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Abstract. The differential calculus on ‘non-standard’ h-Minkowski spaces is given. In par-
ticular it is shown that, for them, it is possible to introduce coordinates and derivatives which
are simultaneously hermitian.

1. Introduction. We review first the properties of the two deformed Minkowski
spaces [1] associated with the ‘Jordanian’ or ‘non-standard’ h-deformation, SL;(2), of
SL(2,C) [2, 3, 4]. The GLx(2) deformation is defined as the associative algebra generated
by the entries a,b,c,d of a matrix M, the commutation properties of which may be
expressed by an ‘FRT’ [5] equation, Rijo My Ms = MsMj R12, in which R is the triangular
solution of the Yang-Baxter equation

1 —h h R? 1 —h h R?
Rp, = 8 (1) (1) _hh , R, =PR), = 8 (1] (1) _hh , PR,P =R, . (1)
0 0 0 1 0 0 0 1
The commutation relations of the group algebra generators in M are
[a,b] = h(€ —a?) [a,c] = he® | [a,d] = he(d —a)
e =hact+ed) , [bd=hd—€ , [eod=-he ; @
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¢ =detyM = ad — cb — hed . (3)
Setting & = 1 reduces GLy(2) to SLy(2). The matrix Rj, has two eigenvalues (1 and
—1) and a spectral decomposition in terms of a rank three projector P4 and a rank one
projector Pp_

Ry=Py — P , PRy, =+Pa (4)
0 h —h —h?
Ph-s-:%(l—&-ﬁh) , Ph—:%(l—éh)Z% 8 _11 _11 _hh . (5)
0 0 0 0
The deformed determinant £ in (3) may be then expressed as
(detyM)Py,_ := P, MMy , (det,M )P, = My, 'M;'P,_ |, (6)

dety, M™% = (det, M)~ | (det,MYYP}_ = MIM]P}_

The following relations have an obvious equivalent in the undeformed case:
h 1 0 -1 -1
-1 -1 -1 -1
eMbe,t =M e, = < 10 ) y € = < 1 n ) s Pr—ij k= o hii€n k- (7)

As in the standard g-case [6], a ‘quantum h-plane’ may be defined for GL,(2). The
deformed h-plane associated with GLp(2) is the associative algebra generated by two
elements (x,y) = X, the commutation properties of which are given by [3, 4] zy = yz-+hy?
(RpX1X2 = X5X1). These commutation relations are preserved by the transformations
X’ = M X. This invariance statement, suitably extended to apply to the case of deformed
Minkowski spaces, provides the essential ingredient for a classification of the deformations
of the Lorentz group [7] and of the associated Minkowski algebras [1] (see also [8]; we
shall not consider here deformations governed by a dimensionful parameter).

Deformed ‘groups’ related with different values of h € C are equivalent and their Ry
matrices are related by a similarity transformation. Thus, from now on, we shall take
h € R.

2. h-deformed Lorentz groups. The determination of a complete set of deforma-
tions of the Lorentz group (see [7, 1]) requires replacing (see [9, 10, 11]) the SL(2,C)
matrices A in K’ = AKA" (K = KT = 0,2") by the generator matrix M of a deforma-
tion of SL(2,C), and the characterization of all possible commutation relations among
the generators (a, b, c,d) of M and (a*,b*,c*,d*) of MT.

In particular, for the deformed Lorentz groups associated with SL(2), the R-matrix
form of these commutation relations may be expressed by

R, MMy = MoMi Ry, MJR® M, = MyR® M| ®)
MIR®M, = MiR®M) | RIM{M] = MIMIR! |
where R®)T = R?) = PRO)IP (‘reality’ condition for R(S)). The consistency of these

relations is assured if R(®) satisfies the ‘mized Yang-Baxter-like’ equation (see [12, 13] in
this respect)

Ry12RYRY = RORD R, . )
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This equation, considered as an ‘FRT’ equation, indicates that R is a representation of
GLiL(2), (M;j)ap = R . Thus, R® may be seen as a matrix in which its 2x2 blocks

i, jB”
satisfy among themselves the same commutation relations as the entries of M,
A B a b
(3) — ~ M = . 1
=G =0 a0

As a result, the problem of finding all possible Lorentz h-deformations is equivalent to
finding all possible R(®) matrices with 2x2 block entries satisfying (2) such that PRG)P =
RO (RG) = RO,

The solutions of these equations are (see [1, 7]) (h € R)

1000 1 0 —h 0
01 r ~h 1 0 h

1. RO = R: 2. R® = 11
001 0| "M 0 1 0 (11)
00 0 1 0 0 h 1

They characterize the two h-deformed Lorentz groups, which will be denoted L;LI) and

LEIZ) respectively. Using (11) in (8), the commutation relations among the entries of M
and MT read (see also [7])

1. L;ll):
[a,a*] = rc*e, [a,b*] =rd*c, [a,d*]=0,
[b,b*] = r(d*d — aa®) , [b,d*] = —rc*a, [d,d*]=—rc*c (12)
[e, M1 =0
2. LY
[a,a*] = —h(c*a + a*c) , [a,b*] = h(aa* — d*a — b*c)
[a,c*] = hc'c [a,d*] = h(ac* + d*c),
[b,b*] = —h(ab* +ba* +b*d +d*b), [b,c*] = h(c*d+ac"), (13)
[b,d*] = ( ad* —bc*) [c,c*] =0,
[c,d*] = [d,d*] = —h(cd* + dc*) .

3. h-Deformed Minkowski spaces. To introduce the deformed Minkowski algebra
M(J ) associated with a deformed Lorentz group L(j ) (j=1,2) it is natural to extend
= AK AT above by stating that in the deformed case the corresponding K generates

a comodule algebra for the coaction ¢ defined by

¢ Kr— K'=MKM' | K, = M;M{K;;, K=K, A=MoM*, (14)

where, as usual, it is assumed that the elements of K, which now do not commute among
themselves, commute with those of M and MT. As in Sec. 1 for h-two-vectors (rather,
h-two-spinors) we now demand that the commuting properties of the entries of K are
preserved by (14). Covariance arguments to characterize the algebra generated by the
elements of K have been extensively used, and the resulting equations are associated
with the name of reflection equations [14, 15] or, in a more general setting, braided
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algebras [16, 17]. In the present SLj(2) case, the commutation properties of the entries
of the hermitian matrix K generating a deformed Minkowski algebra M}, are given by a
reflection equation of the form

RK\RPKy = KhRO K R) | (15)

where the R®) = R T matrices are those given in (11). Indeed, writing equation (15)
for K’ = MKMT, it follows that the invariance of the commutation properties of K
under the associated deformed Lorentz transformation (14) is achieved if relations (8)
are satisfied.

The deformed Minkowski length and metric, invariant under a Lorentz transformation
(14) of L}zj ), are defined through the quantum determinant of K given by 1]

(det, K)P,_P/_=—-P, K;ROK Pl | (16)

2
where Ph,P,L is a projector since (Ph,P,L)2 = (#) Ph,P,L. The above h-determi-

nant is invariant, central and, since R® and K are hermitian, real; thus, it defines the
deformed Minkowski length lj, for the h-deformed spacetimes /\/lgj ),

Similarly, it is possible to write the Lg )invariant scalar product of contravariant
(transforming as the matrix K, eq. (14)) and covariant (Y +— Y’ = (M")~'YM~1)
matrices (Minkowski four-vectors) as the quantum trace ([5, 18]) of a matrix product
[12, 1]. We define the h-deformed trace of a matrix B by

n(B) =t (DuB) . Dr= PR = (o ) )

where tr () means trace in the second space. This deformed trace is invariant under the
quantum group coaction B ++ M BM ~! since the expression of D}, above guarantees that
D! = M'D} (M~1)! is fulfilled. To check this explicitly, we start by transposing the first
eq. in (8) in the first space, obtaining

M{ R} My = MoR)P MY (18)
Inverting this expression and multiplying by M f ! from left and right, we get
(M7 )ia(M3 )6 (Ry) e = (RY )it (Mg (M) st (19)
Setting | = k and summing over k this gives
Mita(Mil)jb(RiLl );bl,kk - (RZI )z_],ls.s ’ (RZI )1_],15.5 - Mfa(Rzl );bl,kk (Mil)ij . (20)
This allows us to define Dy, as Dy, ;; = (Rzl);i}ss so that (17) is obtained.
Let us now find the expression of the metric tensor. Consider
K =Ry i uEe =1 (E)YRPAe (N . (21)

Then, if K is contravariant [(14)], K€ is covariant i.e., K¢~ (M)~ K¢M~!. This may
be checked by using the property of Rj,

Ry (M @ (M) = (M)~ @ (M™)")Rj, or RiM Mz = (M{)™ (M ')'R;,,  (22)
which follows from the preservation of the h-symplectic metric €. Now, using the expres-
sion of e, in (7), (Prn-)ijm = —%Gh ije;}d and Dy = —eh(egl)t, it follows that the
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h-deformed Minkowski length I, and h-metric g;, are given by
ly, = detp, K = ﬁtrhKKe = gnij i K K
The h-metric is preserved under h-Lorentz transformations A = M @ M*,
Agih=gn . gn=35=(D} @ 1)PR;,
This is checked using eq. (22) and that D} = M*D! (M~1)*:
AtgnA

(M® M*)tgn(M @ M*) = M{Mj g M M A
M{M} D} PR M, Mj = ﬁPMﬁMlT D!, R¢ My M

2+h2 2 R
= 2+h2PM2A{ID22<M*> NMy ) R, = gl PMED) (M, 1) Ry,
= 2+h2 PD o R}, = 2+h2 D);LlpRh = 9ghn

The deformed h-Minkowski algebras /\/lgbj)

sy Yhijkl = 2+h2Dh61Rhgs Kl -

355

(23)

(24)

Using (11) in eqgs. (15), (16) and (23), the h-Minkowski algebras associated with

SLp(2) as well as the deformed Minkowski length and metric read

1. ./\/lg): Here, R®) is the first matrix in (11). Then, eq. (15) gives (h real)

[, B] = —hB% — rB6 + hda — hBy + h25 , [, 8] = h(6vy — B9) ,
[a,7] = hy? + 16y — had + hBy — h?B6 [8,6] = hé?
[8,7] = hé(vy + B) +18?, [y, 6] = —hd? ;
2
detpn K = h .
eth W2 735 (a0 = By +hB0)
0 0 0 1
R — 0 -1 0 h K — ) —B+hé
P lo 0 -1 h P T —y4+ Rk a—h(B+)+ (A2 —1)8
1 —h —h h*-—r
0 0 0 1
1 0 0 -1 h
=572 lo -1 0 —h
1 —h h —r—nh?
2. Mf): In this case, R®) is the second matrix in (11). Then,
[, B] = 2had + h?BS [, 8] = 2h(0y — BS)
[,7] = —h26y — 2héa [3,0] = 2hé?
[3,7] = 3h?6% [v,0] = —2h62
dety K — —> 55 (00 = By +2h36)
€lh h + o 'Y )
0 0 0 1
pe_ |0 -1 0 2h Ke = ) —B +2hd .
P00 -1 2hn ’ T vy +208 a+h3 ’
1 0 0 A?

)

(29)
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o0 0 1
1 0 0 -1 2
=T o -1 0 0 (33)
1 0 2h —3n2

We might define a ‘time’ generator for these h-deformed spacetimes as proportional
to trp K (=22 in the undeformed case). However, the resulting algebra element has
undesirable properties: tr, K is neither real nor central. The time generator is central
only for the ¢-deformed Minkowski space of [10, 11] (M,(Zl) in the notation of [12, 1]).

4. Differential calculus on ./\/lgj). To describe the differential calculus on h-Min-
kowski spaces, we need to express the different commutation relations among the funda-
mental objects: deformed coordinates, derivatives and one-forms. Following the approach
of [19, 12, 20] to the differential calculus on Minkowski algebras associated with the
standard deformation SL,(2), we introduce the reflection equations expressing the com-
mutation relations defining the algebras of h-derivatives and h-one-forms (h-differential
calculi have been considered in [4] and in [21] for quantum N-dimensional homogeneous
spaces !). The triangularity property of R; provides these algebras with some advan-
tages with respect to the g-deformed ones; namely, the invariance requirement leads in
both cases to only one reflection equation. This is due to the fact that, in general, the
equivalent ‘FRT’ equations

RioMi My = MsMi Ry, Ry MiM; = MM Ry (34)
allow us to take in R K RA Ky = KobRO K RW (cf. (15)) RV = Ryy or Ryy', R =
RI, or (R7)T (see [1]). When the triangularity condition holds, however, R1s = Ry;' and
there is only one possibility. This argument also applies to algebras other than the algebra

of coordinates. Moreover, we shall show that it is possible to introduce ‘coordinates’ and
‘derivatives’ which are respectively and simultaneously hermitian and antihermitian.

The algebras of h-deformed derivatives ’D,(lj)
As in [12], we introduce the derivatives by means of an object Y transforming cova-
riantly i.e.,

Y — Y =MHY1yM?t | Y= [ g; gz ] ; (35)

The commutation properties of the derivatives are described by

RIY,R® 'y, = VRO ~Y3R), | (36)

where R®) = PR()P is given in (11), and are preserved under the h-Lorentz coaction.
Since the covariance requirement is the main ingredient in our approach let us check

explicitly that (36) is invariant under (35). Multiplying (36) by (MlJf)’l(MJ)’1 from the

!"We are grateful to the referee for drawing our attention to [21], where similar results were
independently obtained.
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left and by M, "M, * from the right we get, using the first and the last equations in (8),
RL(M) ™Yo (M) T RY T My M = (M) 7Y (M)) T R T M Y My Ry (37)
Finally, using the second and third third egs. in (8), we obtain
Ry (M))™'YaMy ' RP (M) yiMyt = (M) T viM R TN (M) T Y My Ry, (38)

which is eq. (36) for Y/ = (MT)~"1y M L.
The h-deformed d’Alembertian may be introduced by using the h-trace

— 1 € € pe\—1

As Iy, Oy, is Lorentz invariant, real and central in the algebra D;Lj ) of derivatives.

Using (11) in egs. (36), the commutation relations for D;Lj) read

1. D;Ll):
[Ou, 03] = —hOZ | [0, 05] = h(@g + 050, — 0a0s) — 10500 — 200, ,
[Oa, 0] = ROZ , [0y,05] = —h(@% + 050y — 0500) + 1000 + h?050a , (40)
[0, 5] = h(Dabs — 040a) ,  [0,0] = hOa(Ds + 0y) — 103 ;
2. D,(Lz):
[0, 03] = thag , [Oa; 0s] = 2h(0304 — 00 05) ,
[0, 0] = 2h8(21 , [0p,05] = h25'58a — 2h050, , (41)
[08,04] = 5h232 , [0y, 05) = 2h0,05 — h23a5',, .

Commutation relations for coordinates and derivatives
The commutation relations among the entries of K and Y may be expressed by an
inhomogeneous reflection equation (see [19, 12])

YoRyK1R® = ROK Rl Y, + nROP | (42)

which extends to the h-deformed case the undeformed relation 9,2 = &}, + 0,,. This
equation is consistent with the commutation relations defining the algebras Mg ), D;Lj ),
and is invariant under h-Lorentz transformations (as already mentioned, there is only one
Lp-invariant reflection equation due to the triangularity property of Ry). The invariance
is seen by multiplying eq. (42) by (M;)_lMl from the left and by MfM{l from the right
and using the commutation relations in (8).

It is a common feature of all g-deformed Minkowski spaces that the covariance trans-
formation properties for ‘coordinates’ and ‘derivatives’ are consistent with their hermi-
ticity. The mixed commutation relations (as expressed by an inhomogeneous reflection
equation), however, do not allow in general for simultaneously hermitian coordinates and
derivatives, a feature of non-commutative geometry already noted in [11, 22]. Let us then
look at the hermiticity properties of K and Y for our h-deformed Minkowski spaces. Cle-
arly, egs. (15) and (36) allow us to take both K and Y hermitian. Keeping the physically
reasonable assumption that K is hermitian, eq. (42) gives

ROV R Y = Vi Ry K, ROT 4 PROT (43)
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Since R®T = R®) = PROIP we get that (—YT) satisfies (for n* = 1) the same com-
mutation relations as Y. Thus, egs. (15), (35) and (42) are compatible with the hermiti-
city of K and the antihermiticity of Y. This linear conjugation structure, absent in the
g-deformation, may facilitate the formulation of invariant field equations on /\/lglj ),

Using the R(®) matrices in (11) in eq. (42) and setting = 1, the mixed commutation
relations are found to be (we give only a few cases)

1. ./\/lgll) X D,(ll):
[On, ] =14 hf0s — hyds — h250s [Oa, 8] = —h60s

(O] = 1300 | Oad] =0, 4
[0g,a] = (r+ h2)y04 + h(r — h?)60, — h(ady + BOs +v0s) + h2(585 + B0a)
[aBa ﬂ] =1+ (T - h2)58a + h(ﬂaa - 585) )
[(93,’}/] = *h(’yaa + 555) + h258a ,
[(9[3, 0] = hd0q
2. M2 DY
[Oasa] =1+ 2h(B0s — v0a) — 4h250,, , [0, B] = —2h00, ,
[Oa, ] = 2000, , [0a,d] =0,
(45)
[35, a] = —2hal, — h%aa — 2h360, , [85,5] = 2hd0, ,
[aﬁa B] =1- h258a y [85,7] = 4h25aa

The algebras of h-deformed one-forms Ag)

To determine now the commutation relations for the h-de Rham complex we now
introduce the exterior derivative d following [11] (see also [12, 19]). The algebra of the
h-forms is generated by the entries of a matrix dK. Clearly, d commutes with the Lorentz
coaction, so that

dK' = MdK M . (46)
Applying d to eq. (15) we obtain
RydK RP Ky + R,K RPdKy = dKo RO K\ Rl + KoR® K\ R] (47)
Its only solution is given by
RydK,RP Ky = K;R®AK, R} (48)
(which implies R, K} R®dKy = dKsR® K R}). From eq. (48), it follows that
RydK,RPdK, = —dK,R®dK R} . (49)

Again, it is easy to check that these relations are invariant under hermitian conjugation.
Notice that the reflection equations (15), (48) and (49) have the same R-matrix struc-
ture. In the h-deformed case, the reflection equation giving the commutation relations
among the generators of two differential algebras is determined only by the transforma-
tion (covariant or contravariant) law of these generators. Thus, there are only three types
of reflection equations, those of (15), (36) and (42), as a consequence of the triangularity



DIFFERENTIAL CALCULUS ON ‘NON-STANDARD’ MINKOWSKI SPACES 359

of SLj,(2). In contrast, in the g-deformation (based on SL4(2)), the number of reflection
equation types is larger.
The exterior derivative is given for the two h-Minkowski algebras by

d=tri(dKY) = dad, + dBg + dyd, + d6ds — 2h(dryd + dsdg) . (50)

To conclude, let us mention that the additive braided group [16, 17] structure of the
above algebras may be easily found. It suffices to impose e.g. that eq. (15) is also satisfied
by the sum K + K’ of two copies K and K’ of the given h-Minkowski algebra. This leads
to an equation of the same type as (15) (see the comment above)

RLK{RP Ky = KyROKI R (51)

Eq. (51) is clearly preserved by (14). The above discussion could be extended easily to
obtain a braided differential calculus. The unified braided structure of all h- (and ¢-, we
note in passing) deformed Minkowski spaces was given in [1] (see [23] for the particular
g-deformed case of [11]). Given the generality of our presentation, it is a trivial exercise
to introduce a wunified additive? braided differential calculus valid for all the h- (or ¢-)
Minkowski algebras. For the case of the ¢g-Minkowski space in [11] we refer to [24].
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