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Abstract. A generalisation of quantum principal bundles in which a quantum structure
group is replaced by a coalgebra is proposed.

1. Introduction. The main goal of this short note is to summarise a generalisation of
the theory of quantum principal bundles of [BM93] in which a quantum structure group
is replaced by a coalgebra. The need for such a generalisation arose from the studies of
the structure of quantum embeddable homogeneous spaces [Brz95]. This generalisation
of gauge theory uses the notion of coalgebra w-bundles, which was proposed by the
author at his lecture delivered at the Banach Center Minisemester on Quantum Groups
and Quantum Spaces (November 1995), and then developed in collaboration with S.
Majid [BM95]. The examples of ¢-bundles include not only the generalised bundles on
quantum embeddable homogeneous spaces but also the bundles with braided structure
groups. It seems, therefore, that the theory of ¥-bundles provides a natural framework
for definition and development of braided gauge theories. See Majid’s own contribution
to these proceedings for more details on braided group gauge theory.

In this article all the algebras are unital and associative, and defined over the field
k of characteristic not 2. In a coalgebra or a Hopf algebra C, A denotes the coproduct
written explicitly on elements ¢ € C as Ac = ¢(1) ® ¢ (2, and € denotes a counit. In a right
C-comodule P, Ap is a right coaction, Vu € P, Aru = ug) ® u(y)-

This note presents the results obtained in the collaboration with Shahn Majid. De-
tailed proofs and derivations may be found in [BM95].

2. Entwining structures and coalgebra y-bundles. The following definition is
the cornerstone of the construction of coalgebra -bundles.
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DEFINITION 2.1. We say that a coalgebra C and an algebra P are entwined if there is
amap ¢ : C ® P — P ® C such that

P o (idem) = (m®id) o ez 0 12, P(e®1) = 1®e, Vee C
(iId®A) 0 ) = P13 0 193 0 (A®iId), (id®e) o ¢ = e®id,
where m denotes multiplication in P, and 93 = id®, 115 = ¥PRid.
Directly from the definition of the entwining map ¢ one derives the following:

PROPOSITION 2.2. Let C, P be entwined by v. For every group-like element e € C we
have the following:

1. For any positive n, P®™ is a right C-comodule with the coaction A% = ppi1 0
Yn-1n0...0P130 (nc ®id") = %n o(nc ®id™), where nc : k — C, a — «e.

2. The coaction A, restricts to the coaction on Q" P, where Q" P denotes the P-

bimodule of universal n — forms on P, i.e.
Q"P={we P vie{1,...,n}, miys1w =0},

where my;41 denotes a multiplication in P acting on the i and i + 1 factors in P®"+1,
3. M =P ={ueP| Abu=u®e} is a subalgebra of P.

Proposition 2.2 allows us to define the main notion of the coalgebra gauge theory.

DEFINITION 2.3. Let C, P be entwined by ¥ and let e be a group-like element in C.
Let M = P°C. We say that P(C, M,1,e) is a coalgebra y-bundle over M if the linear
map Xy : POy P —PRC, u®py v— up(e®w) is a bijection.

EXAMPLE 2.4. Let H be a Hopf algebra and P be a right H-comodule algebra. The
linear map ¢ : HQP — P®H defined by ¢ : c®u — u(g)®cu () entwines H, P. Therefore
a quantum group principal bundle P(M, H) with universal differential structure as in
[BM93] is a ¢-principal bundle P(M, H,,1).

ExXAMPLE 2.5. Let H be a Hopf algebra and 7 : H— C' a coalgebra surjection. If kerrw
is a minimal right ideal containing {u —e(u)|u € M} then ¢ : C® H — H ® C defined by
Y(c®u) = un)®@m(vus)) entwines C, H, where w € H, ¢ € C and v € 7~ *(¢), and we have
a Y-principal bundle H (M, C,1,m(1)). Hence the generalised bundles over embeddable
quantum homogeneous spaces in [Brz95] are examples of ¢-principal bundles.

EXAMPLE 2.6. Let B be a braided group with braiding ¥ (cf [Maj93]) and P a
right braided B-comodule algebra. The linear map ¢ : B® P — P ® B defined by
Y e®u — Y(e@u))u(r) entwines B, P. If the induced map x»s is a bijection we say
that the associated v-principal bundle P(M, B, ¥, 1) is a braided group principal bundle,
and denote it by P(M, B, ¥).

ExAMPLE 2.7. Let P and C be entwined by % as in Definition 2.1 and let e be a
group-like element in C'. Assume the following data:
1. A map ¢° : C®C — C @ C such that

(1d®A) 0 9 = 9 0 1% o (Aid), (id®e) 0 h° = e®id,
and 9% (e ® ¢) = Ag, for any c € C;
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2. A convolution invertible map ® : C — P such that ®(e) =1 and
Yo (id®®) = (®®id) oyp°.

Then there is a t-principal bundle over M = P¢®. This bundle is called a trivial
Y-principal bundle and is denoted by P(M,C,®, 1,9, e). P is also an example of a
crossed product of M by a coalgebra C' (cf. [Brz96]).

In the finite dimensional case the definition of an entwining structure ¢ : C ® P —
P ®C is equivalent to the definition of an algebra factorisation structure ¢ : C* @ P°P —
P°P @ C* which plays an important role in the theory of Hopf algebra double cross
products [Maj90]. Finally we remark that Definition 2.1 is self-dual in the following
sense: The conditions of Definition 2.1 remain the same if we replace A with m and then
reverse the order of the composition of maps. Thus we have the following

PROPOSITION 2.8. Let C, P be entwined by ¢ : CQP — P®C. For every algebra
character k : P — k we have the following:

1. For any positive integer n, C®" is a right P-module with the action <" = (k ®
id") o1z 093 0... 0Yppy1 = (k@id") o ?n

2. The action <™ maps A™(C) to itself.

3. The subspace I, = span{c<*u—ck(u)|c € C, u € P} is a coideal. Hence M = C/I,
is a coalgebra. We denote the canonical projection by w,, : C'— M.

4. There is a map (M : CQP — CMC defined by (M (c®@u) = ca) ® ¢y <t u, where
C oM C =spanf{c@de C®@Cley) @m(cp)) ®d=c®m.(da)) ®dw} is the cotensor
product under M. If (M is a bijection, we say that C(M, P+, k) is a dual v-principal
bundle.

3. Connections in ¢-bundles. If C and P are entwined by ¢ then the universal
differential envelope of P is C-covariant, i.e. the coaction A% restricts to Q" P, by the
second assertion of Proposition 2.2, and %n o(id®d) = (d®id)o %n_l. Here d denotes
the natural extension of the Karoubi differential du =1 ® v — u ® 1 to higher forms.

DEFINITION 3.1 Let P(M,C,1,¢e) be a generalised quantum principal bundle such
that ¥ (C @ M) C M ® C. A connection in P(M,C,,e) is a left P-module projection

I1: Q'P —s QP such that kerll = PQ'MP and % (d @ IT) = (I ®id) % .

The assumption (C ® M) C M ® C ensures that <E2(C®P(21MP) C PQ'MP&C
and thus the requirement that IT be covariant is compatible with the requirement on the
kernel of II.

Equivalently we can describe a connection II as follows. We define a map ¢ : C®@ P®
kere — P ® kere ® C by

2
po(idex)=(x®id)o ¥,

where x(u®v) = uy(e®wv). By definition of P(M, C, 1, e) we have a short exact sequence

of left P-module maps

0— PO'MP — Q'P X5 P®kere — 0.
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PROPOSITION 3.2 The existence of a connection Il in P(M,C,1,e) is equivalent to
the existence of a left P-module splitting o : P @ kere — Q' P of the above sequence such

2
that ¥ o (id® o) = (0 ®id) o ¢.
A simple consequence of Proposition 3.2 is the fact that to each connection we can

associate its connection one-form w : kere — QP by setting w(c) = (1 ® ¢). Clearly
xow(c) =1® c. Also, w has certain covariance properties coming from the fact that o

intertwines %2 with ¢. These properties generalise the usual right-adjoint covariance of
w. We do not display them explicitly here (cf. Proposition 3.5 of [BM95] for details) but
only remark that they characterise w completely. Any map w : kere — Q! P having those
properties and such that yow(c) = 1®c gives the unique connection IT = mo(id®w)ox in
P(M,C,,e). For example, in a trivial ¢-bundle P(M, C, ®,v, 1% e) as in Example 2.7.
one can always define a trivial connection one-form by w(c) = ®~*(¢(1))d®(c(2)), provided
that (M ® C) C M ® C. Finally, we also remark that the covariance properties of w
reduce to the covariance of w under the braided right-adjoint coaction in the case of the
braided group principal bundle P(M, B, ¥) of Example 2.6.

4. Outlook. The theory of coalgebra ¥-bundles proposed in [BM95] and summarised
in the present note opens new possibilities for developing quantum group gauge theories.
The most urgent and, probably, the most challenging problem, already being investi-
gated, is to obtain a geometric construction of braided group gauge theories. The original
approach to quantum group gauge theories of [BM93] suffered from the lack of compre-
hensive description of local structure of gauge theories in terms of Lie algebras. It is now
hoped that in the case of braided groups, for which the notion of a braided Lie algebra is
well-known [Maj94], one can overcome this difficulty and successfully use braided gauge
theory in situations of truly physical interest.
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