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Abstract. We study a family of commuting selfadjoint operators A = (Ay)r_;, which
satisfy, together with the operators of the family B = (Bj);’:l, semilinear relations
Zi f” (A)B]glj (A) = h(A), (flj, 9ij, hj : R®™ — C are fixed Borel functions). The develo-
ped technique is used to investigate representations of deformations of the universal enveloping
algebra U(so(3)), in particular, of some real forms of the Fairlie algebra Ug(so(3)).

Introduction. In last few years, due to applications to quantum groups, quantum
homogeneous spaces and others, representations of x-algebras have attracted a conside-
rable interest (see,for example, [3, 4, 8, 9, 10, 12, 15, 17, 21, 22, 28, 30, 34] and others).

We study representations of x-algebras generated by elements by, ..., b, and relations:

Pi(bl,...7bn,b>{,...7b;):07 z:17,m
Here P; are polynomials over C in the non-commutative variables by, ..., by, b7,...,b%.
The problem of describing representations of the x-algebras into a x-algebra L(H) of

bounded operators on a Hilbert space H or into a x-algebra of unbounded operators can
be reduced to that of operators By, ..., B,, which are connected by the relations

P(Bi,...,B,,B;,...,B}) =0, i=1,...m.

In this article we will assume that the x-algebra contains a commutative subalgebra A
with selfadjoint generators ay, k = 1,...,m, satisfying, together with the generators
b1,...,by, the semilinear relations:

Zfij(al,...,am)bjgij(al,...,am) = hj(al,...,am), j = 1,...,77,,
7
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where fij, gij, h; : R — C are some polynomials. Then, to investigate their representa-
tions, we need to study the structure of commuting selfadjoint operators Ay, k =1,...,m,
and the operators B ..., B,, which are connected by the following relations

S fi(Are o An)Bigig (Ar oo Am) = hy(Arye o Am)e G=1,ome (1)

This article is devoted mainly to a study of such operators A = (Ay)7; and B = (By)p_,
(bounded and unbounded), the functions f;;, ¢i;, h; are not assumed to be polynomials.
The developed technique is used to give a description of all irreducible representations of
deformations of U(s0(3)), in particular, of some real forms of the Fairlie algebra.

In Section 1, following [25], we investigate spectral properties of bounded operators
satisfying (1). In particular, criterions for the bounded operators A, B to satisfy (1)
are given (Theorems 1.2, 1.3). We note that the Kleinike-Shirokov theorem for normal
operator A and the Fuglede-Putnam theorem follow from these results (see, for example
[7, 23]). The problem of describing up to a unitary equivalence, all operators A, B € L(H)
satisfying (1) is “wild” in most cases (see Theorem 1.4), i.e., it contains as a subproblem
the problem of describing pairs of selfadjoint operators without any relations ([14, 20]).
Therefore, in Section 2, we study operators A, B, which satisfy, in addition, some other
relations, the form of which is suggested by many impotant examples.

The developed technique allows us to extend the list of x-algebras for which all repre-
sentations may be described up to a unitary equivalence. In Section 3, as an example, we
study representations of the *-algebras A, , generated by elements a1 = a}, as = a3 and
relations

[a17 [ala a2]q}q*1 = paz, (2)
[a27 [a27 al]q}q*1 = pag.

Here [z,y]q = 2y —qyz, € RUT, ¢ # 0, u € R, T is the unit circle. In general, we can
consider p = 0,+£1, for Ay, ~ Ag1if p >0, Ay, ~ Ay 1 if p < 0. Let us note that, for
1 = q =1, the x-algebra coincides with a real form of the universal enveloping algebra
U(so(3)), for p = —q = 1, it does so with a real form of the universal enveloping algebra
of the Zy x Zy X Zy graded Lie algebra sog4.(3). The latter is generated by selfadjoint
elements a1 = a¥, as = a3, az = a} and quadratic relations {a1,as} = a3, {a2,a3} = ay,
{as,a1} = ag, here {z,y} = zy + yx (see [24]).

Non-involutive algebra with generators a1, as satisfying (2) for 4 = —1 was determined
by D.B. Fairlie ([4]) as g-analogue of the Lie algebra so(3). Following [13], we denote it by
U, (s0(3)). It is easily seen that the considered *-algebras A, 1, A, 1 are its real forms,
the first algebra is compact, the second one is non-compact.

Some reprsentations of the Fairlie algebra have been investigated by different authors.
All irreducible representations of U(sog4-(3)) = A_1,1 was described by M.F. Gorodniy
and G.B. Podkolzin in 1984 ([6]). Even in this case there arise irreducible representa-
tions, which do not have analogs in the classical case U(so(3)). Some series of finite-
dimensional representations were studied by D.B. Fairlie ([4]) and M. Havlicek, A.U.
Klymyk, E.Pelantova ([13]). The aim of this paper is to describe all irreducible represen-
tations of the above x-algebras A, ,, up to unitary equivalence. We study both bounded
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and unbounded representations, give definition of the “integrable” representations. We
also consider behavior of the irreducible representations as ¢ — +1.

We note that irreducible representations of another real form of the Fairlie algebra
Uq(s0(2,1)) defined by the involution af = —as, a5 = as was described by O.M. Gavrilik,
A.U Klimyk in [5].

Using the technique of semilinear relations one can describe representations of real
forms of the quantum algebra U,(sl(3)) and other objects (see [25],[31]).

1. Representations of semilinear relations

1.1. Class of relations. Let H be a complex separable Hilbert space, fi;, gij, hi,
i=1,...,m, 5 =1,...,1, be bounded Borel functions defined on D C R™. A family of
bounded commuting selfadjoint operators A = (Aj)7_,; and an operator B € L(H) which

satisfy relations
m

Zfij(A)BgU(A) :hj(A)’ J=1...1 (3)

i=1
is called a representation of system of semilinear relations (3). Clearly, if f;;, gi;, h; are
polynomials, then to equations (3) there corresponds a quotion algebra 2 of the free
x-algebra with generators a; = aj, £ = 1,...,n, b, b* with respect to the two-sided
ideal generated by the elements >0, fij(a1,...,an)bgij(ar, ... an) —hj(ar,...,an), j =
1,...,1. In this case the study of the family A = (Ax)7_,, (Ar = A}, [4;, A;] =0) and
the operator B € L(H) satisfying relation (3) is equivalent to that of x-representations
w:A — L(H).

Note that such notions as a unitarily equivalent representation of a x-algebra, an
irreducible (indecomposable) representation, a factor-representation (a x-algebras of type
I, not of type I), and others have the sense accepted in the theory of representations (see,
for examples, [11, 16, 28]), and are naturally carried over to *-representations of relations

The aim of this section is to study the structure of representations of system (3).
Namely, we investigate their spectral properties (subsection 1.2), and the possibility of
describing all irreducible representations up to a unitary equivalence (subsection 1.3).

Remark 1.1. To study unbounded representations of relations (3) it is necessary to
define the meaning of operator equalities (3). The question on “correct” definition of
relations (3) it is investigated for some special semilinear relations (Section 2).

The study of bounded representations of system (3) can be reduced to a study of
representations A = (Ag)}_,, B € L(H) of system of homogeneous relations

Zfij(A)Bgij(A) =0, j=1,...,1L (4)

Namely, any representation A, B of (3) is of the form B = B’ + ¢(A), where A, B’ is a

representation of (4) and ¢ is some Borel function (Proposition 1.1,[25]). Therefore, from

now on we restrict ourselves to considering only system of homogeneous relations (4).
To system of semilinear relations (4) there correspond
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a) the characteristic binary relation:
= {(t,s) € R" x R" | &;(t wa )gii(s) = 0,5 =1,...,1},

D, (t,s) is called the characteristic function of the i-th relation;
b) an oriented graph (D, I') where an edge e——s belongs to the graph if and only if
¢

(t,s) €T.

Sometimes, for brevity, we denote the graph by I' and call it the graph of system of
relations (4).

Remark 1.2. If a family A = (A;)7_, and a selfadjoint operator B is a solution of
system of equations (4), then A, B satisfy also the following relations

Zgw )B;fi;(A)=0, j=1,...,L (5)

Therefore, with a representation A, B = B* of (4), it is naturally to connect the binary
relation

I's={(t,s) eR" xR" | (t,s) €T, (s,t) €T},
where T is the binary relation of (4).

Throughout the paper, I'|a; denotes subgraph of the graph I'" with the property that
vertices of I'|y; are points of M and its edges are that of I' connecting the points of M. In
the case when ®(¢,s) = 0 is equivalent to ®(s,t) = 0, the graph I' together with the edge

e also contains the edge e«——e | hence the graph can be considered as non-oriented.

1.2. Support of representation. Let A be a family of commuting selfadjoint operator,
E,(+) be the joint resolution of the identity for A.

DEFINITION 1.1. We say that a subset F C R™ x R™ A-supports an operator B €
L(H) if
Ep(a)BEL(S) =0
for any pair (o, 3) of Borel sets such that (o x 8) N F = 0.

Tt is not difficult to prove that there exists the smalest closed set F supporting B (take
the complement to the union of all open « x 3). We will denote this set by suppy (F). If
the joint spectrum of the family A is finite, i.e., 0(A) = {A1,..., Ay} C R", then that F A-
supports an operator B means P;BP; = 0 for any (\;, \;) ¢ F, where P; is the projection
on the eigenspace corresponding to ;. Under the assumption o(A) = {A1,..., A\s} we have
that A, B € L(H) determine a representation of relation (4) if and only if P,BP; =0 as
soon as (A, Aj) € I, or, which is the same, suppy B C I', where I' is the characteristic
function corresponding to (4). This immediately follows from the equalities

me )Bgij(A)) P, = ®;(A\p, \e)PoBPy, 1 k=1,...,80=1,...,1

For general bounded representations we have the following necessary condition.
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THEOREM 1.1. If A, B is a representation of relation (4), then suppy (B) C T', where
T is the binary relation corresponding to (4).

The proof of the theorem is more complicated, we refer the reader to [25]. Let us
note that from the above theorem it follows the Kleinike-Shirokov theorem under the
assumption A = A*, i.e., if A= A* B € L(H) satisfy relation [A, [A, B]] =0, then A, B
commute.

In the general case the inverse statement to that of Theorem 1.1 is not true (see exam-
ple 1.1). However, it turns out that for a broad class of equations (4), its characteristic
binary relation completely determines the solution space, i.e., the set of all operators
A-supported by I' coinsides with the set

{Be L(H) | Zfl-j(A)Bgij(A) =0,j=1,...,1}.

We first consider the case when the family A consists of at most two operators. The
following theorem was proved in [25].

THEOREM 1.2. Let fij, gij be polynomials. For a pair A, B to define a representation
of relation (4) it is necessary and sufficient that

suppp (B) C T

In particular, from this theorem it easily follows that, if two polynomial relations have the
same graph and A consists of at most two operators, then their bounded representations
coinside.

Remark 1.3. The theorem remains valid if we require that g;; € Lip;0(A) in the
case A = (A, A2) and g;; € Lip /50(A) when A consisits of only one operator A. If the
functions f;;, gi; are continuous, then the condition supp,B C I' is not sufficient for
(A, B) to be a representation of relation (3). The corresponding example was constructed
in [29].

The condition of smoothness of the functions g;; can be replaced by the condition on
the graph of the relations: if supp,(B) C F = {(t,s) | s = p(t)} C R?, where ¢ is a
bounded Borel function, then the pair A, B gives a representation of any relation whose
graph contains F.

Remark 1.4. In [25] the statement analogous to that of Theorem 1.2 was proved
also for the following operator relations:

> fu(M)Bgi(N) =0, (6)
k=1
where fi, gr are polynomials and M, N are arbitrary bounded normal operators. Namely,
for M, N, B to satisfy (4) it is necessary and sufficient that
En(a)BEN(B) =0

for any o, 8 € B(C), a x N{(t,s) € CxC| >}, fu(t)gr(s) =0} = 0.
In particular, it is easy to see that this implies the Fuglede-Putnam theorem (see [23]).
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If the family A consists of more then two operators, then the statement of The-
orem 1.2, generally speaking, is not true. The following example is constructed by using
the arguments analogous to that given in [29].

EXAMPLE 1.1. Let A be operator acting on L(H) in the following way
3
A(B) =Y [Ar, [Ar, B]) - B.
k=1
It is easy to show that the characteristic function of the relation A2(B) = 0 equals to
®2(t, s), where ®(t, s) is that of relation A(B) = 0. Hence, characteristic binary relations
of both relations coinside. At the same time, the equations

A(B)=0 and A*B)=0

are not equivalent, i.e., there exists a solution of the second equation which does not
satisfy the first one.

The following result is true without any restriction on the dimension of the family A.

THEOREM 1.3. Let A = (Ag)}?_,, and T be such that there exists a decomposition of
o(A) into Borel sets P;, o(A) = Ul P;, such that each P; x P;NT,i,j =1,2,...,is a
graph of a mapping, i.e., P, x P;NT = {(t,;;(t)} CR™ x R". Then A, B satisfy (4) if
and only if

suppy (B) C T

Let us note that the condition of the theorem holds, for example, if the set {u € D |
(A, ) €T}, 0(A) € D is finite for any A € o(A).
All results remain true if B = B*, but with I'y instead of T'.

1.3. Classification of representations. When studying representations of an algebraic
structure, an important problem is that of describing, up to a unitary equivalence, all
irreducible representations. The possibility of unitary classification of all indecomposable
representations of system of semilinear relations (4) depends on the structure of the
corresponding graph. As a rule, this problem is “wild”, i.e., it contains as a subproblem
the problem of describing, up to a unitary equivalence, pairs of selfadjoint operators
without any relations([20]). In this case, for brevity, we say that system of semilinear
relations (4) is “wild”. We have the following criterion.

THEOREM 1.4. System of semilinear relations (4) is “wild” if and only if the corre-
sponding graph T' contains the subgraphs:

a) Q or b) e——se——e (and with any other orientation) for the representations with
A

arbitrary B;
and the graph T's contains the subgraphs:

O ) .
c) ¥——s , or d) e———e——s for the representations with B = B*.
Otherwise, any indecomposable representation is one- or two-dimensional.

EXAMPLE 1.2. The relation
[Aa [AaB]q}q_l :/J'Bv B:B*7
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is “wild” for any parameters ¢ € RUT, q # 0, 4 € R, except for ¢ € T, p < 0. This
follows from the fact that, only under this conditions, the equation

O(t,s)=t>+(q+q Vts+s>—pu=0
does not have two different solutions (¢, 1), (¢, s2) for any t € R.

Remark 1.5. It is easy to prove that under the assumption B = B*, system (3) is not
“wild” if and only if any its representation is that of the dynamical relation AB = BF(A),
where F' is some Borel real function.

2. Polynomial from the left relations and dynamical systems

2.1. Symmetric representations of polynomial from the left semilinear relations. In
this section we study representations A = A*, B = B* (symmetric representations) of
the following polynomial from the left relation

P(A,B) = zn: A*Bay(A) =0, (7)
k=1

where ay, are real polynomials, a,(A) = 1.
The characteristic function of the above relation is of the form ®(t, s) = Y"}'_, t*ax(s).
One can prove that there exist Borel functions Fj, k = 1,...,n, such that

o(t,s) = [ [t - Fi(s)).
k=1

By Theorem 1.3, we can restrict ourselves to considering relation (7) such that Fy, k =
1,...,n, arereal and may be defined on some subset D C R, and F},, F}; are not identically
equal for k # j.

Remark 2.1. From Theorem 1.1 it easily follows that if A C R is invariant with
respect to F;, i = 1,...,n, then F4(A) is such with respect to the operators of represen-
tations A, B.

First we show that the study of (7) can be reduced to the study of several dynamical
relations:
ABk:Bka(A), k:L...,n. (8)
Before formulating the corresponding theorem we note that, without loss of generality,
we can assume that (P(A, B))* = P(A, B), because A = A*, B = B* determines a
representation of (7) if and only if supp,4B € I'y, where I's = {(¢,s) | ®(¢,s) = @(s,¢) =
0}. Hence ®(¢,s) = ®(s,t). From the symmetricity of the characteristic function it follows
easily that for any A € D, k < n, there exists | < n such that Fj(Fj(\)) = A.

THEOREM 2.1. To every representation A = A*, B = B* of semilinear relation (7)
satisfying the above conditions there corresponds a unique representation A, B,gl), B,(f),
k=1,...,n, of the relations

AB)) = BOFi(A), k=1,..,n, i=12, )
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such that the operators B,gl), k=1,...,n, are selfadjoint,
BPEA{N]3s <k: Fo(A) = FuW}YU{A | 3s < k: Fu(Fu(A) = A}) =0,
BMEA{N | 3s < k: Fy(\) = Fy(\)}) =0,

and B =Y, _, B,(Cl) + 2221(31(92) + (B,(f))*). Moreover the representation A, B, B* is
irreducible if and only if so is the representation A, B,(:),B,(f), k=1,...,n.

A detailed proof of the theorem is given in [25].

2.2. Additional relations. If no additional conditions are assumed on the operators
A = A* B = B*, then, by Theorem 1.4, we have that relation (7) is “wild” as soon as it
differs from the dynamical relation

AB = BF(A),

where F' is a fixed Borel function.

Here, following [25], we will study symmetric representations of (7) under the condition
that the operators of the representation A = A*, B = B* satisfy some other additional
relations. For more general case when B need not be selfadjoint, we refer the reader to
[25].

Additional relations between operators A, B lead to that between operators B,(j) in
the decomposition. For simplicity, from now on we will assume that the characteristic
function of (7) is of the form ®(¢,s) = (t — F1(s))(t — F(s)), F; : D — D, D is a subset
of R. Just this case will be needed to study of representations of deformations of so(3) in
Section 3.

Note that from Theorem 2.1 it follows that Bf) = 0. Put X = B§2), Y, = Bi(l),
1 =1,2. It is not difficult to show that we can restrict ourselves to considering the case
(A€ D | F(F(N) = MFE() £ A} = 0, = 1,2, hence ¥; = Y:Ea({A | E(\) = A}),
i=1,2.

Consider the relation of the form

> ¥(A)Bgr(A)Ber(A) = h(A), (10)
k

where ¥y, gk, ¢k, h are bounded Borel function defined on the spectrum of A.

PROPOSITION 2.1. Let A = A*, B = B* be a representation of (7). If the operators
A, B satisfy additionally relation (10), then the corresponding operators A, Y1, Ya, X
are connected by the relations:

XY1 = X*Yo =0, YiXs11(A)=YaX*s00(A) =0, ViYo=YsY; =0, (11)
X*Xs12(A) + X X*591(A) + Y511 (A) + Yo s22(A) = h(A), (12)
where s;;(A) = Z Vi (F5(Fi(A))) gi(F(A))pr(A).

k
Conversely, if A, Y1, Ya, X, in addition, satisfy (11), (12), then A, B=Y; + Y, +
X + X* is a solution of (10).

We will study the following two cases:
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D{xea(A)| F;(\) =X} =0,i=1,2, and either Ker s12(A) = {0} or Ker sy1(4) =
{0};

2) either {\ € o(A) | F1(A\) = A} = 0 and Kers12(A) = {0} or {\ € 0(4) | Fo(N) =
A} = 0 and Ker s91(A4) = {0}.

Consider the first case. For convenience, assume that Ker si2(A) = {0}. Since {\ €
o(A) | F;(A\) =X} =0,1=1,2, we have Y; = Y5 = 0. From (8), (12) it follows that

AX = XFi(4), X*'X = —XX"*s91(A)s15 (A) + h(A)s1y (A). (13)

Let X = U|X]| be the polar decomposition of the operator X (Ker X = KerU). By
[19, 32], the problem of unitary classification of the triple (4, X, X*) satisfying (13)
reduces to that of the triple (A, |X|, U) such that A = A*, |X| > 0, U is a partial
isometry, and

(XU =UG(|X], A), (14)
AU = UF,(A),

where G(x,y) = —xs21(F1(y))s5 (F1(y)) + h(F1(y))s15 (Fi(y)), moreover U is a cen-
tred operator, i.e., [UF(U*)*,U™(U*)™] = 0, [(U*)FU*, (U*)™U™] = 0 and [(U*)kU*,
Um™(U*)™] =0 for any m, k € N.

Let now {A € o(A4) | F1(A\) = A} =0, {\ € o(A) | Fo(A\) = A} # 0, and Ker s12(A) =
{0}. Hence Y7 = 0, Y2 # 0. An easy computation shows that A, Y5, X satisfy the relations:

[A’ YQ] =0, HX|’ YQ] =0, [Av |X|] =0,
AU = UFl(A), |X|U = UG(|X|,A), YoU =0, (15)

where G(z,y) = —zs21(F1(y))s12 (F1(y)) + h(Fi(y))si2 (Fi(y)), moreover the operator
U is centred. Note that in this case Ker U* # {0}.

Due to different applications representations of relations (14), (15), they have been
investigated in [19, 32]. Put F(x1,x2) = (G(21,22), F1(x2)). Denote by F*) the k-th ite-
ration of F. By [19, 32|, if (A, X, X*,Y3) is an irreducible representation of (14), then the
spectral measure of the family of commuting selfadjoint operators (| X|?, A) is concentra-
ted on Qy, where x = (1, 23), U = {FF) (21, 25) | k > 0, (F®)y(z1,29) > 0, Fy(x2) =
z3} or Qp = {FF) (z1,25) |0 < k <m — 1, FF®)(z1,20) > 0,k < m, (F™)(z1,22) =
0, Fy(wa) = z2}. Let p?(x)s11(72) + z1512(22) = h(w2). Representations act on la(Qy) by
the formulas:

Aey = yaey, |Xley = fyiey, Yaex = p(x)ex,

Ue. — | €F) if F(y) € Qx,
YTl 0 ifF(y) € Ox.

The possibility of describing all irreducible representations of relation (15) depends on
the structure of the dynamical system (o (|X|?, A), F(z,y)). Let us note that in this case
F is one-to-one. If the dynamical system has a measurable section (a set intersecting each
orbit  in a single point) or for any orbit €2, there exists x = (z1,z2) € Q such that
x1 < 0, then the spectral measure of the family (|X|?, A) is concentrated on a subset Q°
of an orbit Q, = {F®*) (2, 25) | k € Z}. The orbit (2 satisfies the conditions:
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either (F(F),(z1,29) > 0, k € Z, then Q° = Qy;

or (F®))y (z1,29) > 0,k > 0, and (FC-V); (21, 22) = 0, then Q° = {F*) (z1, 25), k > 0};

or (F(-R)1(0,29) > 0, k € N, then Q° = {F(-F)(0, 25),k € NU {0} };

or (F¥)y(zy,29) > 0,0 <k <m—1,and (FV) (21, 22) = 0, (F™); (21, 22) = 0,
then Q0 = {F) (2, 25),0 < k < m}. Representations act in lo(92°) by the formulas:

Aey = yzey, |Xley = \/yrey,
: 0
Uey _ eF(y) lf F(y) S QO,
0 if F(y) ¢ Q°.
Other cases that arise in study of representations of deformations of so(3) are consi-
dered in Section 3.

2.83. Unbounded representations. Studying representations of different x-algebras
there arises a necessity to study unbounded operators satisfying (7). For this purpose
we need to give sense to the operator equality

n
> A¥Bag(4) =0.
k=1
Here we assume that ay, £k = 1,...,n are polynomials,

Ztkak(s) = (t— Fi(s))™ (t — F»(s))"™, my,mg € NU{0}.
k=1

Following [25], we make the following definition

DEFINITION 2.1. We say that symmetric operators A, B satisfy relation (7) if there
exists a dense set ® such that

1) @ is invariant with respect to A, B, B*, E4(A), A € B(R);

2) ® C Hy(A), D(B) D Hy(A), where Hy(A) is the set of all vectors bounded for the
operator A;

3) (7) holds on ®.

Applying the arguments analogous to that given in Theorem 6.3,[25], one can prove
the following theorem.

THEOREM 2.2. Let conditions (1)-(2) hold for ® C H. Then the following statements
are equivalent:

1) Y A*Bag(A)p =0 for all ¢ € ®,
2) Ea(a)BEA(B)p =0 for all p € ®, for all a, B € B(R),ax BNT = 0.

If A, B satisty, in addition, relation (10), where @k, ¥, gk, h are polynomials, then,
in the first considered case, we have By = X¢ + X*p and relations (14) hold on @,
D(X),D(X*) D Hp(A), irreducible representations being described by formulas (16); in
the second case, Bp = Xo+ X*o+ Yy, ¢ € &, and A, X, X*, Y satisfy (15), D(X),
D(X*) D Hy(A), irreducible representations are of the form (16).
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3. Representations of deformations of SO(3)

3.1. x-Algebras Ay ,,. Here we consider *-algebras A, ,, which are generated by selfa-
djoint elements a; = aj, a2 = a5 and relations

[ah [ala a2]q]q*1 = Maz, [a27 [a27 al}q}q*1 = pai, (16)

where [z,y], = 2y —qyz, ¢ € RUT, ¢ # 0, p € R. If ¢ = p = 1, then relations (16)

determine the universal enveloping of the Lie algebra so(3) or that of the Za x Zs X Zs
graded so4-(3) if g = —p = —1.

First note that by using the transformation a; < —=ay, if £ > 0, and a; < Jl_fual,

N
if 4 < 0, relation (16) can be reduced to the following

la1, a1, az]ql,—1 = signpuas, (17)
laz, [az, a1]ql~1 = signpas. (18)
The non-involutive algebra generated by the elements a1, as and relations (16) for p = —1

is the g-analogue of the universal enveloping algebra of the Lie algebra U(so(3)) defined
by Fairlie ([4]). The %-algebras A, 1, Aq—1 are its real forms, the first is compact, the
second is non-compact. Some represesentations of the Fairlie algebra have been studied
in [4, 5, 13]. Our aim is to study all irreducible representations of A, , up to a unitary
equivalence by using the technique developed in the previous sections.

Let us note that relations (17), (18) are symmetric. Moreover the first relation (17)
is semilinear with respect to as, the second is quadratic with respect to as as considered
in Section 2. Let 7 be a representation of A, , in a Hilbert space H. Put A; = 7m(a;),
i =1,2. To study unbounded representations of relations (17), (18), we must define their
meaning. Following Section 2, we give

DEFINITION 3.1. Symmetric operators Ay, Ay form a representation of (17), (18) if
there exists a dense set & C H such that:

1) @ is invariant with respect to Ay, As, E4,(A), A € B(R);
2) ® consists of bounded vectors for Ay, (® C Hy(A1)), D(A2) D Hp(A1);
3) relations (17), (18) hold on ®.

3.2. Representations of Ago. 1) Let ¢ € R\ {0,+1}. Taking into account that the
characteristic function of semilinear relation (17) is of the form ®(t,s) = (t—qs)(t—q~'s),
we have, by Remark 2.1, that the representation space H is decomposed into a direct sum
of the subspaces Hy = Ker Ay, H; = (Ker Al)l, which are invariant with respect to A,
As. In Hy the operator A; = 0, hence any irreducible representation in the subspace is
one dimensional. In Hy, by Theorem 2.1, the operator As can be represented in the form
Ay = X+ X*, where A1 X = ¢X A;. From Proposition 2.1 it follows that X, X* satisfy, in
addition, the relation X*X = ¢~2X X*. Since the dynamical system (X, u) — (g\, ¢~ %)
has a measurable section 7 x R*, where

:{ (~lal,~1]U{0} U[L.Jq)) if [g| > 1,

[_1’ _|q|) U {O} U (|q‘7 1] if |Q| < 1,

we have, by [32], that any irreducible reprentation is connected with an orbit of the
dynamical system. Namely, the following proposition holds:
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PROPOSITION 3.1. Any irreducible representation of relation (17), (18) is one of the
following:
1) one-dimensional: A1 = (N), As = (1), A\, p € R, Ap=0;
2) infinite-dimensional in lo(Z):
Aver, = M¥ep,  Aser = ¢ Fpepiq + ¢ Y

where (A, u) € T x RT, X #0.

HEL—1,

2) Let ¢ € T\ {£1}. Since any connected components of the graph corresponding
)
to semilinear relation (17) are e, "'-", we have that any irreducible representation is

one-dimensional:
A=A, Ay=pu, ANpeR, u=0.
3) Let ¢ = £1. If ¢ = 1, then relations (17), (18) are of the form
[a1,[a1,a2]] =0, [asz,[az,a1]] = 0.
By Definition 2, we have [41, A2] = 0 on ®, hence they commute in the sense of resolutions
of the identity. Thus, any irreducible representation is one-dimensional:
A1 =X Ay=pu, ANpeR

It should be noted that under another definition of unbounded representations of A, ,
there exist representations different from the described ones.

If ¢ = —1, then as above, we have {A;, A2} = 0 on ®. By [15], any irreducible
representation is either 1) one-dimensional: Ay = A\, As = p, Au = 0, \,u € R; or 2)
two-dimensional:

A0 0
1 <0 _>\>7 2 (/14 0)7 A>Oau>0 (9)

Note that for ¢ = 1 (¢ = —1), the infinite-dimensional representation from Propsi-
tion 3.1 is decomposed into the direct sum of one-dimensional irreducible reprsentation
(respectively, two-dimensional irreducible representations of the form (19)).

3.3. Representations of Aq, > 0. 1) ¢ € R\ {0,%1}. First consider the case ¢ > 0.
Characteristic function corresponding to (17) is of the form
®(t,s) =t* — (¢+q ts+5* = 1= (t = F1(s))(t = Fa(s)),

- ho A
where F'y(2)(s) = scho £ v/s2sh?c + 1, here sho = %. Define “~2 20

sho
to check that suppa,As C {(t,s) | (t —s—1)(t — s+ 1) = 0}. By Theorem 2.1, the
operator A, can be represented in the form As = X + X™* such that

ApX = X(Ap +1).

= A;. It is easy

Besides, X, X* are connected by the relation

X*X = F(XX*, Ay),
where F(x,y) = :EEZEEZI_BQ - QShJSCZE?;L)U). The dynamical system (x,y) — (F(z,y +
1),y + 1) has the measurable section Rt x [0,1). Thus, by [32], we have the following
proposition.
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PROPOSITION 3.2. Let ¢ = ¢e%, o € R\ {0}. Any irreducible representation is finite-
dimensional and unitarily equivalent to one of the following: H = C™

aieg, k=1,
sh((2k —n —1)o/2
Arey, = (« Jo/ )eIw Ager, = ¢ agepyr +ag—1er—1, k#1n,
sho
Qp—1€n—1, k= n,
_ sh(ko)sh((n—k)o) _
where oy, = \/4sh20ch((2k—n—1)0/2)ch((2k—n+1)a/2)’ k=1,...,n-1

Let now ¢ < 0. Characteristic function corresponding to (17) is the same but with
ShO'AO

sho

Fi(2)(s) = —scho & Vs?sh?0 4 1. As above, put = Ay. Then suppys, Ay C T =

{t,s) | t+s—1)(t+s+1)=0}. Let

—(z+(-1)"), fze(—3+2k 3+2k), kEZ, or
Fi(x) = ‘ r=1-2p,—-1-2(p+1),peN, i=1,2.
—(z —(-1)"), otherwise,

If  # £4, then Fi(Fy(z)) = Fy(Fi(z)) = =, FQ(:E%)) = £1. It is easily seen that
I ={(t,s) | (t — Fi(s))(t — Fx(s)) = 0} and the sets M; = {(=1)*(3 +k),k e NU{0}},
My = {(-1)*(—1 — k),k € NU{0}} are invariant with respect to F;, i = 1,2. Thus, the
representation space H is decomposed into a direct sum of subspaces H;, i = 1,2, 3, which
are invariant with respect to Ag, Ao or, what is the same, with respect to Ay, A>. Here
H1 = EAO(Ml)H, H2 = EAO(MQ)H, H3 = (Hl D HQ)J_. In Hi7 i = 1,2, the operator
Ay can be represented in the form Ay = X + X* 4+ VY, Y = Y* : H(+1) —» H(+3),
X*|g(x1) = 0 such that

AgX = XFi(A).

Moreover, if (A7, As) is irreducible, then, by results of subsection 2.2, Y|H(i%) = ul,
© e R and

X*X = F,(XX*, Ap),

where
ch((yF1l)o) sh(yo) . _ k(1
F (CC ) — xch((g:iil)a) + 25ho’ch(?(inl)0) if y= i(_l) (5 + k)’ ke N’
p\T Y 2 ch(o/3) " sh(c/2) fu—+1
ch(30/2) 2shoch(30/2) Y 2°

In Hs, we have Ay = X + X™* and

AgX = XF1(A),
X*X = F(XX*, Ay),

h((y—1)o sh(yo . .
where F(z,y) = xihEEZ+BU; - QShUZh((Z(/yJ)rl)a)’ if y € (—3 +2k+1,5+2k+1), otherwise
F(z,y) = xzzggziggg + 25%‘2];2?(’;11)0). The set R* x (—3,1) is a measurable section of

the dynamical system Rt x R\ (M; U M) 3 (z,y) — (F(z, Fi(y)), Fi(y)). Thus, by
arguments given in Section 2, we have the following list of irreducible representations.

PROPOSITION 3.3. Let ¢ = —e?, o0 € R\ {0}. Any irreducible representation is unita-
rily equivalent to one of the following:
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1) H=C",
(=1)*sh(no) _
(1)"sh((2k + (~1)")o/2) 001 + Sgaisyeor £ =0
Arey = <ho er, Aser = apers1 + ag_1ep—1, k#0n—1
QOp—2€n—2, k=mn— ]-7

h((n—k—1)o)sh((ntk+1)o) _ s .
where o = \/4sh82;ci? 2k+1)a;2)c;;((2k+3)0/2)’ k=0,....,n=2,4,j=0,1;

2) H=C",n=2p+1,

k=0
—1)ksh((2k —n + 1) /2 01, ’
Ae, = (=1) ( s )7/ )ek, Asep, = per+1 + ap—1€p—1, kF#0,n—1,
Qp—2€n—2, k =n— 1,
((k+1)o)sh((n—k—1)0) _
where oy, = \/49hzach((2k n+t1)o/2)ch((2k—n+t3)o/2)’ k=0,...,n-2

2) Let ¢ € T\ {£1}. Put o = arccos q*g_l. Here one should distinguish two cases: a)
ocenmQ,b) o ¢ Q.

k

. . . . n, kiseven
Let 0 = % (£ is an irreducible fraction), s = { ’ ’

2n, kis odd.

Then, in contrast to the above cases, all connected components of the graph corre-
sponding to semilinear relation (17) are of the form:

I =% o= where )\, = SE&Imo) ., ¢ [fg’g]\{w | m,l € Z},

sin o

A Az Ao
\ N
IL Ve - e, where A, = %ﬁnm k is odd;
A1 An
I e o—a, where m < n, A, = S2@EE) 15—\ £ 2, 1< <
A Am
j<m;
O cos(o’/2+(z 1)0) .
IV. ¥—e - «—»  where m < n and either \; = =—=—~=———-= ¢ =1,...,m, or

sin o
)\1 )‘Wl

A= —Cose 2 o) Ly, A £ A< i #£ G <m

Since all the connected components are finite we have that o(A;) is finite as soon
as (Ay, As) is irreducible, the spectral measure concentrating on the set of points of
a component (see Proposition 3.6,[25]). If the support of an irreducible representation
is the graph II, then, by Theorem 2.1, we have Ao = X + X* + Y] + Y5, where Y} =
Y*: Hy, —» Hy, Yo =Y : H\ — Hy, , H,, is the eigenspace of A4, corresponding
to )\1 (here Fl( ) = )‘7,+17 ) 7£ n, Fl(A ) = >‘n7 F2( ) = )\, 1 ) }é 1 Fg(Al) = )\1)
o(Ay) = {w

I11. By Theorem 21, A2 =X +X*, (here Fl(Al) = )‘i+17 7 7é n, FQ()\i) = )\i—l, ) 7é 1),
but neither Ker sj2(A;) = {0} nor Kers2;(A;) = {0} (see Section 2). If support of the
irreducible representation is graph IV with m =n, A\, = glia, we have Ay = Y1+ X+ X*,
Yl = Yl* . HAl — H)\l, (F1(>\1) = )\1'_;,_1, 1 74— n, FQ()\) = )\1_1, ) 7£ 1, F2(>\1) = )\1),
but Kersija(A;) # {0}. In all these cases, in contrast to the above ones, there arises
irreducible representations such that o(A;) is not simple. For a detailed investigation we

refer the reader to [27]. The following proposition gives the full description of irreducible

| s =0,...,n}, then the support of the representation is graph
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representations (A4, As) for o € 7Q. We will denote by I,, the identity in n-dimensional
space.

PROPOSITION 3.4. Let 0 = W%, o # 7l. Any irreducible representation of (17), (18)
is unitarily equivalent to one of the following: 1) H = C*,

ager +ela,_res_1, m =0,
€m, A2€m = Amemt1l + Am—1€m—1, m 7é 0,5 -1,
g€+ e P _1eg, m=s—1,

sin((x +m)o)

Avem = sino

o 4y sin? o cos(zo) cos((z+1)o) —sin mo sin((2z+(m~+1))o)
where o, = \/ 4sin? o cos((xz+(m+1))o) cos((z+m)o) ’ (l" y) € {(l‘, y) € My x

RY [ > 0,m=0,...,5—1}, ¢ € [0,27), oMy = [—7/2,7/2]\ {TEEDET |0 € 7);
2) H=C", k is odd,

—1)¢ —
cos(§ + (m —1)o) (=1)"Aes + e, m=1,
Alem - - - €m, A2€m - MmCm+1 + Mm—-1€m—-1, MM 7é 1,’/7, - 17
Sin o .
Hn—1€En—1 +(*1)j>\6n7 m=mn,

_ sin?(mo)—4A2 sin?(0/2) sin? o Lo _
where Hm = \/4sin2asin((2mfl)o’/2) sin((2m+1)o/2)’ i,j = 0,1, A€ {)\ €R | Pom > 0,m =

1,...,n—1};
3) H=C?", k is odd,
1o 0 Y; ,ulfz
Al _ ,A _ ,U/].IZ 0 ,
: fn—112
0 Anlz Pn—1l2 Y2
a 1 :
where)\m:7cos(2—|—'(m )U)7Y1< A0 ),Y2A< cosy  singp >7
sino 0 =X singp —cosg

Wm 18 the coefficient defined above, A € {\ € RY | u, >0,m=1,...,n—1}, p € [0,27);
4) H=C", k is odd,

cos((m — 1)o) *1€2; m=1,
Aren, = _Temy Aser, = A emi1 + Qp—1€m—1, M 7é 1,n,
Qp_1€n—1, m=mn,
where ap = a1 = m, Ay = ﬁ, m=2,...,n—1;
5) H=C>"=Y & is odd,
0 X7
Al o 0 X; 0 X;
212
A= JAy = Xo ;
0 Aol R, G
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1
. COS
where )\m = _COS((SZ: ) ) X = \/ibilna- . v ) XTL—I = (\fl 70)7 XZ = 2 sin 12’
o Toeino sin ¢ 2sino s o
i=2,...,n—2, p€0,m);
6) H=C", k is even,
(-1’ _,
cos((2m —1)o /2 @162+ 55051 m=54
Ajen, = (—1)F/2 (« - Jo/ )em, Azl = amemil + Om_1€m_1, m#1,n,
Sl o
Un—1€n—1, m=mn,
where q,, = ﬁ, 1=0,1;
7) H=C?""1 k is even,
M Iy 0 Y Xy
- X, 0
Al = ’ 3 A2 - . 3
)\n—lI2 T X:L—l
0 And1 Xno1 O
2m —1)o/2 i
U}helre )\m = COS(( m )0/ )’ Y = ZSian ( C.Osw Sln(p )7 X’L = ﬁ]g, Z =
s o s @ — COS
L...,n—2, X, 1 = (m,o), ¢ €[0,2m);
8) H=_C,
(=1)? sinlo _
Q163 + 5o €1 =1
. (008(27’71 — 1)0-/2) 2sin(o/2)sino 1’
Aren, = (_1)Z sino Em;s Agem = Omemt1 + Qm_1€m—1, m# 1,1,
Qar_1€1—1, m =1,
_ sin((I—m)o) sin((I+m)o)
where i = \/_4sin2osin((2m71)o/2)sin((2m+1)0/2))’ e {l eN | am > 0,1 <m < l}7
i7j = 07 17‘
9) H=C,
. ageg, m =1,
Alem - Mem; A2€’rn - Om€m41 + Op—1€m—1, M 7é 17 lv
S o
Q-1€-1, m =1,
_ sin((z+1)0) sin(mo) sin((2z+(m+1))o)
where ay = \/_2sinocos((oc+2))a)7 Am = \/ 4 sin? o cos((z+m)o) cos((z+(m—+1))o)’ m 7& L

(z,1) € {(z,1) € RxN | oz # I —lo+ms, sinlosin((2z+(I4+1))o) = 0, sin(")o cos((z+
ML) ) £ 0,0 > 0,m=1,...,1— 1,s € Z}.

If 0 ¢ 7Q, then for any set M which is invariant with respect to Fy, Fy, we have
M=[--% L] Therefore, irreducible representations of relation (17) need not to be

concentrated on the trajectory Q = {F(k)(F(m)( A)) | k,m € Z}. It is clear that the points
of the trajectory can be parametrized in the following way: Q = {w |keZ},xe

sin o

[~ 555 55 Here we describe irreducible representations connected with these trajectories.

PROPOSITION 3.5. Let 0 € wQ. Then, any irreducible representation Ay, As with
o(Ay) C {Eledthao) | ke 7Y is unitarily equivalent to one of the following:

sin o

1) .
sin((z + k)o
Aep, = 7(( - ) )ek, Bey = agegqy1 + ap_1€k-1,
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where the collection {ex} forms either
e a basis in I5(N) and either (z + k)o # £% + 2nl, =% + 71,

o = = sin(ko) sin((2z + (k + 1))o)
k 4sin? o cos((x + k)o) cos((z + (k + 1))o)

)

:6 I:T, leZ,vc{R|ar>0,k>0} oro(x+1)=+5 427, ay = ﬂslmo, = 5o,
> 1; or

e a basis in C" and

o — sin(ko) sin((n — k))o)
g 4sin? o cos((2k —n — 1)a/2) cos((2k —n +1))o)’

k=1,....n—-1,ne{neN|a,>0,k=1,...,n—1}, or
e a basis in lo(Z) and

3

o = \/4y sin® o cos(z0) cos((z + 1)) — sin ko sin((2z + (k + 1))o)
4sin? o cos((z + (k4 1))o) cos((z + k)o)

zo # TEEEM | m e 7, (v,y) € {(,y) € R xR | oy > 0,k € Z};
2)

Ay, = (_1)icos(2m —1)o/2

sin o

aies + peq, m=1,

€m, AQem =
Amemt1 + Om—_1€m—_1, m # 1,1,

where the collection {e,,} forms either
e a basis in C' and p = (—1)j%, Q, coinside with o, from Proposition 3.4,
8),le{leN|a,>0,1<m<l},i,j=0,1, or

e a basis in 13(N) and

o - \/ —4p2 sin® o sin?(0/2) + sin?(mo)
" 4sin® osin((2m — 1) /2) sin((2m + 1)o/2)’

(Lp e{l,n) eNxR|ay>0meN}, i,j=0,1.

3) Let ¢ = +£1.If ¢ = 1, then A, , coinsides with a real form of the universal enveloping
algebra U(so(3)), the full description of its irreducible representation can be found , for
example, in [35]. If ¢ = —1, then Ay, is a real form of the universal enveloping algebra
of the graduated algebra U(so(3)) studied in [6]. Representations of such algebras can
be described by using the technique of semilinear relations.

We note that 1) any irreducible representation described in Proposition 3.2 (Proposi-
tion 3.3) converges to the corresponding representation of the algebra U(so(3)) as ¢ — 1
(to U(so,4(3)) as ¢ — —1); 2) for ¢ enough close to 1 or —1 or, what is the same, for o
enough close to 0 or 7, there are no representations of the forms 1) — 3). Besides, there
are no infinite-dimensional representations given in Proposition 3.5. Nevetherless, for any
o= w%, k is odd, o # 0, # 7, there exist representations of the form 4) — 7), moreover

[|A1]],]]A2|]] = o0 as o —0,m.
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3.4. Representations of Ag ,, p < 0. 1) Let ¢ € T. Taking into account that ®(t,s) =

—(g+q 1)ts+s2+1, we have that all connected components of the graph corresponding

to relation (17) are o . Hence, by Theorem 1.4, any irreducible representation of (17) is
A

one-dimensional. From (18) it follows that any irreducible representation of A, , is trivial
A1 = 0, Ag =0.

2) Let ¢ € R\ {£1,0}, ¢ > 0. The characteristic function of semilinear relation (17)
is of the form ®(t,s) = (t — F1(s))(t — F(s)), where Fy(2y(s) = scho + v/s?sh?c — 1,
cho = q+q71, o > O It is easy to check that the sets M; = {A € R | A < —-1,
My ={X € R | XA > -} are invariant with respect to the functions F;, i = 1,2, hence
H;,=FE;s(M;)H,i= 1 2 being invariant with respect to the operators of representations

acting in H. Besides, all conected components of I'|g\(ar,un,) are of the form e, all
A

)

irreducible representations in Hs = (H; @ Hy)* being trivial. As in the case ¢ < 0, u > 0
the problem of describing all irreducible representations, up to a unitary equivalence, in
H;, i =1,2, is reduced to that of the triple (Ap, X, X*) satisfying the relations:

AoX = X(Ag+1),  X*X =F(XX*,Ap),

where
zsho(y—1) cho .
F(:C,y) — { shc;b((y-}-Ql)) 2+ QSho'Shh(‘Tz(//y;)-l) if Y 7& 1/27
— 5h(30’/£) + 2shosh(30/2) if Yy = 1/27
and
.choA
A S(’Two’ Ay =X + X" +puby, X*(Py+P)=0

(here Py, Py are the projections on the eigenspaces of the operator A with the eigenvalue
{(—l)i%}, {0}, respectively, ¢ = 0,1, u € R). For a details we refer the reader to
[27]. Since the dynamical system (z,y) — (F(x,y+ 1),y + 1) has the measurable section
R* x [0,1), one can describe all irreducible representations up to a unitary equivalence.

Analogously we can describe irreducible representations for ¢ < 0.

PROPOSITION 3.6. All irreducible representations of Aq, are unitarily equivalent to
one of the following:

I.g=¢e%,0>0

1) H = I,(Z")
T P
where oy, = \/4shg2h;$+;k11;1;?;;32}?2((22/+2gﬁi/2) p? < 4sh2%a/2)’ i=0,1.
2) H = Iy(ZT)
Mo = (CpREEER) { R b

where o (x) = V e e e 2> 0, 0 # 4, and ag(0) =

k>0,i=0,1.

Tasna s 0k(0) =

2shc7’
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3) H=1(Z)
,ch(o(z+k
Arey, = (—1) %ek, Aser, = ag(@, y)ers1 + an—1(z,y)er—1,
S 20'5 xTro)s xT o S o)Ss xT o
where ak(z,y) = \/4yh Ziwﬁ3%u12n395$+lﬁ%if%+l)) and (z,y) € {(z,y) €

(0,1) x RT | ag(x,y) > 0,k € Z}, i =0, 1.
4) zero one-dimensional representation.

II.q=—€%,0>0,

1) H = 15(Z")
ch(o(z +k)) ag(z)ey k=0
A == —1 k+167 A = ’
1Ek ( ) sho €k 26k ak(x)ekH + ak_l(x)ek_l, k> O,
sh((k o)sh((2z+k)o
where O[k(l') = \/4sh2as(f(z(alvzkll)(cg)gssz(m)’w)k)d)’ r >0, aO(O) = ﬁ’ Oék(O) = ﬁ7
k>0,i=0,1.
2) H=10,(Z)
;ch(o(z+k
Aseg = (—1)FF %eb Agey = ap(x,y)epr + ar_1(x,y)ex—1,
_ sh(zo)sh((z+1)o) sh(ko)sh((2z+k+1)o)
ag(z,y) = \/sh((y:c+k)o)sh((x+k+1)o)) + Thtosh(GiRo)shiaikinay (@y) € {(zy) €

(0,1) x RT | ag(x,y) > 0,k € Z}, i = 0, 1.
3) zero one-dimensional representation.
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