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Abstract. Let L(z) be the Lie norm on E = C""! and L*(2) the dual Lie norm. We
denote by O (B(R)) the space of complex harmonic functions on the open Lie ball B(R) and
by Expa(E; (A4, L*)) the space of entire harmonic functions of exponential type (A, L*). A
continuous linear functional on these spaces will be called a harmonic functional or an entire
harmonic functional. We shall study the conical Fourier—Borel transformations on the spaces of

harmonic functionals or entire harmonic functionals.

1. Introduction. Let
K,(r)= / exp(—rcosht)coshvtdt, 0<r < oo,
0

be the modified Bessel function of degree v € R. K. Ii ([1]) and R. Wada ([5]) introduced
the function

(n—1)/2
Z o7 T K (), if n is odd,
_ =0
(1) pn(r) - 77,/2
Z A V2K_10(r),  if nis even,
=0
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where the constants ay ¢, £ =0,1,2,---,[n/2], are determined uniquely by
> _ N(k,n)k!T(k + (n +1)/2)22k
2 p2An=l, (r)dr = - = C(k,n
@ / pa(r) ey (k. n)
for k = 0,1,2,---. If n is even, there is a polynomial P, /5(r) of degree n/2 such that

-

pn(r) = Pyja(r)e”"; if n is odd, there is a polynomial P, _1)/2(r) of degree (n — 1)/2
such that |p, (1) < /7Pn—1)/2(r)e”". (See [5] for the details.) We shall call the function
pr, the Ii-Wada function.

Let E = R™*! and S = S™ be the unit sphere. For n = 2,4,6, - - -, K. Ii considered the
integral transformation

Fofef(z)= / exp(z - w) f ()dS(w)

s
for » € M, where M = {z € E;2? = 2} + 23 + --- + 22, = 0} is the complex light
cone. He constructed a ”Plancherel” measure dM on M using p, and proved that F is a
unitary transformation of L?(S) onto the Hilbert space

L20(T) = {f € O(T); /M F(QPAIT(C) < oo}.

R. Wada proved K. Ii’s results for any integer n > 2 and considered F for analytic
functionals on the complex sphere S = {z € E; 22 = 1}.

In the sequel, we fix a complex number A # 0. In [3] we studied the growth behavior
of homogeneous expansion of holomorphic functions and analytic functionals on M and
proved that the Fourier-Borel transformation F, establishes the following topological
linear isomorphisms :

(3) Fr @ O'(M(R))—5Expa(E; [4,L*]), where A= |\R, and
(4) Fx : Exp/(M; (A, L*))">0a(B[R]), where R= A/|)|.

We shall show that the conical Fourier—Borel transformation F£ establishes the fol-
lowing topological linear isomorphisms :

(5) FR : O\(B(R))=5Exp(M; [A,L*]), where A= |A|R, and
(6) FL : Exph(E; (A, L*))=50O(M[R]), where R= A/|\.

By means of the Plancherel measure on M, we shall construct a duality bilinear
form on Exp(M; (A, L*)) x Exp(M; [1/A,L*]) (Theorem 17). The first main theorem
(Theorem 18) asserts that this duality is related with the Poisson duality (Theorem 5)
of Oa(B(R)) and Oa(B[1/R]) via (5) and (4).

Similarly, we shall construct the Plancherel measure on E and a duality bilinear form
on Expa(E; (A, L*)) x Expa(E; [1/A, L*]) (Theorem 25). The second main theorem
(Theorem 26) asserts that this duality is related with the Cauchy duality (Theorem 11)
of O(M(R)) and O(M[1/R]) via (3) and (6).

The second named author discovered the integral formulas of the inverse mapping of
these four transformations. Later, through our discussion her results have been rearranged
as stated in our main theorems.
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2. Complex harmonic functions on B(R) We recall some notations. We refer the
reader to [4] and [2] for general background of this section.

Let ||z]| be the Euclidean norm on E = R**1, n>2. The cross norm L(z) on E = C"*1
corresponding to ||z|| is the Lie norm defined by

L(z) = Lz + i) = [lall* + Iol1* + 2/ TelPTol? — @ 97]

where z =z +iy, z,y € Eand -y = 2191 +Z2y2 + - + Zng1Ynt1. We denote by L*(z)
the dual Lie norm:

L*(z) = sup{|z - {|; L(¢) <1}

- % (12 + 12 + /Tl — oI + 4Gz 97]

The open and the closed Lie balls of radius R with center at 0 are defined by
B(R)={z€E; L(z) <R}, 0<R<oo,
BIR|={z€E; L(z) <R}, 0<R<oo.
Let O(B(R)) be the space of holomorphic functions on B(R) with the topology of uniform
convergence on compact sets. We denote by
OA(B(R)) = {f € O(B(R)): A.f() = 0}
the space of complex harmonic functions on B (R), where
AL f(z) = (82/8zf +0%/025 4+ + 82/6zi+1) f(2).
For 0 < R < 0o we put
O(B[R]) = ind lim{O(B(R')); R > R},
OA(B[R]) = ind lim{OA(B(R')); R' > R}.

A continuous linear functional on O (B(R)) (resp., Oa(B[R])) is called a harmonic
functional on B(R) (resp., B[R]). We denote by O\ (B(R)) (resp., O’y (B[R])) the dual
space of Oa(B(R)) (resp., Oa(B[R])).

We denote by P* (fE) the space of k-homogeneous polynomials of n 4 1 variables with
complex coefficients. Denote by

PA(E) = {f € PX(E); A-f(2) =0}
the space of complex harmonic polynomials of degree k. The dimension of Pg(f@) is given
by N(k,n) = (2k+n—1)(k+n—2)!/(k!(n—1)!). Let Py, (t) be the Legendre polynomial
of degree k and of dimension n + 1. We put
Prn(z,w) = (V) (V) Pon((2/V22) - (w/Vw?)),

where 22 =22 + 23 + .-+ 22 ;. Then Pkn(z, w) is a symmetric polynomial in z and w,
which satisfies A, Py (2, w) = Ay Ppn(z,w) = 0 and |Py (2, w)| < L(2)*L(w)*.

Let S = {x € E; ||z|| = 1} be the sphere of dimension n and dS the normalized
invariant measure on S.

LEMMA 1. Let fi, € PK(E) and f; € PA(E). Then we have

) [sfrw)fi(w)dS(w) =0, k#j;
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2)  fiu(z) = N(k,n) [g felw W) Py (z,w)dS(w), z € E.
The Poisson kernel K;(z,w) is defined by

1 — 22w?
(1 + 22w? — 2z - w)(n+1)/2

(7) Ki(z,w) = ZN (k,n Pkn(z w).

k=0
Then K;(z,w) is a symmetric holomorphic function on

{(z,w) € ExE; L(z)L(w) < 1}
and satisfies A, K (z,w) = Ay K1 (z,w) = 0.

THEOREM 2. (Poisson integral formula) Let 0 < p < R and f € Oa(B(R)). Then we
have

2= [ S wlp)ds(@), € Blo).
COROLLARY 3. Define the k-harmonic component fi, of f € Oa(B(R)) by
Fu2) = Nn) [ 1) P (z1/p)dS(). 0 < p < R

Then fi, € P5(E) and we have f(z) = > oreo fu(2), where the convergence is uniform on
compact sets in B(R).

LEMMA 4. Let f € Oa(B(R)) and g € OA(B[1/R]). The bilinear form
(5) (Fas = [ S(ploto/p)is(@)

is well-defined, where 0 < p < R is sufficiently close to R. (8) is separately continuous.

Proof. Take R’ < R such that g € OA(B(1/R')). If R’ < p < R, then Corollary 3
and Lemma 1 imply

/S F(pw)g(w/p)dS (@)

/ ka po) 3 Felw/p)dS ()

Z /S Fe (@) g (@)dS ().

Therefore, the right-hand side of (8) does not depend on p and the bilinear form is
well-defined. m

We claim that (8) establishes the duality of these spaces.
Let T € O\ (B(R)). If w € B[1/R], then the function K;( -, w) belongs to Oa(B(R)).
We define the Poisson transform PT of T' by

PT(w) = (T, Ki(z,w)), w e B[1/R).
We call the mapping P : T —— PT the Poisson transformation.

THEOREM 5. The Poisson transformation P establishes the following topological linear
isomorphisms:

(i) P : OA(B(R))—0a(B[1/R]), 0<R <o,
(ii) P . OA(B[R])-=>0A(B(1/R)), 0<R < .



HARMONIC FUNCTIONALS 99
We have (T, f) = (f,PT)s for T € O\(B(R)) and f € Oa(B(R)) or for T € O'\(B[R))
and f € Oa(B[R]).

Proof. We prove only (i). Let T € O’ (B(R)). By the Hahn-Banach theorem there
is a Radon measure p with supp p C B(R'), R’ < R, such that (T, f) = fB ) u(z)

for f € Oa(B(R)). Especially, we have
PT(w) = / K (2 w)dp(2).
B(R’)

Therefore, PT can be extended holomorphically to B(1/R’) and satisfies
APT(w) = 0;
that is, PT € Oa(B[1/R)).
Let f € Oa(B(R)). If R’ < p < R, then Theorem 2 and the Fubini theorem imply

@)= [ ] S0 pas
= [#00) [ Ka(aw/pdut:)as()
s B(R)

= [ H0PTC/p)iS@) = (. PT)s.

Thus, P is injective. The continuity of P is clear.
Conversely, let F' € Oa(B[1/R]). Then there is R" with 0 < R’ < R such that
F € Oa(B(1/R')). Take p with R’ < p < R and define Tr € O (B(R)) by

(Tr.f) = [ Hpw)P(/p)as(w) = (1.F)s. | € Oa(B(R)).
Then Theorem 2 implies

PTr(w) = ((Tr)., Ki(z,w))
:Lxmmwwwmm&wszm we B(1/p).

Thus P is surjective. The continuity of P~ : F + T is clear. m

3. Holomorphic functions on M(R). Let M = {¢ € E; ¢? = 0} be the complex

light cone. We put
M(R)= M N B(R), M[R]= M n B[R].

We denote by O(M [(R)) the space of holomorphic functions on M(R) and put O(MIR]) =
ind im{O(M(R')); R > R}. A continuous linear functional on O(M(R)) (resp.,
O(M]|R))) is called an analytic functional on M (R) (resp., M [R]). We denote by
O'(M(R)) (resp., @' (MIRY])) the dual space of O(M(R)) (resp., O(M[R])).

We denote the space of k-homogeneous polynomials on M by P*(M) = {P| s P e

PF(E)}. Note that, if £ or ¢ € M, then Py, (¢,¢) = v(k,n)(€ - €)*, where ~(k,n) is the
coefficient of the highest power of Py ,(t):

(9) 7(kyn) = T(k + (n +1)/2)2% /(N (k,n)D((n + 1)/2)k1).
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Let M = {¢ € M; L(¢) = 1}. Then M is isomorphic to the cotangential sphere
bundle over S and M=0(n + 1)/O(n — 1). We denote by dM the normalized invariant
measure on M.

LEMMA 6. ([5, Lemma 1.3]) Let f € PX(E) and f; € PL(E).
D) [y QO f(QdM(C) =0, k # j; )
2)  fu(2) = 2°N(k,n) [y, fe(Q)(2-C)*dM(¢), z€E.
The Cauchy kernel Ky(&, () is defined by
1426
A—2-0n I;)QkN(kyn)(&C)k-

Then Ky(&,¢) is a symmetric holomorphic function on

{(£,Q) eEx E; L(§)L*(¢) < 1/2 or L*(§)L(C) < 1/2}.

Ko(fa C) =

Since

(10) 2L%(¢) = L(() for ¢ € M,

if ¢ € M, then Ko( - ,¢) is a holomorphic function on {z € E; L(z)L(¢) < 1} and satisfies
AZKO(Za C) = 0.

THEOREM 7. (Cauchy integral formula for Oa(B(R))) Let 0 < p < R and f €
Oa(B(R)). Then we have

(1) £6) = [ FPOR M), = € Blo)
M
For f € Oa(B(R)) the k-harmonic component of f is also given by
(12) £i) = 2N (k) [ £(0)(z (M aM(Q), 2 < E,
M

where 0 < p < R. It is known ([7]) that the restriction mapping f — f|M(R) is a
topological linear isomorphism of Oa(B(R)) onto O(M(R)). The inverse mapping is
given by the right-hand side of (11). f € Oa(B(R)) is called the harmonic extension of
flitcry-

We shall consider functions on M. If we consider K (&,¢) as a function on M x M,
it is a symmetric holomorphic function on {(£,¢) € M x M; L(§)L(¢) < 1}.

THEOREM 8. (Cauchy integral formula on M) Let 0 < p < R and f € O(M(R)).
Then we have

(13) 1) = /M F(pO)Ko(€,C/p)dM(C), € € N(p).

COROLLARY 9. ([3, Theorem 5]) Define the k-homogeneous component fy of f €

O(M(R)) by
fe(€) = 2N (k,n) /M FpO)E /o) dM(C), 0<p<R

Then fr € PH(M) and we have f(&) =Y e f1(£), where the convergence is uniform on
compact sets in M(R).
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LEMMA 10. Let f € O(M(R)) and g € O(M[1/R]). The bilinear form

(14) s = [ FoQalc/o)a ()
is well-defined, where 0 < p < R is sufficiently close to R. (14) is separately continuous.

Proof. Take R’ < R such that g € O(M(1/R’)). If R' < p < R, then Corollary 9
and Lemma 6 imply

| 101a@lpan /anzwwma)
=3 [ B0,

Therefore, the right-hand side of (14) does not depend on p and the bilinear form is
well-defined. m

We claim that (14) establishes the duality of these spaces.
Let T € O'(M(R)). If ¢ € M[1/R], then the function Ko( -, ¢) belongs to O(M(R)).
We define the Cauchy transform CT of T' by

(15) CT(¢) = (T, Ko(€,C)), ¢ € M[1/R].

We call the mapping C : T +— CT the Cauchy transformation.

Because CT can be continued holomorphically to a neighborhoood of M [1/R], the
Cauchy transformation is a continuous linear mapping of ©’(M(R)) into O(M][1/R]).
We proved the following theorem in [3].

THEOREM 11. The Cauchy transformation C establishes the following topological lin-
ear isomorphisms:
(i) C: O'(M(R)-=O(M[1/R]), 0< R < oo,
(ii) C: O'(M[R])~O(M(1/R)), 0<R < cc.
We have (T, f) = (f,CT)nm for T € O'(M [(R)) and f € O(M(R)) or for T € O (M[R))
and f € O(MIR]).

Note that the right-hand side of (15) is defined for ¢ € B[1/R] and satisfies A:CT(¢) =
0. Hence, we can consider the Cauchy transformation as a topological linear isomorphism:
O'(M(R))—Oa(B[1/R]). (See [3, Theorem 9].)

4. Conical Fourier—Borel transformation. If ( € M, then the function exp(A(-2)
is entire harmonic in z. Therefore, for T' € O (B(R)), the value (T}, exp(A( - 2)) is well-
defined, which we denote by

FRT(C) = (Tw,exp(AC - 2)), (€ M.

We call F )\AT the conical Fourier—Borel transform of T'.
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By the Hahn-Banach theorem, there is a Radon measure p on B (R) with supp p C
B[R'], R’ < R, such that

FTO= [ exp(h¢-2)dutz),
B[R]
Therefore, we have
IFRT ()] < llpllsup{| exp(X¢ - 2); = € B[R]}
= ||ull exp(JA|R'L"(()).

Thus, F )\AT is an entire function on M (that is, a holomorphic function on M ) of expo-
nential type. To describe the image under F /\A, we introduce some notations.
Let N be the Lie norm L or the dual Lie norm L*. For 0 < A < oo we denote by

Exp(M; [A,N]) = {f € O(M); there is A’ < A such that
sup{| /()] exp(~A'N(()); ¢ € M} < oo}

the space of entire functions on M of exponential type [A, N]. Furthermore, for 0 < A <
00 we put

Exp(M; (A,N)) = {f € O(M); for all A’ > A,
sup{| f({)| exp(—=A'N(¢)); ¢ € M} < oo}

Using these notations, we can state the following

LEMMA 12. The conical Fourier-Borel transformation .7-">\A establishes the following
continuous linear mappings:

(i) F& . O\(B(R)) — Exp(M; [[M\R,L*]), 0< R < oo,
(ii) F£ o O4\(B[R]) — Exp(M; (|\R,L*)), 0<R < co.

We shall show that the transformations F AA are topological linear isomorphisms (The-
orem 18).

5. The Plancherel measure on M. K. Ii ([1]) defined the Plancherel measure dM
on M by

Y _ [ rl! Ner=lo (1) dr =r(’
/Mf(C)dM(C)— /0 /Mf<<>dM(<> pu(r)dr, ¢ =1¢

where p,, is the Ii-Wada function defined by (1). By means of the Plancherel measure on
M, we can define a duality bilinear form on

Exp(M; (4, L") x Exp(M; [1/A, L*)).

LEMMA 13. Let A >0, f € Exp(M; (A,L*)) and g € Exp(M; [1/A, L*]).
1)  The integral

(16) /N F(sQaC/ )N ()

converges absolutely for s € C with 0 < |s| < 1/A sufficiently close to 1/A.
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2)  The integral (16) is independent of s. The bilinear form

(Wh.ah)ie = [ £(:Q)alC/9)diT(0)

is well-defined and separately continuous. We have
(Fg)as =3 Clvn) [ A(au(@)aM Q)
k=0 M

where fi, and gy are the k-homogeneous components of f and g respectively, and C(k,n)
are the constants given by (2).

Proof. 1) Take A’ > A and C' > 0 such that
19(¢/5)] < C"exp(1/([s|A)L*(C), ¢ € M.
For any A” with A’ > A” > A there is C”" > 0 such that
|f(s¢)] < C" exp(|s|A"L*(C)), ¢ € M.
Therefore, from (10) for |s| = 1/A” there is C' > 0 such that
[£(s0)g(C/s)| < Cexp((1+ A"/A)L(C)/2).

Because py,,(r) is of exponential type —1, we have 1).
2) Take s € C\ {0} asin 1). Put ¢ =r{’, r > 0, ¢ € M. Then by Lemma 6,
Corollary 9 and (2) we have

oo

[ #s0)0(C/5)ait = / /M SRR () S s (@AM () pa ()

k=0 (=

(=)

_ * 7“% / = /,r,n—l »)dr
- / k§:j /Mfk@ o (C)AM (¢ )™ po(r)d

=Y C(k,n) /M Fi(C)ge(¢NdM (). m

k=0

LEMMA 14. For z, w € E with L(z)L(w) < 1 the Poisson kernel Ki(z,w) can be
represented as follows:

Kifzw) = [ exp(sz: O exp(C - w/s)dNI(C),
N
where s € C is sufficiently close to 1/L(z).

Proof. The convergence of the integral can be proved as in the proof of Lemma 13.
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Now by Lemma 6, (2), (9) and (7), we have

/M exp(sz - €) exp(C - w/s)dN (C)
_S Ok [ (= )R (@ - w)* k)M
> cten [
= 3 C Ok m) /(K22 N, my (1) P (2, 0)
k=0

= 3 Nk, m) P (2, 0) = Ki(2,0). m
k=0

K. Ii ([1]) defined the kernel Ey(&,¢) by

Eol6,0) = /S exp(é - w) exp(w - O)dS(w),

which we shall call the F-Poisson kernel. By the definition, Ey(&, ¢) is a symmetric holo-
morphic function on E x E and satisfies

| Bo(&, Q) < exp(L*(€) + L)), (£,¢) €EXE.

LEMMA 15. We have

Eo(¢,¢) =Y 2"N(k,n)/C(k,n)(&- ¥, & ¢ M.

k=0
FEspecially, for any s € C\ {0} we have

EO(SgaC/S) :EO(EaC)7 §7< € M
Proof. Let & ¢ € M. Then by Corollary 3, Lemma 1, (2) and (9), we have

oo

Eo(6,0) = 3 1/(k)? /S (€ w)(w- OFdS(w)

k=0

= 1By (k)N (k) (€ - Q)P
k=0

= 3" 25 N(k,n)/C(k,n)(€ - ()*. m

k=0

The F-Poisson kernel has a reproducing property in the following sense.

THEOREM 16. Let A > 0 and f € Exp(M; (A,L*)). For s € C with 0 < |s| < 2/A
we have

(17) 1) = /M F(5C)Eo(€, &/s)aNI(C), € e M.

Proof. By Lemma 15, Ey(¢, - ) belongs to Exp(M; (0,L*)). Therefore, as in the
proof of Lemma 13, the right-hand side of (17) is finite and does not depend on s.
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Lemmas 15, 6, Corollary 9 and (2) imply

/Mf(SC)Eo(§ C/s)dNI (¢ 22 N(k,n / Je(¢)(E - OYrant ()

= ka@s) — f(6), €€l m

Let A >0 and T € Exp’(M; (A, L*)). We define the F-Poisson transform MT of T
by
MT(Q) = (Te, Eo(§,€))-

Because Ey( -,() € Exp(M:; (0, L*)), MT(() is well-defined. Tt is easy to see that MT
is an entire function on M.

THEOREM 17 The F-Poisson transformation M establishes the following topological
linear isomorphisms:

(i) M 1 Exp/(M; (A, L*)=5Exp(M; [1/A,L*]), 0< A< oo,
(ii) M : Exp'(M; [A, L*])~SExp(M; (1/A,L*)), 0< A< oo.
We have (T, f) = ((f, MT))  for

T € Exp/(M; (A,L*)) and f € Exp(M; (A, L*))

or for
T € Exp'(M; [A, L*]) and f € Exp(M; [A, L*)).

Proof. We prove only (i). Let T € Exp’(M; (A, L*)). By the continuity of T, there
are A’ > A and C > 0 such that

(T, )] < Csup{| f()] exp(~A'L*(&)); € € M}
Therefore, if A < |s] < A’, then we have
IMT(C)| < Csup{exp(|s|L* (&) + L*(¢)/Is]) exp(~A'L*(€)); € € M}
< Cexp(L(Q)/ls]);

that is, MT € Exp( i [L/A, L*]).
Let f € Exp(M; (A, L*)). Take s € C with 0 < |s| < 1/A sufficiently close to 1/A.
Then Theorem 16 1mpheb

(T.1) = T, [ F6OE(€.C/)dT(0)
M
_ /M F(SO(Te, Eo(€.C/5))dM (C)
_ /M FSQOMT(C/)dII(C) = ((f; MT)) 14

Thus, M is a continuous linear injection
Conversely, let F' € Exp(M; [1/A,L*]). Then (Tp, f) = ((f,F))y defines Tp €
Exp’(M; (A,L*)) and

MTp(w) = (Eo(z,w), F(2))) yy = F(w)
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by Theorem 16. Thus, M is surjective. The continuity of M~! : F +s Tp is clear. m

6. The first main theorem. If ¢ € B(1 /R), then we have exp(C - z/)) €
Exp(M; [1/(|\|R), L*]). Therefore, for T € Exp/(M; [1/(J]A|R), L*]) we can define the
Fourier-Borel transform

FipT(Q) = (Toyexp(C- 2/N), ¢ € B(1/R).
It is clear that the Fourier-Borel transformation J,y is a continuous linear mapping
(18) Fix + Exp'(M; [1/(]AIR), L*]) — Oa(B(1/R)).
Taking inductive limit, we get another continuous linear mapping
(19) Fix + Exp/(M; (1/(AIR),L*)) — Oa(B[1/R]).

We proved in [3] that (18) and (19) are topological linear isomorphisms. Here we claim
that (18) and (19) give the inverse of the conical Fourier-Borel transformations (Lem-
ma 12) via the isomorphisms P and M. Thus, constructing explicitly the inverse mapping,
we have another proof of the topological linear isomorphism of (18) and (19).

THEOREM 18. The following diagrams are commutative and all mappings are topo-
logical linear isomorphisms:

()  ONBE®) - Oa(B[1/R))
lff Tfm (0 < R < )

Exp(M; AR, L)) M5 Bxp/(3; (1/(A|R), L*)),

(i)  OA(BIR)) 2= Oa(B(1/R))
J,ff T?"l/,\ (0 <R< OO)

Exp(M: (AR, L) M= Exp/ (W [1/(IAR), 7).

Proof. We prove only the first diagram. Because P and M are topological linear
isomorphisms (Theorems 5 and 17), we have only to show that

]_)f)\Ao'P—lofl/AoM—l:id’ Q)Fl/)\OM_lof)\AO'P_lz

1) Let feExp(M; [|A|R,L*]). Then by Theorem 17 and Lemma 13, there is s >
1/(|A|R) sufficiently close to 1/(|A|R) such that

Fia(ML)(z / F(5€) exp(z - T/(As))AIT(C).

Note that the right-hand side belongs to Oa(B(s|)A|)). By Theorem 5, Lemma 4, the
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Fubini theorem, Lemma 15 and Theorem 16, there is p with 1/p < s|A| such that
(FR 0P~ o Fayno MTH(9)

:/Sfl/A(Mflf)(w/p) exp(Apw - §)dS(w)

= [ ([ 01t ¢/ 0pari @) ) expir 1St
= [ 1066) ([ expteo- /nsp)) explo - 95(0) ) (@)
= [ FCOBE /9T = 1(6). €t

2) Let feOa(B[1/R]). Then by Theorem 5 and Lemma 4, there is 0 < p < R such
that

FAP)(Q) = /S F(w/p) exp(\oC - w)dS(w), ¢ € M.

By Lemma 12, F& (P~ f)(¢) belongs to Exp(M; [|A|R, L*]). Therefore, if |s| = 1/(|A|p),
then Theorem 17, Lemma 13, the Fubini theorem, Lemma 14 and Theorem 2 imply

(Fippo M o FL o P f(2)
- / exp(z - ¢/ () FL(P~1f)(s¢)dM ()

M

= [ el /09 ( [ stprespingsc: w)ds<w>) 4N (0)
= /S f(w/p) ( /M exp(z-C/(As))exp(Apsg-w)dM(g)> dS(w)
- /S F(w/p) K (2 p)dS(w) = f(), =€ B(1/p). m

7. Fourier-Borel transformation on O'(M(R)). In [3] we studied the Fourier—
Borel transformation on @’ (M (R)). The Fourier-Borel transform F\T of T'€ O'(M(R))
is defined by

F\T(2) = (Tr,exp(XC - 2)), z€E.

By the Hahn-Banach theorem, there is a Radon measure p on M(R) with
supp n C M[R'], R <R,
such that
ATE) = [ el 2)du(0).

M(R)
Therefore, FAT is an entire function on E, satisfies A, (F»T)(z) = 0, and of exponential

type: -
[FAT(2)] < [|ullsup{|exp(XC - 2)[; ¢ € M[R']}

= [lull exp(|A|[R'L (2)).

To describe the image under F), let us introduce some notations.
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Let N be the Lie norm L or the dual Lie norm L*. For 0 < A < oo we denote by
Exp(E; [A,N]) = {f € O(E); there is A’ < A such that
sup{|/f(2)| exp(~A'N(2)); = € E} < o0}
the space of entire functions on E of exponential type [4, N]. Put
Expa(E; [4,N]) = Exp(E; [4,N]) NOA(E).
Furthermore, for 0 < A < co we put
Exp(E; (A,N)) = {f € O(E); for all A’ > A,
sup{|f(z)|exp(—A'N(2)); z € E} < o0}
and Exp, (E; (A, N)) = Exp(E; (A, N)) N Oa(E).
LEMMA 19. ([6, Proof of Corollary 3.5]) We have
Expa (E; [A, L*]) = Expa (E; [4/2,L]),
Expy (E: (A, L7)) = Expa(E; (4/2,L)).
In particular, if f € Epr( (A, L*)), then for any € > 0 there is C > 0 such that
[f(@)] < Cexp((A+€)z]|/2), x€E.

A continuous linear functional on Epr(fE; [A, L*]) or Expa (fE, (A, L*)) will be called
an entire harmonic functional on E.
By the definition we have the following :

LEMMA 20. The Fourier—Borel transformation F establishes the following continuous
linear mappings:
(i) Fy : O'(M(R)) — Expa(E; [[A|R,L*]), 0< R < o,
(ii) Fr: O'(M[R)) — Epr(fE; (JANR,L")), 0< R < 0.

In [3] we proved that the transformations F are topological linear isomorphisms by
calculating the growth behavior of homogeneous components. Relying on the Plancherel

measure on E, we shall show that these isomophisms can be understood in the setting
similar to Theorem 18.

8. The Plancherel measure on E. On the Euclidean space E we introduce the
Plancherel measure dE by

/ F@)dE(@ / / F(ra)dS(@)r™= pn (r)dr,

where p,(r) is the Ii-Wada function defined by (1).

By means of the Plancherel measure on E, we can define a duality bilinear form on
Expa(E; (4, L7)) x Expa(E; [1/4,L7)).

LEMMA 21. Let A >0, f € Expa(E; (A, L*)) and g € Expa (E; [1/A, L*]).

1)  The integral

(20) / f(s2)g(x/5)dE(x)
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converges absolutely for s € C with 0 < |s| < 1/A sufficiently close to 1/A.
2)  The integral (20) is independent of s. The bilinear form

(e = / f(s2)g(x/s)dE(x)

is separately continuous. We have
(g = S Clkm) [ fulwlon(w)dS(w)
k=0
where fi and gy are the k-harmonic components of f and g, respectively and C(k,n) are
the constants defined by (2).
Proof. 1) By Lemma 19 there are A’ > A and C’ > 0 such that
lg(x/s)| < C"exp([[z]l/(2]s|A), =z €E.
For any A” with A’ > A” > A there is C” > 0 such that
|[f(sz)] < C"exp((|s|A")[|z[|/2), = €E.
Therefore, for |s| = 1/A” there is C > 0 such that
|[f(sz)g(x/s)| < Cexp((1+ A"/A)||z/2), =z €E.

Because p,, is of exponential type —1, we have 1).
2) Take s € C\ {0} as in 1). Then by Corollary 3, Lemma 1 and (2) we have

[ fsa(e/5aE@)
= /Oo (/ Zskrkfk(w) Zréségg(w)dS(w)> T"ilpn(r)dr
0 S k=0 =0

o0

(gerLfk(w)gk(w)dS(w)> " (r)dr

C’(k,n)/sfk(w)gk(w)dS(w).-

(=)

J
>

k=0

LEMMA 22. For &, ¢ € M with L(§)L(¢) < 1 the Cauchy kernel Ko(€,¢) can be
represented as follows:

Ko(€.0) = [ explst o) expla-¢/5)dE ()
where s is sufficiently close to 1/L(§).

Proof. The convergence of the integral can be proved as in the proof of Lemma 13.
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Now by Lemma 1, (2) and (9), we have

/Eexp(sg -z)exp(z - (/s)dE(x)

M

C(k.n) /g (€ W) JK) (¢ w)¥ /K)dS(w)

=~
Il
=]

C(k,n) /(K1) N (k,n)y(k,n))(€ - ¢)*

£
I

0

2N (k,n)(€- Q)% = Ko(£,¢). m
=0

=

We define the F-Cauchy kernel E;(z,w) by
Bi(evu) = [ expls - Qexp(C- w)dd(Q).
M
By the definition, E1 (z, w) is a symmetric entire function on ExE and satisfies A, F; (z, w)
= Ay FEi(z,w) =0 and
|E1(2,w)| < exp(L*(z) + L*(w)), (z,w)eE x E.

LEMMA 23. We have

E(z,w) = Z N(k,n)/C(k, n)]sk,n(z,w), z,w € E.
k=0

FEspecially, for any s € C\ {0} we have

Ei(sz,w/s) = E1(z,w), z, we€EE.
Proof. By (12), Lemma 6, (2) and (9), we have

o

By(zw) = 1/ (k) /M<z COME - w)h M ()

~
Il
<

1/((k)*25N (k, n)y(k, n)) P, (2, w)

M

=~
I
<

N(k,n)/C(k,n) Py pn(z,w). m

o

E
I
=

The F-Cauchy kernel has a reproducing property in the following sense.

THEOREM 24. Let A > 0 and f € Expa(E; (A, L*)). For s € C with 0 < |s| < 2/A
we have

(21) f(z):/Ef(sx)El(z,x/s)dE(x), zeE.

Proof. By Lemma 23, Ey(z,-) € Expa(E; (0, L*)). Therefore, as in the proof of
Lemma 21, the right-hand side of (21) is finite and independent of s. By Lemmas 21, 23,
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1 and Corollary 3, we have

/f st)F1(z,x/s)dE(x ZNkn /fk )Pron (2, w)dS (w)

= ka(z) -
k=0

We define the F-Cauchy transform ET of T' € Expy (E; (A, L*)) by
ET(w) = (T2, By (2, w)).

Because Ei( -, w) € Expa(E; (0,L%)), ET(w) is well-defined. Tt is easy to check that
ET is an entire function on E and satisfies A,,ET(w) = 0.

THEOREM 25. The F-Cauchy transformation T'— ET establishes the following topo-
logical linear isomorphisms:

(i) &+ Bxpl (s (A, L) Expa (B [1/A,L']), 0< A< o,
(ii) £ : Expl\(E; [A, L*)"5Expa(E; (1/4, L)), 0< A< 0.
We have (T, ) = ((f,ET))x for

T € Expi(E; (A, L*)) and f € Expa(E; (A, L*))

or for
T € Expy(E; [A,L*]) and f € Expa(E; [A,LY).

Proof. We prove only (i). Let T € Expy (IEI, (A, L*)). By the continuity of T', there
are A’ > A and C > 0 such that

(T, )] < Csup{|f(2)] exp(~A'L*(2)); = € E}
for any f € Expa(E; (A, L*)). Therefore, if A < |s| < A’, then we have
ET(w)] < Csuplexp(sT*(2) + I* (w)/s) exp(~A'L* (2)); 2 € E}
< Cexp(L*(w)/s);

that is, ET € Expa (E; [1/4, L*]).
Let f € Expa(E; (A, L*)). Take s € C with 0 < |s| < 1/A sufficiently close to 1/A.
Then Theorem 24 implies

(T, f) = Z,/f 52)E; (2, 7/5)dE(z))
:/]Ef(sx)(Tz,El(z,x/s»dE(x)
- / F(s2)ET(/5)dE(x) = (f,ET))e.

Thus £ is a continuous linear injection.

Conversely, let F € Expa (E; [1/A, L*]). We define
Tr € Exps (s (4,L7))
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by (T, f) = ({f, F))g for f € Exp(E; (A4, L*)). Then we have
ETr(w) = ((Exr(z,w), F(x)))e = F(w)

by Theorem 24. Thus, & is surjective. The continuity of £7! : F + T is clear. m

9. The second main theorem. If ( € M(1/R), then we have exp(C - z/\) €
Expa (E; [1/(JAR), L*]). Therefore, for T € Exp/s (E; [1/(]A|R), L*]) we can define the

conical Fourier—Borel transformation

FHAT(C) = (T-,exp(C - 2/N), ¢ € M(1/R).

It is clear that the conical Fourier-Borel transformation ]:IA/ v T ]-"IA/ ,\T is a contin-
uous linear mapping

Fin + Expa(E; [1/(]AR), L*]) — O(M(1/R)).
Taking inductive limit, we have another continuous linear mapping
Fin + Expa(E; (1/(|AIR), L)) — O(M[1/R)).

We claim that these ff‘/ , give the inverse of the Fourier-Borel transformations F on
O'(M][R]) and on ©’'(M(R)) via the isomorphisms C and €.

THEOREM 26. Let A € C\ {0}. The following diagrams are commutative and all
mappings are topological linear isomorphisms:

0  o0ImR) O(M[1/R))
lﬂ T]—'f‘u (0< R < )

Expa(B; [NR, L) o Bxpl(E; (1/(INR), L),

(i) O'(M[R)) & O(M(1/R))
lfx T]‘-IA/,\ (0< R < )
g1

Expa(E: (AR, L*)) = Expi(E; [1/(]AIR), L*).

Proof. We prove only the first diagram. Since C and £ are topological linear isomor-
phisms (Theorems 11 and 25), we have only to show that

1) FaoC o F) o€t =id, 2) Ffjof ' oFoC ! =id

1) Let f € Expa(E; [|[A|R, L*]). Then by Theorem 25 and Lemma 21, there is s with
s > 1/(JA|R) sufficiently close to 1/(JA|R) such that

FAAELC) = / £(52) exp(C - 2/ (As))dE(x).

Note that the right-hand side belongs to O(M(s|)|)). Therefore, by Theorem 11, Lem-
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ma 10, the Fubini theorem and Theorem 24, there is p with 1/p < s|A| such that
(FaoC loFhy o0& M) f(2)

= [ FE D) explreg - M)
= [ ([ #tsmrexn(ca/a)ario) ) espirpe - pantic)
= 1660 ([ exo(c-a/sp) exptrve - (@) ) apo

:/f(sx)El(:c/s,z)dE(z) = f(2), zé€E.

2) Let f e O(M[1/R]). Then by Theorem 11 and Lemma 10, there is p with 0 <
p < R such that

FACf)(2) = / F(C/p) exp(rpz - OM(C), =z €K

From Lemma 20, F(C~'f)(z) belongs to Expa(E; [|A|R,L*]). Therefore, for s =
1/(|A|p), by Theorem 25, Lemma 21, the Fubini theorem, Lemma 22 and Theorem 8,
we have

(FroE o FroC™M)f(9)

_ /E exp(z - €/ (As)) Fx(C™1f) (s2)d B (x)
/ exp(z - €/(As) ( / F(¢/p) exppse - M o) dE(z)
/ 1(¢/p) ( / exp(x - £/(As)) exp(Apsa - O)dE(x )dM (©)
= [ Fc/oma(e aM(Q) = 1) €< F1(1/p)
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