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Abstract. For a given Hurwitz pair [S(Qg), V(Qv), o] the existence of a bilinear mapping
*: C(Qg) X C(Qy) — C(Qvy) (where C(Qg) and C(Qy) denote the Clifford algebras of the
quadratic forms Qg and Qv , respectively) generated by the Hurwitz multiplication “o” is proved
and the counterpart of the Hurwitz condition on the Clifford algebra level is found. Moreover,
a necessary and sufficient condition for “x” to be generated by the Hurwitz multiplication is
shown.

1. Introduction. The general Hurwitz problem was studied e.g. by Lawrynowicz
and Rembieliniski [2-4]. They introduced the notions of “Hurwitz pairs” and “pseudo-
Hurwitz pairs” and gave their systematic classification according to the relationship with
real Clifford algebras. In the present work we show the existence of a bilinear mapping
*x: C(Qg) x C(Qv) — C(Qv), where (S, V, o) is a given Hurwitz pair which makes the
following diagram:

o (Hurwitz multiplication)

SxVV
(1) iinv\L iiv
C(Qs) x C(Qv) . C(Qv)

commutative.

Moreover, we prove that if such a mapping exists and satisfies the following “algebraic
Hurwitz condition”: N(xg*yy) = N(xzg)N(yy) for any zg € I's and yy € I'y, where T
denotes the Clifford group of the Clifford algebra C(Q) and N is a spinor norm, then
is generated by the Hurwitz multiplication, i.e. x|gxy = o. An example of a mapping %
which does not satisfy the N-norm condition is given. Since in the meantime the detailed
proofs have appeared in [1], they are only sketched here.
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2. Product of Clifford algebras generated by the Hurwitz multiplication.
Let (S, V, o) be a Hurwitz pair. Suppose that the vector spaces S and V are equipped
with non-degenerate quadratic forms Qg and @y, respectively. We will only consider the
elliptic and hyperbolic cases (see, e.g. [2-4]). In S and V' we choose some bases (€,) and
(ej) witha=1,...,p=dimS; j=1,...,n=dimV. Assume that p <n.

Let C(Qs) (resp. C(Qv)) denote the Clifford algebra of (S,Qg) (resp. (V,Qv)).
There are canonical injections ig : S — C(Qg) and iy : V. — C(Qvy). Then we get the
diagram (2). It would be interesting to complete the diagram (2) by the suitable mapping
C(Qs) x C(Qvy) — C(Qvy). Define the following mapping x : C(Qs) x C(Qv) — C(Qv)
by:

ls*yv :==yv,
Cjp € (€, 0€5.) ... (€, 0e5), 1<k,

. . . ) e— (éiroejr)"'(eil Oejl)’ r=k,
(2) (521 cee EZT) * (e]1 s e]k) = €, © [eiT—l o [ o [Eik+1
O[(EikOejk)"'(eiloejl)]"']v 7“>k,
(€iy .- € ) *x 1y == |le;, || ... ||, |1 1v

for 1 <r<p 1< <...<4,<p1<k<n1<j5 <...<jr<n. Then,
the required mapping * : C(Qs) x C(Qv) — C(Qy) is defined by the bilinear extension
of (2).

Remark. If (5,Qs) is a Euclidean vector space then all ||¢;||> > 0. In this case
the Clifford algebras C(Qgs) and C(Qv) are considered to be real. But, if (5,Qg) is
a pseudo-Euclidean vector space then there are some €;,,...,¢,., 1 < r < p, such that
llei. | < 0,1 < s < r. This time the Clifford algebras have to be treated as complex
ones.

PROPOSITION. % is a well defined bilinear mapping. Moreover, x|sxy = o, the Hurwitz
multiplication, i.e. the diagram (1) is commutative.

LEMMA. Let zg € T's and yy € Ty, where T's (resp. T'v) denotes the Clifford group
in C(Qs) (resp. C(Qv)) and let Ng, Ny be the spinor norms in C(Qgs) and C(Qv),
respectively. Then
(3) Nv(zs*xyv) = Ns(zs)Nv(yv ).

THEOREM. Let S and V' be real vector spaces equipped with non-degenerate quadratic
forms Qs and Qv respectively. Denote by CC(Qs) (resp. CC(Qv)) the complex Clifford
algebras of (S,Qs) (resp. (V,Qv)). Suppose that there is a bilinear mapping x : C%(Qg)x
CC(Qvy) — C%(Qv) satisfying the condition (3). Then x is generated by the Hurwitz
multiplication, i.e. *gxy = o, where o : S XV — V is a bilinear mapping such that
lsovl, =|slgllvlly foralls € S andv e V.

Proof. Let s€ S CI's and v € V C I'yy. By definition of NV we have
(4) Ny (s % v) = Ns(s)Ny (v) = [|s|[3llo]}, € R.
Let (eq,...,e,) be an orthogonal base in V. Suppose

n n
sSxv=ag+ E a'e; + g E a"t ey, ... €.
i=1

=211 <...<1y
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Then
N(s*v) —ao—i—z Qv e +Z Z a Qv(eil)...Qv(eil)—kR(el,...,en),
1=2 i1 <..<1;
where
R(el,...,en):Zbiei—i—Zbijeiej Z bl lme“...eim—kbel...en
i<j 1< <im
Since N(s*wv) is a scalar then R(el, ..., ep) must vanish. The multiplication * is bilinear

so the coefficients ag, a’ and a;* " are bilinear functions in s and v. Thus N (s%v) should

be separated into two parts, ﬁrst depending only on s and second only on v. Then we

can write
ao+Z )2 Qu (es) +Z >« Qv (er) .. Qules)
=2 i1 <...<ig
= [IsIZ vl
= |sll5[c3 + Z( Qv (e +Z S (@ Qu(en) .. Qulen)]
1= =2 11<...<14;

Thus, the following equality has to be satisfied:

n n

A+ () Qe +Z S @) Qulen) .- Quien) = 3 () Qv (e

i=1 =2 i1<...<1; i=1
The coefficients cg, ¢*, ¢/* " are linear in v so, by continuity, we can write
y &g 9 )

co(v) = o7, C(v) = cind, it (v) = cit i,

Thus, for any 1 < j, k < n we get the identity

cojcok—kz c ck 5 §k Qv(e; —|—Z Z clj ”c}}C “Qv(eil)...QV(eil) =0.

1=2 11 <...<14g

Take an orthogonal transformation R € O(Qv). In a new base ¢/ = Re we have

cojeor + Y _(Ec, — 8101)Qv (Rea) + > Y e Qv (Rey) ... Qv (Rey,) =0
1=1

1=2 i1 <...<i;

But Qv (Re;) = Qv (e;). Then the new coefficients ¢; and 'cvl‘;”, obtained by the changing
of the base, satisfy the same identity as the previous ones. This is possible if and only if

c; =0 forj=1,...,n,
c;‘-c};féj-é,izo for 1 <i,5,k <mn,
cf;‘““z forl=2,....n; 1<iz<...<yy<n; j=1,...,n
Thus, we get sxv = ||s]|g > ore 1= 1cjv361€Vand IIs ||S||v||V—NV(s*v)—||5*v||V,so

*|sxv satisfies the Hurwitz condition, as required. =

EXAMPLE. We now construct a bilinear map [J : C%(Qg) x C%(Qv) — C%(Qv)
which does not satisfy the condition (4). Choose some bases (¢,) and (e;) in S and V,
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respectively. Define
101y :=e1...€p,
1s O (e -.-€5,) == €4 - €4y s
lsO(er...en) := 1y,

(5) _
(€€, ) D (e, - wei) = llegy - - llej, lles, ~ ey,
(€j,---€5,) U1y = el llej,ller - . . en,
(- Uler...en) = el llej v,

where “ is defined by

€iy - G 1= €y L. €, Wlthj1<<js and (il,...,ir,jl,...,js):(1,...,71).

r

The map [J : C%(Qg) x CC(Qy) — C®(Qv) is defined by the bilinear extension of (5).
It is easy to see that [ does not satisfy the condition (4). Indeed, take s € S and v € V.
We have

sOv = s, Oe; = so‘vi||ea||sel e Ci...en @V

and
Ny (s00) = 58 leallsllesll (0@ (er) .. Qier) .- Ov(en).
Suppose that Ny (s Jv) = Ng(s)Ny (v). Then we get

2 2
Y s sleallsleslls =D (5%) llealls,

a3 «
> (") Qv (er) ... Qule:) ... Qulen) = > (")’ Qv (e:).

The above condition is equivalent to
2 12 2 2
lealls = 0 and [lex[ly, ... [[&lly - - llenlly = lleslly,

but this is impossible. m
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