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Abstract. Using Clifford analysis in a multidimensional space some elliptic, hyperbolic and
parabolic systems of partial differential equations are constructed, which are related to the
well-known classical equations. To obtain parabolic systems Clifford algebra is modified and
some corresponding differential operator is constructed. For systems obtained the boundary and
initial value problems are solved.

Introduction. The Clifford analysis has suggested us an idea to construct in a mul-
tidimensional space some partial differential equations which are related with the well-
known classical equations. Using Clifford algebra the operator generalizing the classical
Cauchy-Riemann operator is considered in multidimensional space in [3], [7]. Applying
this operator to the element of usual Clifford algebra one can get elliptic systems, and
by applying to the element of some universal Clifford algebra, hyperbolic systems are
obtained. The natural question has arised how to obtain parabolic systems. For this,
we need to consider some modification of Clifford algebra. Thus, in a multidimensional
space below elliptic, hyperbolic and parabolic systems are obtained, which are related
with Laplace, wave and heat equations, respectively. An information about Clifford
algebra one can find, for example, in [3], [5], [6], [7].

1. Some basic notions and definitions. Let eq,eo,.. ., e, be an orthonormal base
of the n-dimensional real vector space R™ with respect to the usual scalar product. The
universal Clifford algebra R, ;) over R™*1 has the basis

€0,€1,...,€En,€1€2,...,6pn_1€Ep,...,€1€2...En,
by defining the basic multiplication rules as

(1) =1 e =-1, j=12...5s,
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e; =1 j=s+1,...,n; ejep+epe; =0, 1<j<k<n

where e is its identity element. It is a real 2"-dimensional non-commutative (n > 2)
vector space. R(,,) = R(,) is usual Clifford algebra. Thus, the basis consists of the
elements e4 = €4, €qy - - - €., Where A : {aj,an,...,a5} € {1,2,...,n} and 1 < oy <
az <...<ag <n. An arbitrary element u € Ry, ) may be written as

(2) UZZ’U,AGA, upae€R, 0<ap<as<...<ar<n.

For any u,v € R(;, ) the product is defined as

(3) u-v:ZuAvBeAeB.
AB

A convolution u© — @ called conjugation is defined by requiring that
(4) U= Z UAEA
A
with
(5) 60:60, éj:—ej, j:1,2,...,n, éA:éak~'~éa1~
Let a domain 2 C R"*! and a function u(x):
Q — R, ) 2(x0, 21, ..., Tn) €

Consider the operators

"9 0 "0
(6) Zai , T%eo_z@ej.
j=0 Jj=1
Using (1), one can obtain the Coulomb operator
B B S 82 n 32
(7) aa:aa:[zﬁ— AZ sz]eo
7=0 J j=s+1

A function u(x) € C*(Q2) with values in Ry, ) is said to be regular in Q if
0 Bu=0, u(r)=3 ualxes
A

For the regular function u(z) with values in R, by virtue of (7) we have:

9) Au =0,
where the Laplace operator A is taken with respect to all zg,x1,...,z,. For the regular
function u(x) with values in R, ,_1) by virtue of (7) one can get the wave equation
0%u
10 Au— St =0,
(10) -
where A is now taken with respect to variables xg,x1,...,Zp_1.

2. Modified Clifford algebra and heat equation. Now in place of 0 we need
to consider an operator which is connected with the heat equation. For this we consider
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some modified Clifford algebra (like in Grassman algebra). Let the multiplication rules
be defined by
(11) e2=1, e=-1, j=12,...,n—1; =0

ejer+epe; =0, j#k=1,2,...,n

instead of (1) and equalities (4), (5), (6) remained unchanged. This algebra is denoted
by R?n). Instead of (8) the following equation will be considered

(12) [0 — Pylu(z) = 0
where a linear operator P(,)u is defined by the condition
Ju
13 0P, = —.
Using (6), (11) we have:
(14) Pryu= =Y (~1)fuan(x)ea
A

Aoy o) € 10,1, ,n — 1}

Now, it is obvious that if w is the solution of (12), then it also is the solution of the heat
equation:

ou
15 Au=—,
(15) pr.
where A is taken with respect to xg, T1,...,Zp_1-

3. Some partial cases.
a) Let u(z) have a vectorial form:

(16) u(x) = ug(x)eo — Y _uj(@)e;
j=1

As is well known, if u(z) € R(y), then (8) is equivalent to the Riesz system

ou,;
(17) Z 8.’1,'] = a
J

auj auk .
— —— =0, ,k=0,1,...,n,
Oz Ox; J "

which is for n > 1 an overdetermined elliptic system.
Now, let u(z) € R(;,,,—1), then (8) is equivalent to the hyperbolic system

auj Oup

Ou; auk .
Ik _0, jk=01,...,
aﬂfk 8:1:j J "

But if u(z) € R, the solution of (12), where
Pryu(z) = un(x)e,,
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then (12) is equivalent to the parabolic system

n—1
an

— U, =0,
=0 8xj

(19)

6Uj 8uk .
— ——=0 k=0,1,...,n.
8:1;19 amj ) ]7 ) 3 7n

Thus, (18) and (19) can be considered as hyperbolic and parabolic analogues of Riesz
system, respectively. If the scalar function v(z) is any solution of (9), (10), (15), then
ov

= 3. >
8$J‘

is the solution of (17), (18), (19), respectively.

U 7=0,1,...,n

b) Let n = 2 (the quaternionic case), and
(20) u(z) = up(x)eg — ur(r)er — ug(x)es — uiz(x)eres.

Let u(x) € R(2), then, as is known, (8) is equivalent to the Moisil-Theodorescu system
[9], which we have written in a vectorial form [10al:

(21) divU =0,
gradp +rotU =0

where U (ug, u1, us) — three-component vector, ¢ = uq2 — scalar function, operations div,
grad, rot are taken with respect to xo,z1,22. Let u(z) € R(2,1). Note that in the cases
R(3,1) and R( ) equation (8) gives us the hyperbolic system of the same form. That is
why it is sufficient to consider only one of them. Thus, (8) is equivalent to the system:

8UO 3U1 8u2 8U12 8U2 6’&1

— 4t ——-=—=0 — =0
(22) 8:100 + 8x1 8%2 ’ 81’0 + 8%1 81'2 ’

8’[1,0 _ (’)ul + 8u12 - 07 aulg aUQ + 8’11,0 -0

(9171 6560 61’2 o (9171 - 87% 871’2 B

Considering the complex functions

o) = uo + u12 — i(ug + ug),
(23)
Y(x) = up — ur2 — i(ug — ua),

(22) can be written as

2%4—2’%:0, 28—7{}—2'671/}:0, z =xo + ix1
22 0 0

= — +i—.
0z 8%0 8.%1
These equations are the partial case of the metaparabolic equations whose general form

was considered in [1]. Some initial value problems of such equations were considered in
[10].
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Let now u(x) € R(()Z), then since Poyu = ugeg — uizer, (12) is equivalent to the
parabolic system

Ouo , 0w g Qw2 Oup Ou
(25) 8:50 (9,%1 27 8330 6331 8332 o
Oug  Owr o OQwz Ous Ouy
8x1 8xo 2= 81'1 8x0 81'2 e
Considering complex functions
wy = up — iUy, Wz = Uig — iU,
(25) can be written in the complex form
ow, . ows 0w
26 2—— =0, 2— — =0.
(26) 9z "% 2 Mo,
c¢) Let now n = 3 and
3 3
(27) u(x) = ugeg — Zujej — Z Ujk€ e — U123€1€2€3.
j=1 1=j<k
If u(x) € R3,1), the equation (8) is equivalent to the hyperbolic system:
avu—22 o awv 2% o,
O3 Oz
(28) oV ou
grady +rotU + — =0, grady +rotV — — =0,
Oxs Oz

where U = (uo,ul,ug), V = (u123,u23,—u13) are three-component vectors, uis = ¥,
uz = @ — scalars, the operators grad, div, rot are taken with respect to xg, 1, 2. Note,
that if ¢ = =0 and x3 =t is a time variable, then (28) are Maxwell’s equations (in a
vacuum). But, if the unknown quantities in (28) do not depend on 3, this system forms
two seperated Moisil-Theodorescu systems (21).

Let u(x) € Rgg;, then by using (27), equation (12) is equivalent to the parabolic
system having that

P(3)U = (pep — uizer — Uzze + Uizzeiey,

0
divU—p=0  divv+2% o
3x3
(29) U
grady +rotU +V =0, gradgo—&—rotV—aT:O.
3
Let the scalar functions f1, fa be solutions of (10) or (15) for n = 3. Then

9 %)
U:gradfh V:gradfz, go:aii.;’ Qb:_ai’iz

are the solutions of (28), (29) respectively.

4Boundary and initial value problems. Let S(,) be the half hyperspace x, >
0(n > 1). The following problems are correctly posed:
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a) Find a bounded solution of (17) or (19) in S(,), when only one condition is given on
the boundary:
uj = f(zo,...,&n-1), foraz, =0,

where j is fixed and takes one of the values 0,1,...,n.

b) Find a bounded solution of (18) in S(,), when only two conditions are given on the
boundary: for z,, = 0 u;, u, are given, where j is a fixed number from {0,1,...,n—1};
or uj, % are given where j € {0,1,...,n} is fixed. Note that the number of given
conditions on x,, = 0 does not depend on n.

Let ®(U, ) and ¥(V, ¢) be four-component vectors, constructed by the solutions of

(28) or (29).

c) Find a bounded solution of (28) in S(3), when both vectors: ® and ¥ for 23 = 0 are
given.

d) Find a bounded solution of (29) in 52y, when any four quantities from eight unknowns
for x5 = 0 are given.

Analogous problems can be considered in S(;2y for equations (21), (22), (25). The
unique solutions of all these problems in certain classes can be ropresented in quadratures
using, for example, Fourier integral transform.

Now I want to note the following: The generalized Moisil-Theodorescu system

(30) divU+(A-U)=0
grado +rotU + [B x U]+ C¢p =0,

where A, B, C are given three component vectors; div, grad and rot are taken with respect
to g, x1, T2, was first considered in [10a] in 1975 (Russian), then it was also considered
in [10b] (English). To define the solution of (30) in S(y) it is sufficient to give on x5 =0
two boundary conditions, but in the bounded domain it is not sufficient [2]. Let S be a
domain bounded by the closed smooth surface I' and L be a closed smooth line on I', such
that its orthogonal projection Ly on the plane x5 = 0 bounds the domain of variables
xg, 1 for S. The following problem was posed and solved in [10a]:
Find a regular solution of (30) in S by the conditions:

(31) u(z) = fo(x), ¢(z)=f(x), x€l,
auy(z) + Puz(z) = g(x), w €L,

where fy, f and «, 3, g are given functions on I' and L respectively.

Recently I have seen the article [8], where the system (30) is considered and some of our
old results are obtained again. Unfortunately, the author, Huang Liede, perhaps, does not
know our papers [10a], [10b]. Moreover, for nonhomogeneous Moisil-Theodorescu system
the boundary conditions of type (31) are considered in [4], and there is no reference to
my papers.
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