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1. Introduction. Let be X = R”. We consider the general control problem with a

priori feebacks:
1) {x'(t) = f(z(t),u(t)), for almost all t >0
u(t) € U(x(t)), forall t >0
K C X describes the set of state constraints.
Let be F the set-valued map defined by F(z) := {f(z,u), v € U(z)} and denote
Sr(z) the set of all solutions to the dynamical system (1) starting from a point . A
solution z(-) € Sp(x) is viable if and only if

VE >0, z(t) € K.

Our aim is to study several features of control problems, more generally of systems
described through differential inclusion, with state constraints:

1. We give stability properties of approximations of the Viability Kernel with discrete
or fully discrete viability kernel:

Viabp(K) = {z € K | 32(-) € Sp(x), z(t) € K, Vt}.

2. We apply this result to compute the minimal time control problem with state con-
straints and we prove the convergence of a sequence of functions to the minimal time
function.

3. We consider the general problem of finding equilibria of upper semi continuous set-
valued maps F : X ~» Y:

Equilibria(F) :={zx € X | 0 € F(z)}
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We characterize this set through viability theory, proving that it is related to the
viability kernel for a particular dynamic defined in the product space X x Y.

4. We extend this approach by introducing the principle of exploration methods. This
has many applications. Mainly we study an algorithm of approximation of a Lyapunov
function allowing asymptotic stabilization of dynamical system and an algorithm of
approximation the asymptotic attraction basin of Equilibria.

2. Viability Kernel. Let us define:

F(z) ={f(z,u) |ueU(x)}.
A closed subset D is a Viability Domain for F if and only if D enjoys the viability
property:
Ve e D, Jx(-) € Sp(x) | z(t) € D, YVt >0
and the Viability Kernel of K for F is the largest closed viability domain for F' contained
in K. Let Tp(x) be the Bouligand contingent cone? at x to D. We recall that

THEOREM 2.1. Let F be a Marchaud® map and D be a closed subset of X. The
following properties are equivalent:

(2) D is a viability domain,
3) Vo€ D, F(z) N Tp(x) £ 0,
(4) Ve e D, 3w e F(z) |Vp € NPp(z), (p,w) <0,

where N Pp(x) denotes the set of proximal normals* to D at x.

This geometric condition (3) can be exploited thanks to a discretization process.
Indeed, with the system a’ € F(x) we associate a suitable approximation F. of F' and
the discrete system:

which can be equivalently written:
(5) " e G (2") = 2" + eF.(a™).
A closed subset D is a Discrete Viability Domain for G. if and only if D enjoys the
discrete viability property:
Vo € D, 3(x")nen solution to (5) such that 2™ € D, Vn € N.
We define the Discrete Viability Kernel of K for G. which is the largest closed discrete
viability domain for G, contained in K satisfying:
—
Viabg, (K) = {2° € K | 3 solution (z"),,, =, € K, Vn € N}.
We can already prove the following:
2 Tp(x) = {v e X |limy_o(1/h)dp(x + hv) = 0}.
3 F is Marchaud if and only if F' is upper semicontinuous with compact convex nonempty

values and linear growth.
4 NPp(z):={pe X |z ellp(z+p)}, where Il denote the euclidian projection onto D.
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THEOREM 2.2. Let F' be a Marchaud set-valued map and K a closed set. Let be
M (x) := maxyep(z1)nk | F(y)|| and consider any approzimation F.(x) of F' satisfying:

(6) Limsup Graph(F.) C Graph(F)
e—0
1

Let be G.(x) := x + eF.(x). Then
—
(8) lir% Viabg, (K) = Viabp(K).
£—
Proof. The proof is a consequence of Proposition 2.3 and Proposition 2.5.

PROPOSITION 2.3. Let F' be a Marchaud map and K be a closed subset. Let F. be an
approzimation of F and K. an approximation of K satisfying assumption (6). Let V. be
a discrete viability domain for G..

Then V* := Limsup V. is a viability domain for F.

e—0
Proof. Let us consider z € V* and p € NPy:(x). Let g, — 0 be a sequence such
that x,, € V., exists converging to x and consider® z, € Iy, (z+p).

LEMMA 2.4. We have: lim,,_, o 2, = x.
ProofS We have
o = 22 = [l = @12 + 2050 — 20yB) + 200 — 20,7+ — 20) — 0 — 202
and since z,, € V_,, we have also
(Tn — zZn,x+p—2,) <0
then
9) lz = zal® < llz = 2nll* + 2(zn — 20, D).

Let be z any element belonging to Adh(z,,), the set of adherence values of the sequence
(2). From the very definition of V*, since x € Il (x + p) we have:

(z—x,p) <0.

Then when n — oo we deduce from (9) that ||z — z||* < 0. O

On one hand, since V;, is a discrete viability domain, there exists v, € G., (z,) N VL,
and since z,, is the projection of x +p on V., we have

lzn = (2 +p)I| < llvn = (= + ).

On the other hand, from the definition of G. there exists w, € F. (z,) such that v, =
Zn + €pwy,. Then we obtain:

|2n — (z +p)||2 <|lzn — (z+p)+ 5nwn||2
= llzn = (& + P)|I* + 2(2n — (2 +p), enwn) + &3 |[wnl|®
5 We can assume that 2e,, is unique since, if not, one can replace p by p’ = 1/2p and then the

projection becomes unique.
6 This version of the proof is a revisited version by P. Cardaliaguet.



246 P. SAINT-PIERRE

So

(pswn) < genllwnll® = (zn — @, wn).

-2
Let n tend to oco.
Since

Limsup Graph(F;_) C Graph(F),

from Lemma 2.4 we deduce that lim, o (2n, w,) = (x,w) € Graph(F') exists such that
{p,w) < 0. So condition (4) of Theorem 2.2 holds true. This prove that V* is a viability
domain. O

The Marchaud property of F' is not sufficient to prove that the viability kernel of K
for F' can be approached exactly by a sequence of discrete viability kernels. We need a
stronger regularity assumption on F' which is satisfied when F' is Lipschitz but which is
quite general including many situations where F' is only upper semicontinuous.

PROPOSITION 2.5. Let F' be a Marchaud set-valued map and D a viability domain
for F. Let us consider any approximation F.(z) of F satisfying assumption (7) and set
G:(z) :=x+¢eF.(z). Then D is a discrete viability domain for G.

Proof. Let be z € D and consider any solution z(-) € Sp(z) viable in D. We know
that

t
vt >0, z(t) =x —|—/ 2/ (T)dr.
0
Let be 6 := max{t | z(¢t) € B(x,1)}. Since 2/(7) € F(z(r)) for almost all 7 € [0,0], we

have:

Ja(7) — 2| < TM(z)
and so, for all 7 < (1/M(z)), z(7) € B(z,1). In particular z(1/M(z)) € B(z,1). So
6> (1/M(x)) and

(10) V1 <

M(I)7 ”‘T(T) - .’II” < TM(‘T)

On the other hand,
¢
x(t)—xz/ dTE/ F(z dTC/ F(z + ||z(1) — z||B) dr
and from (10) we have for all ¢t < (1/M (x
¢

(11) x(t)—x € / F(zx+7M(z)B)dr C tF(z + tM(x)B).

0
Then from assumption (7), for all € D and for all € < (1/M (z)), we have

z(e) €Ex+eF(x +eM(x)B) C x4 cF.(z) = G ().

So, since z. € D, we have proved that

Ge(x)ND#0D
that is to say that D is a discrete viability domain for G.. O
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COROLLARY 2.6. Let be F' a Marchaud and (-Lipschitz map. Assume that M :=
sup,cx M(x) is finite. Let be F.(z) := F(z) + (M{/2)eB and G. := x +eF.(z). Then

—

Viabp(K) = lim Viabg, (K)
E—

Proof. Assumption (6) is satisfied for F.. On the other hand, for any = € Viabp(K)
and for any viable solution z(-) € Sp(z), from inclusion (11) we get:

z(e) €z +eF(x) +/ MirBdr =z +eF(z) + MT€£2B =z +eF. ()
0

and so
x(e) € Ge(z) N Viabp(K) # 0.
The viability kernel of K for F is a discrete viability domain for G. contained in

—_—
Viabg, (K). From Proposition 2.3, equality ensues. O

THE VIABILITY KERNEL ALGORITHM. To compute the discrete viability kernel of K
for G we need the following

PROPOSITION 2.7. Let G : X ~» X be an upper semicontinuous set-valued map with
compact values and K be a closed set. Consider the decreasing sequence of sets K™ defined

by

(12) {KO =K

Kntl={x e K" | G(z)N K™ # 0}.
Let be K :=limy, oo K™ =)~ K™. Then

—
K™ = Viabg(K)

One can find in [10] the fully discrete algorithm and convergence results which allow
to compute fully discrete viability kernels defined on grids”.

3. Applications

3.1. Calculus of the minimal time function for constrained control prob-
lems. Amongst many applications we show how this result can be applied to prove the
convergence of algorithms which allow approximation of the minimal time function for
target problems with state constraints and without local controllability assumptions on
a neighbourhood of the target. This is a joint work with P. Cardaliaguet and M. Quin-
campoix (see [5] for control problem and [7] for Differential Games)

7 We call grid of size h any countable subset X}, of points of X satisfying the following property:

Va € X Jxp, € X}, such that d(z,z,) < h
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Let be C a closed target and K the set of constraints and consider the system:

(' y) = {(i(ac,u), -1) ife gC,
Co{(f(x,u),—1),(0,0)} ifzeC,
u € U(x),
(z(t),y(t)) € K x Rt vt > 0.

Let us denote F the set-valued map = ~» F(z) := {f(z,u), v € U(z)} The minimal time
— or hitting time — function is defined by:

I8 (20) := inf  {r]xz(r)eC, z(t) e K, Vt <1}
z(-)eSr(wo)

ProrosITION 3.1. If F' is Marchaud then:
o V() is lower semicontinuous,
o the infimum value is reached for some solution.

We refer to [5] for the proof of this Proposition.
3.1.1. Characterization through Viability Theory. Let us denote Z := X x R and ®
the expanded set-valued map defined by:

_ [ F(2) x {-1} ifzeD
®(z,y) = {CO((F(x) x {—1H) U ({0} x {0})) ifzeC

and consider the differential inclusion
(14) (@' (t),y' (1)) € ®(z(t),y(t)), a.e. t > 0.
Let us note that if F' is a Marchaud set-valued map, ® is also Marchaud. We have the
following:

THEOREM 3.2 Let F': X ~» X be a Marchaud map, K and C two closed subsets of
X. We set

H = {(z,y) € (KNX\C) xR"}
Let 9K () be the hitting time function of C for solutions in Sp(-) which remains in K.
Then the epigraph of 9K (-) is the viability kernel of H for ®:
Viabg (H) = Epi(95).
3.1.2. Algorithm. For the sake of simplicity, we consider in this section the case when

F is ¢-Lipschitz and M-bounded.
Fix 7 > 0 and let us now define the following nondecreasing sequence of maps defined

on K:
0 ifxe K
0 —
Ur(z) = {—l—oo ifr g K

I (z) = T +infuer, <1 {9%(@ + 7f(z,u) + %Tzw)} if do(x) > Mt
" 0 if do(z) < M.

From the Convergence Theorem, we deduce the following convergence result:

(15)

THEOREM 3.3. Under the asumptions of Theorem 3.2 92°(x) := klim 9% () exists and

we have
Vr € K, 111%192"(-):195(-)
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Proof. We set
[ {F (@)} < {-1} ifegC
¥zy) = {@[{F(x)} x {—=1}U{0,0}] otherwise
and we introduce
I (o,g) im (z,y) + T[{F(2) + 478} x {-1}] if do(x) > Mp
T (@) +7Co[{F(z) + 2B} x {-1} U {0,0}] otherwise

Then combining Theorem 3.2 with Theorem 2.2 yields that
—
Lim,_ g+ Viabr, (K x RT) = Epi(v§)
Now Proposition 2.7 states that the following decreasing sequence of closed sets:
AO =K x R+
Ak-ﬁ-l = {(x,y) € Ay Fp(xay) N Ay 7& (Z)}

—

converges to Viabp, (K x RT). It is easy to check that the Ay are the epigraph of some
function 9¥*. Now, exploiting the very definition of A gives (15). |

3.1.3. Example. In control theory, Zermelo described the problem of the swimmer
that can be summed up as follows: the dynamic of the river is given by the water current
function f(z,y). The current is choosen to be decreasing with the distance to the middle
axes of the river, with a constant direction: f(z,y) := 1 — aly|* (a = 0.04).

The swimmer has his own dynamic: he can swim in any direction at a speed s whose
norm ranges between [0, 0.5].

(0,0

1. Minimal time function for Zermelo problem with obstacles
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Also the global dynamic is given by:
" P(t) = (1—ay?) +u
y'(t)=v with u? +v? < 2

In the numerical example we have choosen C' = {(z,y) € R? | 22 + y? < 0.44} for the
island-target and K = [—6,2] x [-5, 5] x RT. Taking into account the symmetry of the
problem, we have just viewed half part of the problem.

2. Level Curves of the Minimal time function for Zermelo problem with obstacles

The swimmer aims to reach an island as quickly as possible. We assume that if he
pass over some “waterfall” ahead the island, he completely fails and that he has to avoid
some precised area or obstacles which are shown on the figure.

The domain of the minimal time function is precisely the set of initial points zg from
which the swimmer is able to reach the island. Out of this domain the minimal time
function takes the value +o0.

Let us notice that in this case the swimmer can follow up the bank since c¢ is greater
than (1 — a|y|?) whenever y > y* = (1 — ¢/a)'/? (y* ~ 3.53).

Figure 1 represents the graph and Figure 2 the level curves of the approximate minimal
time function obtained for a grid of 416% points.

A barrier phenomena can be observed showing the discontinuity of the minimal time
function.

Relations with viscosity super solution of Hamilton Jacobi Bellman equations are
given in [5] and [6].
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3.2. Equilibria for set-valued dynamics. A second application of the Convergence
Theorem of Viability Kernels lies in the calculus of the set of all equilibria for upper
semi-continuous set-valued maps.

Let F: X ~» X be a set-valued map and K a closed subset of X. We denote

Equip(K):={zx € K|0€ F(x)}
the set of all equilibria for F' contained in K.

3.2.1. Characterization of the set of Fquilibria. Let be FF: X ~»Y and Z := X x Y.
We define @ : Z ~~ Z by:

(7) 2) = ( iy )

We consider the differential inclusion system
(18) (@ (1), (1)) € D((t)y(t),  ae. t=0
and for any ¢ > 0, the constraint set:
(xz(t),y(t)) € K x cB, vt € [0, +00).
Let ITx denote the projection (z,y) — =.
PROPOSITION 3.4. Let F' be a Marchaud set-valued map and K C X closed. Then
(19) Ve € RT Equip(K) = lx(Viabe (K x cB)).

For ¢ = 0 the result still holds true: the projection of the viability kernel of K x {0}
is the set of equilibria of the system (18).

We can also apply Proposition 3.4 with ¢(x) := mingepe,) [y, or ¢(z) := || f(z)]
when F' is a single-valued continuous map f : X — Y, and consider the differential
equation system

under the constraint

(x(t),2(t)) € K x [0, (], vt € [0, +00)

3.3. Approximation of Lyapunov functions. In [1] J.-P. Aubin has proved the
existence of a Lyapunov function greater than any given function V' which epigraph
is the viability kernel of Epigraph(V') for the corresponding dynamic F. We give here
an algorithm which allows to compute approximation of such Lyapunov function. This
method is closed to an exploration method in the epigraph of V.

Let ¢(-) : X — RT be a non negative function such that mingecx ¢(z) = 0. The
function ¢ is a Lyapunov function for the differential inclusion

(20) 2 (t) € F(x(t)), a.e. t € [0,400)

if there exists xp € X and a solution 2*(-) € Sp(zg) satisfying

d

(21) ESD

(z*(t)) <0,  Vte€0,400).
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So if we know a Lyapunov function, we know already the behavior of the solution z*( )
when ¢ increases to infinity.

If equation ¢(x) = 0 has a unique solution Z, then lim;_, z*(t) = T.

If there exist xg # T and ¢(-) a Lyapunov function such that zy € Dom(yp), then xg
belongs to the attraction basin of T and there exists a solution of (20) starting from zg
which converges to . Along the solution ¢ is not increasing.

The Lyapunov function ¢ is not unique. For instance ¢(z) := 0 if © = T and 400
elsewhere is a Lyapunov function.

The following result due to J. P. Aubin states a characterization of “some best”
Lyapunov function insuring asymptotic stability.

Let V() : X — RT be a non negative function, Epi(V) the epigraph of V' and
consider the differential inclusion:

{:r’(t) € F(x(t)) ae. te0,4+00),
y'(t) = —ay(t).

ProrosiTION 3.5. Let F : X ~» X be a Marchaud map. Let be K C X closed.
Let V : X — R such that Epi(V) is closed. We denote ®(z,y) = (F(z), —ay) and
H :=Epi(V)N K x RT. Then

(22)

where () is the minimal lower semi-continuous Lyapunov function greater than V:
Vo € K, o(x) > V().

From this Proposition, the domain of the minimal function ¢(-) is the subset of
initial points zp such that a solution exists in Sp(xo), viable in K, which converges
asymptotically to .

3.3.1. Approxzimation of Lyapunov Function Algorithm. The function ¢ is the limit®
of a sequence of lower semicontinuous functions ¢".
Let be ¢Y(-) = V(). For all p > 0 we define:

n—1
. " (@t p2)
¢" () = max [w (I)’ze%i,(z) T ap ]

PROPOSITION 3.6. The sequence of functions {©™ ()}, converges pointwisely to ()
as n — +oo and p — 0, which is the lowest lower semicontinuous Lyapunov function
minorated by V.

Proof. From the very definition of ©™ (), we have already
ron  on— + pF ((E) ) o n—1
Epi =< (z,y) € Epi ! v P N Epi 05
pi(p") {( y) € Epi(¢" ™) <y(1—ap) pi(p" ) #
So from the Viability Kernel Approximation Theorem we can easily check that Epi(y) is
the viability kernel of Epi(V') and so that

Viaby (®) = Epi(p).

|

8 in the sense that its epigraph is the upper limit of the sequence of epigraphs of functions ¢"



EQUILIBRIA AND STABILITY IN SET-VALUED ANALYSIS 253

Moreover, since Epi(p™) is a decreasing sequence of imbedded epigraphs, for any
x € K we have

o™ (x) < " (x)
S0
¢"(x) < p(z).
On the other hand from Theorem 2.2, since Epi(¢) = Viaby (®), we have
lim ¢"(z) > ¢(z)
thus implies
Jim @"(2) = ().
Let us check now that ¢ is a Lyapunov function. Let be (zg, ¢(zo)) € Epi(p). Starting
from this point, there exists a solution (z(-), ¢(z(-)) viable in Epi(p).
Then for all ¢ > 0, (2'(t), ¢’ (z(t)).2'(t)) satisfies
(&, 0 (@)-2") € Ty, oy (> 9@) 1 (F(2), {—a.0(2)}).
Then

d
21 P(0) = ¢'(2(1)-'(t) = —ap(z(t) <0, pp.t>0
so ¢ is a Lyapunov function.
Lower semicontinuity derives from closedness of the viability kernel Epi(ep).
The lowest Lyapunov function property derives from the very definition of viability
kernels that are maximal viability domains and from the simple remark that the epigraph

of any lower semicontinuous Lyapunov function ) minorated by V' i a viability domain
of Epi(V) for ® included necessarily in Epi(y).

3.4. Asymptotic stability for Equilibria. Let us consider the graph of a set-valued
map F with closed graph. A way to explore Graph(F') so as to find equilibria for F' is to
consider the following dynamical system

{ z'(t) eB

y'(t) = —ay(t)

and to consider the Viability Kernel of Graph(F’) for the set-valued map I' defined by
D(z,9) = B x {~ay}.

It is the closed graph of a set-valued map F*° : X ~» Y which have same equilibria
than F'.

From the very definition of the Viability Kernel, for any initial value zy € Dom(F°),
there exists x(-) such that:

Yt >0, yt) = ey € F@(a(t)) C F(z(t))

and the limit values of () are equilibria for F.
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3.4.1. Approzimation of F°° and convergent Algorithms. Let be p > 0 and FpO =F.
We define F}' by:

Fp(z) = F}'(2)) (1 _1ap UF @+ pu)).
ueB

Ffj’o satisfies

Let be yo € F3°(2°), n fixed and consider the set-valued map x ~» R (x) defined by
Ry(z) :=={ue B| F)(x+pu)n (1 —pa)F; (z) # 0}
PROPOSITION 3.7. We have
Graph(F°) = Viabr(Graph(F)).

Moreover, Rﬁ( -) defines a convergent algorithm: for any 2° € Domain(R:}), the sequence
defined by

karl c ,CCk +pRz’(.’L’k)
converges to a zero of F,.

Indeed, since the viability kernel Viabg (K) associated with this problem is the set
of initial points (2%, y°) such that a solution (z(t),y(t)) exists satisfying x(t) — z* and
0 € F(x*), the projection of Viabg(K) onto X is the set of initial values z° for which
the sequence (z¥); defined by

ab e ab 4 pRI(2F)

satifies y* = (1 — pa)¥ € F,(2*) and so y* converges to zero and z* converges to a zero
of Fj,.
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