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Abstract. The authors obtain a generalization of Jack—Miller-Mocanu’s lemma and, using
the technique of subordinations, deduce some properties of holomorphic mappings from the unit
polydisc in C™ into C™.

1. Introduction. Let n be a positive integer and C™ denote the space of n com-

plex variables z = (21,. .., 2,) with the Euclidean product (z,w) = Y ;_; zxW), and the
Euclidean norm |z| = (z,2)/2. Let U} denote the unit polydisc in C”, i.e. the set
{z € C" : ||z|| < 1}, where ||z|| = maxi<;<n |%;|, and let B} stand for the open unit

Euclidean ball in C". Forn =1, B} = U =U = {z € C: |z| < 1}, the unit disc in C.

Recently the present authors [3] have obtained a new generalization of the Jack-Miller-
Mocanu lemma and, using the technique of subordinations, arrived at some properties of
holomorphic mappings defined on the unit polydisc U7*. In this paper one deduces other
results concerning partial differential subordinations and some inequalities for holomor-
phic mappings on U7".

Let 2 be a domain in C™ and let H(2) be the set of holomorphic mappings on €.
If f € H(?), denote by [Df(z)], z € Q, its Fréchet matrix [(0/0%;) fx(2)]jk=1,. n and
by [Df(z)]' its transpose. Also, if F' is a holomorphic function defined on a domain
D C C™, then by (0/0z)F we denote the complex vector ((0/0z1)F,...,(0/0z,)F) and
by [(8/0z)F] its transpose. (If z € C™, then [z]' means the transpose of z.) Since (C", |-|)
is a normed space with respect to the Euclidean norm, if A : C* — C™ is a continuous
and linear operator, then by |A| we denote the norm of A, i.e., [A| = supy, -, |Au|. For
our purpose we shall use the following result.

LEMMA 1.1 [2]. Let 0 <ro <1 and h: roﬁ? — C be a holomorphic function on TOUT
with h(0) = 0. If z9 € roU; and |h(z)| = max{|h(2)| : z € r,U}}, then at z = 2y we
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have
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[20]'} > m(m —1), where m > 1.

ZQ[

2. Main results. We start with

THEOREM 2.1. Let f : U{* — C" be a holomorphic mapping on U7 such that f(0) =
and f(2) #0, z € UP. Let 0 < 1o < 1 and 2o € r,U; be such that
(1) |f(20)] = max{|f ()| : z € .Uy }.
Then there exist real numbers m and s such that s > m > 1, and at z = zg we have

(i) ([Df(20)][z0]', f(20)) = m|f(20)|? and

(i) ([[Df (20)][z0]'] = s]f (20)I-

Proof. Using the hypothesis we can assume zy # 0 and f(z9) # 0. Let g : U] — C,
be defined by g(z) = (f(2), f(20)), z € U*; then g is holomorphic on U}, g(0) = 0 and ¢

satisfies |g(z0)| = max{|g(2)] : ||z]| < ro}. From Lemma 1.1 we deduce that there exists
m € R, m > 1 such that 20[(0/02)g(20)]" = mg(z0). Yet,

20[89520)]’ — ;Z(])C ag;o _ Z Z af] 20 ] <[Df(20)][20]/7f(2’0)>

=1
Hence we obtain (i). On the other hand, |([Df(z0)][20)’, f(20)}] < |f(z0)|[[Df(20)][20]'],
so from (i) we have |[Df(z0)][z0]| > m|f(20)|, which implies that there exists s € R,
s > m, such that |[Df(z0)][z0]'| = s|f(z0)]|-

Remark 2.1. For n = 1 we obtain the result of Jack-Miller-Mocanu’s lemma [5],
[6].

Let M and s be real numbers such that M > 0 and s > 1. Let further D € C?™ be a
domain such that (0,0) € D

DEFINITION 2.1. Let K,, = Ug>1K5(M), where K5(M) = {(u,v) € C*" : |u| =
M, |v| = sM}. Suppose that K,, C D and let V,,(D,M) = {g: D — C™ : g is continuous
on D, [¢9(0,0)] < M, |g(u,v)] > M, for all (u,v) € K,,}.

By using this definition and the result of Theorem 2.1, we deduce

THEOREM 2.2. Let D C C?" be a domain and f be a holomorphic mapping from U
into C™ such that f(0) =0 and f(z) £ 0, z € U. Suppose there exists g € V,(D, M)
such that

(F(), DI €D and |g(f (), [DFGE <M forall =€ UY.
Then |f(z)| < M, z € Up.
Proof. If the relation | f(z)| < M does not hold everywhere in U7, then, using the
continuity of the norm and f(0) = 0, we deduce that there exists zy € TQUT, 0<rg<l,

and M = |f(z0)] = max{|f(2)] : ||#]| < ro}. Then by Theorem 2.1 there exists s € R,
s > 1, such that at z = zo we have |[Df(z0)][z0])| = s|f(20)]- If we set u = f(z9) and
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v = [Df(20)][20]’, then (u,v) € K3(M). Hence, by g € V,,(D, M), we have |g(u,v)| > M,
so we obtain a contradiction with the hypothesis. Therefore |f(z)| < M for all z € U7

Remark 2.2. It is interesting that this result can be applied for proving that some
partial differential equations in C™ have bounded solutions.

COROLLARY 2.1. Let F' : Ul* — C™ be a holomorphic mapping on UT', which satisfies
F(0) =0 and |F(z)| < M for all z € UJ. Let g € V,,(D, M) be a holomorphic mapping
and suppose that the differential equation g(f(z), [Df(2)][z]) = F(2), f(0) =0, has on
U a holomorphic solution f. Then |f(z)| < M for all z € UT.

DEFINITION 2.2. Let w : U]" — C™ be a holomorphic mapping on Uj*. We say that w
is a Schwarz mapping if w(0) =0 and |w(z)| < 1 for all z € U7

DEFINITION 2.3. Let f be a holomorphic mapping from U7* into C™ and ¢ be a
holomorphic mapping from B} into C™. We say that f is subordinate to g (f <g) if there
exists a Schwarz mapping w (in the sense of Definition 2.2) such that f = gow in U7

Remark 2.3. If f is subordinate to g, then f(0) = ¢g(0) and f(U7) C g(B}). Yet, if
g is biholomorphic on B}, then we can easily show that f < g if and only if f(0) = g(0)
and f(UD) C g(BY). Also, if f < g, then f(rU}) C g(rB}) for all 0 < r < 1.

Let Q,, be denote the family of all biholomorphic mappings g on E? \ E(g), where

E(g) = {¢ € OBY : there exists k, 1 < k <n, with \5@1 gr(z) = oo}
z2—(
In the next (except for some examples) we shall suppose that F(g) = 0); in the other case
we can use in the proofs the class @,,.

Now we can give the following result:

THEOREM 2.3. Let f be a holomorphic mapping on UT* and let g be a biholomorphic
mapping on By such that f(0) = g(0). If f is not subordinate to g, then there exist real
numbers m and s, s > m > 1, and points zg € UJ*, 0 < ||z0]| < 1, (o € OBY, such that

() F(z0) = 9(Co), F({z: [I2ll < ll20ll}) € 9(BY)

and at z = zg we have

(i) 357y Go - 20[ D (20)) [(9/w)gis(wo)] = m,

(i) S{1Dg(G) = < IIDS o)z} < sl[D(Go))
where (o = (C(%v s 7C6L)7 Wo = g(CO)a g_l(wo) = (gl(wo)v e 7§n(w0))

Proof. Since f is not subordinate to g and f(0) = g¢(0), then f(U}) ¢ g(B}).
Hence there exist zg € U7, ||z0|] = 70, 0 < 79 < 1 and (o € OB} such that f(zg) =
9(¢o) and f({z: ||2|| < ||z0]|}) € g(B}). Let h : rqU; — C™ be the mapping given
by h(z) = (g7 o f)(2), z € roU{*. Then h is holomorphic on roU}*, h(0) = 0 and
1 = |h(z0)] = max{|h(2)| : ||z]| < 7o}. By applying the result of Theorem 2.1 and the
continuity and linearity of the operators Dg(¢y) and [Dg(¢o)]~! on (C™,] - |), we obtain
(ii) and (iii), as desired.

For n =1 we deduce
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COROLLARY 2.2 [5, 6]. Let f and g be holomorphic functions on U and g be univalent
on U, such that f(0) = g(0). If f is not subordinate to g, then there exist zo € U, (o € OU
and m > 1 such that f(z0) = g(o) and zof'(20) = mCog’ (Co)-

Now, using the above results, we are able to introduce the concept of ”admissible
class” for mappings of several variables.

DEFINITION 2.4. Let D C C", Q C C?" be domains, n > 1, let g be a biholomorphic
mapping on By, and (, € dBJ. Suppose that H:((o, ) = {(u,v) € C" : u = g(o),
s|[Dg(C)] 7t < |v| < 8|[Dg(¢o)]|}, where s, s > 1, is a real number. Let further

Hi9)= | HiGo9)

[¢ol=1
s>1

and suppose H,(g) C © and (g(0),0) € Q. The admissible class ¥]*(2, D, g) consists of
those mappings ¥, : Q x Uj* — C™ which are continuous and satisfy ,,(¢(0),0;0) € D
and ¥, (v,v;z) ¢ D for all (u,v) € Hy,(g) and z € U7

Using the conclusion of Theorem 2.3 and the above definition we obtain:

THEOREM 2.4. Let f be a holomorphic mapping on UT" and let g be a biholomorphic
mapping on E?, such that f(0) = g(0). Suppose that there exists Y7 (2, D; g) such that

(f(2),[Df(2)][2]) € Q@ and n(f(2),[Df(2)][2]') € D forall =z€U.
Then f is subordinate to g.

Proof. If the subordination f < g does not hold, then, by Theorem 2.3, there exist
z0 € U, (o € OB and s € R, s > 1, such that f(z9) = g({p) and the relations (ii) and (iii)
hold. Yet, if we define u = f(z0) and v = [Df(20)][z0]’, then (u,v) € H:(o,9) C Hu(g).
Hence, from Definition 2.4, we deduce v, (u, v; 20) € D which is a contradiction with the
hypothesis.

3. Examples. In this section we point out the usefulness of the above results.

Let z € C*, 2 = (z1,...,2,); then we say that Re 2 > 0 (resp. Re z > 0) if and only
if Re 2z, > 0 (resp. Re z;, > 0) for all k € {1,...,n}. Let 1 = (1,...,1) € C". Consider
the mapping g : U* — C", given by

() g(z) = (212 1

=2 1=z,
Then it is clear that ¢ is univalent on U7* and ¢g(U7") = E,, where E, = {w € C" :
Re w > 0}. Now, let A ={z € OB} : there exists k,1 < k < n such thatzy = 1}. In this
case E(g) = A.
Moreover, we denote by G2 ((p, 1) the class

1+ 1+¢
L=G7 =4
where (o (¢5,---, (") € OBy \ Aand s > 1. Let Gn(1) = U, {G5(C0, 1) : Go € 9B\ A}

Let further (1) be the class of those continuous mappings ¢, : @ x U]* — C", which

) forall zeU7.

1
)7 |U| > 75}7

G2 (Co, 1) = {(u,v) € C*™ :u = ( > 3
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satisfy 1,(1,0;0) € D and v, (u,v;2) ¢ D, for all z € UP and (u,v) € G,(1), where
Q C C? with G,,(1) C Q.
With the above notation we obtain

THEOREM 3.1. Let 2 and D be domains in C*" and C", respectively, and f € H(U}),
f(0) = 1. Suppose that there exists 1, € Y1 (1) such that

(f(2),[Df(2)][z]') € @ and  ¢n(f(2),[Df(2)][]'52) € D for all z € UT.
Then Re f(z) > 0 in U

Proof. Tt is clear that if we prove f < g, where g(z) is given by (2), then Re f(z) > 0,
z € U7". If this subordination does not hold, then using the same reasons as in the proof
of Theorem 2.3, we deduce that there exist points 2y € U7, (o € OB} \ A such that

14+ ¢t 14¢n
o= 1

Let u = f(20) and v = [Df(20)][20]’; then it is clear that (u,v) € G ((o, 1), so using the
definition of the class 1™ (1) we conclude that 1, (u,v; z) ¢ D, but this contradicts the
hypothesis. Therefore f is subordinate to g, as desired.

) and |[DfGolllzo| > s, 5> 1.

An immediate application of Theorem 2.1 is given by the following

THEOREM 3.2. Let M and N be positive numbers, let a,b be functions which satisfy
the inequality |a(z) + mb(z)| > N/M? for all z € U and m > 1. Let f € H(U?),
f(0) =0, and suppose that

la(2)f(2) + b(2)[Df(2)][z]'| < N/M  for all z € U7.
Then |f(z)| < M in U} .

Proof. If we suppose that the relation |f(z)| < M does not hold in U7, then, using
the continuity of the Euclidean norm and the relation f(0) = 0, we deduce that there
exists a point zg € U]* with the property

M = [f(z0)| = max{[f(2)] - [|2]| < [[z0][}-
Now it is sufficient to apply the conclusion of Theorem 2.1 to see that
|a(z0) f (20) + b(20)[D f(20)][20)'| = N/M,

but this is a contradiction with the hypothesis. Hence |f(z)| < M for all z € U7,
For a(z) =0 in U}*, we obtain

COROLLARY 3.1. Let M and N be positive numbers and let f be a holomorphic map-
ping on U with f(0) = 0. Suppose that b : U — C is a function which satisfies the
conditions

b(2)[Df(2)][z]| < N/M and |b(z)| > N/M?* for all z€ U}.
Then |f(z)| < M in UJ.

Another application of Theorem 2.3 is given in
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THEOREM 3.3. Let f € H(UT) and g be a biholomorphic mapping on B} with g(0) =
f(0). Suppose that |[Df(2)][z]| < M for all z € U}, where M = inf|¢=1 |[Dg()] 1~
Then f < g.

Proof. If this subordination does not hold, then, by Theorem 2.3, there exist the
points zp € U{", (o € 0B} and a real number s, s > 1, such that

f(20) = 9(Co) and |[Df(=0)][z0]'| = s|[Dg(¢o)] ™',
so |[Df(z0)][z0])'| > M which contradicts the hypothesis. Hence f is subordinate to g.
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