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Abstract. We give a systematic discussion of the relation between g¢-difference equations
which are conditionally Ug(G)-invariant and subsingular vectors of Verma modules over Uq(G)
(the Drinfeld-Jimbo g-deformation of a semisimple Lie algebra G over € or IR). We treat in
detail the cases of the conformal algebra, G = su(2,2), and its complexification, G = si(4). The
conditionally invariant equations are the g-deformed d’Alembert equation and a new equation
arising from a subsingular vector proposed by Bernstein-Gel’fand-Gel’fand.

1. Introduction. It is well known that the d’Alembert equation

Of(z)=0 (1.1)
is Poincaré and even conformal invariant, cf., e.g., [1]. Here f(x) is a scalar field of fixed
conformal weight, x = (¢, 21, T2, x3) denotes the Minkowski space-time coordinates, and
O is the d’Alembert operator: O = 9"9,, = (8)2 — (8p)2.

In the present paper we would like to present representation-theoretic reinterpreta-
tions of this fact. There are two aspects of this. First, from the point of view of induced
representations of the conformal algebra su(2,2) one can not automatically obtain repre-
sentations which are also irreducible finite-dimensional (e.g., scalar above) representations
of the Lorentz subalgebra. To ensure this one has to impose additional conditions and to
restrict to functions which obey these conditions. In the case at hand there are two such
conditions and it is on such functions that (1.1) is conformal invariant. That is why we
shall call the conformal invariance of (1.1) conditional. (Using approaches different from
ours other conditionally invariant equations were considered in [20], [21], [3], [17], [16],
(for some more comment see subsection 3.1).)
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The second aspect is that we can find a counterpart of (1.1) in the representation the-
ory of Verma modules over the complexification sl(4) of su(2,2). Namely, this counterpart
is a subsingular vector of a Verma module (definition below).

In the present paper we consider (1.1) and conditional invariant equations in general
applying the approach of [6]. The needed results from [6] stated in condensed form (and in
some detail in subsection 3.1) are: to every singular, resp., subsingular vector of a Verma
module over a semi-simple (also reductive) Lie algebra G there corresponds a differential
operator and equation invariant, resp., conditionally invariant with respect to G. (Both
statements are valid also for the corresponding Lie group with some additional subtleties,
cf. [6].)

One of the specifics of the approach of [6] is that if one wants to consider (conditional)
invariance with respect to some real Lie algebra Gy one has also to know the invariance
with respect to the complexification G of Gy. The same is true in the g-deformed case.
That is why we treat in parallel si(4) and the conformal algebra su(2,2), and analogously
Uy(sl(4)) and Uy (su(2,2)).

We treat in detail the ¢ = 1 case since some of our results are new also in this classical
situation. In particular, we give also (1.1) with nontrivial right hand side and we present
a new conditionally invariant equation.

The paper is organized as follows. The notion of subsingular vector is explained in
Subsection 2.1 for arbitrary (¢-deformed) simple Lie algebras. Then we restrict to si(4)
and U,(sl(4)) and we give the singular and subsingular vectors we shall need. In parallel
we give the explicit conditions for irreducibility of the lowest weight modules. Here the
exposition is common for generic q. These results are applied in Sections 3, resp. 4, to
get explicitly the conditionally invariant equations for ¢ = 1, resp. for generic g.

2. Subsingular vectors

2.1. Let G=GT®HE®G ™ be a semisimple Lie algebra, where H is a Cartan subalgebra
of G, G, resp., G, are the positive, resp., negative root vector spaces of the root system
A = A(G,H), corresponding to the decomposition A = AT U A~ into positive and
negative roots. Let Ag = {ay|i = 1,...,r = rank G} be the system of simple roots of
A. We use the standard deformation U,(G) [15], [18] given in terms of the Chevalley
generators Xii, H, e H,i=1,...,r of G. The elements H; span the Cartan subalgebra
‘H of G, while the elements XijE generate the subalgebras U,(GF).

A lowest weight module (LWM) M* over U,(G) is given by the lowest weight A € H*
(H* is the dual of H) and a lowest weight vector vy so that Xvy = 0 if X € G,
Hvg = A(H)vg if H € H. In particular, we use the Verma modules V2 over U,(sl(G))
which are the lowest weight modules such that VA = U,(G)vp.

Let us introduce the numbers:

mi =mi(A) = (p—A)(H;)=1—-AH;)=1—-(Ao)), i=1,....7r (2.1)

where p = %ZB€A+ B, (p(Hx) = (p,ar) = 1), (+,-) is the scalar product of the roots
normalized so that for the short roots o we have (a, ) =2, oV = 2a/(a, a).
We note that these numbers completely determine the lowest weight A and shall be
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used also for the characterization of the LWM. The collection of these numbers shall be
called the signature of A and denoted x(A) or just x :

x =x(A) = (my,...,m,;) (2.2)
Analogously, we shall also use numbers corresponding to arbitrary positive roots :
Ma = ma(A) = (0= A)(Ho) = (p— Aa”), ac AT (2.3)

where H, € H corresponds to the root « by the isomorphism H = H*, (as H; corresponds
to «;). Certainly, each m,, is a fixed linear combination of m;, however, these numbers
have independent importance as we shall see just below. Naturally, mq, = m; .
In the present paper we restrict to the case when the deformation parameter ¢ is not
a nontrivial root of 1. (For the case when ¢ is a nontrivial root of 1 we refer to [7].) In
this case a Verma module V# is reducible [2] (¢ = 1), [7] iff at least one of the numbers
M 1s a positive integer:
me € IN (2.4)

Whenever (2.4) is fulfilled there exists a singular vector vy = v®™= in VA such that
vs & Qug, Xvs = 0, VX € G~ and Hvs = (A +mya)(H)vs , VH € H. The space I* =
Uy(GT)v>™e is a proper submodule of VA isomorphic to the Verma module VA+tmae
with a shifted lowest weight A +m,a [6], [7]. Clearly, this implies that VA and VA+ma«
have the same values of the Casimir operators.

Remark 1. Note that if we were considering highest instead of lowest weights, the
analog of the numbers my,, (m,), would be defined as mi"- =1+A(H;), (mh" = (p+
A)(H,)); the shifted weight is A —mB-*-a. However, the statement about the reducibility
is unchanged. [6]. ¢

It is important that one can find explicit formulae for the singular vectors. The singular
vector introduced above is given by [6], [7]:

vy = v = PO (X X g (2.5)

where P® ™= is a homogeneous polynomial in its variables of degrees mn;, where n; € Z
come from o = > n;;, a; - the system of simple roots. The polynomial P*™« is unique
up to a non-zero multiplicative constant. The papers [6], [7] contain all explicit singular
vectors needed in the present paper. Note that we refer to both, since [6] gives formulae
for ¢ = 1, while [7] gives such formulae for general ¢q. (More general explicit formulae for
singular vectors, including all singular vectors for U,(sl(n)), are contained in [8]. Note
that the modules considered in [7], [8] are highest weight modules and the singular vectors
are polynomials in X, ; the translation of those formulae to the lowest weight module
setting is straightforward in view of the above Remark.)

Certainly, (2.4) may be fulfilled for several positive roots (even for all of them). Let
Ap denote the set of all positive roots for which (2.4) is fulfilled, and let us denote:
r= Uaea, L% . Clearly, Misa proper submodule of VA, Let us also denote FA = VA/fA.

Further we shall use also the following notion. The singular vector v is called descen-
dant of the singular vector vy & Qv; if there exists a homogeneous polynomial P2 in X;"
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so that v; = Pjovs. Clearly, in this case we have: I' C I?, where I* is the submodule
generated by vy, .

The Verma module V4 contains a unique proper maximal submodule I* (2 1) [2],
[4]. Among the lowest weight modules with lowest weight A there is a unique irreducible
one, denoted by Ly, i.e., Ly = VA/I*. (If VA is irreducible then Ly = VA.)

It may happen that the maximal submodule I* coincides with the submodule I*
generated by all singular vectors. This is, e.g., the case for all Verma modules if rank
G < 2, or when (2.4) is fulfilled for all simple roots (and, as a consequence for all positive
roots). Here we are interested in the cases when I is a proper submodule of I*. We need
the following notion.

DEFINITION. Let VA be a reducible Verma module. A vector vg, € VA is called a
subsingular vector if vy, & I™ and the following holds:

Xvg €I, VX eG™ (2.6)

Remark 2. The image of a subsingular vector in the factor-module F* is a singular
vector of FA. For shortness we shall say the subsingular vector ‘becomes’ a singular vector
in the corresponding factor-module. From this it is also clear that a subsingular vector
may be represented by a homogeneous polynomial in Xj R

We need to be more explicit even in the general case. First of all it is clear that it is
enough for a vector to be subsingular if (2.6) holds for the negative simple root vectors
X; . We can rewrite (2.6) in the following way:

Xi_vsu = Z Qiavmma (27)

a€EA;

where @Q;,, are homogeneous polynomials such that the RHS is a homogeneous polynomial,
and A; is a subset of Ay C AT, such that o € A; iff Q4 is a nonzero polynomial. Let
us denote by Ag, the union of A; : Ay, = Ul_;A?. We shall call Ay, the set of roots
associated with the subsingular vector vg,. The corresponding set of singular vectors
{v*™Me|a € Agy } will be called singular vectors associated with the subsingular vector vgy.
Clearly Ay, is a subset of Ay and in general a proper subset. Let Iy, = Ugea,, I*(C M),
F,=VA /Is; then vy, becomes a singular vector in Fy,, i.e., when we factorize all
singular vectors associated with it.

Clearly, if two singular vectors v1 and vy belong to Ap (A;, Ag,) and vy is descendant
of vy, then we can omit vy from the set Ay (A;, Agy).

Clearly, v, and Ir generate a submodule I’ so that:

IwCI*cIAcrhcv? (2.8)
2.2. We restrict now to G = si(4), (cf. [9], [10]). For the six positive roots of the root
system of sl(4) one has from (2.1), (2.3) (cf. [6]):
mi = 1-— A(Hl) (
mo = 1-— A(HQ) (
mg =1— A(Hs) (2.9¢
( (

miz =2 — A(Hi2) = my +mo
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Mog = 2 — A(H23) = Mo + M3 (296)
my3 =3 — A(Hy3) = mq +mg +ms3 (2.9f)
Thus the signature here is : x = (mq,ma, m3).

For further reference we give the value of the sl(4) second order Casimir operator [22]
in terms of the above notation:

1 1
Cy = 3 <m§3 +m3+ 5(m1 - m3)2) -5 (2.10)

which is normalized to take zero value on the trivial irrep (my = 1) (and thus on all
representations partially equivalent to it).

In the case of si(4) and U,(sl(4)) there are two generic situations to have subsingular
vectors. This follows from general results of [19] and is analyzed in detail (from the
mathematical point of view) in [13]. We discuss examples of subsingular vectors from
both situations in the next subsections.

2.3. Here we treat the Bernstein-Gel’fand-Gel’fand example of a subsingular vector
which appeared in the seminal paper [2] (¢ = 1) and which we give for general ¢. It occurs
for A(Hy) = A(Hs) = 1, A(H2) = 0, i.e., x = (my,mge,m3) = (0,1,0). Thus there are
four positive m,, € IN from (2.9) : mg = mya = mag = my3 = 1. Correspondingly, there
are four singular vectors:

vy = X5 vg, mg =1 (2.11a)

viy = X{ XJvo = X{va, mip=1
vhy = X X vo = Xfvg, moz =1 (2.11b)
vig = X XT XS vo = X X ve, miz=1

However, only the singular vector vy is relevant since the others are its descendants.
What is important for us is that there is the following subsingular vector:

Vbgs = (Xijxg - X;ngj)uo (2.12a)
It is easy to see:
X Ubgg = Va3 = X?TW
X5 Vpgg =0 (2.13)
X3 Ubgg = —vjg = *XTUZ
thus, indeed, (2.6) is fulfilled, while comparing with (2.7) we see that indeed vq is asso-
ciated with vpgg.
It is useful for future applications to have different expression for the subsingular

vectors. Formula (2.12a) is in the unordered Chevalley basis. An expression in the ordered
PBW basis is:

vbgs = (X7 + aX5 X + a7 XHXT v (2.12)

which for ¢ = 1 is exactly equal to (2.12a) and for ¢ # 1 differs from (2.12a) by the
inessential term (¢ — q_l)Xf'X;'X;vo € I*. For ¢ = 1 a third expression coinciding
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with (2.12a,b) is:
Ubgg = <X1+2X3+ + X2+3X1+)Uo, g=1 (2.12¢)

Note that we have translated the result of [2] into our lowest weight module setting
and that the actual expression for vpge in [2], (given naturally for ¢ = 1), is not correct.
(Also formulae (2.11d) are not given in [2].)

Let | 2 ) denote the lowest weight vector of the factor-module F, = VA/I,. Then the
singular vectors in (2.11) become null-conditions, the relevant one (2.11a) giving:

XF12)=0 (2.14)

Clearly, vhge becomes a singular vector in Fy. If we factor out also vpge We have the
following null conditions in the resulting irreducible module L, with lowest weight vector
12):

XF12)=0 (2.15a)
(ijgfx; - X;Xij“)| 2)=0 (2.15b)

2.4. In this and the remaining subsections of this Section we consider the other
archetypal sl(4) example [19], [13]. In this subsection we give some preliminaries. We
take first an arbitrary Verma module V' and the following vector:

vy = Pup. (2.16)
where P is the following homogeneous polynomial in Uy (G") :
P=XEXS — ¢ ' XHXS (2.17)
Below we shall need the following technical result:
Xyvp=q " ([AH2) + 1 X3 X7 = [AH2)]o X XS) X vo+
+q7 X5 ([A(H2) = 1 X7 Xy — [A(H2)| X5 X[ )vo = (218a)
= q ' ([A(H2) + 1 X3 X5 — [A(H2)] X4 X5) X o+
X (AU — XX + A, XF X ) v (2180)
where [z], = (¢" — ¢ ") /N, A=q—q "

Also for future reference we note several equivalent forms of the polynomial P valid
for any weight:

P=X{X) — g XHXf = (2.19a)
= X15Xy —qX53X15 = (2.19b)
=g (XTX;X;X; + X;X;X;X;r - [2]qX2+X1+X§rX§r) = (2.19¢)
— ¢~ (XFXTXT X + XF XXX~ [20,XF XX XY (2.19d)

and two forms valid if a = A(Hz) # 1 :
—1

P= la —1]q

(X" X5 = 21X X) ([a — 1o X7 X5 — [a] X5 X7) +
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1

+ X3 ([a = X XS — [a] XS X)X = (2.20a)
la —1]
q
—1
q
= o, KX - XX (o - X5 X — [l X57XT) +
q
1
+ [a—1] X3 (la = 1o X5 X5 — [a]g X5 X57) X (2.200)
q

The need for the introduction of the parameter a will become clear below.

2.5. Consider now a Verma module V* with lowest weight A satisfying the conditions:

A(H3)=0<=m3=1 (2.21a)
AHi+Hy)=1<=mp2=1 (2.21d)

We shall denote its signature as:
xi(a) = x(A) = (a,1 —a,1), a=AHy) el (2.21¢)

cf. (2.9¢,d). We would like to study this family of representations (and a conjugate one)
since for these the (¢-) d’Alembert operator will be a (conditionally) invariant operator.
This will become clear in Sections 3 and 4 while here we find the necessary singular and
subsingular vectors.

From the above two conditions follow that there are two singular vectors which are
explicitly given by [6], [7]:

V3 = X;_’Uo, ms = 1 (2.220,)
viz = ([a = Yo X7 X5 — [a] XS X{ ) vo, miz=1 (2.22b)

(There is also a singular vector corresponding to my3 = 2 [6], [7], which, however, is a
descendant of v3.)

In the above setting we shall show the special place of the the vector vy (which will
give rise to the (¢-) d’Alembert operator as we shall see in the next sections). We have
the following result:

If a # 1 the vector vy is a linear combination of descendants of the singular vectors
vz and viz, while if a = 1 the vector vy is a subsingular vector.

It is straightforward to show this statement. Let first a # 1. Then using (2.20a) we
have:

vy = Puy = (X?TLX;F - [ﬂquX:;r) vi2+

(2.23)

X5 (la =1 X, X5 — [alg X3 X{) vs
l[a — 1]11

To show that for a = 1 vy is a subsingular vector one may use a calculation valid for any
a (using also (2.18a)) :
Xivp=0
Xyvp=q " (la+ X5 X = [alg XX ) vs + ¢ ' X oo (2.24)
Xzvp=0
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though this calculations obscures the fact that for a = 1 the singular vector vio is a
descendant one, as we shall see below, where we also show that vy is not an element of
I,

We now write down systematically all situations.

2.5.1. If a € Z there are no other nondescendant singular vectors, besides (2.22) and
the maximal invariant submodule is: I* = I = I* U I*12. We denote by L) = VA/I]
the corresponding irreducible factor-module, and by | 1’ ) the lowest weight vector of Lj.
Then the expressions in (2.22) become null-conditions, namely we have:

X1 )y=o0 (2.25a)
(fo = 104X7 XF = [al X5 X ) 17) =0 (2.25)

2.5.2. If a € —IN then in addition to (2.22) there is one more singular vector [6], [7]

corresponding tome =1—a € IN +1:

vy = (X5) o (2.26)
and two descendants corresponding to me3 = 2—a, m13 = 2. Thus the maximal invariant
submodule is: IA = I}/ = [ U I*12 U2 | [} = VA/I} is the irreducible factor-module,
| 1) is the lowest weight vector of LY. Then the null-conditions are:

X 1"y=0 (2.27a)
(fo = 10, X3F X5 = [l XF X7 )|17) =0 (2.27b)
(X3)' 711"y =0 (2.27¢)

2.5.3. If a = 0 then there is a singular vector corresponding to my = 1 and given by
(2.26) with a = 0. Here also (2.22b) is descendant and the maximal invariant submodule
is generated by the singular vectors (2.22a) and (2.26), I* = I} = [*¢ U % . We denote
by Ly" = VA/I" the irreducible factor-module; | 1”7 ) the lowest weight vector of L/’
Then the null-conditions are:

XS11")y=0 (2.28a)
XF11"y=0 (2.280)

2.5.4. If a € IN + 1 then there exists another singular vector [6], [7]:

v = (X)) v (2.29)

Thus the maximal invariant submodule is: I* = IV = [*sy ez y e LIV = VA/I]V
is the irreducible factor-module, | 17V ) is the lowest weight vector of L{V. Then the
null-conditions are:

X1y =0 (2.30a)
(fo = 104 X7 XF — [al, X5 X7 )17 ) =0 (2.300)
(xH* 1"y =o0 (2.30¢)

2.5.5. Finally, if a = 1 then the non-descendant singular vectors are v3 = X3 v, cf.
(2.22a), and v; = X vg, cf. (2.29) with a = 1, while (2.22b) is descendant of (2.29), and
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there appears also a singular vector vh, , cf. (2.11b), corresponding to ms3 = 1 which is
descendant to (2.22a). Here we have also the subsingular vector vy, cf. (2.16), (2.24),
from the latter the essential one simplifying here to:

Xyop =g (RX3XT - XFX) 05— g7 X X o (231)

Now it remained from the proof above to show that v can not be represented as a linear
combination of descendants of v; and vs, and thus does not belong to I*, which is easy
to see also by inspecting (2.19).

We denote by IA = J*1 U I*3 the submodule generated by these singular vectors, by
Fy = VA/IM the factor-module, by | 1) the lowest weight vector of Fy. We have the
following null conditions in Fj :

XH1)=0 (2.32q)

Xf[1)=0 (2.32b)

The vector vy becomes a singular vector in F; which we denote as:

v, =Pl 1) (2.33)

Factoring out the submodule built on vy, we obtain the irreducible factor-module L; =
VA/IP . We denote by | 1) the lowest weight vector of L;. Then the null-conditions are:

X1)=0 (2.34a)

X11)y=0 (2.34b)

(X;XQ+ - [2}qX2+X3+>X1+X2+| 1)=0 (2.34c)

where for (2.34c) we have used (2.34a) and (2.19d). An equivalent condition to (2.34c)

18:
(X1+X2+ - [2}qX§X1+>X;X§| 1)=0 (2.34¢")

where we have used (2.34b) and (2.19c¢).
Conditions (2.30) and (2.34) ((2.34¢, ¢) in a different, but equivalent form) were given
first in [14]. The corresponding irreps (for a € IN) were shown [14] to be a construction

of the irreducible massless representations of a ¢ - conformal algebra (with |¢| = 1)
characterized by the helicity h = (a — 1)/2 € (1/2)Z .

2.6. Analogously consider a Verma module V* with lowest weight A satisfying the
conditions:

A(HQ + H3) =1<=mo3=1 (2.35b)
x3(a) = x(A) =(1,1—aqa,a), a=A(Hy) e (2.35¢)

cf. (2.9a,d). This case is conjugate to the one considered in the previous subsection and
all statements and formulae may be obtained wverbatim by exchanging indices 1 +— 3,
12 +— 23. Thus, we shall give for future reference only the final formulae analogous to
(2.30). Namely, the conditions fulfilled in the irreducible lowest weight module Lz (with



212 V. K. DOBREV

a € IN+1) are:
X 13)=0 (2.36a)
Qa71bxngngijxj)|3>:o (2.36b)
(xH)*13)=0 (2.36¢)

Conditions (2.36) were given first in [14].
It is interesting to note that a lowest weight can satisfy both (2.21) and (2.35) which
happens only for the special case a = 1, which was considered in the previous subsection.

3. Conditionally invariant equations

3.1. We now write down explicitly the conditionally invariant equations related to the
subsingular vectors considered in the previous section. For simplicity we treat the case
g = 1 first and the g-deformed analogs in next Section.

We use the approach of [6] which we give in a condensed form here. We work with
induced representations, called elementary representations (ERs). The functions of the
ERs can be taken to be complex-valued C'* functions on the group G. The representation
action is given by the left regular action, which infinitesimally is:

(X20)(9) = S iplexp(~1X)g)li=o (3.1)

where X € G, g € G, G is the Lie algebra of G. These functions possess the properties
of right covariance [6]. For our purposes it is enough to consider holomorphic elementary
representations for which right covariance means:

Xe=AX)-p, XeH (3.2a)
Xe=0, XegG (3.20)
where A € H*, and X is the right action of the generators of the algebra G

(X¢)(9) = & o(gexp(tX)i=o (33

Right covariance is used also to pass from functions on the group G to the so-called reduced
functions ¢ on the coset space G/B, where B = exp() exp(G~) is a Borel subgroup of
G. Note that G/B is a completion of G = exp(G™) and in practical calculations one is
usually using the local coordinates of G7.

The weight A completely characterizes these representations, which we denote by C*,
each of which is then in correspondence with the lowest weight representations with the
same lowest weight, in particular, with the Verma module V2.

Now the main ingredient of the procedure of [6] is that to every singular vector there
corresponds an intertwining differential operator. Namely, to the singular vector vy =
v¥™Ma (cf. (2.5)) of the Verma module VA there corresponds an intertwining differential
operator

D¥ma . CN —y OAFMaa (3.4)

given explicitly by:

DYme — pam(XE LX) (3.5)
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where P*™ is the same polynomial as in (2.5), and X;r is the right action (3.3). This
operator gives rise to the G-invariant equation:

Da,ma¢ — ¢l7 @ c CA’¢I c CA-‘,—ma(X (36)

In the same way a subsingular vector produces a differential operator and equation
which are conditionally invariant. The latter means that this invariance hold only on
the intersection of the kernels of all intertwining operators D® ™ such that a and the
singular vectors v are associated with the singular vector in question, i.e., on the
space:

Cou = {p € CMD¥™ 3 =0, Vo€ Ay} (3.7)

(cf. subsection 2.1.). A conditionally invariant equation has nontrivial RHS if we take
the situation corresponding to the reducible factor-module F* = VA/ I7; the latter is
realized when we do not impose in F* the null condition corresponding to the subsingular
vector which in F* is a singular vector. A conditionally invariant equation has trivial RHS
if we take the situation corresponding to the irreducible factor-module Ly = VA /T4 ie.,
if we impose in F* the null condition corresponding to the subsingular vector. Below we
consider both situations, for which we are prepared by the detailed analysis of Section 2.

Remark 3. Note that one may exchange the left and right actions in the above con-
siderations, i.e., consider the representations acting as right regular representations with
properties of left covariance. Independently, if one uses highest weight representations
(cf. Remark 1) one then uses the coset G/B’, where B’ = exp(H)exp(G™T) is the Borel
subgroup of G conjugate to B. $

Remark 4. As we noted if one wants to treat the case of a real noncompact algebra
Go one has to use also the results for its complexification G. The application of these
results to Gy has some subtleties [6]. However, in the case at hand when Gy = su(2,2) and
G = sl(4) the passage to su(2,2) is straightforward [5]. Also considering representations of
the corresponding groups (which are used here only to provide the representation spaces)
involves some subtleties [6], which, however, are not felt in the case under consideration

[5]. <&

Referring further the general case to [6] we restrict here to G = si(4), G = SL(4).
We pass to functions on the flag manifold ) = SL(4)/B, where B is the Borel subgroup
of SL(4) consisting of all upper diagonal matrices. (Equally well one may take the flag
manifold SL(4)/B’, where B’ is the Borel subgroup of lower diagonal matrices.) We
denote the six local coordinates on ) by x4,v,0,z,2. From the explicit form of the
singular vectors it is clear that we need only the right action of the three simple root
generators. Denoting this right action of X ,j' by Ry , we have from [6]:

0
R1 - az = &
Ry = 2204 + 20, + 205 + 0— (3.8)
R3 = 82 = J

oz
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where 5 5
Oy = ——, Oy = —
+ al'j: ;

0
o0’ 05 = 75 (3.9)

Things are arranged so that in the conformal setting we can use the same coordi-
nates [5]. In this case the coordinates x4, v, 7 are related to the Minkowski space-time
coordinates xg, T1, T2, X3 :

T4+ EI’oil’g, 'UE:]Cl*Z‘YIQ, V=2 +ZSC2 (310)

while z, Z encode the inducing Lorentz representation as explained below. In particular,
one may use the following covariant representation for Rs [5] employing the Pauli matrices
o

Ry=(z 1)0,0" (i)

. (3.11)
_ (1 0 (0 1 (0 —¢ (1 0
0= 0o 1) T \1 o) 27 i o) T\ o -1
Note also that under the natural conjugation:
w(zs) =2+, w) =09, w(z)=2 (3.12)

YV is also a flag manifold of the conformal group SU(2,2).

The reduced function spaces of the ERs in which our equations are defined are
complex-valued C'* functions on the flag manifold. The holomorphic ERs of si(4) are
labelled by the signature xy = (my, mg, ms).

In the su(2,2) case most applications in physics are in the case when my,ms € IN
and one uses reduced functions which are polynomials in the variables z,Z of degrees
m1 — 1,m3 — 1, resp. These then carry finite-dimensional irreducible representations of
the Lorentz algebra of dimension mymg. Let us stress that this is an indexless notation
on which all Lorentz components of the fields are gathered together by the polynomial
dependence in z,z. To restore the components one has to take the entries of the inde-
pendent terms in z, z, cf. [5]. Note that in the physics literature often is used, instead
of (my,ma, ms), the labelling [d, j1, j2], where d = 2 — (my3 + m2)/2 is the conformal
weight, j1 = (m1 — 1)/2, j2 = (mg — 1)/2, so that finite-dimensional Lorentz irreps one
has: ji, € Z4 /2.

3.2. We start with the equations arising from the BGG example of subsingular vector.

Substituting (3.8) in (2.14) we obtain the following si(4) and su(2,2) invariant equation:

Rog = (Zz8+ Y28, + 205 + a_)¢) —0 (3.130)

while the subsingular vector vpge gives rise to the following conditionally invariant equa-
tion:

(RleRg - RgRgRl)gﬁ - (avag — 0,0, + (205 — zaz)m)@ — ¢ (3.13b)

where ¢ € C* and satisfies (3.13a), @' € CA/, A = A—ay3, the corresponding signatures

being x = (0,1,0), x' = (-=1,1,—1). (Note that the second Casimir operator has the same
value in the two representations: Ca(x) = Ca(x’) = —4, cf. (2.10).) If we consider the
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irreducible factor-module Ly, which means that we should use (2.15) instead of (2.14),
we have instead of (3.13b):

(000= — 9,0 + (0= — 20.)9, ) = 0 (3.13¢)

3.3. We pass now to equations arising from the other archetypal si(4) example. We
consider the case when the lowest weight satisfies conditions (2.21).

We shall substitute the operators Ry into the null conditions (2.25), (2.27), (2.28),
(2.30), (2.32), (2.34). In all cases we have the equation arising from the singular vector
v3 = X3 vg, (null conditions (2.25a), (2.27a), (2.28a), (2.30a), (2.32a), (2.34a)) :

Ry = 050 =0 (3.14)

which means that our functions do not depend on the variable Z - this is valid for the
signature xi(a) and arbitrary a. (In the conjugate situation with signature ys(a) our
functions do not depend on the variable z.)

Further, we have the equations arising from the singular vector vy, when a € Z_ |
(null conditions (2.27¢), (2.28D)) :

(R))' ™ “¢=0, acZ_ (3.15)

Next, we have the equations arising from the singular vector vy, when a € IN, (null
conditions (2.30c), (2.32b), (2.34b)) :

(0.)"¢ =0, ac€ N (3.16)

which means that our functions are polynomials in the variable z of degree a — 1. Thus
for a = 1 our functions do not depend also on z.

Next we write down the equation arising from the singular vector v1o (null conditions
(2.250), (2.27b), (2.300)) :

((a “1)R1Rs — aR2R1)¢ = ((a —1)(0y + 70,) — Rgaz)¢ —0 (3.17)

It is also valid in all cases, however, for a=0 it follows from (3.15) and for a=1 it follows
from (3.16). Now, since (3.17) is a first degree polynomial in Z, on which our functions
do not depend, it actually consists of two equations, though not invariant by themselves,
i.e., we have:

((a 1 28.)0, — 8_8Z>¢ —0 (3.184)
((a 1 20.)0, — aﬁaz)¢ ~0 (3.18b)

Finally, we obtain the conditionally invariant equations corresponding to the subsin-
gular vector vy. Let us denote by P the polynomial P with X ,j replaced by Rj. Now we
shall obtain this operator in explicit form:

P@ = (RsRy — 2RyRs) RiRyp = (3.19a)
= (204 + 0y — Ry0:) 8. Rop = (3.19b)
= (204 + 85)0. Ry — R20.(20, + 05)) ¢ = (3.19¢)
= (850, —0_0,) p =0 (3.19d)
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where we used (3.14) in passing from (3.190) to (3.19¢). Thus, we have recovered the
d’Alembert operator. Note that (3.19) is valid for arbitrary a since we have used only
condition (3.14) which is valid for all of our representations.

Now for a = 1 if we take only invariant equations arising from the conditions (2.32),
(i.e., we work with the counterpart of the factor-module F} ), we have the following system
of differential equations:

9: =0 (3.20a)
8.4 =0 (3.200)
0p = ¢/ (3.20¢)

where ¢ € C* and satisfies (3.20a,b), ¢’ € CN, AN = A — a3 — as, the corresponding
signatures being x = (1,0,1), x' = (1,—2,1). (Note that the second Casimir operator
has the same value in the two representations: Ca(x) = Ca(x’) = =3, cf. (2.10).) If we
consider the irreducible factor-module L;, which means that we should use (2.34) instead
of (2.32), we have instead of (3.20¢):

0¢ =0 (3.20d)
where ¢ is as in (3.20c¢) and again satisfies (3.20a, b).

Thus, from the subsingular vector vy we have obtained the d’Alembert equations
(3.20c,d) as conditionally sl(4) and su(2,2) invariant equations.

Now we pass to the cases when a # 1. In these cases the vector vy is a linear combi-
nation of the singular vectors v; and v12 and it becomes zero when these singular vectors
are factorized. Since vy gives rise to the d’Alembert operators for all a we expect that
the d’Alembert equation (3.20d) will hold automatically if the invariant equations (3.14),
(3.17) (arising from vy, v12) hold. This is indeed so. We use the two equations (3.18)
which are the two components of (3.17). First we take d5 derivative from (3.18a) and 90—
derivative from (3.18b) and subtracting the two we get:

(a—1—=28.)(0-04 —930,)p=(a—1—20.)0¢ =0 (3.21a)

This still follows from (3.20d). Analogously, taking 0, derivative from (3.18a) and 9,
derivative from (3.18b) and subtracting the two we get:

0. (0-04 — 050,)¢ = 9.04 =0 (3.21b)
This also follows from (3.20d). Now, clearly from (3.21a,b) follows:
(a—1)0¢ =0 (3.21¢)

which implies the d’Alembert equation if a # 1.
Using the conjugate situation with signature ys(a) we recover the d’Alembert equation
on functions which do not depend on z and satisfy

((a —1)R3Ry — aR3R1>¢ — o
= ((afl)(&erzaJr)fRQag)@:O (3.22)
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instead of (3.17). Furthermore the analogs of (3.18a,b), (3.14), (3.16), resp., are:

((a 1 20.)9, — a,ag)ga —0 (3.230)
((a 1 29.)0, — auag)ga —0 (3.23b)
9.6 =0 (3.23¢)

(0:)%¢ =0, aeclN (3.23d)

Thus if a € IN, then the functions of the irreducible representations are polynomials in z
of degree a — 1.

If a € Z_ our functions satisfy (3.15) as those with signature x1(a).

Finally the d’Alembert equation (3.20d) follows from equations (3.23a,b) (a # 1). We
do not need to consider a = 1 since the two signatures coincide.

We summarize now the results of this subsection. The first result is that the d’Alem-
bert equation (1.1), (3.20d) holds in the representation spaces with signatures xi(a) =
(a,1 —a,1), resp., xs(a) = (1,1 — a, a), if our functions do not depend on the variable
Z, resp., z and in addition satisfy (3.20a,b), resp., (3.23a,b). For a = 1 the d’Alembert
equations (3.20c,d) are conditionally si(4) and su(2,2) invariant, while for a # 1 the
d’Alembert equation (3.20d) just follows from (3.20a, b), resp., (3.23a,b). If a € IN then
our functions are polynomials in z, resp., z, of degree a — 1.

In the su(2,2) setting we again recall that the variables z,Z are representing the
spin dependence coming from the Lorentz representation [5], [11], [12]. The above result
then is restated so in the case a &€ IN: the d’Alembert equation holds if the fields carry
holomorphic (depending only on z) or antiholomorphic (depending only on Z) infinite-
dimensional representations of the Lorentz algebra; in addition they satisfy (3.20a,b),
resp., (3.23a,b). In the case a € IN we restrict to Lorentz representations which are
finite-dimensional; in fact, of dimension a.

The case a = 1 is remarkable in one more respect, namely, in this case one may have
a nontrivial RHS, cf. (3.20c). It is easy to check that there are no other cases with
nontrivial RHS. In fact, for a # 1 (3.20d) follows from (3.20a,b), or (3.23a,b). This can
be shown also independently. Indeed, in the first case the candidate signatures would
be: x1(a) = (a,1—a,1), xj(a) = (a,—1 — a,1). We know that a necessary condition to
have an invariant equation is that the two representations would have the same Casimir
operators, in particular, one should have Cs(x1(a)) — Ca(x}(a)) = 0, where C5 is given
in (2.10). Calculating this difference we obtain:

C2(x1(a)) = C2(x1(a) = 2(a — 1) (3.24)
which is not zero unless a = 1.

The cases a > 1 are interesting in other contexts, especially, if we consider together the
representations with the conjugated signatures x1(a) and x3(a) with the same a € IN +1.
In particular, in the case a = 2 the two conjugated fields are two-component spinors and
(3.17), (3.22) are the two conjugated Weyl equations.

The cases a = 3 are maybe most interesting. The Lorentz dimension is 6 (= 2a) and
the resulting field is the Maxwell field. As was shown in detail in [11] equations (3.17),
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(3.22) are just a rewriting of the free Maxwell equations:

O Fpy =0, 0" F,, =0 (3.25)

Remark 5. Actually, in [11] were considered the general Maxwell equations with
nonzero current, i.e.,

O Fpy = J,, 0"*F,, =0 (3.26)

which are then equivalent to a modification of (3.17), (3.22) with nonzero right-hand-sides
which are given explicitly in formulae (5a,b) of [11]. More than that, in [11] is discussed
an hierarchy of Maxwell equations involving two conjugated families of representations:
X, =m+3,-n—-2,n+1),x, = (n+1,—n—2,n+3),n € Z, , from which the Maxwell
case is obtained for n = 0. Note that there is no other intersection of this Maxwell
hierarchy with the two families x1(a) and x3(a) (cf. (2.21¢), (2.35¢)) which we consider
in the present paper.

We may write out many other equations with indices, however, one of the main points
here is that in this form equations (3.20) and (3.23) are valid different representation
spaces, the different representations manifesting themselves only through the parameter a.

Remark 6.1. It is interesting to note that there are other conditionally invariant
equations involving the d’Alembert operator, from which (3.20c¢) is a partial case (m = 1),
namely:

0"p=¢, melN (3.27)

where p € CA, @' € CMN, N =A-m (13 + ag), the corresponding signatures being
x = (m,0,m), X' = (m,—2m,m). These are produced by subsingular vectors of weights
m (aqs + az2), [13]. The functions ¢, ¢’ carry irreducible Lorentz representations which
are symmetric traceless tensors of rank m — 1. (For early examples, namely, (3.27) with
m = 2, obtained from other considerations, cf. [21], [3], [17].)

Remark 6.2. We should note that there are conditionally invariant equations in-
volving the d’Alembert operator, which do not arise from subsingular vectors but from re-
duction of integral intertwining operators. These equations are also given by (3.27), how-
ever, the corresponding signatures are: x = (m,n,m), x’ = (m,n —2m,m), m,n € IN,

cf., e.g., [16].

Remark 6.3. We should note that in (most of) the physical applications (3.27)
is not considered conditionally invariant. The reason is that there only representations
induced from finite-dimensional Lorentz representations are considered. The fact that
these representations are also subspaces of reducible representations is ignored and thus
the restriction to these subspaces is not considered to be a condition (cf. [20], [21], [3],

[17], [16]).

4. Conditionally invariant ¢-difference equations

4.1. We give now the treatment of the conditionally invariant equations in the g¢-
deformed case. We need first to introduce our reduced representation spaces C* with
signatures x = x(A) = (m1,ma,m3), cf. [10], [11]. The elements of C* | which we
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shall call (abusing the notion) functions, are formal power series in the noncommuting
variables z,v,x_,zy,?, 2z, which generate the g-deformation ), of the flag manifold Y
(the commutation relations of these variables using the same notation are given in [11]).
More explicitly, these reduced functions are given by:
p(Y) = > WijkemnPijktmn
0.5,k 0,m,n€Z (4.1)
Pijhemn = 27 aF 2l 0™ "
where Y denotes the set of the six variables.
Next we introduce the following operators acting on our functions:

M,{@(Y) = Z uijkfmnMﬁSbijkémn, (4.2a)
i,j,kdmneZ
Top(Y) = Z PijkemnT@Pijkemn, (4.2b)

1,5,k mn€Z

where k = z,£,v,7, Z, and the explicit action on Q;jrems is defined by:

M, Pijkemn = Pit1,jkbmn, (4.3a)

Mv@ijn = Pij+1,kmns (4.3b)

M_Gijktmn = Pij ki1 bmns (4.3c)

M Gijhtmn = Pijktr1,mns (4.3d)

Mo@ijkemn = Pijhtimtins (4.3¢)

M:@ijktmn = Pijhtmmt1s (4.3f)

T, Pijrtmn = 4" Pijktmn, (4.4a)

Ty Pijktmn = @ Pijkemn, (4.4b)

T Gijkemn = ¢ Pijremn, (4.4c)

Ty Gijremn = q° Pijhemn, (4.4d)

T5@ijremn = 4" Pijktmn, (4.4e)

T:@ijktmn = 4" Pijktmn- (4.4f)

Now we define the g-difference operators by:

D.p(Y) = %M,;l (T =T p(Y), k=2+0,0z (4.5)

Note that although M 1 is not defined if the corresponding variable is of zero degree,
the operator D,, is well defined on such terms, and the result is zero (given by the action
of (T, — T:1)). Of course, for ¢ — 1 we have D,, — 9.

Using the above operators the representation (left) action was given in [10] for general
n and for n =4 in [12].

The g-difference analogues of the operators Ry, i.e., the right action of U,(sl(4)) on
our functions is also known from [10]. Adapting this to our notation we have :

R =D, T.(T,T-T,Ty)"* (4.6a)
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RY :(quﬁUTQTE DT +
+ M. M:Dy (T,T-) " Ty + ¢~ * M;Dy— (4.6b)
AN NLD DT )T
R§ = D:T (4.6¢)

To obtain the (conditionally) invariant ¢-difference equations amounts now simply to
substitute X7 with R} in the expressions of the (sub)singular vectors for general g.

4.2. Substituting (4.6) in (2.14) we obtain the following U, (si(4)) and U,(su(2,2))
invariant equation:

Rip = (qMZ@UTUQTE +D.T +
+ MzM5@+(TvT7)_1TT) +q ' M:Dy— (4.7a)
- AMUMgﬁ_ﬁ+T@)T@Tglg5 —0
The subsingular vector vpee gives rise to the following conditionally invariant equation:
(RIRYRS — RYRIR])p =
— {q%vﬁszTfT? — DyD.T.Ts+
4 PDLT, T2 (TZTZ + (¢ T - quTgl)/)\) +
+ qAleﬁ_@_’_ﬁZTZTET{)—‘r
+ g\ (quﬁvaTf +D_T_+
+ MZM2@+(TUT_)_1T@ + q_lMgﬁ{)—
— AMszﬁﬁ+Tﬁ)ﬁ5@ZTZ}(TvTT+)_1¢ vy (4.7b)
where ¢, € C and satisfies (4.7a), @' € C’Al, A = A — ay3, the corresponding signatures
being as in (3.13). Clearly (4.7a,b) go into (3.13a,b) for ¢ = 1. If we consider the irre-

ducible factor-module L, which means that we should use (2.15) instead of (2.14), then
we have a zero RHS in (4.7b) as in (3.13c).

4.3. Finally, we write down the g¢-difference analogues of the d’Alembert equation
and of the equations ensuring its U, (sl(4)) and U, (su(2,2)) invariance and from which
it follows (except for a = 1). Substituting (4.6) in (2.34) we obtain:

R3p=D:T:¢ =0 (4.8a)

(fo = 11, RIRS — (o), RERS )¢ =

= (q2 o — 1]q(qT)UT3TE + Mzﬁ+(TvT,)_1T5)TZ—
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l1—a T 22 >
—q (quDvT T2 4D T +
+ MZMEIZS+(TUT7)_1T@ + q_lMZ’[)@_

- AMUMZﬁ_ﬁ+TU)Z52>TZ(TUT_T+)1@ =0 (4.8b)

(4R - 2], RIRS) RIRSS = 0 (4.8¢)

As in the ¢ = 1 case we use (4.8a) to split (4.8b) in two equations and to simplify (4.8¢).
Finally, we have:

D:T:p =0 (4.9q)

(qa+2[a —1],D,T.T?T_—

- (quT)vaT_ n @_)ﬁZ>TZ(TvT+)—1¢ —0 (4.9b)

(qa+1[a — 1], Dy T(T, T ) Ty —
- (Mzﬁ+(TvT_)‘1T5 gDy

- AMvﬁ_ﬁ+ﬂ,>ﬁz>Tz(TvT_T+)1@ =0 (4.99')

{ (ﬁvﬁ@Tngl - qf)_ZAL_T__Q)TzTU’lf
—¢D_Dy(T,T,' - T, 'T.) }(TUTJF)*lTZT_Tg@ =0 (4.9¢)
In addition, if a € IN we have also:

a

(P-T(nT-T,Ty) 1) o =0 (4.94)

In the scalar case a = 1 the relevant equations are (4.9q, ¢, d), in particular, using
(4.9¢) and adding a nontrivial RHS we obtain the conditionally U, (sl(4)) and U, (su(2, 2))
invariant ¢g-d’Alembert equation:

{(ﬁvﬁf,TjTgl - qﬁ,mT_—Q)T;L
- qAﬁ_mM,,:/i,}(TUT+)*1T_T§¢ =g, a=1 (4.9¢)

Analogously one may write down explicitly the conjugated invariant equations.
Clearly, for ¢ =1 (4.9¢, e) go into the d’Alembert equations (3.20d, c), resp.
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