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Abstract. Let A stand for a Toeplitz operator with a continuous symbol on the Bergman
space of the polydisk DY or on the Segal-Bargmann space over CY. Even in the case N = 1, the
spectrum A(A) of A is available only in a few very special situations. One approach to gaining
information about this spectrum is based on replacing A by a large “finite section”, that is,
by the compression A, of A to the linear span of the monomials {zfl kaVN 10 < kj < n}
Unfortunately, in general the spectrum of A, does not mimic the spectrum of A as n goes to
infinity.

However, in the same way as in numerical analysis the question “Is A invertible?” is replaced
by the question “What is ||A71| ?”, it turns out that the mysteries of A(Ap) for large n may
be much better understood by considering the pseudospectrum of A, rather than the usual
spectrum. For ¢ > 0, the e-pseudospectrum of an operator T is defined as the set Ac(T) = {\ €
C: |(T—=XI)~Y| > 1/e}. Our central result says that the limit limy— oo || Ay 1| exists and is equal
to the maximum of ||A~!|| and the norms of the inverses of 2!V — 1 other operators associated
with A. This result implies that for each £ > 0 the e-pseudospectrum of A, approaches the
union of the e-pseudospectra of A and the 2V 1 operators associated with A. If in particular
N =1, it follows that

A(A) = Elim lim Ac(An),

—0n—oo
whereas, as already said, the equality A(A) = nlem Elgrb Ae(An) (= nleoo A(An)) is in general
not true.
The paper does not aim at completeness, its purpose is rather to outline the ideas behind the
theory, and especially, to illustrate the power of C*-algebra techniques for tackling the problem
of spectral approximation. We therefore focus our attention on Segal-Bargmann space Toeplitz

operators. Our main theorems include Fredholm criteria for such operators, results on the norms
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of the inverses of their large truncations, as well as the foundation of several approximation
methods for solving equations with a Segal-Bargmann space Toeplitz operator.

1. Introduction. The Segal-Bargmann space A%(C,du) is the Hilbert space of all
entire functions f on C satisfying

LI = Y1) dna(z) < oo,

C
where du(z) = (1/2r)e~**/2dA(z) and dA(z) is area measure on C, i.e. dA(z) = rdrdf
in polar coordinates. The space A?(C,du) has the reproducing kernel e*®/2. This means
that if a function f(w) in A%(C,du) is multiplied by e*™/? and then integrated against

du(w) over C, we get back f(z):
(1) V72 f(w) du(w) = f(2).

C
Now choose a function a(w) on C, multiply f(w) by a(w)e*™/? and integrate against

du(w) over C; what results is in general a new function g(z):
(2) Ja(w)e ™2 f(w) dA(w) = g(2).

The subject of this paper is éche integral equation (2), that is, we think of a(w) and g(z)
as given functions and are looking for a function f(w) which satisfies (2).

The Segal-Bargmann space was introduced by Segal [23] and Bargmann [2] in the early
sixties. It turns out that representations of the Heisenberg group on the Segal-Bargmann
space have particularly interesting properties (see e.g. [16]). Problems in quantum me-
chanics lead to kernels a(w)e*™/2 in (2) for which a(w) shows highly complicated behavior
at infinity. For example, anti-Wick quantization results in the case where a(w) = p(w, w)
and p is a polynomial of two variables (see [16]); in this situation a(w) is unbounded. Or,
when using Weyl operators to represent the canonical commutation relations on C, we
encounter equation (2) with a(w) = e?R®¢(®®) that is, with an almost periodic function
a(w) (see [3] and [4]).

At present time one is not yet able to tackle equation (2) effectively if a(w) is un-
bounded or almost periodic, and no progress in these two directions will be made in this
paper. A Fredholm theory for equations of the form (2) has been worked out in the cases
where a(w) is uniformly continuous on C or where a(w) oscillates at infinity “less than
linearly” by Berger and Coburn in [3] and [4]. Several methods for approximately solving
equations like (2) have been studied by the authors (see [5], [9], [11], [12]) for uniformly
continuous functions a(w). Notice that in the latter case the limit
(3) oo (€?) := lim a(re®)

T—00
exists for every e’ on the complex unit circle T and that as is a continuous function on
T; hence a(w) behaves very well at infinity.

This paper deals with the case where a(w) is piecewise continuous (in a sense that will
be specified in the following). For instance, if a(w) = b(w) for Rew > 0 and a(w) = ¢(w)
for Rew < 0, where b(w) and c¢(w) are uniformly continuous, then a(w) is piecewise
continuous in our sense. For the functions a(w) we consider here the limits (3) exist for
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almost all e’ € T, but the function as., which describes the behavior of a(w) at infinity,
is now a piecewise continuous function on T.

Our main results provide a Fredholm theory of equation (2) and its higher-dimen-
sional analogues and prove the convergence of certain approximation methods for such
equations. We also establish results on the norms of the inverses and on the pseudospectra
of truncations of the operator given by the left-hand side of (2).

2. Fredholm results. The Segal-Bargmann space A?(C, du) is a closed subspace of
the Hilbert space L?(C, du), and the orthogonal projection P of L?(C, du) onto the space
A%(C,dp) is given by

(Pf)(z) =\ e f(w) du(w)  (f € LX(C, dp)).
C
With this expression for P, equality (1) amounts to the trivial fact that Pf = f for all
f € A%(C,dp). An orthonormal basis {e,, }°°, in A?(C, du) is constituted by the functions

(4) en(z) = (2mn!)"1/22m,
Each function a € L°(D) induces a bounded operator T (a) on the space A%(C, du)

by the formula T'(a)f = P(af). This operator is called a Toeplitz operator and the
function a is referred to as the symbol of T (a). We remark that T (a) acts by the rule

(TH(@)1)(z) = {a(w)e™ f(w) du(w) (= € C),
C
so that equation (2) is nothing but the equation T'(a)f = g. For an operator A on
A?%(C,du), we denote by Aji (j, k > 0) the jk entry of the matrix representation of A in
the orthonormal basis {e,} given by (4). A straightforward computation shows that

1 ,
1 A k—j
(5) @l = s éaw)w T dp(w).
Suppose now that a € L>°(C) is a function for which the limits (3) exist for almost
all € € T and for which a., belongs to L>(T). We then put
2m
S oo (€®)e™ ™0 df  (n € Z)
0

1

T o

(6) 429

and we let T9(a) stand for the operator on A%(C, du) given by [T°(a)]jx = aj_x. Since the
Toeplitz matrix (aj—k)szo induces a bounded operator on [?(Z,) whenever the entries
aj_y are related to a function a € L*(T) via (6), it follows that 7°(a) is a well-defined
bounded operator on A%(C,du). In fact, the operator 7°(a) is unitarily equivalent to
the Toeplitz operator with the symbol a., on the Hardy space H?(T), and the latter
operators are fairly well understood (see e.g. [14] or [17]).

Let C denote the maximal ideal space of the C*-algebra of all continuous functions a
on C for which the limits (3) exist for all e € T and represent a continuous function an.
on T. Thus, C is the compactification of C by a circle To, = {00e : ¢ € T} at infinity.
A neighborhood base of coe? € T is given by {Ur(cce®®)} r~o with

Ur(ocoe?) = {re'? € C:r € (R,0),p € (0 —1/R,0+1/R)}.
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With this notation, C'(C) is the C*-algebra of all uniformly continuous functions on C,
that is, the C*-algebra of all continuous functions a on C with the property that for every
€ > 0 there are an R = R(¢) > 0 and a § = d(¢) > 0 such that

la(re®) — a(pe'®)| < e

whenever 7, p > R and |0 — ¢| < 4.

If a € C(C), then T'(a) — T°(a) is compact. This has certainly been known for a
long time (see [13] for the Bergman space case), but since we had not been able to find
an explicit reference, we gave a proof in [12]. By having recourse to the well-elaborated
theory of the Hardy space Toeplitz operators T°(a), one can so gain a lot of insights into
the Segal-Bargmann space Toeplitz operators T (a) with a € C(C).

Let £ and K be the bounded and compact operators on A?(C,dy), respectively. We
denote by C the smallest C*-subalgebra of £ containing the set {T*(a) : a € C(C)} UK,
put C™ = C/K and denote the coset A+K by A™. Using the compactness of T (a) —T°(a)
for a € C(C) and the results of [14] and [17] (for example), one can easily establish the
following.

THEOREM 2.1. The C*-algebra C™ is commutative, its mazimal ideal space may be
identified with the unit circle T, every element of C™ is of the form [T (a)]™ with some

a € C(C), and the mapping
Ve :CT = C(T),  [THa)]" = ac

is an isometric C*-algebra isomorphism.

In particular, if {a;} is a finite collection of functions in C(C), then the operator
A=>"T[7" (@) ec
Jj ok
is Fredholm (i.e. invertible modulo compact operators) if and only if

7247 = (Y [Taw) _ec(m
Jj k

does not vanish on T; in that case the index (i.e. the difference of the kernel and cokernel
dimensions) of A equals minus the winding number of the curve traced out by y.(A™)
with respect to the origin.

We now define what we mean by piecewise continuous functions on C. Fix 7 = e € T
(and thus oot € Tw), let go » denote the straight line through 0 and 7 (oriented in such
a way that 0 comes before 7), and for d € R, let g4, denote the (oriented) straight line
which results from go - by translating it by the distance |d| to the left (d > 0) or to the
right (d < 0). Hence, if go - is given by

gor = {re?? : —oco < r < o0}

then gq - is the straight line

gar = {(id +7)e? : —00 < r < o0}.
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Given a € L*=(T), we write a € PCy ; if there are two numbers, denoted by a(r —0) and
a(T + 0), such that
lim a(z) = a(r £0),
Z—>00T, ZGHdi,T

where HIT and H dr denote the half-planes lying on the left and right of g4 - respectively.

Ifd: T — R is a continuous function, we let PCy stand for the set of all functions
a € L>(C) belonging to PCy(,) , for every 7 € T. It is readily seen that PCy is in fact
a C*-subalgebra of L>°(C). From now on we leave the function d : T — R fixed and call
the functions in PCy piecewise continuous.

Any finite collection {g;} of straight lines divides the plane C into a finite number of

connected components Ej:
U B, =C\ U 9j-
k J

If no two of the lines g; are parallel, then every function a € L*°(C) whose restriction to
each of the components Ej is uniformly continuous belongs to PCy for some d : T — R.
On the other hand, such functions as

a(z) = 1 for 0 <Rez<1,
10 forRez<O0orRez >1,

are not in PCy for any d and are therefore not piecewise continuous in our sense.

If a € PCy, then the limits (3) exist for almost all e’ € T and represent a piecewise
continuous function as on T, i.e. a function as € L*°(T) such that the one-sided limits
a(e’@*0)) exist for every e € T. Tt is well-known that piecewise continuous functions
on T may have at most countably many jumps, so that a(e(®=9) = a(e*(?+9) for all but
countably many points €’ € T. The main difficulty with piecewise continuous symbols
is that T (a) — T%(a) is in general not compact if a € PCy.

Let B denote the smallest C*-subalgebra of £ containing all operators T (a) with
a € PCy and all compact operators. To study the quotient algebra B™ = B/K, we make
use of the fact that

T a)T'(c) — T*(ac) and T (c)T*(a) — T*(ca)

are compact whenever a € L*°(C) and ¢ € C(C) (see [4]). Thus, C™ is contained in the
center of B™, and we may so have recourse to the following result, which is known as the
local principle of Allan [1] and Douglas [14].

THEOREM 2.2. Let B be a C*-algebra with unit element and let C' be a C*-subalgebra
of the center of B containing the unit element. Denote the mazimal ideal space of C
by M(C), and for m € M(C), let YV, be the smallest closed two-sided star-ideal of B
containing m. Then ﬂmeM(C) Vm = {0}, the mapping

I':B— EB B/Ym, b= 0+ YVm)memo)
meM(C)

is an isometric C*-algebra homomorphism, and in particular, an element b € B is in-
vertible in B if and only if b+ Yy, is invertible in B/YVy, for every m € M(C).
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From Theorem 2.1 we know that M (C™) may be identified with T: the maximal ideal
of C™ corresponding to 7 € T is given by

{[T* ()] : ¢ € C(C), cao(7) = 0}.
The smallest closed two-sided star-ideal ) of B™ containing this ideal equals
{[T*(a)]™ : a € PCy, as is continuous at 7, as(T) = 0}.

Now let a € PCy. Denote by x the characteristic function of the half-plane H;(T) o Itis
easily seen that

(7) [T ()] + Y7 = [T (a(7 + 0)x + a(r = 0)(1 = X))]™ + V.
Since B™ is generated by all [T (a)]™ with a € PCy, it follows that B™ /), is the C*-algebra
generated by the identity element and [T*(x)]™ + V,. One can show as in [10], p. 135

that the spectrum of [T (x)]™ + Y, is the interval [0, 1], and hence B™ /Y, is isometrically
isomorphic to C([0, 1]). Now Theorem 2.2 gives the following

THEOREM 2.3. The C*-algebra BT is commutative, its mazimal ideal space may be
identified with the cylinder T x [0, 1] (with an exotic topology), and the Gelfand transform
Yo of BT onto C(T x [0,1]) is for a € PCq given by

(W[TH(@)]") (7, 1) = aoo (T = 0)(1 = p1) + oo (T + 0) .

For a € PCy, denote by a* the closed, continuous, and naturally oriented curve result-
ing from the (essential) range of as by filling in a line segment between the endpoints
of each jump. The following theorem can be obtained from Theorem 2.3 by standard
arguments (see e.g. [14] or [17]).

THEOREM 2.4. Let a € PCy. Then T'(a) is Fredholm if and only if a¥ does not
contain the origin. In that case the index of T'(a) is minus the winding number of a¥
about the origin.

For Hardy space Toeplitz operators the above two theorems are due to Gohberg and
Krupnik [18] (but also see Widom [25]), for Bergman space Toeplitz operators they were
first established by Gerard McDonald [20].

3. Finite section method. The finite section method for approximately solving
equation (2) consists in the following. We look for an approximate solution f, in the
form of a polynomial of degree at most n, i.e. in the form of a linear combination

fo(w) = c(()")eo(w) +...+cMe,(w)  (weC)

where the functions e, are given by (4), and the n + 1 unknown coefficients cgn), cen csln)

are determined so that the first n + 1 Taylor coefficients at the origin of T%(a)f and g
coincide. Note that the equation (2) is equivalent to an equation on [%(Zy) with the
infinite matrix [T (a)] (whose entries are written down in (5)) and that the finite section
method amounts to replacing this matrix by its principal (n 4+ 1) x (n + 1)-section.

Denote by P, (n=0,1,2,...) the orthogonal projection of A?(C,du) onto the linear
hull of {eg,...,en}, and let T}(a) stand for the compression of T (a) onto the image
Im P,:

T (a) = P,T"(a) | Im P,.
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The finite section method replaces the equation T (a)f = g by the equations

(8) Té(a)fn: ng  (fn €ImPy).
We say that the finite section method is applicable to T(a) if there is an ng > 0 such
that the equations (8) are uniquely solvable for all n > ng and all g € A%(C,du) and
the functions f,, converge in A%(C,du) to a solution f € A?(C,du) of the equation
T'(a)f = g.

The finite section method for Hardy space Toeplitz operators and their compact per-
turbations has been studied for a long time and these investigations have now resulted
in a round theory (see [17] and [8]). Taking into account that T%(a) = T°(a) + K with

some compact operator K whenever a € C(C), one so can easily establish the following
result (see [9] and [12]).

THEOREM 3.1. Let a € C(C). Then the finite section method is applicable to T*(a) if
and only if T'(a) is invertible.

We will prove that the conclusion of the preceding theorem also holds for a € PCy.
Since in that case the difference T'(a) — T°(a) is in general not compact, we employ the
algebraic approach developed in [24] and [7].

Let § denote the collection of all sequences {4,,}°2, of operators A,, € L(Im P,,) such
that

(9) [{An}] := sup || 4n]| < oo.
n>0

With obvious algebraic operations and the norm (9), the set § is a C*-algebra. Let 91 be
the subset of § consisting of all sequences {4,,} with ||A,|| — 0 as n — oco. Clearly, 9
is a closed two-sided star-ideal of §, and we may so consider the quotient algebra F /.
Note that if {A,} € §, then

I{An} + 91| = lim sup | An].

A sequence {4,} € § is said to be stable if the operators A,, are invertible for all
sufficiently large n, for n > ng say, and if
sup |41 < oo.
n>ngo

Equivalently, {A,} € § is stable if and only if

limsup || A < oo,
n—00

where here and in what follows we put ||[A7!|| = co if A is not invertible. Hence, in
algebraic language, the stability of {4, } is equivalent to the invertibility of {A4,} + 9 in
/9. Tt is easy to see that the finite section method is applicable to T (a) if and only
if T*(a) is invertible and {T'}(a)} is stable. Thus, we are led to studying the problem of
the invertibility of {T?}(a)} + 0N in F/N.

We will now show that if a € PC, has at most finitely many jumps and if ¢ € C(C),
then

(10) Ty (ac) = Tt (a)Th(c) + Py K P, + Wy, LW, + Ch,
(11) T (ca) = T} ()T} (a) + PuM P, + W, NW, + D,,
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where K, L, M, N are compact, ||Cy| — 0 and ||D,| — 0 as n — oo, and W,, (n =
0,1,2,...) are the operators which act on A%(C,du) by the rule

W, : chej — coen +c1en—1+ ...+ cpeo,
§=0
with e, given by (4). Formulas like (10), (11) were first established by Widom [26] for
Hardy space Toeplitz operators and they govern computations with elements of the form
{T}(a)} + M in F/N. The extension of Widom’s formula to the Segal-Bargmann space
case is not trivial.
Let o be the characteristic function of the half-plane

Co, :={z=re" :7>0,6, <0 <0, +7}.
Put 03 = 01 + 7. A straightforward computation yields
F(k% + 1) ei@z(k—j) _ ei91(k—j)

12 T (0))k = _ _ | # k),
(13) [T (0))j5 = 1/2,
and
" 70 if2(k—7) _ pi01(k—j) .
(14) @k = gy U#R)
(15) [T°(0))j5 = 1/2.
Now denote by p the characteristic function of the strip
Sap, :={2€C: 0<Im(ze”") < d}.
We have
[T (p)]je = (2FR12751)712 | 2557 du(z)
Sa,0,
oo 601+6, d@
— (9K 1197 :1\—1/2 k+j+1_—r%/2 i(k—j5)0 &Y
= (2k!274!) 2 § r e dr BS e 5

where 0, = 7/2 for r < d and 0, = arcsin(d/r) for r > d. Obviously, 6, = O(1/r) as
r — 00.

LEMMA 3.2. For all j,k,
(16) [T (p)]jel < D/ =gl (k #3),
17) (Tl < £r(SHE) [V ITG )
with some constants D and E.

Proof. Since 0, = O(1/r), we get

[T (p)]jx] < C(2Fk12751)~1/2 S i o122 g
0

= C21/2F<#>/\/F(k TG +1)
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and we thus obtain (16). If k # j then

o 4(01 -J i01(k—j
e dof| = _ < _
6 |k = jl Ik — j]

which gives

ol < o v (S JVIGE DTG

and because I'((x + y)/2) < /T(x)T'(y), we arrive at (17). m
LEMMA 3.3. Let P, and W, be as before and define V" (n =0,1,2,...) by

yntl. Z Cjej > Coenyl + Clent2 + Calpiz + . ...
j=0
Then the four operators
WnTl(p)an Wn(Tl(U) - TO(J))Wna
P, T ' (p)V"t, P (T'(0o) - T o)) V"H!
converge strongly to zero as n — oo.

Proof. Put R=T" (o) — T°(0) and let Rjj be the jk entry of R. Then
[WoRWaes|* =3 [Rnton—s
k=0

We first show that W, RW,e; — 0 as n — oo. Given any € > 0, choose an N so that

oo

(18) ST/l <e/2.

k=N
Stirling’s formula gives
_ I'(n— 5 +1)
lim =1,
n=oo \/T(n—k+1)I'(n—j+1)
and hence there is an ng such that
<1 T(n— %2 41) )2<i
VI(n—k+1)I(n—j+1) 2N
for all k =0,1,...,N — 1 if only n > ng > N. This together with (12) to (15) implies
that if n > ng, then

n
O L N A
k=0

ke{0,....,n}1\{sj}

T(n— 5241 2
S% > ! 2<1— (n- %"+ ), >
T hefo, n I} (7 — k) VE(n—k+1)T(n—j+1)

oo

1 € 1
S 2 TN T 2GR <

ke{0,...N—11\{j} k=N
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(recall that I'((z + y)/2)/+/T'(x)I'(y) < 1). Thus, W,,RW,e; — 0 for all j, and since
the operators W,, RW,, are clearly uniformly bounded, it follows that W,, RW,, converges
strongly to zero as n — co. In a similar way one can show that P, RV"*t! — 0 strongly
as n — o0o.
Let us now prove that W,, T (p)W,e; — 0 as n — oo. Given any £ > 0, define N
again by (18). By virtue of (17) and Stirling’s formula,
B+ b

A N/ oy oy sy gy

Hence, there is an ng such that

[T (p)]ln—k,n—j]* < €/ (2N)
whenever n > ng > N and 0 < k < N — 1. So if n > ng, we deduce from (16) that
= g = D? £ £
kZ:O |[T1(p)]n—k,n—j|2 < kZ:O IN + k:ZN m < 5 + D2§.
It now follows as above that W, T (p)W,, — 0 strongly as n — oo. One can show
analogously that P, T (p)V"*! — 0asn — oco. m

LEMMA 3.4. Define the half-plane HIT as in Section 2 and let x be the characteristic
function of HIT. Then for every c € C(C),
Ty (xe) = Ty (X)T (¢) + PuM Py + W NWy + Dy,
Ta(ex) = T, ()T (X) + PoK Py + W LWy, + Cy,,

with compact operators K, L, M, N and operators Cy, D,, for which ||Cy|| and ||Dy| con-
verge to zero as n — 0.

Proof. We have y = o — p for suitably chosen 6;. The operator K = T'(xc) —
T (x)T*(c) is known to be compact and clearly,

Th(xe) = T,()Ta(c) + PaT ()QuT" (¢) P + PuM P,
with Q,, = I — P,. The operator P, T (x)Q,T*(c)P, equals
PyT°(x)QnT°(¢) Po + PaR(X)Qn T (¢) Py + P T (X)Qn R(c) P,
where R(a) :=T'(a) — T°(a). By Widom'’s original formula [26],
P, T°(x)Q.T°(c) P, = W, LW,,,

where L = TO(x°c") — T°(x°)T°(c?) and a°(2) := a(z) (z € C). Again L is known to
be compact. Furthermore, since R(c) is compact and @, converges strongly to zero, it
follows that

| T (X)QnR(c)Pnl — 0  asn — oco.
Finally, from Formula 7.7(3) in [8] we infer that Q,,T%(c)P, is equal to V"1 HW,, with

some compact (Hankel) operator H. Due to Lemma 3.3, the operator P, R(x)V""! con-
verges strongly to zero, and hence as n — oo,

PR RO)Qn T ()Pl = | PaROOV™ T HW, || — 0.
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This completes the proof of the first formula of the lemma. The second formula can be
verified similarly. m

Here now is the Segal-Bargmann space version of Widom’s formula.

PRrOPOSITION 3.5. Let a € PCy and suppose ax has only a finite number of jumps.

Then for every ¢ € C(C),
T ac) = THa)T}(c) + P,MP, + W,NW,, + D,,
T (ca) = T} )T} (a) + P, K P, + W,LW,, + C,,
where K, L, M, N are compact and C,,, D,, converge uniformly to zero asn goes to infinity.

Proof. Once Lemma 3.4 is available, the proof is the same as the one of Proposition
4.7 of [10]. =

After having established the preceding proposition, the machinery worked out in [7]
and [8] for the Hardy space case and in [10] for the Bergman space operators can be
carried over to the Segal-Bargmann space situation without difficulty.

Let J denote the subset of F/91 consisting of all elements of the form {P,KP, +
Wp LW, } + 0 with compact operators K and L. Define € as the smallest C*-subalgebra
of §/M containing J and all elements {T7}(c)} + M with ¢ € C(C), and let B be the
smallest C*-subalgebra of §/91 containing J and all elements {T'} (a)} + 0N with a € PCy.

PROPOSITION 3.6. Let {A,} + 9 € B. Then the two strong limits
S1{4,} = s—EmAn and  So{An} = S—Em WA W,
exist and belong to B. If even {A,} +N € €, then S1{A,} and S2{An} lie in C. If

a € PCy, then
Si{Ty(a)} = T'(a), S2{T,(a)} =T°(a"),

where a®(z) = a(Z) (2 € C), and if A, = P,KP, + W,LW,, with K,L € K, then
S1{4,} = K, S2{A,} = L.
Proof. The same arguments as in the proof of Proposition 4.7 of [10] apply. =

Using the previous proposition, it is readily seen that J is a closed two-sided star ideal
of both € and B (note, for example, that

T Ha)W, LW,, = W,,(W,, T} (a)W,,) LW,,,
and since W,, T} (a)W,, converges strongly to T°(a), it follows that
THa)W, LW, = W, T2 (a®)LW,, + C,,

with T7°(a®)L € K and {C,,} € M). Hence, we may consider the quotient algebras €™ :=
¢/J and B™ := B/J. For {A,} + 9 in € or B, we abbreviate ({A,} + ) +J to {4, }".
PRrROPOSITION 3.7. The mappings
0 1 €7 = C™ {A,}T — (S1{A D)7
and
8 : BT — B™, {A,}" = (S1{A.})"

are well-defined isometric C*-algebra isomorphisms.
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The proof will be based on Theorem 2.2 and the following simple (well-known but
extraordinarily useful) observation.

LEMMA 3.8. Let By and By be C*-algebras and let § : By — Bs be a C*-algebra
homomorphism with the property that for every b € By the spectrum of b coincides with
the spectrum of 6(b). Then § is an isometric C*-algebra isomorphism of By onto §(B1).

Proof of Lemma 3.8. Let b€ By. Then ||b]|>=||b*b]||, and since b*b is self-adjoint,
the norm ||b*b|| equals the spectral radius r(b*b). By assumption, 7(b*b) coincides with
r(6(b*b)) = r(6(b)*§(b)) and hence, by the self-adjointness of 4(b)*d(b), with ||6(b)*5(b)|| =
ROl

The Hardy space analogue of Proposition 3.7 was established in [7]. Also see Theorem
7.33(b) of [8] for piecewise continuous symbols. Since T (c)—TY(c) is compact for ¢ €

C(C), the assertion on ¢, follows immediately from its Hardy space counterpart.

Proof of Proposition 3.7. Let us now prove the assertion for d,. We first show
that d, is well-defined. So let {4,}™ = 0, i.e. assume {A,} + 91 € J. Then A, =
P,KP,+W,LW, + C, with K,L € K and {C,,} € 91. Tt follows that S1{A,} = K € K
and hence (S1{A,})™ =0, as desired.

From Proposition 3.5 we know that {7’} (a)}™ and {T}}(c)}™ commute whenever a is
in PC, and a4 has only finitely many jumps and ¢ belongs to C(C). Since the collection
of PCy functions a for which ao, has at most finitely many jumps is dense in PCy, it
results that {7} (a)}™ and {T}(c)}™ commute for every a € PC,4 and every ¢ € C(C).
Consequently, €™ is a C*-subalgebra of the center of 8™ and so Theorem 2.2 may be
applied with B =" and C = €.

From Theorem 2.1 and the fact that €™ = C™, we know that M (¢€™) = T. For 7 € T,
the maximal ideal of €™ corresponding to 7 is

{T: ()} : ¢ € C(C), ex(r) = 0},
and the smallest closed two-sided star-ideal %), of B™ containing the latter ideal is
{{TXa)}™ : a € PCy, as is continuous at 7, ae(7) = 0}.

Let x denote the characteristic function of the half-plane HJ(T) .- For a € PCy, we then
have

(19) {T,(a)}™ + 97 = {T(a(r + 0)x +a(r = 0)(1 = x))}" + 2,

and hence the algebra B7™/9), is generated by the identity element and {T}}(x)}™ + 9.
A little thought shows that the spectrum of {T}(x)}™ + 2, is contained in [0, 1] and
that it contains the spectrum of [Tl (x)]™ + Y, in B™/),. Since the latter spectrum is
all of [0,1], we conclude that the spectrum of {T)}(x)}™ +92), is also the entire interval
[0,1]. Consequently, the C*-algebra B7/9), is isometrically isomorphic to C[0, 1], as is
the algebra B™/Y;.

From (7) and (19) we see that via the Gelfand transform [T (a)]™ + Y, and {T'}(a)}™+
), are represented by the same function in C0,1]. Since B™ and B7, respectively, are
generated by all [T*(a)]™ and {T}}(a)}™ with a € PCy, it follows that for every {A,}™ €
B™ the elements (S1{A,})™ + Vr and {A,}" + 2 are represented by the same function
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in C[0,1]. Now Theorem 2.2 implies that if {A,,}™ is any element of 87, then the spectra
of {4,}™ in B7 and of (S1{A,})™ in B™ coincide. Since J; is clearly surjective, Lemma
3.8 completes the proof. m

Here now is our main result.

THEOREM 3.9. Let {A,} + M € B. Then {A,} is stable if and only if S1{An} and
Sa{ A} are invertible. In that case

(20) lim sup 1A = max {[|(S1{An}) [ [(S2{An}) 13-

Proof. A crucial result by Silbermann (see [24] or [7] or Theorem 7.11 of [8]) says
that {A,} is stable, i.e. that {A,} + 91 is invertible in F/N, if and only if S1{4,} and
S2{A,} are invertible operators and {A,}™ is invertible in B™. Proposition 3.7 tells us
that {A4,,}™ is automatically invertible if only S1{4,} (and thus all the more (S1{A4,})™)
is invertible. This proves the first part of the theorem.

To show (20), denote by £ @ L the C*-algebra of all ordered pairs (A, B) of operators
A, B € £ with componentwise algebraic operations and the norm

I(A, B)|| = max{|[All, | B]|}-
From Proposition 3.6 we know that the mapping
o: B> LDL, {4+ (S1{An}, (S2{4,}))

is a well-defined C*-algebra homomorphism, and from what was proved in the preceding
paragraph, we know that the spectrum of {A,,} +9 in F/9 and thus in the C*-subalgebra
B of F/N coincides with the spectrum of the element o({A,} +MN) in L& L. So Lemma
3.8 implies that o is an isometric C*-algebra isomorphism of B onto ¢(B). Hence, if
{4, } + N is invertible in B, then

limsup [|A; ' = {4, "} + 0|

n—oo
= max(||S1{A; "}, [|S2{ A7 H])
= max (]| (S1{A}) 7, [1(S2{An}) 7)) =
And here are two first consequences of Theorem 3.9.

THEOREM 3.10. Let {a;;} be a finite collection of functions in PCy and put
A=Y TI7am),  Au =Y TIT0(asm).
ik ik

Then the following are equivalent:

(i) the operators A,, are invertible in Im P, for all sufficiently large n and for each
g € A%(C,dp) the unique solution f, € Im P, of A, fn = Png converges in A%(C,du) to
a solution of the equation Af = g;

(ii) A and A% := 37 [1, T°(ay) are invertible.

Proof. From Proposition 3.6 we have S1{A,} = A and S2{A, } = A°. Assertion (i)
is equivalent to the invertibility of A and the stability of {A,} (see, e.g., Proposition 7.3
of [8]), and therefore the equivalence (i)<(ii) follows immediately from Theorem 3.9. m
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THEOREM 3.11. Let a € PCy. Then the finite section method is applicable to T*(a)
if and only if T*(a) is invertible.

Proof. The “only if” part is a special case of the preceding theorem. If T (a) is
invertible, we deduce from Theorem 2.4 that 0 € a? and that the winding number of a*
about the origin is zero. This in turn implies that T9(a) is invertible. The “if part” is
now immediate from the implication (ii)=-(i) of the previous theorem. m

Two more sets of problems that can be tackled with the help of Theorem 3.9 will be
considered in the next two sections.

4. Spectral approximation. The purpose of this section is to show how Theorem
3.9 can be used to gain insight in the relation between the spectrum of T (a) and the
spectrum (eigenvalues) of T'!(a) for large n.

Given a sequence {E,}°2, of sets E, C C, we denote by lim,,_ F, the set of all
A € C with the following property: there are ny < ns < ... and Ay € E,, such that
A — A. The spectrum of an operator A will be denoted by Ag(A), i.e.

Ao(A) = {A € C: A— Al is not invertible}.

Theorem 3.11 says that if T (a) is invertible, then so is T}}(a) for all sufficiently large
n and we have

(21) limsup || [T} (a)] 7| < oco.
n—oo
This is all we need to establish the inclusion
(22) lim Ao(T}(a)) C Ao(T"(a)).
n—oo
Indeed, if A & Ag(T(a)), then there are an ng and an M such that
T a— N <M for alln > ny,
and since
(23) Hﬂﬁ@—uﬂ*H§17|
whenever |u — A < 1/M, it follows that
[T (a — ]~ < 2M
if n > no and p € Uyyoary(A) ={C € C: [ — A < 1/(2M)}. Hence,
Uiy (A) N Ao(Ty(a)) =0
for n > ng and thus A\ & lim,_, s Ao(T1(a)).

From the work of Schmidt and Spitzer [22] we know that the limit set lim, oo
Ao(T?(a)) may be much smaller than Ag(7T(a)), and therefore we conjecture that in gen-
eral the inclusion in (22) is also “strict in some sense”. Instead of pursuing this question,
we will show how Theorem 3.9 produces fairly sharp results for so-called pseudospectra.

Pseudospectra were considered by Reichel and Trefethen [21]. For ¢ > 0, the e-
pseudospectrum A.(A) of an operator A is defined as

Ac(A) = {A € C: X € Ag(A) or ||(A — AD)Y| > 1/e).

1 (a = V]|
p= AT (e = )17
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Using a result of Widom [27], Reichel and Trefethen [21] have shown that
lim A.(Ty(a)) = Ac(T°(a)).

n—oo

We here prove the Segal-Bargmann space analogue of this by having recourse to Theorem
3.9 and the approach of [6].

Estimating the limit set of the pseudospectra of operator sequences from below leads to
the problem whether the resolvent of an operator can have constant norm. We conjectured
that this cannot happen but had not been able to prove this. Therefore we posed the
problem at the Banach Semester in Warsaw in March, 1994. Only a few weeks later,
Andrzej Daniluk of Cracow sent us the following e-mail:

From: daniluk@im.uj.edu.pl (Andrzej Daniluk)
Subject: constant norm of the resolvent

To: aboettch@mathematik.tu-chemnitz.de

Date: Tue, 24 May 1994 17:07:10 +0200 (MET DST)

Dear Sir, Visiting the Banach center in March you asked the following question:

Can the norm of the resolvent R(z,T) be constant for every z in the unit disk?
Unfortunately I don’t remember if you considered T being an element of any Banach
algebra or an operator on a Hilbert (Banach?) space. As you probably know, I found the
NEGATIVE answer to your question in the second case but I didn’t in general. I'm sorry
that I’'m writing you so late but I got your e-mail address only just yesterday:.

So now I'm going to sketch you the proof. The same result can however be obtained
when T acts not on a Hilbert space but on a Banach space with a positive modulus of
convexity (so in particular on LP). Although the reasoning is the same in both cases, the
proof is nicer for Hilbert spaces and I'll concentrate on it.

Let us assume that the norm |R(z,T)| = M, for |z] < 1. As

R(z,T) =Y _ #T77"
J

we easily compute for any vector f

IR(z,T)f? = Zzﬂ TR

and its integral mean

1 .
5 ) R T)fPde =3 T P
J

|z|=1

which is by assumption less than or equal to M?|f|>. But as |T~!| = M we can find a
normalized vector f such that [T~1f|?> > M? — . So every other component in the last
sum above must be less than €. Particularly, 0 must be then in the approximate spectrum

of T~2, which is a contradiction.
Yours faithfully, Andrzej Daniluk
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Thus, Andrzej Daniluk solved the problem we could not solve, and both the following
result and its proof are due to him ().

PROPOSITION 4.1. Let H be a Hilbert space and let T € L(H). Suppose T — Al s
invertible for all X in some open subset U of C and ||(T — M)~ < M for all A € U.
Then ||[(T — M)~ < M for all A\ € U.

Proof. A little thought reveals that what we must show is the following: if U is
an open subset of C containing the origin and ||(T' — AI)~!|| < M for all A € U, then
|T~Y| < M. To prove this, assume the contrary, i.e. let |7~ = M. We have

(T—AD~t=> N1~
§=0
for all A in some disk |A| < r. Given any f € H, we therefore get
I =AD7H 2 = Y NN @I TR
J,k>0
whenever |A| < r. Integrating the latter equality along the circle |A\| = r we obtain

1

2

V@ = an=trPde = > 2T f 2,
j=0

[Al=r

and since ||(T'— X\)~Lf]| < M||f||, we arrive at the inequality

oo
IT AP+ 22007 < Y e T )P < MR )R

3=0
Now pick an arbitrary ¢ > 0. Because ||T~!|| = M by assumption, there is an f. € H
such that || f|| =1 and | T~ f.||> > M? —e. It follows that

M? — e+ 72| T72f|% < M?,
ie. ||T72f-]|? < er—2, and consequently,
L= |fl? < NTPPIT~2f < er™? |72,

which is impossible if € > 0 is sufficiently small. This contradiction shows that || 71|
<M. =

Now we are in a position to give a lower bound for the limit set of the pseudospectra
of certain sequences of operators.

PROPOSITION 4.2. Let H be a Hilbert space, and let P, € L(H) be a sequence of
projections converging strongly to the identity operator. If A € L(H) is any operator and
A, € L(Im P,) any sequence of operators such that A, — A and A% — A* strongly, then

Ac(A) C lim A(A,)

for each € > 0.

(1) Editorial note: See also J. Globevnik, Schwarz’s lemma for the spectral radius, Rev.
Roumaine Math. Pures Appl. 19 (1974), 1009-1012.
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Proof. Let first A € Ag(A). We claim that then
(24) limsup ||(A, — \X) 7} = cc.
n—oo

Indeed, if ||[(A, — M)7Y|| < M for n > ng, then ||P,p| < M||(A, — AI)P,¢| for all
» € H, and passage to limit n — oo gives ||| < M||(A — M)¢|| for all ¢ € H, implying
that the range of A — AI is closed and that A — AI is injective. Considering adjoints we
similarly get ||| < M||(A* — X)¢|| for all ¢ € H, which shows that the range of A — AT
is dense. Hence, if (24) is not valid then A — A is invertible. Our assumption that A be
in Ag(A) therefore implies that (24) holds. From (24) we infer that there is a sequence
ng — oo such that A € A.(A,,) and thus, A € lim,, o0 Ac(An).

Now suppose A € Ac(A) \ Ag(A). Then A — A is invertible and ||(A — AI)71|| > 1/e.
Let U be any open neighborhood of A. From Proposition 4.1 we deduce that there is
a p € U such that [|(A — pI)™t|| > 1/e and thus |[(A — ul)~7Y| > 1/(e — 1/k) for all
sufficiently large k. Consequently, we have A = limy ;o0 A with A\p € Aqje_q/k(A). I T
is any invertible Hilbert space operator, then

71 T -1
25) 71 =g L0 Ll _ (g 1251
Ph#0 ll%]] ©#0 1Tl =0 ||¢||

Hence, for each n, there exists a ¢ in H such that
lell =1, (A= ADgll <e—1/(2K).
We have
[(An = AD) Pl < [[(An = A)Pal| + [[(A = M) Prpl|
< [[(An — A)Pagl| + [1[(A = M)l + [[(A = AI)(I — Pr)gl|
and since (4, — A)P, and I — P,, converge strongly to zero, we obtain
||(An - )\kI)PnQDH <ée— 1/(3k)
for all sufficiently large n. Because || P,|| tends to ||| =1 as n — oo, we get
[(An = M D) Pogll /| Pagll <& —1/(4k) <e
for all n large enough. Now (25) implies that
(A = XeD)TH > 1/e
and consequently, A\ € A (A,,) for all sufficiently large n. This proves that A=limy_, o0 Ag
belongs to lim, o Ac(Ay). =
The following result sharpens (21).
THEOREM 4.3. Let a € PCy and suppose (21) holds. Then T'(a) and T°(a®) are
invertible, the limit lim,, o ||[T)(a)] || exists, and
(26) Jim [T, (a)] | = max {[|[7" ()]~ [[[T°(a)] I}
Proof. Theorem 3.9 with A,, = T}(a) implies the invertibility of T (a) and T°(a?)

and yields (26) with limsup in place of lim. Since [T}(a)]~! converges strongly to
[T (a)]7t, it follows that

lim inf [|[7, ()]~ || > [T (a)] ],



42 A. BOTTCHER AND H. WOLF

and because [T°(a?)]~! is the strong limit of W,,[T}}(a)]~'W,,, we obtain
lim inf [[[Z,, (a)] ™ || > liminf [[W, [T, (a)] = Wa || = [[7°(a®)] 7). =

THEOREM 4.4. Let a € PCy. Then for each € > 0,

(27) lim AL(T(a)) = Ao(T*(a) U A-(T%(a”)).
Furthermore,
(28) lim lim A (T} (a)) = Ao(T* (a).

Proof. Proposition 4.2 with A, = T}(a) shows that A.(T'(a)) is contained in

limy, 00 Ac (T} (a)). Because

W T (a = W] M| = [[Wa[T (@ = N)] 7 Wl < [T (a = 2] 7,
we have
A. (WnTé (@)Wy) C Ac (Té (a)),
and hence Proposition 4.2 with A,, = W, T}(a)W,, and A} = W, T}(@)W,, implies that
A (T(a)) is a subset of lim, o Ac(T (a)).
To prove the reverse inclusion of (27), assume
A A (T (a)) UA(T(a®)).
Then ||[T (a—\)] 7Y < 1/e and [|[T%(a® — \)] 71| < 1/¢, and from (26) we conclude that
(e =N <1/e—d<1/e
for all n > ng. Taking into account the estimate (23), we see that if 4 is in a sufficiently
small neighborhood U, () of A, then

T (a = w) I <1/e = 8/2<1/e
for all n > ng. Consequently, U, () N A(T}(a)) = 0 for all n > ng, implying that
A Zlim A (T} (a)).

Finally, since
lim A (A) = Ap(A)

e—0

for every operator A, equality (27) gives
. . 1 _ 1 0,0
liy Tim A(T} (@) = Ao(T" (a)) U Ao(T°(a)),
and Theorem 2.4 in conjunction with the well-known invertibility criterion for Hardy

space Toeplitz operators with piecewise continuous symbols (see [17]) shows that
AO(TO(aO)) C Ao(Tl(a)) | ]

We remark that (26) and (27) can be extended to the situation considered in Theorem
3.10. Namely, define A4,,, A, and A° as in that theorem. Then if {A,,} is a stable sequence,
the operators A and A° are invertible, the limit lim,, . || A, | exists, and

Tim (A7) = max{[ A7, A%}
Moreover, if € > 0, then
lim A.(A,) = A (A) UA(AY).
n—oo

The proofs are the same as those of Theorems 4.3 and 4.4.
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5. Collocation methods. A collocation method for approximately solving equation
(2) consists in the following. Choose n + 1 points zg, z1,...,2, € C (the collocation
points) and n + 1 functions ¢, ¢1, ..., pn € A%(C,du) (the basis functions). Look for an
approximate solution f,, in the form of a linear combination

fn(w) = copo(w) + cro1(w) + ...+ crpn(w)  (w € C)
and determine the n + 1 unknown coefficients so that (T (a)f,)(z) and g(z) coincide at
the n+ 1 points z = 29, 21, . . ., 2. Notice that the n+1 equations (T (a)f,)(zx) = g(zx)
are the linear algebraic system

n

Z ¢; S a(w)e™ ™2 (w) du(w) = g(zx)  (k=0,1,...,n).

Jj=0 C
When studying the problem of the convergence of a collocation method, one has to choose
for each m collocation points z(()n), z§"), ..., 2™ and basis functions goén), (pgn), e gDSZ”.

We here choose the following system of collocation points: fix r > 0, and let

z(()n), zin), R z,&n) be the zeros of the equation z"*! —7"*+1 = 0. Throughout what follows
zé"), zi"), ., 2™ are always specified in this way.

We say that the collocation method with a system of basis functions {(pgn),
<p§"), . .,(pgl")} (n = 0,1,2,...) is applicable to T'(a) if there is an ng such that the
equations

= n (M n n
(29) S e {a(w)es " 26 (w) dp(w) = g(2(”)  (k=0,1,...,n)
Jj=0 C
are uniquely solvable for all n > ng and all g € A?(C,du) and the functions f,, given by
Fa(w) = eVl (w) + VoV (w) + .+ MM (w)  (w e C)
converge in A?(C, du) to a solution f € A%(C,du) of the original equation T (a)f = g.
In case we choose {ga(()"), . ga%n)} = {eg,...,en} as the basis functions, where the
monomials e; are given by (4), we speak of polynomial collocation.
THEOREM 5.1. Let a € PCy. Then polynomial collocation is applicable to Tt (a) if and
only if T*(a) is invertible.
Another choice of the basis functions is
(30) {o” Y = (K o, K},
where, for z € C, the function K, € A%(C,du) is given by
K.(w) = e**/? (w e C).
If the basis functions are chosen in this way, we speak of analytic element collocation.
THEOREM 5.2. Let a € PCy. Then analytic element collocation is applicable to T (a)
if and only if T (a) is invertible.

The Bergman space analogues of the above two theorems were established in [11].
Therefore we here confine us to merely pointing out the main ideas of their proofs.

Recall that P, is the orthogonal projection of A%(C,du) onto the space Im P, of all
polynomials of degree at most n. We denote by L,, : A%(C,du) — Im P, the Lagrange
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interpolation projection, that is, the projection that sends f € A?(C,dpu) to the (unique)
polynomial L, f € Im P, satisfying (Lnf)(z,g")) = f(z,g")) for k=0,...,n. If we put

@)= —Z (z€0),

Rk T 2§
k#j J

then q](-n)

(31) Lnf = Zf )a™.

€ Im P,, and we have

Now the functions K, (w) = e**/? enter the scene. Equality (1) just says that
f(2) = (f,K.) for all f € A*(C,dp) and all z € C.

Hence, we may write (31) in the form

L.f= Zf, (mq],

which immediately implies that the adjomt L of L, is the projection of A%(C,du) onto
the linear hull of the functions (30) acting by the rule

Lif =Y (£af"K .
i=0 ’

In the case of polynomial and analytic element collocation, the equations (29) are
equivalent to the equations

L,T"a)fn = Lng (fn € ImP,)
and
LnTl(a>fn = Lng (fn € Im L:z)a

respectively. As in [11] one can show (and this is the crucial point) that
(32) |L,, — Ppl| = ||L}, — Po|]| = 0 as n — oo.
Since P, T*(a)P, : Im P, — Im P, is stable if and only if T%(a) is invertible (Theorem
3.11), it follows easily from (32) that the stability of sequences given by
L,T*(a)P, :Im P, — Im P,, L,T"(a)L} : Im L} — Im P,
is equivalent to the invertibility of 7 (a). This proves Theorems 5.1 and 5.2.

6. Higher dimensions. The Segal-Bargmann space A?(C", dpu) is the Hilbert space
of all functions f which are analytic on C and satisfy

1F12 = | 1f (oo an) P dpa(z1) - dplen) < oo
(CN
Since the space A%2(CY,dpu) is the Hilbert space tensor product of N copies of A?(C,dpu),
many of the results established in the preceding sections can be carried over to A2(CY, dpu)
by means of the techniques developed in [7] and [10]. We therefore limit ourselves to only
formulating the results. Moreover, in order to avoid unnecessary notational complications,
we will mainly consider the case N = 2.



SEGAL-BARGMANN SPACE TOEPLITZ OPERATORS 45

The Toeplitz operator on A%(C?,dp) induced by a function a € L*°(C?) will be
denoted by Tt (a). It is defined by

(T (a) f)(2) = | a(w)e”™ 2 f(w) du(w) (2 € C?)
C‘Z
with 2w = z;w7 + 20w3 and du(w) = dp(wy)dp(ws). Let PCy® PCy denote the algebraic
tensor product of two copies of PCy, i.e. the collection of all functions a on C2 which are
representable as a finite sum of the form

(33) 21,22 Zb 21 C] 22 (bj,Cj S PCd),

and we let PCy ® PCy stand for the closure of PCy ® PCy in L*(C?). Notice that if a
is of the form (33), then
T Z Y ).

The role played by the operator 7°(a) in the foregoing sections is now taken upon by
three operators T74%(a), T%!(a), T%°(a). In case a is given by (33), we put

(34) 79 Z T7(b;) @ T (c;)

for v,8 € {0,1}. For functions a € PCy ® PCy, the “mixed” operators T°°(a) may be
defined via approximation of a by symbols a,, € PCy ® PCy. Here is an alternative way
of defining 779 (a) for general a € PCy ® PC4. We know from Proposition 3.6 that if
b € PCy, then TO(b) is the strong limit of W, T*(b°)W,, where b°(z) = b(%). Hence, for
a € PCy ® PCy we might put

al,O(

21, 22) = a(ZhZ_Q)v a011(zla 22) = a’(z_la 22)7 0,0’0(2’1, 22) = a’(z_la Z_2>a
and then
7% (a) = s-lim(P, @ W,) T (a**) (P, @ W,,)

n—oo

7% (a) = s-lim(W,, ® P,)T" (a®")(W,, ® P,)

n—oo

T%%(a) = s-lim(W,, @ W, )T+ (o) (W,, @ W,,).

n—oo

One can indeed show that the three strong limits exist and define operators in the C*-
algebra tensor product B® B, with B as in Section 2. For functions a € PCy ® PCy, the
three operators defined in this way coincide with the operators given by (34).

The orthogonal projection of A?(C2, du) onto the linear hull of the monomials 27
(J1,j2 =0,...,n) is P, ® P,,. We say that the finite section method is applicable to an
operator A € L(A%(C?,dp)) if there is an ng such that the equations

J1 J2
23

(P, ® P)Afn, = (P, ®Pn)g  (fn € Im(P, ® P,))

are uniquely solvable for all n > ng and all g € A?(C?, du) and f,, converges in A%(C2, du)
to a solution f € A2(C?,du) of the equation Af = g.
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THEOREM 6.1. Let a € PCyq ® PCy. Then the finite section method is applicable to
TY(a) if and only if the four operators

(35) Tl,l (a), Tl,O(al,O)’ TO,l (ao,l)’ TO’O(GO’O)
are invertible.
Here is the extension of this theorem to mixed Toeplitz operators.

THEOREM 6.2. Let a € PCy®PCy and (7, 8) € {0,1}2. Then the finite section method
is applicable to TV°(a) if and only if the four operators

(36) T7°(a), T0(a"), T (@), T (a”?)
are invertible.

Of course, Theorem 6.1 motivates the consideration of mixed Toeplitz operators. But
what is the motivation for establishing Theorem 6.27 In this connection we first remark
that the operator 7°:°(a) is unitarily equivalent to a Toeplitz (or discrete Wiener-Hopf)
operator on the quarter-plane Z X Z,; thus, Theorem 6.2 comprises the result (proved
by Kozak [19] for continuous and in [7] for piecewise continuous symbols) that the finite
section method is applicable to T%%(a) if and only if the four operators

TO’O((I), TO’O(al’O), TO’O (aO,l)7 TO’O(aO’O)

are invertible. However, the actual justification of Theorem 6.2 is as follows.

The reader will certainly see how to generalize Theorems 6.1 and 6.2 to dimensions
N > 3: the four operators occurring in these theorems have then to be replaced by 2V
operators constructed in an obvious way. We can indeed prove such a generalization,
and our proof uses induction on the dimension N. However, when proving results by
induction, one is occasionally confronted with the phenomenon that such a proof works
only if the result to be proved is sufficiently strong. And this is exactly what happens
in our situation: it is difficult to extend Theorem 6.1 by induction to higher dimensions,
but it is relatively easy to generalize the stronger Theorem 6.2 by induction on N to
dimensions N > 2 (see also [12], p. 30).

Due to what was said in the last two paragraphs, we formulate the following results for
mixed Toeplitz operators (although our primary interest is in the “pure” Segal-Bargmann
space operators T%1(a)).

Let a € PCy ® PCy and w € C. Then the functions ¢ and ¢ given by ¢(z) = a(z,w)
and ¥ (z) = a(w, z) belong to PCy and hence, ¢(7 £ 0) and (7 £ 0) are well defined for
each 7 € T. We put

a(t £0,w) = o(t £0), a(w, 7 +0) = (T £0).
We also remark that the limits

Jim a(r7,s0) =t ass(7,0)
55— 00

exist for almost every (7,0) € T? and represent a function as, € PC(T) ® PC(T), and
thus a function with well-defined limits a(r + 0,0 & 0) at each point (7,0) € T?.
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THEOREM 6.3. Let a € PCy ® PCy and (v,8) € {0,1}2. For (1,u) € T x [0, 1], define
1

ar, and a?r’# in PCq by

ai,u(z) =(1—-p)a(r —0,z)+ pa(r 40, 2),

a? ,(z) = (1 — pa(z,7 — 0) + pa(z,7 4 0).

Then T7(a) is Fredholm if and only if the operators T°(al ) and T7 (a2 ,) are invertible
on A%(C,du) for all (t,u) € T x [0,1].

In the case of N > 3 dimensions, the Fredholmness of a mixed Toeplitz operator is
equivalent to the invertibility of N families of mixed Toeplitz operators on A2(CN =1, du).
For v = § = 0, the previous theorem is Duduchava’s [15].

THEOREM 6.4. Let a € PCy ® PCy and (v,6) € {0,1}2.
(a) If the sequence

T7%(a) := (P, ® P,)T7°(P, ® P,)|Im(P, ® P,)
is stable, then the four operators (36) are invertible and
lim ||[77%()]" | = max T8 (g )],
Jim T30 @) = e T @)

(b) For each & > 0,

Tm AT @) = ) AT @),
(a,3)€{0,1}2
We finally remark that Theorems 5.1 and 5.2 may also be “tensored”: polynomial or
analytical element collocation is applicable to TV1(a) if and only if the four operators
(35) are invertible.
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