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Abstract. Let T : H — H be an operator in the complex Hilbert space H. Suppose that T
is square bounded in average in the sense that there exists a constant M (T') with the property
that, for all natural numbers n and for all € H, the inequality

1
n+1

n
> I a)® < M(T)? |l
J=0
is satisfied. Also suppose that the adjoint T of the operator T is square bounded in average with
constant M (T*). Then the operator T is power bounded in the sense that sup{||T"| : n € N} is
finite. In fact the following inequality is valid for all n € N:

17" < eM(T)M(T™).

Suppose that T has a bounded everywhere defined inverse S with the property that for A in the
open unit disc of C the operator (I — AS)~! exists and that the expression

sup{(1 = ADII( = AS) | : Al < 1}

is finite. If T is power bounded, then so is S and hence in such a situation the operator 7T is
similar to a unitary operator. If both the operators T* and S are square bounded in average,
then again the operator 7T is similar to a unitary operator. Similar results hold for strongly
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continuous semigroups instead of (powers) of a single operator. Some results are also given in
the more general Banach space context.

1. Introduction. In this paper we want to discuss the claims stated in the abstract.
To some extent we continue the discussions of [26, 27, 28], where, among others, results
closely related to the ones in the abstract are proved. To the best knowledge of the author
Propositions 2.1, 2.2, 3.1, and 3.2 are new and consequently the presentation of the proofs
of Theorems 2.3 and 3.3 is new as well. We will need some rather elementary inequalities:
for a proof see e.g. [27, Lemma 1.1].

1.1. LEMMA. Let p be a non-negative Borel measure on the positive half axis. The
following inequalities are valid:

oo

1 0,t 0,t

= sup 1[0,1] < sup (1—-r) S r®du(s) < sup ul0,1) and
ew>0 t+1 7 o<r<1 ) >0 1t

1 0, T 0,
—supM < supw S e~ du(s) < sup Ho, )

€0 ¢ w>0 t>0 ¢

0
1.2. LEMMA. Let h be a complex valued harmonic function on the right complex half
plane for which

My := sup{ OSO |h(w,&)|dE - w >0}

— 00

is finite. The following assertions hold true:
(a) The function h satisfies the following inequality:
3rw|h(w,&)| <4My, w>0, £€R.

(b) There exists a complex measure p on R, which is of bounded variation, such that
o]

w 1
Mot =3 ) ey

(c) Suppose that h is of the form
hw,§) = Flw+i§) + Glw —i§), w>0, {€R,
where the functions F' and G are holomorphic and where

sup{w|F(w)] : w > 0}

du(n), w>0, R

is finite. Then

_ Lo dey)

FO\) =5 78 i R\ >0, and
1T duN)

GO = o _g ppey RA > 0.

Proof. (a) The reader is referred to Duren [6, Lemma 1, p. 188].
(b) The reader may consult Stein [21, Theorem 2, Corollary, p. 200].
(c) The reader is referred to [27, Lemma 1.2.].



BOUNDEDNESS PROPERTIES OF OPERATORS 61

2. Power bounded operators and operators similar to unitary ones. In this
section the operators T" and S are everywhere defined continuous linear operators in the
Hilbert space H. In (2.1) and (2.3) below we assume that the operator T has its spectrum
in the closed unit circle of C and in (2.2) it is assumed that the spectrum of T is a subset
of the unit circle in C and that ST = T'S = I. Moreover 0 < |A| < 1in (2.2) and |A\| < 1in
(2.3). The following equalities do part of the work (the curve ~, is the positively oriented
circle of radius r, 0 < r < 1):

(21) (n+ (T} = 5= {0~ A7), g) sy
(2.2) (I—-AS)™ = %{(1 —AAHUT =A™ -1y (I - 2T) Y
(2.3) (I-XT)"' = % § (I 4 " X\T) =29 dv.

The equality in (2.1) is true because (I — AT)~2 = 327 k(AT)*~!, and the equality in

(2.3) is correct for the same reason together with integration by parts.

DEFINITION. The operator T is said to be square bounded in average with a finite
constant M (T if the inequality

Do ITa)? < M(T)*(n + 1)2|?
§=0

is valid for all n € N and for all x € H.

In the following proposition we will see that an operator 7" which itself is square
bounded in average and for which T is square bounded in average as well, is necessarily
power bounded in the sense that sup{T™ : n € N} < oc.

2.1. PROPOSITION. Suppose that both T as well as T are square bounded in average
with constants M(T) and M (T*) respectively. Then T is power bounded and

sup ||T"|| < eM(T)M(T™).
neN

Proof. Fix z, y € H, fix 0 < r < 1 and consider (see (2.1))

1-r2 T :
(n+1)r"(1 — )Tz, y) = 27: S e~ (T —reT) 22, y) dv
1—r2 ¢

= - S e (T —reT) e, (I — re”T*)"Ly) do.

[{(I — rewT)_lac, (I - re_wT)_lyH d9
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1 . 1/2
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(sup—Z|Tﬂx||2) Q(sup—Zn y|2)1/2.

Choose 12 = n/(n + 2) and the result in Proposition 2.1 will follow.

Remark. If weset 7?2 = n/(n+1) in the proof of Proposition 2.1 we get the inequality

n+1\" n+1 n+1
™| < M(TYM(T*) < M(TYM(T™).
77 < (M) MM < e S MmMT)

In the remainder of this section S and T are supposed to be everywhere defined
operators in a Hilbert space H with the property that ST =TS = I. It is also assumed
that the spectrum of 7' and hence also that of S is a subset of the unit circle {A € C :
A = 1}.

2.2. PROPOSITION. Suppose that M, defined by
(2.4) M :=sup { N I = AT =AS)™P =17 : 0 < |A| < 1}

is finite. Suppose also that ST =TS = 1. For 0 <r < 1 and x € H, the following
inequalities are true:

oo [ee)
SISt a)? < MY T )* and
n=0 n=0

oIS | < MY (1) |
n=0 n=0

Proof. For |A| <1 and z € H, the following inequality is valid (see (2.2)):
I(Z = A8) al| < My||(I = AT) ™"
It follows that

oo 1 Tr .
2n n 2 _ - o 9 —1 2
n§70:7" ISl = o 7§ (I — e $) ]| dv
1 0 — n n
< M V11— re=T) " )20 = M12§ 2| T2,

— n=0
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By the same token we have

DS P < ME Y (T .
n=0 n=0

The following theorem is taken from [1]. Two operators 77 and T% are said to be
similar if there exists a bounded linear operator V with a bounded linear inverse, that
is everywhere defined, such that V1 = T5V.

2.3. THEOREM. The following assertions are equivalent:

(i) The operator T is similar to a unitary operator;
(ii) The operators T and S are power bounded;
(iii) The operator T is power bounded, the inverses (I —A\S)~L, |\ < 1, exist and

(2.5) sup{(1 — [A)|[(T = AS)7 || : [N < 1} s finite;

(iv) The operators T and T* are square bounded in average and the expression in (2.5)
is finite;

(v) The operators S and T* are square bounded in average;

(vi) For every x and y € H the expression

™

sup (1—72) | (T = re™T) 71T = re’ )L, )| d¥
o<r<1 x

is finite.

Remark 1. The proof of the equivalence of (ii) and (iii) is contained in [26, Theorem
1]. In [26] more references can be found as well. The present result is closely related
to a problem posed by Sz.-Nagy in [9, p. 585]. Another source of information is Sz.-
Nagy and Foiag [25, p. 334], where the relation with characteristic operator functions
is explained and where a weaker form of the present theorem is proved in the context
of dilation theory of contraction operators. Another closely related paper is Stampfli
[20]. For a contraction operator the equivalence of (ii) and (iii) is due to Gohberg and
Krein [10], who deduced it from a theorem of Sz.-Nagy and Foias [24]. In the latter
paper the authors provide a sufficient condition for an invertible contraction operator
T to be similar to a unitary operator in terms of the characteristic operator function
Or(\) := [T + ADp~(I — AXT*)"'Dr]|p, of T. This condition requires the existence of
a constant N for which
x| < N[[©rNzl, |Al <1, € Dr.
Here Dy = +/I — T*T and Dr is the closure of the range of Dr.
Remark 2. In [32] and [17] Mbekhta and Zemének are interested in the limit
behavior of the averages My, (T) = (n4 1)~ S h_oT". It is not so clear how their results
compare to ours. Zemanek is interested in conditions that force an operator to be the

identity: see [32]. In fact in view of Theorem 1.12(c), p. 523, in Bennett et al. [3] and
Remark 1 below, a direct relation does not seem to exist.

Proof of Theorem 2.3. The proof of the equivalence (i) and (ii) appears in
Sz.-Nagy [23]. The implication (ii)=-(iii) is easy and the implication (iii)=-(iv) is trivial.
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The implication (iv)=-(v) is an immediate consequence of Proposition 2.2. A proof of
(v)=-(vi) may be given along the same lines as that of Proposition 2.1. For the proof the
implication (vi)=-(ii) we notice for n € Z and for = and y in H the following identity:
1—7?
2m

S e (I —re”T) YT —re™? S) " a, y) do).

—T

rltl (T, y) =

With r = |n|(|n| + 1)~ we infer
2 7 ) )
S {(I —re™T) "I —retS) Lo, y)| do.

—T

- T

T 2, <e su
(T"z,y)] S 5

So sup{| < T"x,y > | : n € Z} is finite for every x and y in H. By a Banach—Steinhaus
argument it then follows that sup{||7T™|| : n € Z} is finite.

EXAMPLE. Fix 0 < 27 < 1 and put o, = (14 |k|)™7, k € Z. Define the operator
T :02(Z) — (*(Z) by Tex, = (ag+1/ak)er+1, k € Z. Then

1 n . 1 -
su Tiz||* < |z||* sup ———— ag. < oo
e 2n + 1 j;ﬂ” 1P < el sup oo TaZ j;ﬂ kg
However, since ||T7|| = (1 + |j|)?, the operator T cannot be similar to a unitary one.

3. Bounded semigroups and operators similar to self-adjoint ones. In this
section the symbol A stands for a closed linear operator with domain and range in a
Hilbert space H. The operator i A is said to generate a strongly continuous semigroup
{P(t): t >0} if

, . t)—1
1A = s-lim .
t10
Occasionally the operator P(t) is written as P(t) = exp(itA). The operator iA is said to
generate a strongly continuous group if
1A =s-lim M
t—0 t
Again sometimes we write P(—t) = exp(—itA). For more information on strongly con-
tinuous semigroups see e.g. Yosida [31, Chapter IX]. For the proof of Proposition 3.1 and
Theorem 3.3 below we need Stone’s representation theorem; see Yosida [31, Corollary 2,
p. 253]. Furthermore we shall use Plancherel’s Theorem in L?(R,H): see Edwards and
Gaudry [7, §3.4, p. 53] or Stein [21, Chapter 1, pp. 45-47]. The following identities
are relevant. In (3.1) and in (3.3) it is assumed that the spectrum of the operator iA
is contained in the closed half plane {A € C : R\ < 0} and in (3.2) we assume that the
spectrum is a subset of the purely imaginary axis {A € C: R\ = 0}. We write I, for the
straight line I',,(§) = w + ¢£. Under these conventions we have:

(3.1) tP(t) = QLM | e*t(ar —ia)~2 dz;
(3.2) (M —iA)™t = [23%(11 —iA) " = I[N +iA)7Y
(3.3) (A —id)™ =i [ (A +i)T —id)~2de.

0
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DEFINITION. The semigroup {P(t) = exp(itA) : t > 0} is said to be average square

bounded or square bounded in average with constant M (iA) if the inequality
t

(3.4) VIlP(s)al|” ds < tM(iA)? ]

0
is valid for all ¢ > 0 and for all z € H.
The following proposition is the semigroup analogue to Proposition 2.1.
3.1. PROPOSITION. Suppose that the semigroups

{P(t) =exp(itA) : t >0} and {P(t)" =exp(—itA*):¢t> 0}
are square bounded in average with constants M(iA) and M(—iA*) respectively. Then
the semigroup {P(t) : t > 0} is bounded in the sense that

(3.5) 1P| < gM(iA)M(fiA*), t>0.

Proof. Fix ¢t and w > 0 and fix  and y in H. From (3.1) we then infer

wt °

HP()r,y) = 5= | e ((w+i)1 - iA)2e,y) d
= 62—0: S e (((w +i&)I —iA) o, ((w — )T +iA*) " 1y) de

— 00

and so, using the Cauchy—Schwarz inequality,

wt
tl(P(t)z,y)| < ;—W S [(((w+ T —iA) a, (w — i) +iA*) " 1y)| d¢
wt
< 627_8 (@ + €)1 — iA) ||| (w — )T + iA%) Lyl de
wt o 1/2 o] 1/2
<o () v i) —iayaag) ©( § I - i) +id7) i)
(Plancherel’s Theorem in Hilbert space)
T 12,7 1/2
= et f ez p(sgelPas) (| e P(s) "yl 2ds)
0 0
= e ( )2 S e_QmSHP £E||2d0'ds) e
0

—ZWs /2
x ((2w)? [ e {1yl o ds)
0 0
ewt
< ZM(@A)M(—@A*)
The choice w = t~1 yields the inequality in (3.5).
In what follows we assume that the spectrum of the operator iA is a subset of the

imaginary axis. As the semigroup analogue to Proposition 2.2 we have the following
result.
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3.2. PROPOSITION. Suppose that the quantity Mo defined by
My = sup{||2RA\ —iA)~! — I|| : R\ > 0}

is finite. Then the following inequalities are valid:

o0 o0

Se*me@ansswﬁx 2| P(=s)al*  and
0

| e2| P(s) 2| ds < M3 S e™295|| P(—s)*z 2.

0 0

Proof. From Plancherel’s theorem in the Hilbert space L?(R,H) we see

S e=2%|| P(s)x||? ds = % S [((w+i&)I —iA) " x| d¢

0 —0o0

< Mi e =i iyl ag

1 o0
= Myo— | I((w+i&)] +id) al|* de
= M3 | 7% P(—s)a||? ds.

0
For the second equality we apply the previous argument to the dual semigroup.

The following theorem is the analogue (for the group {P(¢) : t € R}) of Theorem 2.3
where we considered the group {T™ : n € Z}.

3.3. THEOREM. Let A be a linear operator with domain and range in a Hilbert space
H. The following assertions are equivalent:

(i) The operator A is similar to a self-adjoint operator;
(ii) The operator iA generates a bounded strongly continuous group;
(iii) The operator —iA generates a bounded strongly continuous semigroup, the inverses
(M —iA)~ exist for RA > 0 and
sup{RA||(AT —iA) 7| : RA > 0} < oo;

(iv) The operator —iA generates a strongly continuous semigroup {P(t) : t > 0} with
the property that it itself and also its dual semigroup is square bounded in average, and
moreover the inverses (A —iA)~, R\ > 0, exist and

sup{RA||(AT —iA) 7| : RA > 0} < oo;

(v) The operator —iA generates a strongly continuous group {P(t) : t € R}, with the
property that the semigroup {P(t)* : t > 0} as well as the semigroup {P(—t) : t > 0} is
square bounded in average;

(vi) The operator —iA is closed, (N[ —iA)~! exists for RA # 0 and for each x and y
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in ‘H the expression

sup{w | (2T + (61 — A)*) "'z, y)|d¢ : w > 0}

is finite and limy_oo NM(M +3iA) 12, y) = (x,9).

Proof. The equivalence of (i) and (ii) follows from Stone’s theorem (see Yosida, l.c.)
together with Sz.-Nagy [23]. The implication (ii) = (iii) follows from the representation

(M —iA) e = S e M P(—s)xds
0

where —i A generates the group {P(t) : t € R}. Assertion (iii) easily follows from this rep-
resentation. The implication (iii)=(iv) is not difficult either. The implication (iv)=(v)
is a consequence of Proposition 3.2. and of Lemma 1.1. The implication (v)=-(vi) may be
proved in exactly the same way as we proved Proposition 3.1. The implication (vi)=-(ii)
remains to be shown. Therefore we define the family of operators {P(t) : t € R} via the
equality

I :
(38)  (P(Org)= o | eI (W (€ - A7) ey de.

™

The expression in (3.6) does not depend on w, as long as it is strictly positive. So the
operators P(t), t > 0, are well-defined. From a Banach—Steinhaus argument it follows
that every operator P(t) is bounded. Moreover we have (for ¢ > 0):

(3.7) Oxoef/\t(P(—t)z, y)dt = (M —iA) to,y),  RA>0;
0

(3.8) A cyydt = (M +iA) "tz y),  RA> 0.

OM
QN

Since the families {(A —iA)™! : RA > 0} and {(A] +iA)~! : RXA > 0} are resolvent
families it will follow that the family {P(s) : s € R} is a group of operators. Since, finally,
limy oo M(M + iA)"1z,y) = (x,y) it follows that the operator A is densely defined.
Since the operators P(s), s € R, are bounded, the operator A is closed. Hence it is a
generator indeed. The inequalities in (3.7) and (3.8) can be established with the aid of
Lemma 1.2. Choose the complex measure fi;,, on R in such a way that

(w4361~ iA) ) + (w0 — O+ i4) )

2P+ (6 - 4)) M)

(3.9)

w 1
= — 7d:p
w ) S el
17 1 1 T 1
= g | orEw dum,y(n)+§7§ i e ()

Such a choice of the measure y, , is possible by Lemma 1.2(b). By Lemma 2.1(c) we get,
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for RA > 0,
o T
(3.10) (M —it)Tey) = § 5= duay (), and
T
. 1 _
(3.11) (I i) They) = | S diny )
So from (3.6), (3.9), (3.10) and (3.11) together with Cauchy’s theorem we obtain
T 1 1
—\t _ -1 . CAy—1
J e NPy dt = o | S (T = iA) e y) + (2w — 2T +id),y)] d
0 Iy,
1 1 171 T 1
- ity —————dpay | d
27riFS )\—z{_x z—in a ’y+_x 2w — z+1in a y} *
- O§ #duz = ((M —iA) e, y).
B A —in v ’

A similar reasoning will show the equality in (3.8).

Remark. It is perhaps useful to observe that in the proof of the implication (vi)=-(ii)
in Theorem 3.3 the Hilbert space H played only a secondary role. The argument can easily
be adapted for a general Banach space instead. In fact the same remark applies to the
corresponding implication in Theorem 2.3.

The following example as well as the one of Section 2 is taken from [27].
EXAMPLE. As in the example at the end of §2 we fix 0 < 2y < 1 and we put
o(z) = (1+]z])?, # € R. Define for each s € R the operator P(s) : L2(R) — L?(R) by

olx +8)
P(s)f(z) = ——=
(s)f () e
Then the family {P(s) : s € R} is a strongly continuous group for which || P(s)|| = ¢(s)
and for which the expression

fz+s), zeR, fecL*R).

t

sup{Qlt VPG f)2ds b > o}
—t

is finite. Define the operator A as follows. Its domain D(A) is given by D(A) = {f €
L?(R): f" € L*(R)} and Af, f € D(A), is given by

Af(x):if'(x)—i—%ljmﬁ(x), x € R.

Then —iA generates the group {P(s) : s € R}. Since sup{||P(s)|| : s € R} = oo, the
operator A cannot be similar to a self-adjoint one.

4. Bounded families of operators on a Banach space. In this section we will
especially be interested in boundedness properties of operators T', defined on a Banach
space X, with their spectrum in the closed unit disc and for which there exist a finite
constant Mz with the property that

(4.1) (= DI =D))< My, A < 1.
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In addition we will discuss some corresponding boundedness properties for strongly con-
tinuous semigroups. In fact let A be the generator of a strongly continuous semigroup
{P(t) : t > 0} of linear operators on X with the property that

(4.2) RAJN — A7 < My,  RA>0.

A problem could be to describe the growth of |P(t)|| as ¢ goes to infinity. In case of a
single operator we will show that | T"| = O(n), n — oo, and that this bound is optimal.
All this provided we have a bound like in (4.1). Essentially the same phenomenon occurs

for semigroups. We begin with the discrete case. The result in Proposition 4.1 coincides
with Theorem 6.1 in Strikwerda [22].

4.1. PROPOSITION. Let T be a continuous linear operator in a Banach space that obeys
(4.1). Then the following inequalities are valid:

n n _ k
(4.3) (1= DI = A7) < 250 H Zk_&(:l)l(n f);)”T) H

< esup(1— AT = XT)71.
AeU

Here ;r = A/|A| and U is the open unit disc in C. In fact, for functions harmonic
on the unit disc U, a much more general result was obtained by Bennett, Stegenga and
Timoney in [3, Theorem 1.4]. For related results see Anderson, Clunie and Pommerenke
[1] and Anderson and Shields [2].

Proof of Proposition 4.1. Fix z € U and let u be a complex number of absolute
value 1. Then the following identity is true:

(4.4) (I —peT) ™ = (1=2)7> Y (n+1—k)(uT)"=".

n=0 k=0
So with z = |A| and u as above we infer the first inequality in (4.1). In order to obtain the
second inequality we use Cauchy’s theorem to get the following identity for r =n/(n + 1)
and p € C, |p| =1:

n ™

1 1 . dd
11—k =—\ —— [ —pre”T) ' —————
I;O(n + )(M ) o 7& Frgind ( pre ) (1 — Te“g)2
and so
" 1 1 1 ¢ 1
45 H 1— k) (uT kH e W
(4.5) Z(n—i— )(uT) Sl —ror S 1 —2rcosd + r?

=0 -
1 1 1
= M;——— :
rl—rl—r
where M3 = sup{(1 — |A\|)||(I — AXT)~!|| : A € U}. This shows the inequalities in (4.1).

<eMs(n+1)(n+2),

4.2. THEOREM. Let T be a bounded linear operator on a Banach space X. Suppose
that the spectrum of T is contained in the closed unit disc U of C. Put M (r) = sup{(1—
IADI[(I = AT)7L]| : [A] < 7}. The following assertions hold true:

O T < (n+ 1A +1/n)"M(n/(n+1)), n € N;
(i) If M(1/2) <1, then | T"|| < 2/7(n+1)/T'(n+1/2), n € N;
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(iii) If M(r) < 1,0 <r <1, then ||T™]| < nle"n™ ", n € N;

(iv) If M3 =sup{M (r) : 0 < r < 1} is finite, then | T"| < eM3z(n +1), n € N.

Most of the results in Theorem 4.2 are well-known: see e.g. Shields [19] and the
references given there (!). Nevertheless we indicate the main ingredients of a proof.

Proof of Theorem 4.2. (i) By Cauchy’s integral formula we have
m=— | (-an)TTTldy, 0<p<l

2mi
{IAl=p}
With p = n(n+ 1)~! assertion (i) follows.

(ii) Notice that

= (k+n

I -2y t= ( >/\’“Tk, Al < 1.

( ) ,;:0 i Al
From Cauchy’s integral formula it follows that

2 1
< ”)T” =— | u-amientan

n i

{IAl=1/2}

Consequently,

Llnts) <4"M(1/2)"
) VT
So (ii) follows.
(i) T M(r) <1,0<r <1, then [(I =AT)™"|| < (1—=|\)™™, A € U, and so

H(I_ET) <(-2) ni<n
n n

Consequently, || exp(AT)|| < exp(|A]), A € C. Applying Cauchy’s formula once more we
get

™ 1 S exp(AT)

— oA

! 2mi
{IAl=n}
Hence (iii) follows.

(iv) This assertion follows trivially from (i).

Remark 1. In [19] Shields gives an example of an operator 7' in a Banach space
for ||T"|| = n + 1 and for which (4.1) is satisfied. This kind of operators are in Shields’
terminology Mébius bounded. In fact for the Banach space X we may take X = H>(U)N
H'(U) supplied with the norm given by || f|| = || fllec + | f|l1, f € X. The operator T is
given by [T'f](z) = zf(z), f € X. Another example of this kind is obtained if for X we
take the space Xpjocn of derivatives of Bloch functions, i.e. a function f belongs to Xgioch
if it is analytic on the open unit disc U and if || f||Bloch = sup{(1—|z|)|f(2)]| : z € U} < o0,
f € X. The operator T is now given by [Tf](z) = (f(z) — f(0))/z, z € U, f € XBioch-
Then it is not so difficult to show that

(1= |IAIT = AXT) " fliBloch < 4] f|IBloch,;  f € XBlochs

(1) Editorial note: See also the paper by O. Nevanlinna in this volume.
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and
n

1\" 1
(n+1)(1+—) §||T"|§4(n+1)(1+—), n=1,2,...
n n

Moreover, if f(z) = Y32, arz" belongs to X, then a,, = 7™ f(0). In addition there exists
a constant C' such that | 37 a;27| < C(n+1)log(n+ 1)|| f[[Bloch for all f € Xpioen, for
all n € N, and for all z € U. Moreover this estimate is best possible: see Bennett et al.
[3, Theorem 1.12. p. 523]. For more details on Bloch functions see e.g. Anderson, Clunie
and Pommerenke [1] and Anderson and Shields [2].

Remark 2. In [5] Bonsall and Duncan describe an example, due to Crabb, of a
Banach algebra containing an element u for which || exp(Au)|| < exp(|}\]), A € C, and for
which ||u"|] = nle"n~", n € N. In fact our assumption (4.1) with M3 = 1 is equivalent to
saying that the numerical radius of T' is less than or equal to 1; see Bonsall and Duncan

[4, Theorem 10, 11, pp. 54-55].
Remark 3. If X is a Hilbert space, if S = T~ exists and if ||S|| < 1, then
sup{| 7] : n € N}
is finite if and only if T is M6bius bounded, i.e. if and only if
sup{(L — [AD[( = A7)~ : A € U}

is finite: see Corollary 1.4, p. 335 in Sz.-Nagy and Foiag [23]. In fact in Theorem 2.3 we
proved a stronger statement.

Remark 4. In [12, Theorem 3.3. p. 46] Hayman exhibits a class of holomorphic
functions on the unit disc for which the expression sup{(1 — |z|)|F(z)| : z € U} is finite
if and only if its Taylor coefficients constitute a bounded sequence. In general this is not
true. For example the function z — > 272" 2z € U, belongs to the space Xgioch
defined in Remark 1. In fact a function f(z) =Y, arpz* belongs to Xpioen if and only
if the expression

sup{m‘ ki_o(nk)ukak‘ el <1, ne N}

is finite. A proof can be patterned after the proof of Proposition 4.1. In [3, Theorem 1.4]
this kind of result was generalized to a considerable extent.

Next we consider a strongly continuous semigroup {P(t) : ¢ > 0} with generator A
and resolvent family {R(\) : R\ > 0}. We assume that

RNz = | e MP)zdt = (A - A)~'a
exists for each x € X and for ever; A € C with A > 0.
4.3. THEOREM. Let {P(t) : t > 0} be a strongly continuous semigroup with generator
A and resolvent { R(\) : R\ > 0}. Put My = sup{RA|R(N)|| : RA > 0}. Then the equality
1P(t)z]| < 2Mae(1 +)[|(I — A)*z]|
holds for each t > 0 and for each x € D(A?).
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Proof. Let A € C have a strictly positive real part. From Theorem I1.6.1, p. 349 in
Hille and Phillips [13] together with the resolvent identity we infer
1 o ewtHikt

Rw+ixds, 0<w<RA

Therefore
ewt? (%)\) 2

2 2 1
RATIPORN ] < My Zmm— 5

]

and hence, upon optimizing w,
(RAIP(E) RO al| < Mae! TV (14 V14 62) |2
where 2s = tRA. With A = 1 we get the result in Theorem 4.3.

In the following example we describe, without proof, a continuous analogue of the
space Xpjoch of Remark 1. For the proofs some standard facts on Laplace transforms of
measures are used: see Widder [29, 30].

ExXaMPLE. Let X be the space of all holomorphic functions f on the open right half

plane for which
[ 1] := sup{Rz[f(2)| : Rz > 0}
is finite. Then X, equipped with this norm, is a Banach space. On X we define a resolvent
family {R()A) : RA > 0} as follows:
z)— f(A
RONf(2) = { TEIE oz
—f'(\) for z = A.

Each operator R(\), ®A > 0, maps X into itself. On the space R(\)?X we define the
semigroup {P(t) : t > 0} as follows:

w+i00 wt ) — w
P(t)R(N)2f(2) = 5 S (Ae_w)Q f( ZU_J;( ) dw
e
= 7 _S e R(w)R(N)” f(2) dw,

for 0 <w < RX and Rz > 0. For a > 0 we put
X, = {f € ROVX : supe | P()f] < oo},
>0

The space X, will be the completion of X, with respect to the norm | - ||4, defined by
I flla =supe™**IP(t)f]l, f€ Xa.
>0

Since || flla > ||f]], for f € X,, it follows that X, is a subspace of X. Then the semigroup
{P(t) : t > 0} defined on X, can be extended to a strongly continuous semigroup on X,.
We claim that the latter semigroup, again denoted by {P(t) : ¢ > 0}, has a number of
interesting properties, which may serve as an example or counter-example. Among others
the semigroup {P(t) : t > 0} possesses the following properties:

(1) If f belongs to X, then RA||R(N) f]| < 2| f]l, ®A > 0.
(2) If f belongs to X,, then RA||R(N) fla < 2] flla, RA > 0.
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(3) For f € X, the inequality || P(s)f|la < e*®||f|lo is valid.
(4) Let f belong to X and put
1 w100 2t
o) = 5 S —f(E)dz, 120, w>0.

Then
flz)=2" S e **p(s)ds, Rz>0.
0

If, in addition, f belongs to X, ¢ is differentiable, and ¢'(0) = 0, then

P()f(z) = 2* | e Qt)p(s)ds,  Rz>0, 120,
0
Here Q(t)p(s) = (s +1) — p(t) — s¢'(t), s, t > 0.
(5) Let f in X, be of the form f(z) = SOO e~ *%p(s)ds, where ¢ is a continuous function.

0
Then
Pt)f(z) =\ e f(s +t)ds, Re>0, 120,
0
and

PO = le®)], ¢ =0.

(6) Let A be the generator of the semigroup {P(t) : t > 0} defined on X, and
suppose that f belongs to D(A). Then limy_ oo AG(A) exists and the function g defined
by g(2) = zf(2) — imx—00 Af(N), Rz > 0, belongs to X,,. Moreover Af = g.

(7) Let ¢ be a continuous function on [0, co) for which its Laplace transform f, defined
by f(z) = Sgo e~ *p(s)ds, belongs to X. Put ¢(s) = Sgo e %0f(c+s)do, o > 0, and
g(z) = Sgo e~ %1 (s)ds, Rz > 0. Then g belongs to R(\)?X and in fact g = R(1)%f and
=1 —2¢" +4".

(8) Put u(s) = max(1l — |s],0), s € R. Write ¢:(s) = tu(2(s — ¢t — 1/2)), s > 0, and
Ye(s) = Sgo oe %pi(o+s)do, s > 0. Suppose that f; and g; denote the Laplace transforms
of p; and v, respectively. Then f; belongs to R(A)2X, RA>0, and R(1)?f; = g;. Moreover
the following inequalities hold:

i(l - %) (s - 171)1: < [P(t)gella < 4e(t + D]l filla < 4(t+1) max(a™, 1).
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