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Abstract. Irreducible representations of quantum groups SLq(2) (in Woronowicz’ approach)
were classified in J.Wang, B.Parshall, Memoirs AMS 439 in the case of ¢ being an odd root
of unity. Here we find the irreducible representations for all roots of unity (also of an even
degree), as well as describe ”the diagonal part” of the tensor product of any two irreducible
representations. An example of a not completely reducible representation is given. Non-existence
of Haar functional is proved. The corresponding representations of universal enveloping algebras
of Jimbo and Lusztig are provided. We also recall the case of general q. Our computations are
done in explicit way.

0. Introduction. The quantum SL(2) group is by definition a quantum group (A4, A)
that has the same representation theory as SL(2), i.e. all nonequivalent irreducible rep-
resentations are u®, s =0, %, 1,... such that

t+s
dimu® = 2s + 1, v Qut~ P U,

r=|t—s|,
step=1

s,t =0, %, 1,... and matrix elements of u? generate A as an algebra with unity I.
Putting t,s = % in the above formula one can see that there must exist nonzero

intertwiners E € Mor(u, uz @uz) and E’ € Mor(u? @uz,u’). The operator E may be
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identified with a tensor E € K ® K, whereas the operator £’ with a tensor E' € K*® K*,
where K ~ C2 is the carrier vector space of us.

The classification of quantum SL(2) groups (described in the introduction of [16] and
repeated here) is based on consideration of these tensors. There are three cases:

1. The rank of the symmetric part of F is 0. Then

E=ec1Qe—er®eq, E =el@e?—e?@et,

where ey, ey is a basis in K, while e!, e? is the dual basis in K*. This case
corresponds to the undeformed (classical) SL(2).

2. The rank of the symmetric part of £ is 1. Then there exists a basis e, eo in K
such that

EF=e1®ey—ea®e; +e1Req, E'=-rcl@e+e?e +e2 062,

This case has been considered e.g. in [16].
3. The rank of the symmetric part F is 2. Then there exists
g € C\ {0,1,roots of unity} U {—1} and a basis e1, ez in K such that
E=¢1®e —qea®ey, F=e'®e?—qe?@el.

This case has been considered in [15] and is recalled in section 1. For ¢ = 1 one
obtains the case 1.

Nl

In all these cases A is the algebra with unity I generated by matrix elements of u = u
satisfying the relations

(u@Qu)E=FE, FEu®@u)=EFE.

When ¢ is a root of unity and ¢ # +1, the representation theory of the case 3. is
essentially different from that of SL(2). In this case these objects are ambiguously called
quantum SL,(2) groups at roots of unity. They are considered in the present paper in
section 2.

The basic facts concerning quantum qroups and their representations are recalled in
the appendix A. The quotient representations and the operation ~  are investigated
in the appendix B.

0.1. Basic notions. The degree of a root of unity g € C is the least natural number N
such that ¢V = 1. In the following we assume N > 3, i.e. ¢ = £1 are not roots of unity
in our sense. We put

N, if N isodd,
% , if N is even,
400, if g is not a root of unity.

N() =

We denote by N the set of natural numbers {0,1,2,...}.

0.2. Results. When q is a root of unity, then all nonequivalent irreducible represen-

tations of quantum SLy(2) group are v' Qu®, t = 0, %, 1,..., s=0, %, 1,...,% — %

_ 1 ([« B o1 aNo ﬁNo
u=1u —<7 6) and v=v _(’YN” 6N°>'

Here
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Moreover, v is a fundamental representation of a quantum group isomorphic to SLy (2),
where ¢ = qNg = +1. The following formulae hold
vt v ~ vz @ ot . dimo' =2t 41,

_1 1 .
' Qur~utT? @utte, dimu® =25+ 1.

t =0, %, 1,..., s = %, 1,..., % — 1. Let us summarize the main results of the paper.
N,
The basic decomposition of the representation u 2" ~2 (u is described by
T 2 s
No _1
u? 2Qur 0 v *
No
0 0 uz !

Moreover},V (:che elements denoted by three stars and the matrix elements %f the represen-
tations u=2 ~! and v are linearly independent. Thus the representation uz "3 (Du is not
completely reducible.
One has
vt Du = ut ot
We also describe the ”diagonal part” of tensor product of any two irreducible represen-
tations of SL4(2).

In sections 2.6—2.7 we describe representations of universal enveloping algebras of
Jimbo and Lusztig corresponding to the irreducible representations of SL,(2).

Remark 0.1. The classification of irreducible representations of SL,(2) for N odd
is given in [11]. In the present paper we consider also N even, prove our results in
an explicit way and also show other results concerning representation theory of SL,(2)
(see sections 2.1., 2.4.—2.7.). Description of v as a fundamental representation of SL1(2)
is also contained in [11],[10].

1. The general case. In this section we recall the theory of quantum SL,(2) groups
for general ¢ € C\ {0}, see [15], [12] and [11].

In the present section g € C\ {0} unless it is said otherwise.

We set K = C? with canonical basis e, es. We fix linear mappings £ : C - K ® K
and F’' : K ® K — C in the same way as in the case 3. of the classification of quantum
SL(2) groups in section 0.

(1.1) E(l)=e1®e2—qea®en,
1.2) E'(ey®e1) =0, E'(ea®e2) =0,
' E'le1®e3) =1, E'ea®er) = —q.

DEFINITION 1.1. A is the universal algebra with unity generated by w;;, ¢,7 = 1,2
satisfying

(1.3) (u@Qu)E=F and E'(u@u)=F',

where u = (ui;)7 j—; -
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Setting
(1.4) ur =y = (: g) € Myy2(A),
the relations (1.3) take the form

af} = qBa, ay = qya,
Bd =qdB, 6= qdy,
(1.5) By =8,

1
ab—qgBy=1, ba——py=1.
q

Using (1.3) one can easily prove the following

PROPOSITION 1.1. There exists unique structure of Hopf algebra in A such that u is
a representation (this representation is called fundamental).

Let

k
(1.6) ak:{ o for k>0

5k fork<0.

(1.7) A =span{a,8"y" : s€Z, mneN, |s|]+m+n<k}, keN.

PROPOSITION 1.2. Elements of the form

(1.8) agy" 5", ke€Z, mneN,
form a basis of the algebra A. Moreover

k
(1.9) dim A =Y (14 1)%

1=0
The proof is given in [17] (Proposition 4.2.).
Elements of the form
(1.10) o8B, kileN, meZ

are also a basis of the algebra A, where by definition

g™ form>0
(L.11) Bim = {7_7" form < 0.

This follows from the fact that each of the elements (1.10) of a given degree (a degree of
an element (1.8) or (1.10) is the sum of absolute values of its indices) can be expressed
as a finite linear combination of the elements (1.8) of the same or less degree and from
the fact that the numbers of both kinds of elements of the same degree are equal.

The above consideration shows that

Apzspan{akélﬁm ck+l+|m|<p, k,leN, me Z} for pe N.
In virtue of (1.3) EE’,id € Mor(u®2,uP?2). One has (id — EE')(e; ® €;) = ¢; @ €,
1,5 = 1,2 for ¢ = 1. It means that id — EE’ is equivalent to a transposition in this case.
Using this intertwiner one can investigate symmetric and antisymmetric vectors (vectors
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such that (id — EE’)v = +v ). For general ¢ we are interested in intertwiners of the form
o =id + AEE’, satisfying the condition

(1.12) (e®id)(ld®o)(c®id) = (ild® o) (0 ®id)(id ® o)
After some calculations one gets A\ = —¢~2, —1. Taking A = —1 one obtains
oc=id - EF’

(the other value of \ corresponds to ¢=1). Using (1.1) and (1.2) one has

oler®e) =e;1®ey,
ole1 ®ez) =qgea®eq,

(1.13) (1 2) qe2 1 ,
olea®e;) =qe1 Qe+ (1—¢°)ea®eq,
0'(62@62)262@62.

It can be easily found that
(1.14) ot = (1- o +¢?,

ie. (o —id)(o+¢%) =0.
The eigenvalue 1 corresponds to symmetric vectors

e1®er, gei®extex®er, ex®eg,
while the eigenvalue —q? corresponds to an antisymmetric vector
e1®er —gea®eq.

Let us define intertwiners

(1.15) or=d®...01dRrRId®...®id, k=1,2,....M -1
—_——— —_——
k—1 times M—k—1 times

acting in K®M (M € N).
This definition and the properties (1.14) and (1.12) of ¢ imply the relations of Hecke
algebra:

00| = 010k ,

k-1 >2,
(1.16) OkOk+10k = Ok+10k0k+1, =1 M1
0k2:(1_q2)0k+q2 20T Ly
Let
(1.17) EFr=d®..deFRd®...®id, k=1,2,...,M -1
——— ———
k—1 times M—k—1 times
(1.18) E,=d®..idoF id®...®id, k=1,2,...,.M—1
—— ———
k—1 times M—k—1 times
Let us define a subspace of symmetric vectors
(1.19) K% =K®mM_ (3 e KM . qup=g, k=1,...,M—1}.

The intertwiner E} is an injection and therefore

(1.20) K% ={z e K®™ . Elz =0, k=1,...,M—1}.
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K*% is equal to the intersection of kernels of intertwiners Ej, k =1,..., M — 1, hence it
is an invariant subspace of K® . Thus one can define the subrepresentation
(1.21) ur =u®M,
M
K™=

In particular, u® = I, uz = u.
Each permutation 7 € II(M) can be written as follows
1<4,..,t S M -1
1.22 =t ... 1 - = ’
(1.22) T= it i1y im €N,
where t; = (j,j + 1) is a transposition and m = m(7) is minimal. It is known that m(m)
is equal to the number of m-inversions. The intertwiner

(1.23) On =04y ...0;

m

does not depend on a choice of a minimal decomposition (1.22), which can be obtained
from (1.16) (cf [14], page 154).
Let us define an operator of g-symmetrization Sy : KM — K®M given by (cf. [5])

(1.24) Si= Y ¢,

Tell(M)
PROPOSITION 1.3. (0, —id)Spr =0 for k=1,....M — 1.

Proof. Let us call a permutation 7 € II(M) "good”, if m~1(k) < 7= 1(k + 1) for
fixed k. A ”bad” permutation is meant to be not a "good” one. If 7 = t;, ...¢; is
a minimal decomposition of a ”"good” permutation into transpositions, then a minimal
decomposition of the "bad” permutation ¢xm is txt;, ...¢;, and m(tpm) = m(m) + 1,
Otenr = OkOx. In such a way ”"good” and "bad” permutations correspond bijectively.
According to (1.24), one has

Su= Y e 4 Y

7 EM(M) ! €TI(M)
7 is /' good’’ 7! is /'bad’’!

Si7
= (id+ ¢ %0%) S\,

where Sg\g) is defined in the first line of the formula. Using (1.16) one can check the equa-
tion O’kSM = SM Q.E.D.

COROLLARY 1.4. Im Sy, C K%,

Let us define Fact, for z € C as follows
(1.25) Fact,(M) = Y o2 ™).

(M)

Using the mathematical induction one can prove

M 1_g2k
=1 1—22 > x +1
PROPOSITION 1.5. Fact, (M) = k=1 1—27 #
Ml r==+1.

COROLLARY 1.6. Fact1 (M) =0 if and only if M > Ny.
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Using (1.24), Proposition 1.3. and (1.25), one can obtain

PROPOSITION 1.7. S%, = Fact1 (M)Sy .

PROPOSITION 1.8. dim K% = M +1.

Proof. For a given element € K®™ one can write a decomposition
(126) Tr = E Liy,...in €in ®...®€1‘M s
11,000 =1,2

where z;,, i, € C. According to (1.20), the statement = € K™ is equivalent to:
Vk=1,2,...,M —1 Ej,xz =0, which can be replaced by: for all k =1,2,...,M —1 and
for all @;, ... 4, such that i; =1 and 7341 = 2 the following holds

k k
(1.27) T Y2 =qT_ 5.,
where U denotes the k-th position of an index. It means that all the coefficients x;, .. i,
can be uniquely computed from the coefficients x1_ 1, 1. 12, ..., T2..2. One can conclude
now that the thesis holds. Q.E.D.
ProproSITION 1.9. The linear span Wi of ej, ® ... ® €j,,, J1,---,im = 1,2 with
a given number | of m such that j.,, = 1, is invariant w.r.t. the intertwining operators

ok, k=1,2,...,M — 1 as well as w.r.t. the operator Sy;.

The above proposition can be directly obtained from (1.15), (1.13) and the defini-
tion (124) of S]w.

PROPOSITION 1.10. The following inequalities hold
1. dimIm Sy > M +1  for M € N such that M < Ny,
2. dimIm Sy, > Ny — 1 (for Ny < 00).

Proof. Let us fix M. Using Proposition 1.9. one can see that in a decomposition of

(1.28) Sule1®..Qe1®e®...Q0e), k=0,...,M

k times M—k times

there are only the elements of the basis e;;, ® ... ® e;,, that have the number of e; equal
to k.
It can be easily computed that an element e; ® ... R e; ® ey ® ... & ey has the coef-

k times M—k times
ficient equal to

Facti (k) Facti (M — k).
q q

For M < Ny all these coefficients are nonzero and the elements (1.28) are linearly inde-
pendent. In the case M = Ny one gets coefficients equal 0 only for £ = 0 and k = Ny.
Q.E.D.

Using Corollary 1.4., Proposition 1.10. and Proposition 1.8., we get
COROLLARY 1.11. If M is a natural number such that M < Ny then
dimIm Sy, =M +1,
ImSy =K* .
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LEMMA 1.12. Let ¢ be the intertwiner defined by
P KT 5 KK,
o(z) = (Sos ®id)(z ® E(1)), ze€ K52,

for given s =0, %, 1,... such that 2s < Ng — 1. Moreover, let the representation uS~7 be
irreducible. Then

1. ker ¢ = {0},

2. Im y corresponds to the representation us_%,

3. Ime N K5tz = {0}.
Proof. We compute

pler®...0e)
=561 ®...0€e1)Rex —qSas(e1®...Q0e; ®ey) Ve
=Fact1(28)e1 ®...®e1 ® ea—
. €1®er

q FaCt;(2$—1)61®...®61®62®61—|—...:| #0.

Thus irreducibility of u*~2 implies 1. The result of 2. is now obvious.

Im ¢ corresponds to the irreducible representation w*~%. Thus if 3. would not hold
then Im pc K*+2, because K2 is u® Qu invariant (see (1.20)). This implies ¢(e1 ®. ..®
e1) € K5t2. Applying (1.26) and (1.27) to the underlined elements of z = p(e; ®...®e;)
one gets

Fact%(Qs) =q (—q)Fact%(Qs -1,

which is impossible (see Proposition 1.5). This contradiction shows 3. Q.E.D.

0

PROPOSITION 1.13. Let the representations u”, u%, .., u® be irreducible for fized s € %

such that % <s< % — % Then
1. us®uzus’%@us+%,

2. the representation usts s irreducible.
Proof. 1. Using (1.20) one has
K*ticK o K.
Applying the intertwiner ¢ of Lemma 1.12. one gets
(1.29) K2 eImpc K° @ K.

The dimensions of both sides of the inclusion are the same. This proves 1.

2. Analogously as in 1. one has u! Qu =~ uiTr @ u”%, 1 = %, 1, %, ...,s. Using
the mathematical induction, © P! can be decomposed into a direct sum of some copies of
u%, u%_l, ce u? oru’, 1=0,1,...,25+ 1.

Therefore

dim Agsy 1 = dim span{(ucm)km 1=0,1,...,2s+1, kkm=1,.. .,21}
1.30 L
(1.30) §dimspan{u,’;‘m:Z:O,l,...,25+1, k,mzl,...,(l+1)}
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Comparing this with (1.9) one obtains that the matrix elements of the representation
uT2 must be linearly independent and the representation w2 must be irreducible.
Q.E.D.

Using the last proposition and the mathematical induction one can prove

N

THEOREM 1.14. The representations u®, s € 5, s < % are irreducible and the fol-

lowing decomposition holds
us®uzus_% @us"’%, 5 < No _ 1
2 2
COROLLARY 1.15. In particular the representation u @M is a direct sum of some copies
of representations u%, u%*l, . u? or u° for M € N such that M < Njy.
Using the above theorem and Proposition A.2. in [7] one gets

COROLLARY 1.16. Each representation of SLq(2) is a direct sum of some copies of
u®, s € N/2, for ¢ € C\ {0, roots of unity}.

2. The case of roots of unity. The complex number ¢ is assumed to be a root of
unity all over the section. In this case Ny is finite (see section 0) and Ny > 2.

2.1. The basic decomposition. From the proof of Lemma 1.12 one can see that a de-
N,
composition of uz "2 (Du may be completely different from the one in Theorem 1.14.
The aim of the present subsection is to find it.

Let L be the subspace of K®No given by the formula
(2.1) L:span{ek@)...@ekEK@N":k:l,?}.
One can see that dim L = 2 and LcK .
LEMMA 2.1. Let ¢ be the following intertwiner
No ¢ No 1
p: K™ — K2 2K,
p(x) = (Sny—1 ©id)(z @ E(1))

No
- 1

forze K . Then

1. ker ¢ = {0},

2. Im y corresponds to the irreducible representation u%’l,
9. K* =Tmyp® L.

Proof. 1. and 2. See Lemma 1.12.
3. One can easily check (in different manners for k=1,2,..., No—2 and for k=Ny—1)
that
Eole1®...0e1)=0 for k=1,2,...,No—1.

It means that
N
(2.2) o1 ®@...0e)e K= .

Moreover, the above element is different from zero.
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According to 2. Im ¢ corresponds to an irreducible representation and therefore
(2.3) Impc K2 .

Decomposing an element of Im ¢ into elements of the basis €;, ®...®e;y , i1,...,in, =
1,2, one can see that the elements e, ® ... ® ey, k = 1,2 have the coefficients equal 0 (we
use Proposition 1.9). Thus

Imen L ={0}.

Calculating the dimensions one can prove

No
K2 =Impa L.

Q.E.D.
Remark 2.1. Let SM, M € N be an intertwiner defined as follows
Sy = S|
K¥-3eK

Su:K*¥ 29K — K%

One can prove
Imy =Im Sy, =Im Sy, C K3 = ker Sy, C ker Sy, ,

which gives (cf Proposition 1.7) the equalities *@12\/0 = 0, 512\,0 = 0. The situation for
M < Ny was completely different: Sy, was proportional to a projection and hence

Im Sy @ ker Sy = K®M |

ImS’M EBkergM — K% 3 ® K.
PROPOSITION 2.2. Let
N, N,

(2.4) v= ((;ézvz §N§> :
Then v is a quotient irreducible representation of a subrepresentation of u P 3 Du,

No
corresponding to the quotient space K2 /Imso ~ L.

Proof. In virtue of (1.21) K3 isu?—% (Du-invariant subspace.
N

Using Lemma 2.1. one can see that KTO/Irmp =~ L corresponds to a representation.
Its matrix elements are the matrix elements of the representation © @™o that appear at
the intersections of columns and rows corresponding to e; ®...®e; and e2® ... R ey and
are given by (2.4). The elements of v are elements of the basis (1.8) of the algebra A and

therefore v is irreducible. Q.E.D.
LEMMA 2.3. Let us define an intertwiner
E;nq =E

m71| ’

K% 3gK
El K3 7@K — K&m=2)
m=2,3,.... Then
1. ker E K%,

m—1 —



QUANTUM SL4(2) GROUPS AT ROOTS OF UNITY 233

2. Im Ejn =K%
3. Im Em_l corresponds to the representation u?

Proof. 1. follows from (1.20) and the definition of E/, ;.
2. One can see (cf 1.27) that

(2.5) mE, , c K¥1
One has

-1

dim(K%7 2 @ K) = dimker £/,_, + dimIm E/,_, .
Thus dimIm £/, , = m — 1 (see Proposition 1.8.). That and (2.5) prove 2.
3. follows from (1.21). Q.E.D.

COROLLARY 2.4. The following decomposition holds (cf Appendiz B.)

= T1 1
v QurutT2 dute fors=3,1,....

Proof. We notice K72 @ K/kerEfn,l ~ImE! | and set s = z_1  QE.D.

No 1
COROLLARY 2.5. The quotient space (K272 K)/K% corresponds to the represen-

. No . . .
tation w2 —1, which is irreducible.

THEOREM 2.6. N
Zo_q
U2 * *
No 1
uz "2 QQur 0 v *
No _
0 0 w2zt

“Ng No 4

2. u ~uz G v.

3. All elements denoted by three stars are linearly mdependent from each other as
well as from the matriz elements of the representations u 21 and v.

Proof. 1. and 2. We use Lemma 2.1., Proposition 2.2. and Corollary 2.5.
3. Using Theorem 1.14. one can see that the representation © @®No decomposes into
some copies of u =3 Qu, u - Loy= =2 u? or ul.

The following is obvious
Ay, =span {(u®*);; : k=0,1,...,No, i,j=1,2,...,2%},
where Ay, is defined by (1.7).
According to Corollary 1.15. and 1. of Theorem 2.6. one has
i, =12,
k=0,1,2,..., Ny — 1,

elements denoted £
Virjry U
5,j=1,2,...,k+1

A =
No spait (by three stars

Comparing the dimensions of both sides one gets 3. (see (1.9)). Q.E.D.

2.2. Irreducible representations
PROPOSITION 2.7. (¢f. [10]) Let A’ be the subalgebra of A generated by the elements
o =alo, B=pNo A =ANo g =N,
Then A’ is isomorphic to the algebra A for the changed parameter ¢’ = ¢V
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Remark 2.2. The new parameter ¢’ may be equal 1.

Proof. Using Proposition 1.2. one can see that the elements o) y'™5", k € Z,
m,n € N, are linearly independent in the algebra A’, where . are defined in analogous
way as ay, (see (1.6)).

Tt suffices to prove that the elements o/, 8, v/, §’ fulfill the relations (1.5) for the new
parameter ¢’. The first five relations are immediate to prove, the last two will be consid-
ered now.

One has the following equation of polynomials

No—1
(2.6) [T 0+ ¢¥2) =1+ gNoomDgNo,
j=0

Using the mathematical induction one can obtain

No—1
a™osto = TT (1 + 4% (g8v)),
j=0
which using (2.6) can be written as
aNogNo _ 1 + qJ\/(’;‘BN(,7N0 _

This corresponds to the last but one relation of (1.5). The last relation can be proved in
a similar way. Q.E.D.

One can easily check the following

PROPOSITION 2.8. A’ is contained in the center of A for q being a Toot of unity of
an odd degree.

Using the notations introduced in Proposition 2.7., representations v®, s = 0, %, 1,...,
can be defined in an analogous way as the representations u®, s = 0, %, 1,..., (but for
the parameter ¢’ = ¢™0, see (1.21)).

According to Theorem 1.14. one has (Ny = 400 for ¢ = +1)

COROLLARY 2.9. The representations v°, s = 0, %, 1,... are irreducible. Moreover
the following decomposition holds

v¥ Do = V572 @t
PROPOSITION 2.10. (cf. [2] and Theorem 3.12 of [1]) The representations

1 Ny 1

S TP i
277 )

1
i s
t=0,-,1,... =0
’U®u7 7277 b S ) 2 2

are irreducible and nonequivalent.

Proof. It suffices to prove linear independence of matrix elements of representations
v!@u®, t=0,3,1,...,5=0,3,1,..., 22 — 1 But matrix elements of v* Du® belong to
Angyott2s and the numbers No2t + 2s are different for different pairs (¢, s). Therefore we
need to prove (for given ¢, s) the linear independence modulo Ap,2¢12s—1 of the matrix

elements

(vt®us)ik7jl:vfjuzl, i,j=1,2,...,2t kil1=1,2,...,2s
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which is equivalent to the linear independence (in our sense) of the elements
(27) aNoaﬁNOb'YNocakﬁmryn y

where a,k € Z, b,c,m,n € N are such that |a| +b+c = 2t and |k| +m +n = 2s (matrix
elements of ©* modulo Ay;_; are basis of AQS/AQS*I[’ cf (1.30), similarly for v*).

Doing some computations one can see that the linear independence of the elements
(2.7) is equivalent to the linear independence of the elements

(aNo)a(ﬁN())b(,yNo)c Ozkﬁm’y", (1)
(6MNo)a(BNo) (o)< 6F By a>lork>1, 2)
(aNo)afl(ﬂNo)b(,yNo)c aNgfkrﬁerk,ynJrk . ak>1, (3)
($N0) = (3N (o ok gtk k> 1, (1)

where a,b,c,k,m,n € N are such that a + b+ ¢ = 2t and kK + m + n = 2s. The above
elements are proportional to some elements of the basis (1.8).

It can be easily seen that the elements (1) and (3) are of a different form than the el-
ements (2) and (4).

Moreover the elements may be characterized by the number being the sum of the pow-
ers of the elements: 3, v and « (or §), where we do not take into consideration a™¥o, 3No,
yNo, §No. The number 2s corresponds to the elements (1) and (2), the number Ny + 2s
corresponds to the elements (3) and (4). Remember that 2s < Np.

The elements (1), (2), (3) and (4) have the degree Ny2t + 2s, hence they are indepen-
dent modulo An,2tt2s—1 and the proof is finished. Q.E.D.

2.3. All irreducible representations. Let
Acent ={a € A : 7(A(a)) = Aa)}
where 7: A® A - A® A is a linear mapping such that 7(a ® b)) =b® a for all a,b € A,

A is the comultiplication.

LEMMA 2.11.

1 1 N 1
Acent :span{Tr(vtCDus) : t:O,i,l,... , 5:0,2,1,...,20—2} )
Using the above lemma, the fact that traces of all irreducible representations form
a linearly independent subset in Aceny and Proposition 2.10., one obtains

THEOREM 2.12. The representations

1 1 N
tDu’ t=0,=,1,... =0,-,1,..., =2 —
v u? 0?237 K S 03277 72

1
2
are all nonequivalent irreducible representations of the quantum group (A,u) for q being

a root of unity.

Note that for =41 the above theorem is also true. In this case one could put Ny=1
and u = v.
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Proof. (of Lemma 2.11.). Due to Corollary 2.9., Theorem 2.6. and Theorem 1.14.,

1 N 1 1
Tr (v' Qu®) = Tr (v*) Tr (u®), 5= 5,1,...,70 — 5 t= 571,... ,
Tr (') = Tr (1) Tr (v) — Tr (0!~ 3), t:%,l,
(2.8) Tr (v) = Tr (u%_%) Tr(u) — 2Tr (u%_l),
’IT(us+%):Tr(uS)Tr(u)—Tr(us_%), s:%,l7 ..,%—1,
Tr(u) =a+34.
We get that the statement of the lemma is equivalent to
(2.9) Acent =span{(a+ )" : n=0,1,2,...}.
Let us consider a linear mapping ¢ : A - A ® A defined as
(2.10) v=N—-To/,
The equation (2.9) is equivalent to
(2.11) kery =span{(a+6)" : n=0,1,2,...}.

Let ¢, = 1JJ|A for P=0,1,2,.... The equation (2.11) can be replaced by the following
P

vP=0,12... ker¢, =span{(a+4)" : n=0,1,..., P} .

Note that dimker ¢, > P +1 (because (a+0)" €ker wP). Thus the above equality follows
from the inequality

(2.12) dimImy, > dimAp — (P +1),
which we are going to prove now.

The comultiplication A of the Hopf algebra A is given by
Aao)=a®@a+ 7, AN =7RL+0®4,
AB)=a®pP+BR, Ay)=7®@a+i®7.
Let us take into account elements of the form

Aa*6'8,,), k,1eN, meZ, suchthat k+1+|m|=p,

(2.13)

for certain p € {0,1,2,..., P}. There are two cases
1. m # 0. Using (1.11) and (2.13) one has

ksl k l k l .
A(OZ 5 Bm) = CXx +m’}/ R« ﬂer + (clcmcnts with at least one 5) —+ xZ,

A(ak5l’}/m) = dOék’}/m-H ® Oék+mﬁl + (clements with at least one §) + Y,

where ¢, deC, ¢,d#0, z,yc Ay 1 QA+ A, RA, 1.
2.m=0, | >1.

A(akél) = Ozk’)/l & Oék,Bl + (elements with at least one 5) +x,

where € A, 1 @A, +A4,@A,1.
One can easily see that the underlined elements and the elements one gets acting
with 7 on, are linearly independent for k,1 € N, m € Z such that k+1+|m|=p (m #0
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orl>1),p=0,1,..., P (see the basis (1.10)). Hence the elements ¥p(a*§'3,,) are also
linearly independent. We have not considered only the elements ¥ p(ak ), k=0,1,...,P.
Thus we just proved (2.12) as well as the Lemma 2.11. Q.E.D.

2.4. More about irreducible representations. In this subsection we describe the ”di-
agonal part” of tensor product of any two irreducible representations of SL,(2).
Using (1.27) one gets that

(2.14) ey = Z q—#{ (m,s) : m<s, im>is } e, ®... Qe

11,02,...,92s=1,2

#{k:i), =2} =1
1=20,1,...,2s, form a basis of K°, where # B denotes the number of elements in a set B.
Analogous basis elements for v’ are called
(2.15) e’(i), 1=0,1,...,2t,
where e, k = 1,2 are replaced with
(2.16) e,=er®...Qe,, k=12,

—_———
Np times

and q is replaced by ¢’ = qNg in the formula (2.14) .

PROPOSITION 2.13. The representations v' @Qu® and u® @', t = 0,4,1,..., s =
0, %, 1,..., % - %, are equivalent. An invertible interwiner S satisfying
(S@I)(u* @v') = (V' Qu*)(S® )
is (in the bases consisting of tensor products of (2.14) and (2.15)) given by
Sijmn = (qN0) TG, 5
where 64, = 1 for a = b and 0 otherwise. Note that ¢N°o = £1.

Proof. One can easily compute the rules (see (1.5), cf Proposition 2.8.)
a0 g = dal, a’o g =g galc, oMoy = ¢Noyal,
Voo = adNo,  FoNo — qNogNo gy aNe — gNogNo g,

G gt = gMoglog, ghog = gMsgNe oy = g%
ayto = gMoyNoa, 4N § = gMogyNo, yNog = gy,

One has

uer=¢e Qat+e 7y,
(2.18) 1 1 2 @7y

ues=e1 QB +ex®0.

Let (u®);; € A be matrix elements of u® given in the basis (2.14), i.e.
u®@e(;y = 27 (u®)ij e). Then one has

(2.19) (u®)ij = Z apirox3'y",  apy € C.
k€Z, l,reN
l+r=i—j (mod2)
|k|+1+r=2s (mod2)



238 P. KONDRATOWICZ AND P. PODLES

The only elements that change the quantity of es in e(;) are 3 and 7 (see (2.18)) (this
corresponds to the first condition in the above sum). If o "meets” § they produce S~y
and I (see 1.5) (this corresponds to the second condition).

Similarly, replacing (2.14) by (2.15), one gets that (v?),,, is a linear combination of
angrr BNV AN with I + 1/ = m — n(mod 2), |K'| + 1 4+’ = 2t(mod 2).

Using (2.14), (2.17) and (2.19), one can obtain

Ny )2s(n—m)+2t(j—i) (vt)

(Ué)zj (Ut)mn = (q mn(us)ij .

Q.E.D.

Remark 2.3. The equivalence of representations v! (Du® and u® (Dv’ follows also
from (2.8) and Proposition B.3.

Using Proposition 2.13., Corollary 2.4. and Corollary 2.9. one gets

PRrROPOSITION 2.14.
t+t’ s+s’

W QU D Du ) B D v Du,
et
1 1 Ny 1
t,t'=0=1,... "=0,=1,....— — =
9 72’ b b 875 )27 b b 2 2’

(for s =8 =0 we can omit ~ ).

PROPOSITION 2.15.

utNmL(sz"*%) ~ (vt @uTO—%> ,
t—fl 1 =0 1 1 m |
= ceey, S=
27 ) k) 727 k) ) 2 Y

tNo+s (

where the representation vt (Du® is not a subrepresentation of u this is only the quo-

tient representation).

Proof. Using mathematical induction one can easily prove the decomposition of
the thesis (cf Corollary 2.4. and Theorem 2.6.2.). It remains to prove that the represen-

tation v? (Du® is not a subrepresentation of ufNo+ts,

Let B be an algebra with unity I generated by two elements a, a~! such that aa=! =

a~'a=1. Let F be a homomorphism of A into B such that
F(a)=a, F(0)=a"", F(3)=0, F(v)=0.
One can obtain (cf (2.18))
Fu)ei =e1®a, Flu)ea=es®@a™',

F(ug) e = e ® a2s—2i’ F(’US> e/(i) — e/(i) ® a(2s—2i)No ,

1
s=0,51..., i=01,....2.
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Assume that there exists an invariant subspace W of K*No+s corresponding to v* (u?.
Using F one can prove that e belongs to W. On the other hand (cf (2.14) and (2.18))

2r
ure(o) — Z e ® O[Qrfi,yi’
i=0
where r = tNy + s in our case (it suffices to compare the elements multiplying
e1®...e1®ex®...e2). The coefficients Q2T (¢ =0,1,...,7) are linearly indepen-
dent (see Proposition 1.2.). Thus W is not an invariant subspace. Q.E.D.

Remark 2.4. A related fact at the level of universal enveloping algebras is given in
Proposition 9.2 of [6].

One can prove
Sy(op—id)=0 fork=1,...,.M—1, M eN
in a similar way as Proposition 1.3. Let i,4,...,i5 = 1,2 be such that #{k : i), = 2} =
m. Using (1.13) one gets
Spe, ®...Qe, =q #LIDir<t >l g0 0. Qe Re®...Qes .

m times

On the other hand (cf Corollary 1.4. and the proof of Proposition 1.10.)
Suer®...0e®ex®...® ey = Facts (M —m) Fact1(m) e -
—_——— q q

m times
Thus Im Sy = span {e(,,) : M — Ny < m < Ng}. Therefore Im Sy, 25 is a carrier vector
space of e
M > 2Ny — 1.

in Proposition 2.15. for t = %, 0<s< % — 1. Moreover, Sp; = 0 for

2.5. Haar measure.
THEOREM 2.16. The quantum group SL4(2) does not have the Haar functional.

Proof. Assume that the Haar functional h does exist. Let us take into consideration
the representation utNots of Proposition 2.15. for t = %, s = % — 1. One has an explicit
form

N No _q
W~ 1@ (0 @uEY),
where I is a subrepresentation of u¥°~!. Applying h to (A.3) one obtains (h ® h)A = h,
hence P = (id ® h)u™o~1! is a projection. But
Tr P = hTru™o—t = pTrulNo—1
. No 4
=Tr(id® h) [I@ (U@u 2 )}
=Tr(le0®...40) =1,

and P~1@0@...®0. Applying (A.3) to uN°~! one obtains PuMNo~! = yNo=1p=pPJ
and N
ITACIRENNY e (v @uTo_l)

in contradiction with Proposition 2.15. Q.E.D.
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2.6. Enveloping algebra. In this subsection we describe representations of Uysl(2)
corresponding to the irreducible representations of SL,(2).
Let us recall (cf [5], [9]) that quantum universal enveloping algebra U = Uy,sl(2) is
the algebra with identity I generated by q%H, q*%H, JT, J7, satisfying
q%H qiéH = qiéHq%H = 17
q%H gt q—%H — gt gt
(¢2")? — (¢~ 21)?
q—q!

EARAN R
with Hopf algebra structure given by
Aq:t%H _ q:t%H ® q:t%H
AJE=gHe g+ gt gt
There exists (cf [8], [4]) unique bilinear pairing U x A 3 (I,a) — (I ,a) € C satisfying
<lll2 ,a) == <l1 & l2 ,Aa>,
<l ,a1a2> = <Al , a1 ® a2> s
l,ll,lg eU, a,ai,as € A,

(@7 a)=q7, (¢ 5)=q 7,
(g3 a)=q72, (g3 ,0) = q7
(@".n=1, (¢ =1,
(J= =077 (I8 =t
q%H, q*%H, JT,J~ vanish at «, 8,7, 6, I in all other cases (nonzero liij of [8] are given by
Ifi (@) = lp(a) = (2" Ja), U(a) = (@ —q ") (J™ ,a),
135(a) =I5y (a) = (g2 La), Iy (@) = —(¢ —q7") (J* ,a),

a€ A Xy, K of [4] correspond to ¢¥2J=, q2H ). We shall write I(a) instead of (I ,a).
For any representation w of the quantum group we introduce a unital representation
II,, of the algebra U by

ML, ()], = lwyy) = [(d@Dul, . i,j=12,... dimw.

We are going to describe II,, for any irreducible representation w of SLy(2). Let us fix

8:07%,1,...,%— % One can obtain
(2.20) AR = gtall g g gtal
2s times
2s
1 1 1 1
(2.21) AP JE=N"gf e e elfeg .. 0q 2.
m=1 . .
m—1 times 2s—m times

Using (2.20) one can show that
(2.22) (id®g® i) us ey = ¢ D ey, j=0,1,...,2s.
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Using (2.21) one has

> q% 0 q% 0
: — D2s __
(id® J ) u Z(o q%>®"'®(0 q;>®

m=1

m—1 times

_1 _1
<01 O>®<q2 01)®...®(q2 01).
q 2 0 0 qz q?

2s—m times

(2.23)

o

On the other hand
2s

(2.24) (deJ7)u ey =Y J () em) -

m=0
Thus J~ (ufn]) equals to the coefficient multiplying e; ®...®e; ®e2 ®...®ey. Consider-
ing (2.23), that coefficient can be nonzero only for m = j+ 1, j < 2s (cf (2.14)). In that
case it is obtained from the following explicitly written part of e(;

m—1 T times
——
ey = E e ®..QeRea®.. Qe ®ea®...0ex3+...
r=0

2s—m times m times

Doing some computations,
1 — q72(j+1)
— ()8 s—1
Ty = =
j < 2s. Doing similar computations for J* and using (2.22) one obtains
e (q*27) ey = a7 ey,

Hus (J_) G(J) = qs_j_l[j =+ 1] €(j+1) s

Hus((]+) ey = ¢ %28 — j + 1] €(i—-1)
. - )
j=0,1,...,2s, where [I] = %7 e(2s+1) = €(—1) = 0. Using (2.20) and (2.21), one has

id® ¢ M) v el = =7 ¢,

(
(

qiNo(t—i) 627;),
My (J*) ey =0, i=0,1,...,2t,
t=0,1,1,.... Thus for w = v’ Qu® we have
1 —1i)+s5—J
M, (g2 %) efyy @ ey = ¢TIl el @ ey
Iy (J7) ey @ ey = ¢N I 1 1] ey ® ey

Lo (JF) ey @ ey = ¢TI 2 —j+ 1] efyy @ ey s
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01,2, j=0,1,...25, t=0,41 —otq Dol
7/ - ) AR | b ] - ) PR | 87 - b) 2’ PR | S - b 27 PR ] 2 2 .
Hence I, = 7t ® T_441 D ... ® 7, where 7, r € Z/2, is the (2s 4 1)-dimensional

representation of U described by (1) in [9], with w = ¢™o7 € {1, —1,i, —i} (for s = Jo — 1

we take (2) for even roots or (4) for odd roots instead of (1), u = 2(s+ Nor), a = = 0).

2.7. Enveloping algebra according to Lusztig.  Let us introduce the generators of [6]
as follows:

1 1 1 1 1 2
(2.25) E=q¢q¢ijt, F=q¢2J ¢, K= (qEH)
One can compute:
KK '=K1'K=1,
KEK '=¢*E, KFK'=q?F,
K-K™!
EF-FE=——,
q—q-1
ANAE=KQFE+EQR®I,
AF=FK '+I®F,
AK=K®K.
Let Ur, be the Hopf algebra over C(q) generated by E, I, K*! satisfying the above
relations, where ¢ is an indeterminate (v in [6]) commuting with every element of Uy,.
We also have a bilinear pairing Uz, x A — C(q?) :
<K,a>=q, <K’6>:q_17
(K~',a)=q¢", (K7',0)=gq,
(E.B)=q*, (F.,)=q7%,
<K 3I> :<K71 ’I> =1
and zero for the rest of combinations. According to [6] U4 is C[q, ¢ '] algebra generated
by:

W Q

M M
ET 0 pan _ T
! (M)

K, K' E, F, EM =

T 2
where M =2,3,... and [M]! = H;Vil qé:qq_l —q Ty Fact,(M) € C[g,q~']. We think
about A also as C[q, ¢~] algebra.
Using the mathematical induction w.r.t. n, !, m one can derive the formula (a corrected
version of (13) of [4]) for a bilinear pairing U4 x A — C[q2,q" 2] :

<EthFi , anﬁl7m>

(k]! [a]! q%(kfi)7t(k+i)+n(t+k)5kl5im ,n<0
(2.26) k]! Q]! 3 k=) —t(kti)Fn(t-+k) = (k=1
= Fact i (n)

' FaCtl(kfl)Fantl(nferrl)
~ (Ok—1,0 +Ok—11+ -+ 0k—t.n) Ok—t;icm , n>0
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In the same way as in section 2.6 we get:

H (Kil) qu(a 7) (j)’
3 .
s (B) ey = ¢%[2s —j + 1] ej-1)
_3

yus(F) ey = q 2[5+ 1] ety

7 =0,1,...,2s, s = 07%71,...7% — %7 where e@g541) = e—1) = 0. Matrix v =
M 6M

(7M 5M> (see (2.4)) is not a representation at the moment, since ¢ is an indeter-

minate. Using (2.26) we get:

== (g o).

+M
q 0
)= () )

£2M (t—1)

Hence
I (K*) € =4a

Hvt (E) €I(Z) = 07
H’Ut (F) el(l) == 0,

(i)

t=0,1,1,...,i=0,1,...,2t. Thus for w = v’ @u* we have
I, (K1) ey @ ey = (K*1 o) (KF u®) el @ ey
— DD ¢ ey
I, (E) e @ ey = (K ,v")(E ,u®) e(;y @ ej)
— qg+2M(t—i) [25 — j +1] ezi) ®e@-1)

I (F) ey ® ey = (I, o) (F ,u®) efy) @ eqj)

N\cv

=q¢ 3[j+1] 6()®e(3+1)7

-5
Using mathematical induction we can prove that (E* ,u©2%) =0 for 2s < k. In particular
we have

. . M 1
1 =0,1,...,2t, 57=0,1,...,2s, t:0’§’17”" s=0 -5

1
T SO
2

M
(EM) 4%y =0 for s< -

In analogous way we get

M
(FM) 4%y =0 for s < -

Using formula (a + b)M = Zi\io Fact FS%QEZEM—T) a"bM =", where ba = ¢®ab, we get

M-1 T‘(M r)
(2.27) A(EM) = < ETKM "QEMT | + KM@ EM 4 FOM) o 1

r=1
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In virtue of (2.26)
0 ¢2M 0 0
(EOD y) = (0 7 ) ROy = <q—3M 0) .

Using the formula (E"K™~" v) =0 forr =1,...,M — 1, (2.27) and doing some com-
putations, we get

2t M2 M?
<E(M),’U®2t>zz<q0 q_%z)@...@(qo q_g\/[2>®

m=1

m—1 times

0 ¢M 10 10
(O i )®<0 1)®...®(0 1).

2t—m times

Let us now specialize ¢ to be a root of unity of degree N > 3 (cf [6]). Let M = Ny. Doing

similar comparison of coefficients as in (2.23) and (2.24), we get
3

I (EN0)) ey = 3N N6 (2t —i 4 1) €f,_y), i=0,1,...,2t,
(

I (FNV0)) ey = ¢~ 8NoHNG (4 1) ¢f,y), i=0,1,...,2t,
where ¢t = 0,1,1,.... Thus for w = v Qu® we get (cf (2.27)):

IT,, (EWNo)) ezi) ®e(j) = (BN W) (T u®) el(z') @ €(j)
= gFNmIN (2t — i 1) ey ®egy),
I, (FN) el @ ey = (FNO) o) (KN u) ey @ e

—32 No+iN5 —2sNo (i+1)

=q e,(i+1)®e(j)’
,=0,1 2t } =0,1 2 t—Ofll —0711 70_71
-y ’ y J Pt} ’ ) 727 ’ ’ 727 ’ ) ) 9

Comparing with representations of [6] (in the case of N odd as in [6]) we infer that
w is isomorphic to the representation Lq(N2s+ 2t). Irreducibility of the obtained repre-
sentations is related to the Lemma 6.1 of [3].

A. Basic concepts. Here we recall the basic facts concerning quantum groups and
their representations (see [13]).

Let (A, A) be a Hopf algebra. We set A2 = A,

AN = (A®id®...@id)AM D n=34,... .

Let K be a finite dimensional vector space over C and ey, ...,eq € K its basis. Then
B(K)® A~ B(C%) ® A= My(A).

One can define a linear mapping

DO :My(A) x My(A) — My(A® A)
by
(v@w)ij = Zvik®wkj, i,7j=1,2,...,N.
k



QUANTUM SL4(2) GROUPS AT ROOTS OF UNITY 245
An element v € B(K) ® A is called a representation (in the carrier vector space K)
of a quantum group corresponding to a Hopf algebra (A, A, K, e), iff
(A.1) (ide A)v=vDuv,
(A.2) (de®e)v=id.
One can use the shortcut representation having in mind the above definition.

Let v and w be representations, K, and K,, be its carrier vector spaces.
An operator S € B(K,, K,,) such that

SeNhv=w(S®I)

is called a morphism (intertwiner) of representations v and w.

A set of morphisms intertwining v with w is denoted by Mor (v, w).

Representations v and w are called equivalent iff Mor(v,w) contains an invertible
element. Then we write v ~ w.

One can define a linear mapping
D : My (A) x My (A) — Mpyni(A)
by
(v@Qw)ikji = vijwgr, 4,5=1,2,...,N, kl=12... N,
where v € My (A), w € My (A4).

One can check that if v and w are representations, then v (Dw is also a representation.
We denote v Pk = @ ... Qv (k times).

DEFINITION A.1. A functional h € A’ is called a Haar functional of a quantum group
(A,A) ifh(I) =1 and

(A.3) VaeA (h®id)Aa = (id®@h)Aa =h(a) I.
One has h(u) = 0 for any irreducible representation u different from 1.
B. Quotient representations. Here we investigate the quotient representations and

the operation =~
Let v € B(K) ® A be given by

R
(B.1) u:Z my ® Uy,
r=1
where K = CV and my,ma,...,mr € B(K) are linearly independent as well as
Uy, Uz, ..., ug € A. One can introduce a linear mapping 4 : K — K ® A given by
R
(B.2) Vee K darzz My TR Up .
r=1

This is the formula (2.7) in [13]. @ corresponds to u, because B(K, K ® A) and B(K)® A
are canonically isomorphic.
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PROPOSITION B.1. Let (A, ) be a quantum group with a counit e and uw € My (A).
Then the following two statements are equivalent:
1. u is a representation of (A, ).
2. Foreachzx € K i) (Id® Atz = (4 ®id)dx,
it) (d®e)ix =x.
Proof. The equivalence of (A.1) and i) is proved in [13]. The equivalence of (A.2)
and ii) can be proved in a similar way. Q.E.D.

Let u be a representation and K be its carrier space. We say (as in [13]) that L is
u-invariant subspace if and only if

u(l) c LR A.
Then the element u € B(L) ® A corresponding to the restriction ﬂ‘ :L—>L®Ais
L L

a representation acting on L.
The embedding L. — K intertwines Y with wu, Y| is called a subrepresentation of u
L L

(cf [13]).

DEFINITION B.1. Let u be a representation, K its carrier vector space, LCK wu-
invariant space and let v = U - Let [z] € K/, be an element of the quotient space
and x € K a representative of the class. The representation w given by

R
(B.3) VeeK =Y [ma]@u,
r=1

is called a quotient representation and is denoted by /.

Doing some easy computations one can prove that the quotient representation w is
uniquely determined and that it is in fact a representation (use Proposition B.1).

Let us define a mapping
— completely reducible
(34) : (representations) — ( X >
representations
as follows
1. If w is an irreducible representation, then u = u.

2. If v is a subrepresentation of u, then we set u = v @ (E/;)

PROPOSITION B.2. Let u be a representation of a quantum group (A, AN). Then the rep-
resentation u is uniquely determined up to an equivalence.

Proof. We first notice

(B.5) Tru="Tru.
Then let
(B.6) umv D... Dk

be a decomposition of u into irreducible components. Hence

Tru=Trvy + ...+ Trog
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and (Trwv; are linearly independent if v; are nonequivalent irreducible representations)
(B.6) is uniquely determined. Q.E.D.

Let us introduce the notation
(B.7) D=~ o@.

PROPOSITION B.3. Let u, v be representations of a quantum group, such that Tru Trov
=Trv Tru and v Qu is irreducible. Then v Du ~ uDv.

Proof. One has
Tr(u%v) =Tr(u@v) =TruTrvo=Tro Tru=Tr(vQu) = TI(U6U)7

which means that u@v = v%u. The representation v@u ~ v (Du is irreducible, there-
fore the representation u (Dv is irreducible. Thus one has u(Dv = u Pw. Q.E.D.

One has u@v ~ 565 for any two representations u, v (trace of both sides is
the same).
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