted
by f,9,p,q.... Let ¢ : X — Y be a multi-valued map. We associate with ¢ the following
diagram of continous maps:

x&ep, Loy
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in which
Ly ={(z,y) e X xY |y € p(x)}
is a graph of ¢ and the natural projections p, and ¢, are given by:

Po(m,y) = and  gy(z,y) =y
The image of a subset B C X under ¢ is
p(A) = | e(@).
T€EA
The counter-image of a subset B C Y under ¢ is

¢ '(B) ={x € X | p(z) C B}.

A multi-valued map ¢ : X — Y is called upper semi-continous (u.s.c.) provided
(i) ¢(x) is compact, for every z € X, and (ii) for each open set V' C Y, the counter-image
¢~ 1(V) is an open subset of X.

PrOPOSITION 6.1. Ifp: X — Y is an u.s.c. map and A is a compact subset of X,
then the image ©(A) of A under ¢ is compact.

A multi-valued map ¢ : X — Y, is called compact provided the image ¢(X) of X
under ¢, is contained in some compact subset of Y. Let ¢ : X — Y be a multi-valued
map, A a subset of X and B a subset of Y. If ¢(A) C B, then the contraction of ¢ to
the pair (A, B) is the multi-valued map ¢’ : A — B defined by ¢'(a) = ¢(a) for each
a € A. A contraction of ¢ to the pair (A,Y) is simply the restriction ¢|4 of ¢ to A. Let
¢ : X — X be a multi-valued map and let A be a subset of X. If ¢(A) C A, then A is
called an invariant subset under . A point = € X is called a fized point of ¢ if x € p(x).

Let o : X - Y and ¢ : Y — Z be two multi-valued maps. Then the composition of
© and 1 is a multi-valued map ¥ o ¢ : X — Z defined by 9 o ¢(x) = ¥(p(z)) for each
x € X. For a multi-valued map ¢ : X — X we denote by ¢©™, m > 1, the m-th iteration
of ¢; by ¢°, we denote the identity map Id x.

Note that:

PROPOSITION 6.2. The composition of u.s.c. maps is also u.s.c.

LEMMA 6.3. Let ¢ : X — X be an u.s.c. map and let U be an open invariant set
under ¢. Assume that, for every x € X, there exists an integer n such that " (x) C U.
Then, for every compact subset K of X, there exists an integer m such that o™ (K) C U.

Obviously the Definitions 4.2—-4.5, can be rewritten for multi-valued maps.

An us.c. map ¢ : X — Z is said to be acyclic provided the set ¢(x) is acyclic for
every point x € X. We observe that if ¢ : X — Z is an acyclic map, then the natural
projection p, : I'y — Z is a Vietoris map.

Let ¢ : X — Z be a multi-valued map; a pair (p,q) (of a single-valued, continuous)
maps of the form X«*-Y -7 is called a selected pair of ¢ (we use notation (p,q) C ),
if the following conditions are satisfied:

(1) p is a Vietoris map,
(2) q(p~(z)) C p(z) for each z € X.



218 L. GORNIEWICZ AND D. ROZPLOCH-NOWAKOWSKA

Observe that, if ¢ is a compact map and (p, q) C ¢, the ¢ is also compact.

DEFINITION 6.4. An u.s.c. map ¢ is called admissible provided there exists a selected
pair (p, ) of ¢.
Every acyclic map and, in particular, every continuous single-valued map is admissible;

here the pair (p,, g, ) is a selected pair of ¢. We note that the composition of admissible
maps is also admissible.

DEFINITION 6.5. An admissible map ¢ : X — X is called a Lefschetz map provided,
for each selected pair (p,q) C ¢, the linear map ¢.p;! : H(X) — H(X) is a Leray
endomorphism.

If ¢ : X — X is a Lefschetz map, then we define the Lefschetz set A(p) of ¢ by
putting

Alp) = {Agpi ) | (0, 9) C 9}

If ¢ is an acyclic Lefschetz map, then the set A(yp) is a singleton which will be denoted
by A(p).

Let ¢ : X — X be an u.s.c. map and U be an open invariant subset of X under
©. Assume that, for every & € X, there exists an integer n such that ¢"(xz) C U. Let
(p, q) be a selected pair of ¢ of the form XY -7, Define p: (Y,p ' (U)) — (X,U),
q: (Y, p~"(U)) — (X,U) by putting p(y) = p(y) and q(y) = q(y), for every y € Y.
Observe that p is a Vietoris map. Then, since H is a homology functor with compact
carriers and (gp~1)"(K) C ¢"(K), we have:

LEMMA 6.6. The endomorphism ¢.p; ' : H(X,U) — H(X,U) is weakly-nilpotent.
Let us observe, that the Theorem 3.1.5 can be generalized onto the case of multi-valued
mappings as follows (comp. [LG]):

THEOREM 6.7. If X € ANR and ¢ : X — X is an admissible map such that q is
compact for any (p,q) C p. Then:

(i) ¢ is a Lefschetz map,
(ii) A(yp) # {0} implies that ¢ has a fized point.

Remark 6.8. Note that if X € AR, then A(yp) = {1}

Now, we can define an admissible map ¢ : X — X to be:

(1) compact,

(2) locally compact,

(3) compact absorbing contraction,
(4) eventually compact,

(5)

(6)

compact attraction,
asymptotically compact,

analogously as (for single-valued maps) in Section 4 (comp. 4.1-4.5).
Then all results of Section 5 can be formulated for multi-valued maps and the same
problems remain open (comp. 5.4).
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