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Abstract. We consider the Dirac-type operators D + a, a is a paravector in the Clifford
algebra. For this operator we state a Cauchy-Green formula in the spaces C*(G) and W,}(G).
Further, we consider the Cauchy problem for this operator.

1. Preliminaries. Dirac and Dirac-type operators are considered in many papers. A
significant selection of papers is contained in the bibliography. Most of them consider the
operators in the quaternionic algebra. We want to consider the operator in the Clifford
algebra. Thus our considerations differ in some sense from the considerations in the
quaternionic algebra. We consider stationary problems and obtain as the main result the
Cauchy-Green formula. In the case of nonstationary problems we consider the Cauchy
problem.

2. Introduction. Let (eq,...,e,) be an orthonormal basis of R™, m € N, then by
C we denote the 2™-dimensional Clifford algebra obtained from the generating relations
ejer +exej = 2051, 5,k = 1,...,m. Thus the quaternionic case is not contained. An
element of C is of the form a = Y ases, ax € C, €4 = €4,...a, = €ay * --- * €q, for

A ={ay,...,a;} with a; < ... < ag, eg = 1 is the identity of C. We identify a vector
xr € R™ with the element x = Z;nzl x;e; of the Clifford algebra. Let G be a bounded
domain of R, with smooth boundary I". If F is a functionspace of complex-valued
function, a function u = > ugey4 is an element of F¢ iff u4 is a complex-valued function
of the space F. We use the Sobolev-spaces W;(G), 1 < p < oo, k €N, the space of
continuously differentiable functions C'(G) and the space La[0,t; Lo(R™)] with the norm
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fo 117, @y dt t)'/2. We consider the Dirac operator
D, —|—a—Zej —|—aj + epag, m €N,

where a = 377 |

eja; = apeg + a and D, E;n 1 ]6 , then D2 = V, V being the

Laplacian. We want to illustrate the Dirac-operator in the Pauh algebra. The basic vectors
are e, €g, €3, €2 =e3=e3=1, the unit element of the algebra is eg. We have the bivectors
€23 =ege3, €31 =ezep and ejo = ejes and the pseudoscalar eja3 = ejeses. We consider a

function

U = ug€g + ure1 + uges + uges + uz3z€23 + Uz1€31 + U12€12 + U123€123-

The scalar part is ug, the pseudoscalar part uia3, the vector u = (uy,us,us) and the

bivector v = (usa3, u31,u12). Then we obtain for the Dirac operator

3
9] 9] 9] 0
Du = Z‘%‘?U = +(7u1 + 9y 2 + ——us3)eo+

P 8 i 8 1 8 81'3
0 0 0 0
+(87333u31 - 8762%12 + aTUon)Gl + (GTMUH - 87333”23 + 8762“0)62+
0 0 0
+(87x2u31 — 87%1131 + 87%11,0)63"1‘

0 0 0 0
—&-(87621@, - 87:%”2 + 87:1:1“123)623 + (%Ul - 87951”3 + %u123)631+

0 0 0 0 0
+(8761U2 - 8732@&1 + nguug)eu + (afxguzs - 871:2”31 + afxguu)eu&

This system is equivalent to another system

divu = — *xcurl x v
+curl * u — xgrad * uio3

—xdiv* v,
where * is the Hodge-operator (multiplication with the pseudo scalar ejs93),
*¥€p = €123, k€123 = —€p; K€z = €31, *k€31 = —€2;
*€] = €23, k€3 = —€1; k€3 = €12, *€12 = —€3;

and the operator div is defined for vector u

L)
dive =S -2
vy ; o2, U;

and the operator curl is also defined for vectors u in the following way

curluf(iu fiu )e +(iu ,iu Je +(iu ,iu )e
e e T Bz 2 By Y12

and the Hodge-operator transforms bivectors in vectors and vectors in bivectors.

The
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operator grad is defined for scalars ug

°. 9
gradug = —Uupe;
7;:21 axl Z

and the Hodge-operator transforms scalars in pseudoscalars and pseudoscalars in scalars.

3. The Dirac-type operator D + a. Let m be a natural number and
1 agp m/2-1

Ko, (7) = Kq,(|2]) = W(m

Km_1(aolz|))

where K denotes modified Bessel functions, the so-called MacDonald functions.
LEMMA. The fundamental solution for V — a is Kq,.
The proof is contained in [Ort].

THEOREM. The fundamental solution for D, + a is
Eq(z) = exp” ~4*7{(Dy — ag) Ko, ()} =

1 L zje;

— —<a,r> . 77 m/2K

e gy 2 o (ol Kol
@o

2m)m/2 " |g|m2
Proof. We prove that E,(x) is locally integrable and (D +a)E, = 0 in R™\ {0} and

(D + a)E, = 6. On every compact subset of R™ the function e~ <%*> is bounded from

above and positive,

+

(aolz)™* K21 (aolel)},  with (a,2) = 37, aiz;.

1 e—|Raol|z|
|z[ — 0, Kay ~ W’

OKay(z) e IReollela;
oz |p|m/2+1 7

aoNWa |z| — oo,

0K, () zj
Oz |z
Rag denotes the real part of the complex number ag. Thus F,(z) is locally integrable in
R™. Next,

|z — oo,

|z[ =0,

(Dy + a)E,(z) = (Dy + a){e”<%"7 (D, — ag) K, (2)} =
= —ae” 2" (D — ag) Ky (z) + € <2"7 Dy (D, — ag) Ko, (7)+
+ae” <" (D, — ag)Ka, (2) =
= e <%">(D, + ag)(Dy — ag)Ka, (z) = € 2" (A — a2) K,y () = 0
in R™ \ {0}. On the other hand, let ¢ € D(R™):
(D + a)Eq(x), §()) = (¢4 (A — a§) Kq, (v), ¢(x)) =
= ((A — a§) Ko, (2), €277 p(2)) = (6, <27 p(x)) =
= ¢(0) = (6,9).
Remark. The case a = ag € C is discussed in [Xu] if € = —1 by using outer and

inner monogenics.
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We introduce the integral operators
Tou —/E r—yu(y)dy, Fou:= /E x —y)n(y)u(y)dy, x ¢T.
Here, n(y) denotes the outward-normal at the point y € T'.
THEOREM. The operator
Ta:W[ﬁC(G)HWIﬁZl(g), l<p<oo, k=0,1,...
18 continuous.

Proof. T, is a weakly singular integral operator with

|Ea(x - y) <

. |z —y[m!
and using [MP] we get thus the operator
T, : Lp7c(G) — Lp7c(g), l<p<oo
is continuous. The rest is contained in the following lemmas.
LEMMA. Letu € L, c(G), 1 <p<oo, k=0,1,.... Then
0 / 0 u(x) y— Y —

—T,u= | —E,(x—y)u(y)dy + / dS Y

Oy, ¢ ¢ Oy, ol July) A, S Ix—y\ |$_y| ®)
where the integral over Sy is a constant only depending on the dimension m and k and

m/2
Ay = % is the area of the unit sphere in R™.

2

Proof. We have E,(x —y) = e <%*"Y>(D, — ag) K, (x — y),

1
aOKao(‘Tfy) ~ |x_y|m_27 r—y,
1 —<a,x— r—Yy
DxKao(x_y) = T@ serTy> |$—y|7 r—1y.
Now, we get

0 —<a,r—
g | €T (D = a0) Ko (@ = y)uly)dy =

Tk G

[ e (s~ a0 o= )ty +
—/ ‘ e” BT (Dy — ag) Koo (2 — y)u(y) cos(r, z1,)dS.
r=e=|r—y
6 —<a,c—y>
= [ e (D, = )~ )
—|—/ | Iei<9’m7y>aoKao(x—y)u(y)cos(r,xk)dSE—F
z—y

_ / e < V>D K, (x — y)u(y) cos(r, zx)dS. =
|z—y|

_ /G aixk ¢=<aTV> (D, ag) Koy (2 — ) yuly)dy+
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- / e tem<ar=(@+e)> g K (x — y)u(z + €) cos(r, 21, )dS1+
lz—y|=1

- / e~ vt @+e> D Koo (x — y)u(x + e8)e™ L cos(r, 1) dS) .
lz—y[=1

We take ¢ — 0:

d u(x) / Y- Yk —
= | —FE.(z—y)uly)dy + " ds
/G 6$k ( y) (y) Y Am S1 |I - y‘ |l’ - y| 1( )

67<Q,I*(I+60)> _ 66<g,0> _ 1)

LEMMA. The operator %Ta 2Ly, c(9) = Lpc, 1 <p < oo, is continuous.

Proof. From the Lemma above we get

0 0
T = /G 5o Eale = puly)dy + Clkju(z),

where C(k) is a constant only depending on k. Thus C(k)u € L, ¢ if u € L, . We
consider the first term.
0
7Ea — =
oz, Pelr = v)

—<a,z—y>__ 20 Tk — Yk
(27T)m/2 |.’E _ y|m

Ccam—ys_ G0 N~ (5 = y) (@ = yr) m/o-
oremv o 3 BT )™ K (ol o)+
j=1

—abq(x—y)—e (aolz — y1)™ 2 K2 (aole — y|)+

e

Ccam 1 0 (x5 —yj)e;
<a,r—y> K . J J/=7 .
a0(27r)m/2 m/2— (10|=T ; 8 ‘l‘ — y| )

We only have to consider the last part, because the other parts lead to weakly singular
kernels. We prove that the last part creates a singular kernel of a Calderon-Zygmund
operator. We choose k = 1 and use sphericals cordinates in the following way:

y1 = x1 + rcosby,

Yo = To + rsinb; cos by,

Ym—1 = Tm_1 +7rsinfysinfby...sinb,, s cosb,, 1,
Ym = T +1sinbysinfs .. .sinb,,_osinb,,_1,

r=lz—y|, 0, €[0,x],6; € [—m,7],i=2,3,...,m— 1. We have

or  x—
— = ——— = —cos¥b;.
o0x1 r
Thus 9
1 (v1 —y1)?1  cos?f; sin®6, ) 061
0x1 cosoL = T r3 r r r Y91
and we obtain
% - sin91

oty T
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because of
0, € [0,7‘1’].
Further
0 — 0
pr 42 " m2) Er ——(sin 6 cos 0)
0 00 0 o0
89 ——(sin 0 cos 03) axj SH; ! cos 01 cos 85 — sin 0 sin 92721
0 0 in 6 0
cos 61 cos 02@ — sin 64 sin 02@ _ S cos 01 cos 05 — sin 6 sin QQQ.

1 1 r 0y

On the other hand
0 — — — 1 in 6
AN R (y2 = 22) ((yl xl)) = 227 056, cos B
ory r r r r r
and we obtain 5
—sin 07 sin 0 —= 0> =0
0z,

and thus %20 Now, let ——O j=2,,1—1,1<m—1, then

0 — 0

87501(1/2 " x2) Ern (sinfy - ...-sinf;_q cosb;)

= g, b 'Sinel—lcos&)ge +8%(sm01 -sin@l_lcosel)%:

in 6
S 0 cos B sinfy . ..sin6;_1cosf; —sinf ...sinH;_1 sin 6, gzl
1
On the other hand
i(ﬁh - CE1) _ (y1 — 1) ) ((y1 — x1)) ) 1 B sin 01 05 61 $in B . .. 5in By 008 6]
8"If‘l r T T r r
and we get 2% =0,1=2,...,m — 1. Though, we obtain
0 T 0 m(fﬂj*yj) B 9 & (- y;) 1 B
8$1(|37|m B 81’1(_ |z —y|™ ¢) = 53?1(_2 r rmej)*
Jj=1 j=1
(m — ].) or m (xj _ yg) 1 9 m (LE] B y]) 801
rm 1 ; lz —ylm 7 =100, (; | — y|™ ])axl
L0 (@), 0 (2 —y;) | Or
= an. i) — —(m — 1 e;)——
Tm{ 891 (J; |$—y|m ])8x1 ( )(; ‘l‘—y|m J)al‘l
Let
1’ J—
901, 0, Oy) = =3 L)
= "
then
O (= Ll or | _ f(d.r)
81'1
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We get
%Ea(x —y) =
Bl ) =T G [y ol — ) Koa(aole )+
T > 7?“;55 9 . (aola = 41)™/* Koz (acl — )+
j=1
ei<9’zfy>m - (ap|lr — y|)m/2Km/2(a0|x —yl)- w

We have to prove that fsl f(#,1)dS; = 0, where S; is the unit sphere in R™ with center
in z, and that fSl |f (o, 1)|pld51 = const, 1 < p’ < co. Because of

dSy =sin™ 260, sin™ 20, .. .80 0,,_o2d01d0s . .. dOr,_o2db,,_1,

we obtain

/f(¢,1)d51:/ dOm_l/ sinem_Qdem_g.../ sin™ 3 0,d0,
Sl —Tr 0 0

/F f(p,1)sin™ 2 0,dh;.
0
We have
flo,1) = C(ao){% sinf; + (m — 1)¢cos b, },

where C(ag) is a constant only depending on ag. Thus the inner integral is equal to

C(ao) / [(m —1)¢cosb; + 99 sin @y sin™ "2 0,df, =
0 06,

0
C(ao)/ 7[Sinm_1 91 -¢(917...,9m,1)]d91 :0
o 001
and thus
f(@,1)dS; = 0.
S1
Furthermore, we have

20, sin 6, = —sin® 01e; + sin 01 cos 01 cos baes + ... +
1

+sin @ cosfysinbsy . ..sinb,,_2cos b,y _1m_1+
+sin @ cos@ysinby . ..sinb,,_2sinb0,,_1em
and
¢ cos by = cos? bre; + sin 0 cos b cos baes + ... +
+sinf; cosfsinfs...sinb,,_ocosb,,_1€m_1+

+sinfy cosfsinfb,...sinb,, _osinb,,_1e,,
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and thus

%sin@l + (m —1)¢cosfy = —1-e; +m - cos® e, +
1

+m - sinfy cos b1 cosbres + ...+ m -sinfy cosfsinbs...sinb,,_osinb,,_1e,,
and
0o . 2
\% sinf; + (m —1)¢cosbr| <1+m
1

and we obtain finally
(@D dS1 < (1+m?) - A, 1<p < oo,
S1

If k£ # 1, we choose spherical coordinates such that the same situation arises.We obtain
that |, G%Ea(xfy)u(y)dy consists of weakly singular integral operators and a Calderon-
Zygmund operator (singular integral operator). This completes the proof.

LEMMA. Let u € C&(G) then we have
u(z) inG
0 in R™\ G.

This follows immediately from the construction of the operator T,.

(D +a)Tyu = {

An important connection between the operators D, + a, T, and F, is given by the
Cauchy-Green formula.
THEOREM (Cauchy-Green formula). Let u € CL(G) then we have

u(z) in G

Fau+Ta(Dw+a)u:{0 in R™\ G.

Proof. We have
(Dy — a){e” 4"V Ko (x — y)u(y)} + =27V Koy (2 — y)au(y) =
=ae” "V K (z — y)uly) — e STV DK (2 — y)uly)+
TS G (1 ) Dyuly) — a6 S K (o - y)u(y)
e STV Ko (v — y)au(y) =
—e” ST (Dﬂc + aO)Kao (1‘ - y)u(y) + 67<g’m7y>Kao (I - y)(Dy + aO)U(y)'

Let Ge ={y € G : |x — y| > €} then
/ (Dy — a){e™ =" 7Y Koo (v — y)u(y) }dy =

€

_/ e” BTV (Dy 4 ag) Koo (2 — y)uly)dy+
G

€

+/G e <PV K, (v —y)(Dy + a)u(y)dya | e 2"V K, (x — y)u(y)dy =

€ €

67<9¢r*y>KaO (z —y)n(y)u(y)dy+

— 5

B / e"<YTY> (D, 4 ag) Ky, (z — y)u(y)dy +
G.

e” STV K (@ — y)u(y)dy+

€

_ /S e=<eT=v> K (¢ — y)n(y)uly)dy — a

S
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+/G e TV D Koy (@ — y)u(y)dy = a/G e TV K (2 — y)uly)dy+

€ €

-+Ae*@*%ng4m—wmwu@My—L;e<&*%va4x—wn@mwm9

€

Thus

/ e STV K, (¢ — y)(Dy + a)u(y)dy — / e” &Y (Dy 4 ag) Koo (2 — y)u(y)dy =
G G

€

= / e <YK, (z —y)n(y)u(y)dy — / e LTV K, (z — y)n(y)u(y)dy.
r Se

Now, € tends to zero, than G, tends to G and the integral over S, tends to zero, thus

T zu—+ / €_<£’x_y>Kao (x — y)(Dy +a)u(y)dy =
G

€

[ e Ky (o - yn(w)ut)dy
r
Application of (D, — @) from the left leads to

/r e Y (Dy — ag) Ko, (2 — y)n(y)uly)dy+

gy - B B u(x) in G o
/GE e (Dz = a0) Kq, (x = y)(Dy + a))u(y)dy = { 0 in R™\ ¢
or .
Fat 0+ au={ 3@ DO o

Because the operators
D+a:W,)o(G)— Lyc(G), 1<p< oo,
T, : Lpc(G) — W, o(G), 1<p<oo
are continuous, the operator
1-1
Fy: Wy o "(1) = W, 0(G)
is also continuous. Thus we are able to extend the lemma and the Cauchy-Green formula:

LEMMA. Let u € W;C(G), 1 < p < oo, then we have
| ou(x) in G
(D”“)Tau_{o in R\ G-
THEOREM (Cauchy-Green formula). Let u € WZ},C(G)7 1 < p < o0, then we have
_ Ju(x) in G
Fau—i—Ta(Dm—i—a)u—{O in R\ G

4. A note on elementary functions. If X is an arbitrary element of the Clifford-
algebra C, then
(oo}
xn $2 X3
X _ A L2
DY Tl X

n=0
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and
X2n+1 €X+€_X - e X2n
(2n + 1) 2 - = (2n)

thus
X = cosh X + sinh X.

Furthermore, we have

X2n+1

(oo}
SIHXZZ(—l)nm, cos X = Z
n=0

LEMMA. If JX = XJ for all X and J? = —1, then we have cosh JX = cos X and
sinh JX = Jsin X and e/X = cos X + Jsin X.

X2n

Remark. If we denote by I,,, = ejes...e,, the pseudoscalar of C the only possible
J are the scalars ¢ and the elements £ily,1 and £14p 3, where p =0,1,2,.. ..

If a is a vector, i.e. a = Zj 1 ajej, then
o — la|™, n =2k
la|"La, n=2k+1"
In this case we obtain
e? = cosha + sinha = cosh |a| + — al  sinh |lal
a
e’ = e = cosh Ja + sinh Ja = cosa + J sina = cos |a| + J sinh |al.

5. The Dirac-type operator %D. We consider the equation
0
(

—D)E =§(z) ® 6(t)
in distributional sense. We use the partial Fourier transform to compute the fundamental

ot

solution. Thus
0 - L
(55 + D(iy) B) = () © 6(¢).

The solution of the problem is
E(t) = exp(—tD(iy)).
THEOREM. The fundamental solution for the wave opemtor ;+ D, t2>0s

);

0 _q,sin |yt

where F~ (Smy‘?lt) is the fundamental solution for the wave operator for t > 0.

Proof. We have seen that the partial Fourier transform of the fundamental solution
is

E(t) = exp(~tD(iy)).
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We use the results of section 3 to get an explicit formula. We have

exp(—tD(iy)) = exp(—i Y ey;t) = cos(|y|t) - ﬁ sin(|ylt) =

j=1
D)iy) . 0 .\ sin |y|t
cos(lle) ~ 2 sin(¥10) = (3 - D)
Thus 5 ol
i t
B(z,t) = (= — D) F 120
(@20) = (g -~ D)7

Remark. The fundamental solution for the wave operator depends on the dimension
m. In general it is a distributional derivative of a measure.

A similar problem is the following operator

0]
a +ﬂO(D + CL),

where [y is a complex non-zero constant and a = ageg + Z;”:l aje; = apep + a.

THEOREM. The fundamental solution of

0]
a +/80(D + a’)?

fort>01s
0

_q,sin |yt
— —D,)F !
ot L

—apt<a,r> '6’80 . ( |y|

).

e

The proof is obvious.

6. The Cauchy problem for the operator % + D. An important problem for this
Dirac-type operator is the Cauchy problem because this problem for hyperbolic operators
is well-posed.

THEOREM. The Cauchy problem for the Dirac-type operator
%—I—Duzo, u(z,0) = ug
has a unique solution in D' fort >0
sin |yt
|yl

where (x,z) denotes the convolution only with respect to x. If ug € Lo ¢(R™) then (u,z) €
Ls.c[0,T;R™].

Proof. The proof follows from the fact that cos(|y|t) and D(iy)SirllT“"‘t if t > 0 are
multipliers in Lo ¢(R™); see [DLJ].

To solve the inhomogeneous Cauchy problem we use again partial Fourier transform

u(@, t) = F~(cos(ly[t)) (x, 2)uo — DaF~( ) (%, x)uo,

and obtain the problem

ou .
o+ Dy =1,
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Now, we set @ = e~ P(¥)ty(t) and obtain a problem in v.

e Pt = f, 0(0) = a(0)

and the solution is

and thus
¢
a(t) = e Pty 4 / e~ D= £y =
0
— =Pty 4 Y (1) - e PO (s, 1) f(1),
where Y (¢) denotes the Heaviside function. To summarize we state

THEOREM. The Cauchy problem
ou

5 + Du = f(x,t), u(z,0) = ug

has for ug € Ly, c(R™) and f € Lo c[0,T; L2.c(R™)] a unique solution
u e Lg’c[o, T; Lgyc(Rm)]

and
a(t) = e P iy 4 Y (£) - e POk 1) f (1),

7. Examples of problems with Dirac-type operators. 1) A relativistic particle
with spin 1/2 in an electromagnetic field with vector potential A :

Z ex(i + bi) + eomo

with rest-mass mg and (b1, be, b3) = b= —QA, where Q is the charge.
2) The Dirac "Hamilton”-operator for a free particle

. 0
H:eo—zZejajj
j=1

and the corresponding Cauchy problem'

o 0 .
Er (; “ 9a, +ieo)i =0,
$(0) = ¥(0).
3) The equation of small perturbations for an irrotational perfect compressible gas:
gt + podive = 0, % + gradp =0
(x,()) =v (iL’), (.’b,O) =D ((E),

is equivalent to the system

9 P\ _
(&—i_D) <p0,u) _07
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() 0= ()

4) Stationary Maxwell equations:
We set E(z,t) = Eo(x)e!B(xz,t) = Bo(z)e'“?, where E(z,t) is the electrical field
and B(x,t) is the magnetic inductivity and then

divEy = po,
wky — curlBy = —jo,
iwBy + curlEy = 0,
divBy =0

in the domain G. If we set U = (0, Ey, By, 0), then the system above is equivalent to
9
(’; eka—xt + iweg)U = (po, —jo 0,0).

5) Time-dependent Maxwell equations in vacuum
diVEO —p= 0,

oF
E—curlB—&—j:O7

0B
e + curlE = 0,

divB = 0.

If we set V = (0, F, B, 0) the system above is equivalent to

0 <~ 0
(a—’_;ek%)V:(p’_J’O’O).
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