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1. Introduction. In this paper we consider a formal algebraic construction such that
an algebraic apparatus of differential geometry could be interpreted as its realization:
construction of (2, ®)-systems. This construction was offered by I. M. Gelfand and one
of the authors (see [1,2]) as a basis of non-commutative differential geometry in the
following sense: we replace an algebra of functions on some manifold by a module over a
Lie algebra.

Thus, we take a pair (M,2l) consisting of Lie algebra 2 and 2-module M as an
abstract non-commutative analog of a smooth manifold (see [3,4]).

This approach allows us to extend a stock of realizations of our theory. Among them
there are a formal calculus of variations (see [3,4]) and also a construction with a matrix al-
gebra as M close to [5]. In [2,6,7] an application of formal apparatus mentioned to the situ-
ation, when a Lie algebra of Hochschild cohomology acts in a complex (€2, d) of Hochschild
homology with cyclic differential is considered. The results of [8] about Poisson brackets
on differential forms and multivector fields on a smooth manifold are also described and
generalized in the frameworks of the formal construction mentioned (see also our preprint
[9]). Construction of a many-linear analog of Lie algebra introduced by Y. Nambu and
developed by L. Takhtajan (see [10,11,12]) also is connected with our approach.
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Following [1,2] this paper is written in terms of superalgebra, which is necessary
in essence. Besides that it leads to the further extension of applications including, for
instance, an apparatus of differential geometry of supermanifolds and also graded formal
calculus of variations (see [13,14]).

Note that different aspects of non-commutative differential geometry in wide sense
are elaborated by A. Connes, D. Kastler, S. Woronowicz and their followers (see [15,16]
and references there).

2. Main notation. A linear space (£, p) is a graded linear space with a parity function
p. Values of p are integer numbers or integer vectors. In the last case we understand
p-p => 1, A, as a product of p = (A1,...,A\p) and p’ = (A\},...,\,). An element
x € £ is said to be even or odd, if the number p? is relatively even or odd. A parity of
a map of linear spaces is consistent with elements of these spaces in an ordinary way:
p(f(@)) =p(f) +p(z).

A Lie algebra (2, [, -], p) is a linear space (2, p) with a bilinear operation [-, -] : Ax2A —
2A, which satisfies a condition of skew symmetry

[a’a b] = _(_1)p(a)p(b) [ba CL]
and Jacobi identity, which one can write in the form
ada b, ¢] = [ad, b, ¢] + (—1)P@PO)[p ad, ¢,

where ad, b = [a, b] is an adjoint action of bracket.

A module (M, p) over a Lie algebra (2, [,-],p) is a linear space, on which left action
axm— Lym (a €U, me M) is defined and the following condition
[La, Lb]vm = L[ayb]m (2.1)

holds. Here and below we use the following notation: [A4, B]Y = AB — (—1)?(AP(B)BA
for A and B being operators.

A complex (Q = @, Q. d, p) is described as a linear space (£,p) with new grad-
uation plw) = (p(w), k) (w € Q). It is called a complex over Lie algebra (2, [, ],p)
(A-complex), if the actions i, and L, with changed parities p(i,) = (p(a), —1) and
P(Lq) = (p(a),0) are defined on Q and the following relations

[d7 d]v =0, [iav ib]v =0, L,= [im d]v’ [Lm ib]v = i[a,b] (2'2)
are taken place. Then any € is 2-module with the action L, and [L,, Lp|Y = Liq
(a,be).

Below, where it does not lead to misunderstandings, the sign p will be omitted.

If M is A-module, then A-complex Q(M,2) (de Rham complex of a pair (M,2)) is
defined canonically:

Qo=M, Qp={ww: Ax...xA— M is k—linear skew symmetric map}
—_—

L k
n+
(dw)(al, e an+1) _ Z(*l)kJrlerkp(w)erk Sr<k PrLak (w(al, . aakv o >an+1))+
k=1
+ 3 ()R S AP Bk P (0, @]y Gy e Gngn)s (23)

i<k
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(iqw)(b1, ... by) = (—1)P@P@Dyy(a, by, ..., by) (2.4)

(Sign @ means that a is omitted.)

We consider the following generalization of 2-module and 2-complex. Suppose Lie
algebra structures [, -]¢ and actions L§ linearly depend on parameter ¢ valued in some
linear space £; and (2.1) is valid for any £ € £. Then we say that M is multimodule over
2. In this case brackets are bound by the following relation

[[a1, a2]®, a3]*® + [lar, a2]*2, 3]t + (=1)"72[as, a1, a3)**]* +
+ (=1)PP2[ay, a1, a3]52]51 = [ay, [az, a3]€1]§2 + [a1, [as, a?’}ffz]gl.

PROPOSITION 2.1. Let M be a multimodule over A5 = (2,[,-]%) and for any & €
£ (Q(M,A5),d%) be the set of corresponding de Rham compleves. Then the following
relations: ds17¢2 = d% + d*2 and [d*,d2] = 0 hold.

We say that (€, d%) is a multicomplex.

3. Brackets generated by differentials. Let & = (&, [, ],p) be a Lie algebra.
Any odd element d € & is called a differential in &, if the following property

[d,d) =0

holds.
With any differential we associate a Lie map

L?: g+ [g.d]
and a d-bracket: bilinear operation
(91, 92)a = [Lg1, 9] = [[91, ], go]-
It easily follows from the Jacobi identity that
L%g1,92)a = [L%91, L?g2] (91,92 € ®) (3.1)
Let = = p(d), plg) = p(g) + .

PROPOSITION 3.1. For any g; € & (p; = p(g;), p; = p; + ) the following relations
hold

(91, g2l + (=172 [ga, 1] = L% ((—1)™2[g1, ga)) (3.2)

(1P [lg1, gala gsla + 0 = 524 { (<17 (fgn, Loz, gslla — 2llgn, 92lasgs]) +9} . (33)

(by the sign vy we denote terms which are obtained from the latter one by the cyclic
permutation of indexes).

Consider now an even element ©. Let dg = [0, d]. We have
[do,d] =0, [de,de] = [[©,6]a,d] (3-4)

Then © is called a conditional differential, if dg is a differential: [dg,dg] = 0. The
sufficient condition of © being conditional differential is

[©,0], = 0. (3.5)
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4. Structures on commutative Lie subalgebras

DEFINITION. A commutative subalgebra £, which is invariant with respect to d-
bracket is called a d-space in &:

(£,£]=0, [£¢lqCL.
We get from from (3.1)—(3.3) the following theorem.

THEOREM 4.1. d-bracket induces a Lie algebra structure £4 = (£, [+, |4, D) in a d-space
L. The Lie map L : (£,[,]a,D) = (£,[-,-],p) is a homomorphism of Lie algebras.

Let & be a Lie algebra and let 2 be a commutative Lie subalgebra, which is invariant
with respect to Lie map:
[Q,9] =0, [Q,d] CQ. (4.1)
Then it is evident that § is a d-comutative d-space (i. e. [Q2,Q]q = 0).

THEOREM 4.2. Let Q obey the condition (4.1), and © be a conditional differential,
and the following condition holds

Wi, ws € Q= [[wl, @],OJQ] =0. (42)
Then Q is a de-space possessing Lie algebra structure Qqq = (2, [-, 4o, D) and
LdE-) : [wlu o"’2]d(—) — HUJ17 d@]7 [W27 d@]]

is a homomorphism of Lie algebras Qg — &.

5. Structures on quotient space. Consider a kernel and an image of Lie map L%:
Zg={2€6][z,d =0}
Ja={h=g.d]|gE€ B} C 24

THEOREM 5.1. The linear space Z4 C & is an ideal with respect to [, ]q. A quotient
space Kg = 6/ 2, possesses a Lie algebra structure (Kg, [, |a,P), and the Lie map

L (K, [, 1a,p) = (Ta, [ ], p)
is an isomorphism of Lie algebras.
Let now O be a conditional differential. Then due to (3.4) © is a differential in /Cg.
Introduce the bracket
[91: g2]e = [lg1, Ola; g2]a- (5.1)

THEOREM 5.2. A space /2, is a O-space in Kq. Therefore ()24, [, ]o,p) is a Lie
algebra, and a Lie map
29w [w,0] = [[w,d], O]

is a homomorphism of Lie algebras Q/Zq — Kq.
6. (2, D)-structures and modules. An (2, D)-structure is a Lie algebra & =

& (A, D) generated by commutative Lie subalgebras 2 and ©, and the following con-
ditions hold:
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(i) © consists of differentials;
(ii) 2 is a ®-space (i. e. Vd € ® A is a d-space):

[A,D], A CcA

Under these conditions a &-module is called (2, D)-module.

Let (Q,®) be a multicomplex over 2. Then 2 is an (2, ®)-module. In particular, mul-
timodule (M, ) generates the multicomplex (M, ) and therefore the (2(,D)-module.

On the contrary

PROPOSITION 6.1. If Q is a (A, D)-module, then any differential d € © generates a
Lie algebra structure (U, [-,-]a,p + 7) in A. Moreover, Q becomes a multimodule with an
action Liw = [a, d)w.

Remark. If Q@ = Q(M, ) is the de Rham complex of a pair (M, 1), then Lie algebra
structure obtained in 2 coincides with initial one.

Consider (2, ®)-module Q. Denote by (Q,/le, D) a corresponding Lie algebra and by
UFEA(Q,2, D) its universal enveloping algebra. Generating by UEA(2, 2, D) Lie algebra
with the bracket [, -], which is uniquely defined by Leibnitz rule

[ab, ] = alb, ] + (=1)POP[q, c]b

is said to be an extended (€, 2, D)-structure. It contains the commutative Lie subalgebras
Q, A, ® and together with them the commutative Lie subalgebras §l, S~2, which are
obtained from the corresponding symmetric algebras by the bracket [, ].

Note that a symmetric algebra with a parity (p,1) is an antisymmetric one with a
parity p.

In such a situation elements of (1 are said to be differential forms, elements of 2
— vector fields, elements of 20 — multivector fields, elements of Q ® A — vectorvalued
differential forms.

Below we consider a different structures of Lie algebras arising on these spaces in view
of sections 4 and 5.

7. Structures on vector fields and on vectorvalued diﬁ'erential forms. Let
(©,2,9) be an extended (A, D)-structure. By definition 2 (and therefore A)is a d-space
for all d € ®. Hence, the following result is taken place.

THEOREM 7.1. Bracket
[A, Blq = [[A,d], B]

equips A with a Lie algebra structure (51, [-,]la,p + 7). Restriction (5{, [, ]a,p + )|
coincides with the structure from Proposition 6.1. The following relation holds

[A1Ag, Blg = A1[Ag, Blg + (—=1)PA2P(B) A, B]A,.

Consider now vectorvalued forms.
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THEOREM 7.2. A space Q @ 2 possesses a Lie algebra structure (Q @ 2, [-, Ahp+m)
with the bracket

[wia, waaslly = (—1)P @P@2w wslay, asly + [wiar, walaas —
e G DAt NP PP
where p'(wa) = p(w) + p'(a), p'(a) = (p(a),0).
This fact follows from the general assertion (see [1]).

THEOREM 7.3. Let a commutative algebra M be an A-module and elements of 2 be
differentials in M. Then Ay = M @ A possesses Lie algebra structure with the bracket

[ml ® ay, ms ® a2] _ (_1)1’(@1)11(7n2)m1’ mo ® [ahaz] +
+ ml(almg) X ag — (*1)p(m1®al)p(m2®a2)m2(agml) X aj.
In addition, M s Apr-module:

(m®@a)m’ =m(am’).

8. Structures on differential forms generating by bivector fields. Let an
extended (2,2, ®)-structure be generated by a de Rham complex of a pair (M, ) with
parity p defined by the following relations

pla) = (pla), =1), m=p(d)=(0,1), plw)=(p(w),k) as w € Q.
A parity for tensor products is defined by ordinary way (by summation).

Consider bivector field © = >, apbi (ax,br € A). For the sa~uke ot;simplicity we put
plar) = plbr) = (0,1). We associate with © a bilinear map H: Q@ - Q@2

Hw = (—1)"™{[w, brlar — [w, ar)br} (w € Q)

Note that
([w1, O], wo] = Z{[whak][bmwz] — [wi, be][ar, wo]} € Q,
k
[Hwa wl] = 7(71)7“)(&)) [[wa 6}70‘}1]
and
do =Y {arLp, — biLay + [ax, bila}
k
The Poisson brackets [, |qo and [-,-]Jo are defined on Q. They obey Leibnitz rule

[w, wiws]de = [w,w1)dews + (_1)17(w1)(p(w)er(de)W1 [w, walde »
[w, wiws]o = [w, wi]ows + (71)p(w1)(p(W)+p(@))w1 [w, ws]e.
Also they are bound by the relation
(dfwr, w2]e) = [(dw1), (dwa]de -
Moreover, as wy € (NZml, woy € ﬁmz
Wi, walae = —(d[Hwr, wo]) — (=1)™ [Hewr, (dw2)] — (=1)™ "2 [(dws ), Hws].

The next theorem follows from the above results.
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THEOREM 8.1. If © is a conditional differential:
[de,de] =0, (8.1)

then N N

(i) (%[, ]de,p+ ) is a Lie algebra; dQ is a Lie subalgebra and

L% : w1, walag — [[wi,de], [wa, de]]

s a homgmorphism of Lie algebras;

(ii) (/ kerd,[-,-Jo,p) is a Lie algebra and

£9: [wi,wa]e — [[wi,w2]e,Ola = [[w1, O)d, [ws, ©]4]

is a homomorphism of Lie algebras.

PROPOSITION 8.2. Relation [0©,0]q = 0 (which is sufficient for (8.1)) holds, if the
system of vector fields {ax,b; | ak,b; € A} is commutative in (2, [-,-] = [, Ja,p + 7):

laj,ar] = 165, bx] = [a;,06] =0 (Y5, k).
The map H is said to be Hamiltonian, if it is a homomorphism

H(d[wr,w2]e) = H[(dw1), (dw2)]de = [H(dwr), H(dws)]y
@/ kerd, [, Jo.p) % (], lug.p + 1) 2% Q@A [, 4.0

THEOREM 8.3. The map H is Hamiltonian under one of the following conditions:
(i) commutativity conditions are fulfilled

[aj; ax] = [bj,06] = [az, be] =0 (V3 k);
(i) [0,0]4 =0 and VE € Q@A : [¢,dQ) =0 or [¢,d] = 0 implies & = 0;

9. Nambu—Takhtajan algebras. Nambu-Takhtajan algebra structure of order 3
is defined in a linear space N, if there is defined a 3-linear operation (Nambu bracket)
o] s 9T X DT X DM — DN possessing the properties:

[+] g
(i) skew symmetry
[a1, a2, a3] = —(=1)"'"*[az, a1, a3] =
= —(=1)""[a1, a3, a2] =
= _(_1)p1pz+p2ps+p1p3 [as, asz, a]
(ii) fundamental identity: an adjoint action Ly, 4,03 = [a1, a2, a3] is a differentiation
with respect to Nambu bracket:
Lay.az1a3, a4, a5] = [La, 0,03, a4, as]+
+ (1) PP 0y, Lo, gyaa, 5] + (=1) PP (a5 a4, Lo,y gpa5] (9.1)
Here we consider Nambu-Takhtajan algebras only of order 3. All of results (but not always
proves) can be easily transferred to the arbitrary order structure.
One can rewrite (9.1) in the form
[Lay.ags Loy by]Y = Layan by by — (_1)(p(al)+p(a2))(p(b1)+p(b2))Lb1,bgLal,ag —

+ (—1)PeD@epE)

= L[al,az,bl],bz [a1,a2,b2]
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THEOREM 9.1. Consider a linear space W2 = N @ N/ ker L. Each of the following
formula
[(a1,a2), (b1,b2)] = ([a1, az, b1}, ba) 4 (=1)PEVEE@FPE (b [ay ag, by)),
[(a1,a2), (b1, b2)] = _(_1)(p(b1)+p(bz))(p(a1)+p(az))([bl,bg,a1]7a2)_
— (=1)Pa)@+P®2)) (4 by, by, as)),

induces on M3 a Lie algebra structure (the same). In addition M becomes a M) -module.

Now we can build the de Rham complex Q(M, M @ 91/ ker L). Its elements are skew
symmetric polylinear maps of sets of pairs (a1, a2) (a1,as € N). For instance,

(df)(alvG‘?) [0’170’27 }7 (fem)

(dw)((a1,az2), (b1, b2)) = (—1)PI@aFTPE@D () qy w((by,bs))]—
— (=1)plan)+plaz)+p(@)PbU+PO) (h) by w((ay, az))]—

—w(([a1, a2, b1],b2))—
— (1) p(b1)(p(a1)+p(az)) w((b1, [a1,az,b2]))

etc.
In such a way one can consider a conditions of a maps to be Hamiltonian leading to
a pair of vector fields.

Another variant to introduce a differential geometry structure connected with Nambu-
Takhtajan algebra is as follows. It is well-known that 3-placed bracket generates a para-
metrically dependent on element of algebra Lie algebra structure with a bracket [a,b]¢ =
[a,&,b] (€ €MN).

These brackets satisfy the conditions of Proposition 2.1, and therefore generate a
multicomplex (£2,d®). Such a multicomplex is an example of (I, D)-structure with a
commutative space of differentials coinciding with 91.

10. Generalized Jacobians. Let (£,p) be a commutative algebra and Dy, D, D3
be a commuting differentials of £: D;(ab) = (D;ja)b + (1)@ a(D;b) (for the sake of
simplisity we put p(D,) = q).

The following expression

(D1, D2, D3)(f1, f2, f3) = (=1)"*(D1 f1)(D2.f2) (D3 f3)+(=1)"*(Ds f1)(D1.f2) (D2 f3)+
+(=1)%2(Dy f1)(Ds f2)(D1 f3) — (—=1)1P>F 9 (Dy f1)(Dy f2) (D1 f3)—
—(=1)9®2 49D (Dy f1)(D1 f2) (D3 fs) — (—1)*P2F(Dy f1)(Ds f2) (D2fs)  (10.1)

is said to be a generalized Jacobian. We also will write

Difi Difs Difs
(D1, D2, D3)(f1, f2, f3) = | D2fi Dafa Dafs|=|Dipfi Drfs Difs]
Dsfi Dsfa Dsfs
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PROPOSITION 10.1. Operation (10.1) possesses the following properties:

(i) skew symmetry

(D1, D2, D3)(f1, f2, f3) = —(=1)P*P2(D1, D2, D3)(f2, f1, f3) =

= _(_1)(D13D25D3)<f1af37f2) -
— 7(71)p1p2+pzp3+p1p3(D17DQ,Dg)(fl,f2,f3)

(ii) differentiation with respect to the multiplication in algebra (£, p):

(D1, D2, D3)(f1 - g, f2, f3) = (=1)P*? f1 - (D1, D2, D3)(g, f2, f3)+
+ (=1)P@@HD g (D1, Dy, D3)(f1, f2, f3)

Introduce an action L?ll}f?’m f3s = (D1, D2, D3)(f1, f2, f3). It is a differentiation with
respect to the multiplication in (£, p):

LR g) = (B> f) -+ (1) (L) - 5

THEOREM 10.2. Expression (10.1) defines a Nambu-Takhtajan structure (£, [, -, ],p)
in £ with the bracket:

[flaf27f3] = (D17D27D3)(f1af27f3)
Note that it is evident for any differentiation D of algebra £ that

D|Dyfi Dife Drfs|=|DDrfi Dirfo Difs|+
+|Dpfr (=1)PP)PFDODD,fy Dy fs|+ (10.2)
+|Difi Dife (—1)PPrtr2) DDy fs |

This is an analog of a differentiation rule for a determinant.
It remains to check that for D = LP1:P2:Ps one can interchange D and Dy in this
formula, i. e.

D|Difi Difo Difs|=[(=1)""PIDyDfi Dyfs Difs|+
+|Dpfi (=1)PPP1DyDfs Dy fs|+ (10.3)
+|Dpf1 Difo (—=1)pP)ortr2tap, D fy |

This formula means that an adjoint action of Nambu bracket is a differentiation with
respect to the operation defined by Namby bracket itself. And this fact is equivalent to
fundamental identity.

(10.3) follows from (10.2) using an auxiliary relation

3,4,5
(=1)®=*DPs | (Dy, Do, D3)(Dy.f1, far f3) Difa Difs|+ v =0,

(by the sign n we denote terms which are obtained from the latter one by the cyclic
permutation of indexes mentioned).

To check it we use direct laborious computation. (For Nambu—Takhtajan algebra of
order n > 3 such a direct computation becomes badly visible).

Consider an examples. In the case p = 0 (10.1) is an ordinary Jacobian. We are
interesting in a common case.
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Let Q(M,2l) be a complex. For instance, let £ = Q be an exterior algebra of differ-

ential forms. To build a generalized Jacobian one need to select a system of commuting
differentials. We propose two different ways to do this:

(i) D; = la; (a; €A, j=1,2,3);
(ii) D; = d% (& € U, j = 1,2,3) for multicomplex (i. e. the space of differentials D

acts in Q).
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