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Abstract. We study N 2 _ 1 dimensional left-covariant differential calculi on the quantum
group SLg(N). In this way we obtain four classes of differential calculi which are algebraically
much simpler as the bicovariant calculi. The algebra generated by the left-invariant vector fields
has only quadratic-linear relations and posesses a Poincaré-Birkhoff-Witt basis. We use the
concept of universal (higher order) differential calculus associated with a given left-covariant
first order differential calculus. It turns out that the space of left-invariant k-forms has the
dimension (N 2k_1) as in the case of the corresponding classical Lie group SL(N).

1. Introduction. After the seminal work [6] of S.L. Woronowicz, bicovariant differ-
ential calculi on quantum groups (Hopf algebras) have been extensively studied in the
literature. There is a well developed general theory of such calculi. Bicovariant differ-
ential calculi on the quantum group SL,(N),N > 3, have been recently classified in
[3]. All calculi occuring in this classification have dimension N2, i.e. their dimension
does not coincide with the dimension N2 — 1 of the corresponding classical Lie group.
On the other hand, the first example of a non-commutative differential calculus on a
quantum group was Woronowicz’ 3D-calculus on SU,(2) [5]. This is a three dimensional
left-covariant calculus which is not bicovariant. The 3D-calculus is algebraically much
simpler and in many respects nearer to the classical differential calculus on SU,(2) than
the four dimensional bicovariant calculi on SU,(2). This motivates to look for N2 — 1
dimensional left-covariant differential calculi on SL,(N). The main aim of our approach
is to follow the classical situation as close as possible. Let us briefly explain the basic
idea of the approach given in this paper. As in [3], we assume that the differentials du;- of
the matrix entries u; generate the left module of 1-forms. Hence the differential d can be
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expressed as da = Y (Xjjxa)w(u}) for a € SLy(N), where w(u) := Y- w(uy,)dul are the
left-invariant Maurer-Cartan forms and X;; are linear functionals on SLy(N) such that
Xi;(1) = 0. In our approach the functionals X;; will be chosen from the algebra of regular
functionals U as defined in [2], 2.2. We assume that the vector space of left-invariant
1-forms has dimension N2 — 1 and that X;;(u’) = 8;,6;5 for i= j. The main property of
these calculi is that there are only quadratic-linear relations between the left-invariant
vector fields. The corresponding formulas show that these calculi are very close to the
classical differential calculi on SL(N) in many respects. Their enveloping algebras of the
Lie algebra have Poincaré-Birkhoff-Witt property. The dimensions of the vector spaces of

N2-1

left-invariant k-forms I'\F is equal to the corresponding dimension ( & ) in the classical

mv
case. Moreover, the associated higher order calculi (I',d) give the ordinary calculus on
SL(N) in the limit ¢ — 1.

This paper is organized as follows. Section 2 contains some general results about left-
covariant differential calculi on quantum groups which will be needed later. In Section
3 we develop four classes of left-covariant first order differential calculi (I'y,d), r =
1,...,4. We start with the choice of left-invariant functionals X; and compute all relations
between them. In Sections 4 we briefly describe the construction of the universal higher
order differential calculus associated with a given left-covariant first order calculus on a
quantum group. We apply this construction to the calculi (I'y,d), r =1,...,4.

Throughout this paper ¢ is a nonzero complex number such that ¢ & 1 and we

abbreviate A := ¢ — ¢~ .

2. Left-covariant differential calculi on quantum groups. Our basic reference
concerning differential calculi on quantum groups is [6]. Let A be a fixed Hopf algebra
with comultiplication A, counit ¢, antipode x and unit element 1. Sometimes we use
Sweedler’s notation A (a) = a1y @ag) @ @ a(y1y- A first order differential calculus
(briefly, a FODC) over A is a pair (I',d) of an A-bimodule I" and a linear mapping
d: A — I such that d(ab) = da-b + a-db for a,b € A and I' = lin{addb : a,b € A}. A
FODC (I',d) is called left covariant if there is a linear mapping A: I" — ARI for which
Ap(add) = A(a)(id ® d)A(b),a,b € A.

Suppose that (I',d) is a left-covariant FODC over A. Recall that the canonical pro-
jection of I' into I'iyy = {w € I' : Ap(w) = 1 ® w} is defined by Py (da) = s(a(1))daa),
cf. [5]. We abbreviate w(a) = Piy(da). Then R := {x € ker ¢ : w(x) = 0} is the right
ideal of ker e associated with (I",d). Recall that A° denotes the Hopf algebra of represen-
tative linear functionals on A. If A4 is Hopf *-algebra then A° becomes a Hopf *-algebra
via f*(a) = f(x(a)*), f € A%, a € A. The vector space X := {X € A° : X(1) =
0 and X (a) = 0 for a € R} is called the quantum Lie algebra of the FODC (I',d).

LEMMA 1. A vector space X of linear functionals on A is the quantum Lie algebra of
a left-covariant FODC (I",d) if and only if X(1) =0 and AX — 10X € X®RA° for all
XeX.

Proof. The necessity of the condition AX — 19X € X®A° follows at once from
formula (5.20) in [6]: A(X;) = >°; X;®f] + 1®X;. To prove the sufficiency part, let us
note that the above conditions imply that R := {a € kere : X(a) =0for X € X} is a
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right ideal of kere. From the general theory (cf. Theorem 1.5 in [6]) we conclude easily
that R is the right ideal associated with some left-covariant FODC (I",d) over A. Since
X is finite dimensional, X+ = X. Hence, X is the quantum Lie algebra of (I",d). =

Obviously, if X is a quantum Lie algebra, so is X'*.

3. Left-covariant first order differential calculi on SL,(N). Let ¢* = (6*;)

and ¢~ = (é’;) be the N x N matrices of linear functionals é*; and E*; on A =
SLy(N) as defined in [2]. Recall that ¢* is uniquely determined by the properties that
¢* : A — Mpy(C) is a unital algebra homomorphism and (i;(uﬁl) = pm(Ril);ﬁj for
i,j,m,m=1,..., N, where p is an N-th root of ¢, R is the R-matrix of the quantum group
SL¢(N), and u = (ul}) is the fundamental matrix corepresentation of SLgy(N). In this

section we define N2 — 1 dimensional left-covariant FODC (I",.,d), r = 1,...,4, over

A= SLy(N). We set

Xij = _/\—1€+§£757 X = q25_7’N/\—1gi€fj£+§7 i< g,

X, = ¢ A Yg—1)i=1,....N—1,g =" N2 forr=1,
28\ — j,—j N1 -

Xij = —q Nty X = ATt i<,

XJ = inl(l_h])7j:277N7 hj:(€+1£7;)2 fOI'T:27

Xig = @ONTREDT 9 Xpi = =M R(ET)ET, i < g,

X = qilk_l(gi—l),i:1,...,N—1, for r = 3,

Xij = MWD Xji= —q 0T (T )y, i <

X; = g\'(1—-hy),j=2,...,N, forr=4.

Let X,, r =1,...,4, denote the linear span of the functionals X;;, i j,4,j=1,..., N,
and X,,,n=1,...,N—1(2,...,N), forr =1,3 (r = 2,4).
Computing the coproducts of these functionals we obtain for r = 1 and 7 < j:

j-1 .
AXiy = 10X+ Y Xpy @007,
j .
—1 m
AXJZ = Gi ®XJ1 + Z X?ni ®g1€ i£+j 5
m=i+1
AX, = 1X;+X;®g;,i=1,...,N—1,
forr=2and i < j:
Jj—1 )
j,—m
AXyy = hj®@Xij+ Y Xmj @htt e,
J ,
AXj; = 10X+ Z Xmi®£7i£+j,
m=i+1

AX;, = 19X;+X;®hj,j=2,...,N.
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These formulas show that AX — 1®X € X,.®A° for all X € X,., r = 1,2. The com-
putations for r = 3,4 are quite similar. Therefore, by Lemma 1 the vector space X,
r=1,...,4, defines a left-covariant FODC over A.

Using the pairing between SL,(N) and Up we verify that X;;(uf) = §;,0; for i= j
and Xl(uf) = 5;4(61,6 7(]726]6]\/), 1= 1, ey N — 1, T = 1, 3, and X](uf) = 5kl(§jk 7(]251]@),
j=2,...,N,r=2.4.

Now we will consider the s-structures. In case SL,(N,IR), |¢| = 1, we get X = X,
r=1,...,4. Hence, all four calculi are *-calculi. In case SU,(N), ¢ € IR, we get X = X3
and X5 = X4. Hence, none of them are *-calculi with respect to SU, (V).

We shall study the calculus X'3 in more detail. Let {w;j,wy, :i=j, n=1,...,N -1}
(vesp. {uf,up —1:i= j,n=1,...,N —1}) be the dual basis of I,y (resp. of kere/R)
to the basis {X;;, X,,} of X.

Let ¢ denote the Heaviside symbol, i.e. ¥(m) =1 if m > 0 and ¥(m) =0 if m < 0.
The commutation rules between matrix entries and 1-forms are as follows:

R SR ST NI | N s
Wiy, = @R TN+ NIk = fujwik, 1< ],
! B S ' 1 S
wjitg, = q "Rl — NI — k)ujwik, 1<,

wiug€ = q25ik725’“Nu§§wi + g ik — i)uéwik.

Note that the commutation rules are closed in the upper (i < j) and lower (i > j) triangle
of left invariant 1-forms, respectively, while the commutation rules on the diagonal w; are
not closed.

The associated right ideal R3 of kere is generated by the following set of quadratic-
linear terms:

u;uf foriZ g, i1, k= j, k& 1; u;uf for i j;

uzau? for i > a, j > a and for i < a, j < a;
u’, ?—Aué— for i <a < jand for i > a > j;
ugu; — q%i“*z‘s“Nu;- for i < j, ugu; — u; for i > j;

(ul — q_%“\’)(ué - qz—zgm)7 1=1,...,N;
K2
1

- 1)(u§ —q %) for i < j, V —e(V).

Note that V := ZZI\LI q*%N ! is the only linear element of A that is annihilated by A’s.
We abbreviate ¢; := ¢?%N and Qnij = ¢?Oni=0ni+t0n)  Throughout let i < j < k < [
Then the commutation rules between the {X;}ier, I = {(i,7),n: i j,n=1,...,N—1},
are as follows:

XijXa — quXuXi; =0,

XX —qXj X =0,

Xij Xji — quXjuXij — quAXuX; = qXu,

Xij Xp — X Xi5 =0,

XXy — XX =0,

XiwXji — qXXip — A XX, =0,
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XXy — qX; X5 =0,
X1 Xy; — ¢ X1, X3 =0,
XXy — ¢ "Xy X5 = —q X,
XXy — XX =0,
Xij X — X1 Xp; =0,
X Xy — Xpj X — AX X5 = 0,

Xij X —q g XuiXij 4+ q ') AX X = —q g X,
XXy —q g X0 X = Xij,

XXy —q g Xy X5 =0,

X X — g ' X X5 =0,

XXy — Xpj X =0,

XinXij — q; Xip Xie + g7 AXie X5 = 0,

XjiXu — qXuXj = Xy,

XuXp — ¢ 'a XX + ar XX = —q 'a X,
XX —q ' XXz =0,

XjiXp — XuXj =0,

X1 X — qX Xy =0,

XiiXji — XjiXpi + AXpu X5 =0,

XXy —q ' XuXa = Xi — X,

X Xpm — X X, =0,
X0 Xij = qnij Xij Xn = ¢ A Hgni; — 1) Xy,
XnXj5 — qgijjan = q_l)\_l(q;é - 1)Xj;.

Summarizing the preceding we obtain

1. X,,r=1,...,4, is an N? — 1 dimensional left-covariant FODC on SL,(N).
2. The relations of the algebra U, generated by X, are quadratic-linear. To be more
precise, there are complex matrices o = (o}}) and C' = (ij), i,j,8, [ € I, such that

XiX; =) ofgXeXi =) CFXp, i,jel.
[N m

The matrix o is diagonalizable and has eigenvalues —1 and 1 with multiplicities
2 2
(N 2_1) and (]\; ), respectively. The structure constants C' are antisymmetric, i.e.

Cot=—-C.
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3. The algebra U, has a linear basis
(XM X"y < <ipig€l,mp € No,k=1,...,n},n=N>—1,

with respect to an arbitrary order of the index set I.

4. Higher order calculi. Given a left-covariant FODC (I',d) on A. Let R be the
associated right ideal of (I',d) and S: R — [Ninw®Iiny the linear mapping defined by
S(r) = w(ra)) ® w(re)). Let Sy be the subbimodule of I' ® 4 I' generated by S(R).
Furthermore, let S be the ideal of the tensor algebra I'® = Yol ®" generated by So. Then
I'" =T1%/S is called universal exterior algebra associated with (I',d). By construction,
I'" is a left-covariant bimodule and a Z-graded algebra.

PROPOSITION 2. Let (I',d) be a left-covariant FODC over A and let I'" be the univer-
sal exterior algebra built over (I',d). Then there exists one and only one linear mapping
d: I = I'" such that

1. d increases the grade by one.

2. d extends d: A — I'.

3. d fulfills the graded Leibniz rule.

4. d%2 =0.

5. d is left-covariant, i.e. Ar(df) = (id ® d)Ard, § € I'".

(I'",d) is called universal differential calculus associated with the left-covariant FODC
(I',d). Woronowicz’ construction of higher order calculi for bicovariant FODC can be
obtained by taking a quotient of the universal differential calculus (I"",d).

The mapping d|p s given by dw(a) = —w(a()) A w(a()).
We apply the above construction to the left-covariant FODC X,., r = 1,...,4. Fix an
arbitrary linear order of 1.

THEOREM 3. Let (I',d) be the universal left-covariant differential calculus associated
with one of the FODC (I'y.,d), r =1,...,4. Then

N2 -1
dim(FiAn’f,)_( N > k>1.

More precisely, the set {wi, Awiy A... Awi, 111 <...<ig, i €I, j=1,...,k} is a basis
of the vector space T\ .

In particular, for £ = 2 Theorem 3 states that the space of left-invariant 2-forms
is equal to ker (0 + id) (where o is the linear mapping Iiny ® Iiny — Linv @ liny
defined by w;®wj — ZB,I Ufjlwg®w[.) In contrast, there are examples of three dimensional
quadratically closed FODC on SU,4(2) whose space of left-invariant 2-forms is only two

dimensional.
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