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Abstract. This paper is concerned with double families of evolution operators employed in
the study of dynamical systems in which cause and effect are represented in different Banach
spaces. The main tool is the Laplace transform of vector-valued functions. It is used to define
the generator of the double family which is a pair of unbounded linear operators and relates to
implicit evolution equations in a direct manner. The characterization of generators for a special
class of evolutions is presented.

1. Introduction. The Cauchy problem

du

e

dt u( )7
u‘t:O =Y,

where A is a closed linear operator with domain ©(A) and range R(A) both contained in

a Banach space Y is effectively studied by finding a semigroup E(t) : Y — Y of bounded

linear operators with A its infinitesimal generator. Characterizations of the generators of

semigroups in terms of properties of their resolvents are well-known (see e.g. [HP57]).
In this paper we study implicit Cauchy problems of the form

d
S1But)] = Au(o),

(1) ¢
tgrgl+ Bu(t) =y €Y,
where A and B are unbounded linear operators with a common domain ® contained in
a Banach space X and R(A) as well as R(B) in a Banach space Y.
In many applications the operator B is not closable so that there is no way in which
the “time derivative” or the limit at ¢ = 0+ can commute with B. For that reason it seems

to be appropriate to study (1) as it stands. Our approach to the problem is intuitively
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to represent the solution of (1) in the form w(t) = S(¢t)y with the “solution operator”
S(t) defined on the space Y and range in X. At the same time we consider v(t) = BS(t)
to be emanating from y € Y and represented as v(t) = E(t)y with the operator E(t)
defined on Y and range in Y. The evolution of the system is decribed by thinking of
each v(t) as an initial state for u at later times. This notion is described symbolically by
u(t + s) = S(s)v(t), which lies at the core of empathy theory. The paper is concerned
with the development of a theory of a “double family” (S(¢), E(t)) of evolution operators
which is consistent with problems of the form (1). This approach was introduced in a
restricted way in [SS89] and studied for a special case in [CS94]. A brief outline of the
theory is also given in [S95].

In the study of semigroups the notion of infinitesimal operator/generator and the
observation that, under certain conditions, the Laplace transform of the semigroup is the
resolvent of the infinitesimal generator is crucial. In the abstract study of (1) the notion
of infinitesimal generator is bound to involve the operator B and gives rise to difficulties
with the kernel of B [Sau82, SS87]. Thus it is expedient to develop the theory entirely
with the aid of the Laplace transform which will be an important tool in this study.

It should be noted that implicit Cauchy problems such as (1) are treated in [CaSh76],
but from a different perspective. In [Fav79] the problem is studied with the aid of the
Laplace transform under the assumption that the operator A is injective. In that paper
the notion of integrated semigroup, introduced formally in [Are87|, appears implicitly. In
[AF93] the theory of integrated semigroups is employed to study special implicit equations
of the form (1). For the case B = I, the identity, integrated semigroups may be viewed
as special cases of regularized semigroups [daP66] or C-semigroups [DP87] which, under
restricted circumstances, may be viewed as a special case of the theory presented here
[CS94]. A comprehensive survey of C-semigroups and integrated semigroups is presented
in [DeL94]. It should be noted that the notion of empathy is related to the notion of
existence and uniqueness family employed in [Del91] (see also [Del.94, Chap. XVI).

In Section 2 the notion of empathy is defined and the properties of the operators E(t)
and S(t) are obtained under general conditions. This investigation is continued in Section
3 where additional results are obtained when boundedness conditions are imposed on the
resolvents. In Section 4 we use the Post-Widder inversion theorem to obtain additional
information on the structure of empathies. In particular, it is shown that the operators
E(t) map Y into a fixed closed linear subspace Yz which plays a central role in the theory.
In Section 5 we define the notion of generator of an empathy which is an operator pair
(A, B) relating directly to the Cauchy problem (1). In Section 6 we obtain a uniqueness
result for the representation u(t) = S(t)y of solutions of (1). The remaining sections
are devoted to the characterization of the generators of uniformly bounded empathies.
It turns out that the characterization is in general only possible if the space Y has the
Radon—Nikodym property (see [DU77] for an extensive treatment of this property).

2. Empathy theory. Let X and Y be Banach spaces and let £ = {E(t) : Y —» Y |
t>0}and S={S(t): Y — X |t > 0} be two families of bounded linear operators. We
shall assume that for every y € Y and A > 0 the Laplace transforms
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ROy = eME(@ydt, POy=\e Syt
0 0
exist as Lebesgue integrals in the sense that e~ E(-)y € L'(0,00;Y) and e=*S()y €
L'(0,00; X). The double family (S,€) is called an empathy if the following conditions
hold:

(2) S(t+s)=S(t)E(s) for arbitrary s,t > 0,
(3) For some £ > 0, P(§) is invertible.

Note that the behaviour of S(t)y and E(t)y at ¢ = 0 is not specified and that no bound-
edness conditions are imposed on the linear operators R(A) and P()\). We shall refer to
(2) as the empathy relation.

PROPOSITION 2.1. If (S8,&) is an empathy then & is a semigroup.
Proof. From (2) it is clear that S(t + 7+ s)y = S@)E(r + s)y = S(t)E(r)E(s)y for

positive r, s and t. Taking the Laplace transform with respect to ¢ yields P(§)[E(r +
s)y — E(r)E(s)y] = 0 and the result follows from (3). =

THEOREM 2.2. The norms ||E(t)|| and ||S(t)|| are locally uniformly bounded in (0, 00)
and the families £ and S are strongly continuous on (0, 00).

Proof. Since € is a semigroup and ¢t — E(t)y is measurable, the statement regarding
E(t) is well-known [Miy51; HP57]. The strong continuity of S now follows from the
empathy relation and the boundedness of S(t). The local boundedness of ||.S(¢)|| follows
from the uniform boundedness principle. m

We collect a number of important identities in the following result.

LEMMA 2.3. For arbitrary positive A\, u and t we have

(4) R(NE(t) = E(t)R(A)

() PNE() = S()R(A)

(6) R(A) = R(p) = (p = RN R(p) = (1 — N R(u) R(A)

(7) P(A) = P(p) = (= ) PA)R() = (= N P(r)R(A).

Proof. The identities (4) and (5) follow from E(¢t)E(s) = E(s)E(t) and S(t)E(s) =
S(s)E(t) after taking the Laplace transform with respect to s. The identity (6) fol-
lows from the semigroup property and (7) follows from the empathy relation (2), taking
Laplace transforms with respect to s and ¢. Since there are a number of different ways

of deriving the last two identities, we shall indicate an effective method for deriving (7):
(1= NPWR() = (u= ) § e X5(1) | e E(s)ydsdt

0 0
[eS) [e'S)

d

= S %e(’“)‘)t S ef“(SH)S(s + t)ydsdt.
0 0

The change of variable s — r = s 4+ ¢ and subsequent change of the order of integration

give
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(1 —A)P( e M S(r)ydrdt

O 3
&‘Q‘

t/ag on/:8

(=N — e S(r)ydr = P(\)y — P(p)y. =

We note that the proof of (7) does not rely on the invertibility condition (3). The proof
of (6) is based on the semigroup property which has been derived from (2) and (3).

It is well-known that the pseudo-resolvent property (6) implies that for A\ and
arbitrary Ker R(A\) = Ker R(u) =: Ng. For P(\) we have a more intricate property
which is derived from (7):

LEMMA 2.4. If (2) holds then Ng NKer P(A) = Ng NKer P(u) for every positive A
and p.

Proof. If y € Ng NKer P(u) then, by (7) we have P(A)y = (u — N)P(A\)R(p)y =0
and hence y € Ker P(\). =

COROLLARY 2.5. If (2) and (3) hold then P()) is invertible for every A > 0.

Proof. Suppose that P(A\)y=0. By (7) we have P({)y=(A=¢)P(§)R(N)y. It follows
from (3) that y = (A — &§)R(\)y and hence R(§)y = (A — §)R(§)R(N)y. Comparison with
(6) shows that R(A)y = 0. Hence y € Ng NKer P(A\) = NgNKer P(§) = {0}. =

The pseudo-resolvent equation (6) implies that R(A)[Y] = R(u)[Y] =: D C Y for
every A, > 0. Likewise, (7) implies that P(A\)[Y] = P(u)[Y] =: ® C X. From (4) and
(5) we obtain

LEMMA 2.6. E(t)[®Dg] C Dg and S(t)[Dg] C D for any t > 0.

The “domains” ® and ®g play an important role in the behaviour of S(¢) and E(t)
at t = 0. We prepare for this in the following result:

LEMMA 2.7. Let y = R(A\)yx € D where yy € Y. Then

®) E(t)y = e [y — [ B(s)ya ds).
0

¢
9) S(t)y = M [P(A)w — e s(s)mm ds]
0
Proof. We shall prove (9) in some detail. The proof of (8) is similar.

St)y = SE)R(Nyx = S(¢) OSO e M E(s)yx ds = e OSO e ISt + )y, ds.
The substitution s > r =t +s givgs 0
S(t)yy = e OSO e M S(r)y dr = eM [P()\)y)\ - ie_)‘rS(r)y dr]. "
THEOREM 2.8. The f(jllowmg statements hold: 0

(a) For every y € D, lim; o0y E(t)y = y.
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(b) There exists a linear operator Cy : O — © such that lim;_,04 S(t)y = Coy for
everyy € Dpg.

(¢) The operators R(\) are invertible for every A > 0.

(d) Co = P(A)R™Y()) is invertible and R(Cp) = D.

Proof. Statement (a) is a direct consequence of (8) and (b) follows from (9). In
fact, Coy = P(A\)yn where y = R(\)yx. Suppose that y € D g has the representations
y = R(A)yn = R(N)zx. Then Coy = P(N)yx = P(N)zx. From the invertibility of P(\)
we see that yy = z) and (c) is proved. The final statement follows after a moment of
reflection. m

Remark 2.9. The invertibility of the R()) implies that D g is trivial if and only if
Y is trivial. Similarly the domain ® cannot be trivial unless Y is trivial.

The behaviour of S(t) and E(t) at ¢ = 0 may also be expressed as an asymptotic
property of their Laplace transforms.

THEOREM 2.10. For any y € Op,
lim AR(\)y =y, lim AP(\)y = Cyy.
A— 00 A— o0

Proof. Let y = R(u)y,. We apply (7) to y, to obtain AP(X)y = Coy+P(\) [y —y,].
From the dominated convergence theorem it is seen that limy_,o P(A)z = 0 for every
z € Y and the result for AP(\)y follows. The statement about AR(A)y follows similarly
from (6). m

3.Bounded resolvents. All the results of the previous section were obtained without
assuming boundedness of the operators R(A) or P(A). In this section it will be shown
that under such additional assumptions stronger results are possible. For this purpose we
introduce some subspaces of Y.

Let Yg be the closure of O in Y and set D1 = R(A)[YEg], D2 = R(\)[®g]. From
(6) it is seen that the last two subspaces are independent of the choice of A\. We also
define the space of attractors of £ by Att(€) = {y € Y|lim; o4+ E(t)y exists.}

From Theorems 2.8 and 2.10 we see that D5 o C Dg 1 C Dg C Yg and the inclusions
are dense. Moreover, Op C Att(£). In order to be able to say more about Att(E), we
need the following result:

LEMMA 3.1. Let (S,&) be an empathy. For anyy € Y and t > 0 it is true that
St e E(s)yds € Dp and Sg e~ **S(s)yds € D. Furthermore,

0
(10) E(t)y = eM [y —R7'(\) S e M E(s)y ds} =M [y - P71\ S e S(s)y ds] .
0 0

Proof. From the empathy relation S(s)E(t)y = S(t + s)y we obtain
00 o] t
PMNE(t)y = S e NSt + s)yds = eM S e S(s)yds = eM {P(A)y — Se_)‘sS(s)y ds].
0 t 0
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In the same way, starting from the semigroup property, we can prove that
t
ROVE(t)y = M [R(/\)y —\e By ds] .
0

The final conclusion is reached after a little thought on the two identities. m

THEOREM 3.2. If P(X) or R(\) is bounded for some A > 0 then Att(E) C Yg, and the
inclusion is dense. Furthermore, if y € Att(E), then limy_ o4 E(t)y = y.

Proof. Suppose that P()) is bounded. Then P~1()) is closed. If y € Att(€), we see
from (10) that lim;_,o+ P~1(N) S(t) e~ **S(s)yds exists. Since the integral tends to zero,
it follows that lim; o4 E(t)y = y. It remains to be proved that y € Yz and this is
done by observing that puR(u)y = Sgo e 'E(t/p)ydt. A straightforward application of
the dominated convergence theorem shows that lim,,_, pR(¢)y = y, which implies that
y € Yg. The case where R(\) is bounded is treated in exactly the same way. m

Remark 3.3. Theorem 3.2 holds for semigroups which are unrelated to a family
S of evolution operators but regarded as if “in empathy with themselves”. This means
that the Laplace transforms R(\)y are assumed to exist and that R(¢) is assumed to be
invertible for some £ > 0.

From Theorem 2.10 we obtain directly

THEOREM 3.4. Assume that the operators P(\) are bounded for every X > 0 and
[IAP(M)]| = O(1) as A — oo. Then the operator Cy is bounded and for its extension C' to
Yg it is true that Cy = limy_00 AP(A\)y.

THEOREM 3.5. Under the hypotheses of Theorem 3.4 the operator C is invertible if
and only if C’O_1 is closeable.

Proof. If C is invertible, its inverse is closed and therefore Cjy’ ! being the restriction
of a closed operator, is closable. Conversely, assume that C; s closable and suppose
that Cy = 0. Let {y,} C ®g be such that y,, — y. Then x,, :== Cy,, = Coy, — 0 and
Yn = Co_lzn — y and hence y = 0. m

4. The Post—Widder inversion theorem. Let g : t € (0,00) — g(t) € Z be a
function with values in some Banach space Z, and suppose that the Laplace transform
f(\) exists for any A > 0. Then it is well-known that f € C*(0,00) and f*)(\) =
(—1)* Sgo the=AMg(t) dt (see [HP57, p. 216]). The Widder operators Ly, f are defined by

—1)k [ E\ k
me:( )<) f<k><t>, t>0, k=1,2,...

k! t

The Post—Widder inversion theorem states that for ¢ in the Lebesgue set of g,
limy, s oo || Lk, f — g(t)]] = 0 and the convergence is uniform on any compact subinterval of
an interval on which g is continuous [HP57, Theorem 6.3.5, p. 224; Wid46, Theorem 6a,
p. 288; Theorem 5a, p. 285].



EMPATHY THEORY 331

If we apply this method of approximation to the empathy (S,E) we obtain the fol-
lowing expressions:

womn= [ o= [r(2) a2

for y € Y. We have made use of (6) and (7) to derive the expressions R*)(\)y =
(—=1)*k!RF1(\)y and P®) (\)y = (—1)*E!P(A\)R*(\)y. Because of the strong continuity
of £ and S (Theorem 2.2) the Post-Widder theorem has the following form:

THEOREM 4.1. Let (S,E) be an empathy, then for every t > 0 and every y €Y,
E(t)y = lim Ly R(-)y, S(t)y= lim Ly, P(-)y.
k— o0 k—o0
The convergence is uniform on compact subintervals of (0, 00).
Since Ly R(-)y € D and Ly P(-)y € © we have

COROLLARY 4.2. Let Xg be the closure of ® in X. Then E(t)[Y] C Yg and S(t)[Y] C
Xg for every t > 0.

THEOREM 4.3. Assume that the operators P(X\) are bounded and ||[AP(N)|| = O(1) as
A — o00. Then S(t) = CE(t).

Proof. By Theorem 2.8 (d) we have CR(\)y = CoR(N\)y = P(\)y for any y € Y.
Since C' is bounded we see by virtue of Corollary 4.2 that Sgo e MCOE(t)ydt = CR(\)y =

SSO e~ MS(t)ydt for every A > 0. The result follows from the uniqueness of the Laplace
transform [Wid46, Theorem 6.3, p. 63]. =

Remark 4.4. If we restrict S and € to Yy the restriction (S1,&;) is an empathy
with X and Y replaced by Xg and Yg respectively, © replaced by ©; = P(\)[Yg] and
D replaced by D 1.

5. The generator of an empathy. Let us define the operator B: ® — D as B =
Cy' = R(\)P~Y()\). By Theorem 2.8 this definition is possible and the representation is
independent of \. Set Ay = [AR(\) —I|P7}(\): D - Y.

PROPOSITION 5.1. Ay = A, =: A, and P(\) = (AB — A)™! for arbitrary A\, >0 .

Proof. Inversion of (7) gives P~1(u) — P7Y(\) = (u — MR(u)P~1(\) = (u —
ANRA)P7YA) = (u— A\)B. Therefore, Ay — A, = A\B— P7*(\) — [uB — P7(u)] =
(A=pB—[PT'AN) =P (p)] =0. =

The operator pair (A, B) is called the generator of the empathy (S,£). From the
uniqueness of the Laplace transform it is clear that the assignment (S,€) — (A4, B) is
bi-unique.

From Theorem 2.8 we see that R()) is the resolvent of some operator Ag : O — Yg,
ie. R(\) = (M — Ag)~'. The operator Ag is called the generator of the semigroup &.
Making use of the fact that Ax = A\ — R71()\) it is easily seen that Ax = AB~! = AC).

Next we investigate the relationship between the generator (4, B) and the Cauchy
problem (1).
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THEOREM 5.2. Let (A, B) be the generator of the empathy (S,E). For given y € D
the function u : t — u(t) = S(t)y is a solution of the Cauchy problem (1). Moreover,

d
L1BS(1)y] = AS(t)y = BS(1)AChy.

Proof. From Lemma 2.6 we see that u(t) € ©. It follows from Theorem 2.8(d), (4)
and (5) that v(t) := Bu(t) = BS(t)y = E(t)y. Since £ is strongly continuous on (0, c0)
we infer from (8) that v(¢) is differentiable on (0, 00). Indeed,

C(% =AB(t)y — E(R™'(Ny = E()[\y — R™ (N)y] = [\ = RT (V)] E(t)y

= E(t)Apy = ApE(t)y = BS(t)AB™'y = AB™'BS(t)y = AS(t)y.
The initial condition is satisfied by virtue of Theorem 2.8(a). m

It is instructive to compare the generator Ap of & with its infinitesimal opera-
tor/generator Ay which is defined in the usual way: Let Ayy = h™'[E(h)y — y]. Then
y € Y is in ®(Ap) if limp_,04 Apy =: Aoy exists. We immediately see that ©(Ay) C
Att(€). Indeed, if y € D(Ag) then limy, o4 E(h)y = y. Let DL = R(\)[Att(E)] C D.

THEOREM 5.3. Suppose that R()\) is bounded for some X\ > 0. Then D}, C D(4g) C
DE and Ag = Ag in D(Ap). In addition Ay is closable.

Proof. Let y € D(Ap). From (10) we see that
h
(11) Apy = h7HeM — 1]y — MRTI(N)AT! Se_’\SE(s)y ds.
0
Since the limits of the first two terms in (11) exist, it follows that

h
: —1 —1 —As
hlg&_R (Mh §e E(s)yds

exists. Also since y € Att(€) we have limp, o4 h™! XZ e **E(s)yds = y and hence the
closedness of R71(\) implies that y € D and Aoy = Ay — R~ (\)y = Agpy.
Let y € D be represented as y = R(A)y with yx € Att(£). From (8) we obtain
h
(12) Apy = h7 et — 1]y — eMh! S e M E(s)yx ds.
0
The terms on the right hand side of (12) are both convergent as h — 0 and it follows
that y € ©(Ao).
Finally, since Ag = Al — R~1()) is closed, it follows that A is closable. m

A number of results obtained so far required that either R(A) or P(X) be bounded for
some A > 0. These assumptions imply boundedness of the resolvents R(p) and P(u) and
the closedness of the generator (A, B) of the underlying empathy.

THEOREM 5.4. If for some A > 0 both P(\) and R(\) are bounded, then P(u) and R(u)
are bounded for every p > 0. Moreover, the operator (A,B) : x € ® — (Ax,Bx) € Y XY
is closed.
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Proof. As seen in the proof of Theorem 5.3, A is closed. Therefore R™1(u) =
ul — Ag is closed and hence R(u) is bounded according to the closed graph theorem.
From (7) we see that P(u) = P(A)+ (A —p)P(A)R(p) is bounded. Since uB — A is closed
for at least two values of p it is easily proved that the operator (A, B) is closed. m

6. Uniqueness. In the previous section we have shown that if (A, B) is the generator
of an empathy (S,€) and y € D, then u(t) = S(t)y is a solution of (1). In this section
we shall describe a class of functions Lgg which is such that any solution of (1) which is
in this class, has the representation u(t) = S(t)y. If u : t € (0,00) — u(t) is a function for
which the Laplace transform exists we shall write u(\) = SSO e~Mu(t) dt. Suppose that
u:t— u(t) €D C X so that the representation u(t) = P(A)vy(t) is valid. We say that

u is of class Lgg if for some A > 0, vy has a Laplace transform in Y.

LEMMA 6.1. If uw is of class Lsg, the Laplace transforms of u and R(\)vy exist.
Moreover, u(p) € ©, R(A)va(u) € D and

—

(13) (p) = PNox(u); - R(\)oa(n) = ROVOX ().
Proof. Since the operators S(t) are bounded

PM\ox(p) = S e MS(t) S e Muy(s)dsdt = S e M S e * S (t)va(s) ds dt.
0 0 0 0

An application of Fubini’s theorem shows that the right hand side equals va)\ (n) =
u(p). A similar calculation on R(A)vx(u) concludes the proof. m

Remark 6.2. From (7) we see that v,(t) — vA(t) = (u — A)R(X)va(t), which shows
that the definition of class Lgg is independent of the choice of \.

LEMMA 6.3. Let y € ©g. Thenu:t — S(t)y is of class Lgg.

Proof. By (5), u(t) = S(t)R(AN)yx = P(N)E(t)yx, if y = R(A)yx. Thus vy = E(t)yx
and the proof is complete. m

LEMMA 6.4. Let (A, B) be the generator of an empathy. If u is of class Lgg then the
Laplace transforms of Au and Bu exist. In particular, Au = Au and Bu = Bu.

Proof. Bu(t) = ROA)P1(M\)u(t) = R(A)vx(t) and Au(t) = AR(X\)va(t) — va(t). The
result follows from Lemma 6.1. =m

THEOREM 6.5. Let (A, B) be the generator of the empathy (S,E). If u is of class Lsg
and solves the Cauchy problem (1) with y € D then u(t) = S(t)y.

Proof. Let w(t) = S(t)y. Then @w(u) = P(u)y. Since u is of class Lgg, the Laplace
transform of Au exists and therefore the Laplace transform of the derivative of Bu exists.
Taking the Laplace transform in (1) is therefore justified and from Lemma 6.4 we obtain
uBu(p) —y = Au(p). Thus u(p) = P(p)y = w(p) for arbitrary p. By the uniqueness of
the Laplace transform, u(t) = w(t). m

Remark 6.6. Note that the uniqueness theorem was obtained without assumptions
on the boundedness of P(\) or R(\).
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Remark 6.7. If the semigroup € is of class (Cp) the uniqueness is unconditional, for
if we set v(t) = Bu(t), then
d
di; = Au(t) = AB~Y0(t) = Ago(t) = Agu(t).
In this case it is well-known that v(t) = E(t)y = BS(t)y and hence u(t) = S(t)y. If £
is not of class (Cp), the argument that v(t) = E(t)y does not extend since the norms

|E(t)]| need not be bounded on intervals of the form (0, al.

7. Uniformly bounded empathies. The empathy (S,&) is called uniformly
bounded if there exist positive constants M’ and N’ such that ||S(¢)|| < M’ and ||E(t)|| <
N’ for every t > 0.

THEOREM 7.1. The empathy (S,&) is uniformly bounded if and only if the resolvent
operators P(X\) and R(\) are bounded and there exist positive constants M and N such
that for any A >0 and any k=1,2,...,

(14) NP <M and [NRE(N)] < N.

Proof. Suppose the empathy is uniformly bounded. The boundedness of the resolvent
operators are obtained directly and the first of the inequalities (14) come from the same
effort. The second inequality follows from the identity

o0

1 _
R Ny = | ek Bty dt,
)

which is obtained with the aid of the convolution theorem for Laplace transforms.
Suppose, conversely, that the resolvent operators are bounded and (14) holds. We
then conclude for the Widder operators Ly ; that

Lk Ryl < Nllyll and || Lt P()yll < MN|y].
It follows from Theorem 4.1 that ||S(¢)|| < M N and |E(¢)|| < N for any ¢ > 0. =
THEOREM 7.2. If (S,&) is uniformly bounded then the semigroup &, is of class (Cop)
with generator A1 = AC1 where Cy is the restriction of C to ®1 = R(\)[YEg].

Proof. Because of the uniform boundedness, Att(€) is closed and therefore Yg =
Att(€) (Theorem 3.2). Hence & is of class (Cp). The rest is evident. m

8. Generation of uniformly bounded empathies. We now turn to the more
profound question of constructing from a given pair (A, B) of linear operators an empathy
(S,€&) having (A, B) as its generator.

Let X and Y be Banach spaces and A and B linear operators with a common domain
® C X and values in Y. We shall assume that AB — A is invertible for every A > 0.
Let the inverse be denoted by P(A) : Y — ©. We set R(\) = BP()\). A straightforward
calculation shows that

(14) P = P(u) = (1 — NVP)BP() = (1 — NPOR() = (1 — \P()R(N)
and it follows that
(15) R(A) = R(p) = (1 = NRA)R(p) = (1 = M) R() R(N).
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We define the domain D g := B[®] = R(\)[Y] and the subspace Yg C Y as the closure
of D inY.

THEOREM 8.1. If limy_y0o P(A\)z = 0 for every z € Y then B is invertible and
B~y = limy 00 AP(A)y for every y € Dp. Conversely, if B~' exists and B~ly =
limy_ oo AP(AN)y then limy_oo P(A)z = 0 for every z € R(A). In either case R(u) is
invertible for any p > 0.

Proof. The proof of the first statement is contained in the proof of Theorem 2.10
based on the identity

(16) AP(A)y = PNy — yul + P(1)yu
where R(1)y, =y € Dp. The same argument also yields the invertibility of R(u).

To prove the second statement, we note that under the hypotheses, R(u) is invertible
for arbitrary p and B™!' = P(u)R™!(u). Moreover, R™!(u) = ul — AB~'. Hence y,, =
R~ Y(u)y = py — AB~'y and (16) may be rewritten in the form AP(\)y = P(\)AB~ 'y +
B~1y. This concludes the proof. m

THEOREM 8.2. Suppose the space Y has the Radon—Nikodym property. The operator
pair (A, B) is the generator of a uniformly bounded empathy (S,E) if and only if the
operators P(X\) and R(\) are bounded for every A > 0 and there exist positive numbers
M and N such that for every A >0 and k=1,2,...,

(17) NP < M and  [AFRE(N)] < N.

Proof. The necessity part is contained in Theorem 7.1. Suppose that (17) holds. By
Theorem 8.1 the operator B is invertible. Since |[AP(A)|| < M, it follows that there exists
a bounded linear operator C' : Yg — X with |C|| < M such that B~! is the restriction
of C to ®p. We shall use the following notation: D1 := R(\)[Yg]; D1 := Bil[ZDE,l];
(A, By) the restriction of (A, B) to ©1; Ry1(A\) and P;(\) the restrictions of R(\) and
P(\) to Yg respectively.

By the Hille-Yosida Theorem and Theorem 7.1 there exists a semigroup &; of class
(Cp) on Yg such that R;(N)y is the Laplace transform of E4(-)y for every y € Yg. The
generator of £ is A1 By * which is also the infinitesimal generator. If we define the family
S = {51(t) = CEy(¢t) | t > 0} it is easy to see that (S1,&; ) is an empathy with generator
<A1, Bl >

From (15) and (17) we see that the function A — R(\)y is infinitely differentiable
so that the Widder operators Ly R(-)y are defined and bounded. In fact, by (17),
Lk R(-)yl| < Nyl for any y € Y. Since Y has the Radon-Nikodym property, Widder’s
inversion theorem [Wid46, Theorem 16a, p. 315; Theorem 16b, p. 316] holds for func-
tions with values in Y [Are87] and there exists a family &€ = {FE(t) | t > 0} such that
IE@®] < N and
(18) Ry =\ e MEt)ydt.

0

We proceed to prove that £ is a semigroup and an extension of &;. Firstly, since

Ri(N)y = R(\)y for y € Yg, it follows from (18), the strong continuity of & and the
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uniqueness of the Laplace transform, that E(t)y = F1(t)y for y € Yg. Secondly, we can
use (15), noting that R(u)R(A) = Ri(u)R(N), to reverse the calculation leading to (6)
and obtain for any fixed y € Y,

o0 o0 oo o
S e ME (t) S e M E(s)ydsdt = S e M S e M E(t+ s)ydsdt,
0 0 0 0

which is valid for all A\, > 0. From the uniqueness of the Laplace transform and the
strong continuity of &1, it follows that for all £ > 0,

(19) Ey(t) S e M E(s)yds = S e M E(t+ s)yds

0 0
for arbitrary g > 0. By the Post-Widder inversion theorem, E(s)y € Yg for s in the
Lebesgue set of E(-)y. Hence the operator Fj(t) may be interchanged with the integral
in (19) and we obtain

(20) E(t+s)y=Ei(t)E(s)y forallt>0ands¢g N,

where N, C (0,00) is of measure zero. Suppose that s ¢ N,. Then, by (20) we obtain
E(t4+r+s)y=Ei(t+r)E(s)y = E1(t)E1(r)E(s)y = E1(t)E(r + s)y for arbitrary r > 0
and it follows that r + s € IV,,. But then IV, is empty so that £ is indeed a semigroup
and E(t)y e Yg forany t >0 and y €Y.

Next we define the family S = {S(t) = CE(t)|t > 0} of linear operators from Y to
X. Evidently (S,&) is an empathy and ||S(¢)|| < M N so that it is uniformly bounded.
Also,

| eS8ty dt = CR(\)y = B'R(\)y = P(\)y.
0
Therefore (A, B) is the generator of (S,£). m

Remark 8.3. That £ is a semigroup is proved in [Are87, Theorem 6.2] by making
use of the notion of integrated semigroups. The proof above leans on the Post—Widder
inversion theorem.

Remark 8.4. If ®p is dense in Y, the extension procedure is unnecessary and in
that case the Radon—Nikodym property is not required. This is the case if Y is reflexive,
for then the uniform boundedness of ||[AR(A)|| implies that ® g is dense in Y.

9. An application. As a simple application of Theorem 8.2 we consider logitudinal
vibrations in an elastic bar which in its reference configuration has length | and linear
density p = p(z), 0 < z <. The equations of motion may be written as

(21) p(m)vt(azt) = fw(xvt)’ Uft(w7t) :vl’(xat)7

where v denotes the velocity, f the internal force and ¢ > 0 the reciprocal of Hooke’s
constant. The variable € [0,!] denotes position in the reference configuration and ¢ > 0
time. This particular form of the wave equation was suggested in [Fri58, p. 338]. The
boundary condition at = 0 is simply v(0+,¢) = 0. At the other edge we assume that a
particle of mass m is attached so that the boundary condition becomes
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d
(22) Mmoo Yov = - f.

with yov = v(I—, t). For the sake of not becoming too technical we shall assume that p is
positive and continuous on [0,1] so that there exists » > 0 such that p(z) > r for every
z € 10,1].

The system of equations (21), (22) may be written in the form (1) in the following
way: Let X = L2(0,1) x L?(0,1) with the inner product defined as ({f1,g1), (f2,92)) =
(f1, f2) + (91, 92) where (, ) denotes the usual inner product. The domain © C X is
defined as ® = {(f,g) | f,g € H'(0,1) and f(0+) = 0}. The space Y is chosen as
Y = L?(0,1) x L?(0,1) x R where R denotes the reals. The elements of Y will be written
in the form (pa, ob,me) =: ((a,b,c)) with a,b € L?(0,1) and ¢ € R. The inner product in
Y is defined as

[«(11, b1, 1 >>, <<a2, ba, o >>] = (pal, a2) + O'(bl, b2) + mcica.

The associated norm will be denoted by [ ]. The linear operators A and B are defined as
A<Ua f> = <f3?a Vg _rYOf>7 B<’U, f> = <p'U, Ufa m’YOU> = <<’U, fa 70U>>a

for (v, f) € ®. To be able to apply Theorem 8.2 we have to study the equation
(23) (AB = A)(v, f) = (a,b,c)) €Y.
for A > 0, which is the same as the following boundary condition problem for a system
of ordinary differential equations:

)\p’U - f”ﬂ = pa,

Aof —wv, = ob,
24) g

Amayov + 0 f = me,

U|z:0 = 0.
Existence and uniqueness for (24) may be proved in a number of ways which we shall not
describe here. We proceed to study the linear operator P(\) : {a,b,c¢)) — (v, f). To this
end we notice that (23) may be written in the form

(25) Av, f,700) = (fa/ps v /0, =0 /m)) = (a, b, c)).
Taking the scalar product in (25) with (v, f,vov)) yields
)‘[[«Uv fv ’YOU»]]Z - (fx» U) - (’Uwa f) + 'YOf"VO'U = [<<a‘v bv C>>7 <<’U, f» ’701]»}'
Integration by parts of (v, f) gives cancellations which lead to
M v, 900 )]? = [{a. b, e, (v, fr0v)] < [a, b e DT, for0v)]
so that
AL, £, 900 )] < [, b, c)].
We therefore have
AM ™ [(w, ) < Alrlloll® + ol £11P12 < [Ga, b, e)]

where M ~2? = min{r,o}. Hence P()\) is bounded and ||[P(\)|| < M/X. If we set R()\) =
BP(\) we see that R(\){(a,b,c) = B{v, f) = (v, f,yv)) and it follows that R()) is
bounded and [R(A)] < 1/A. The conditions of Theorem 8.2 are therefore satisfied since



338

N. SAUER

Y is reflexive. Hence it follows from Theorem 5.2 that the equations (21), (22) under the
given boundary conditions are uniquely solvable for any initial state ((a,b,c)) € B[D].
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