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Abstract. We give a review of results on the initial value problem for the Vlasov—Poisson
system, concentrating on the main ingredients in the proof of global existence of classical solu-
tions.

1. Introduction. Consider a large ensemble of particles which interact only by the
gravitational field which they create collectively, in particular, assume that collisions
among the particles are sufficiently rare to be neglected. An example of such an ensemble
could be a galaxy where the stars play the role of the particles. We want to describe such
an ensemble in a Newtonian setting. Each particle moves on a trajectory determined by
Newton’s equations of motion

& =wv, 0 =-0,U(t x), (1.1)

where U = U(t, x) denotes the gravitational potential of the ensemble; ¢ € R denotes time
and z,v € R? denote position and velocity respectively. For simplicity we assume that
all particles have the same mass, equal to unity. If one describes the matter distribution
of the ensemble as a whole by a number density f = f(¢,2,v) on phase space then f
satisfies the so-called Vlasov equation

Of +v-0uf — 0U - Oy f =0 (1.2)

note that the characteristic system of this equation is (1.1). Since the gravitational field is
generated collectively by the ensemble itself the Vlasov equation is coupled to Newton’s
law of gravity

AU = 4rp (1.3)
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where the spatial mass density p = p(¢,x) is given by

p(t,x):/f(t,x,v) dv. (1.4)

The nonlinear system of partial differential equations (1.2), (1.3), (1.4) is known as the
Vlasov—Poisson system.

There is a well developed mathematical theory of such systems, and the distinguishing
feature of the Vlasov—Poisson system is that there is a global existence and uniqueness
theorem for the corresponding Cauchy problem for general initial data. This means that
the Vlasov matter model should be useful in describing self-gravitating matter in the
context of general relativity, since any singularity which appears in such a relativistic
set-up must be due to in some sense genuinely relativistic effects. The present review is
intended to supplement the lecture notes of A. Rendall on the Cauchy problem for the
Vlasov—Einstein system. For the latter system partial results are available which lend
support to the belief that the Vlasov matter model is “well-behaved” when compared to
other models such as dust, and we shall show that the Vlasov—Poisson system, which is
the Newtonian limit of the Vlasov—Einstein system, is indeed “well-behaved”.

To do so we must supplement the system with a boundary condition for the potential.
We require that

lim U(t,z) =0, (1.5)

r—00

that is, we consider the case of an isolated system. For reasons of exposition we include
the so-called plasma physics case, that is, we replace (1.3) by

AU = 4myp (1.6)
where v = 1 is the gravitational and v = —1 the plasma physics case.

THEOREM 1.1. For every nonnegative, continuously differentiable, and compactly sup-
ported initial datum f € CL(RC) there exists a unique solution f € C*(]0,00[xR®) of the
Viasov—Poisson system with f(0) = f.

This result was first established by Pfaffelmoser [16, 17], simplified versions of the
proof are due to Horst [13] and Schaeffer [24], and a proof along quite different lines is
due to Lions and Perthame [15]. In the next section we will discuss the main ingredients
and a-priori estimates which enter into the proof of this theorem, in particular, we will
point out exactly why the same proof covers both the plasma physics and the stellar
dynamics cases, a fact which is surprising from a physics point of view. Then we shall
give a complete proof of the theorem which is due to Schaeffer [25] and is, in our opinion,
the clearest available proof but has not been published previously. Then we will briefly
discuss a blow-up result for the so-called relativistic Vlasov-Poisson system, which is
due to Glassey and Schaeffer [9] and points to some of the obstacles one may encounter
when trying to extend the result to related systems. In the last section we will review an
extension of the global existence result to a geometrically different situation, namely the
cosmological case.
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2. Ingredients in the proof of global existence

2.1. Local existence and continuation of solutions. A necessary first step towards
global existence is a local existence result and a criterion which says what kind of bounds
one has to establish in order to extend a local solution to a global one. This is the content
of the following theorem.

THEOREM 2.1. For every f € CHRY), f(3 > 0, there exists a unique solution f €
CL([0, T[xRS) of the Viasov—Poisson system on a right mazimal existence interval [0, T],

T >0, with £(0) = f. If

P(t) = max{|v\ | (z,v) € suppf(t)}

is bounded on [0,T[ or if |[p(t)||, is bounded on [0,T[ then T = oo, that is, the solution
is global.

Throughout these notes || - [|,, will denote the usual LP-norm, 1 < p < oco. The proof
of this result is implicit in [2] although the result is not explicitly stated there. We do
not go into the proof and only mention that the continuation criterion already gives
some physically relevant and nontrivial information: If a singularity should form then it
cannot form in such a way that only a derivative, say of p, blows up, but p itself has
to become singular. Similar results are known for related systems such as the relativistic
Vlasov—Poisson system, the Vlasov-Maxwell system, or the Vlasov—Einstein system with
spherical symmetry.

2.2. A-priori bounds. The first set of a-priori bounds is based on the conservation of
phase space volume. Let (X, V)(s,t,z,v) denote the solution of the characteristic system
T=v, 0 =—-0,U(s,x)
with initial condition (X, V)(t,t,z,v) = (z,v), t > 0, x,v € R3. It is well known that

ft,x,v) = f((X, V)(O,t,x,v)), t>0, z,v e R3,

which is simply to say that f solves the Vlasov equation if and only if it is constant along
characteristics. In particular, this implies that f(t) is again a nonnegative C''-function of
compact support, and we get the a-priori bound

1F®)lloe = 11l

for free. Actually more is true: Since the right hand side of the characteristic system is
divergence-free when viewed as a vector field on phase space it follows that the charac-
teristic flow is volume-preserving,

IX,V)
d(z,v)
a fact known as Liouville’s Theorem. Via transformation of variables this immediately
implies that

det (s, t,x,v) =1,

IF )l = (/\f((x, V)(O,t,x,v))‘pdv dx)l/p 1L
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for all p > 1, in particular

()]l = / f(tx0)dvdz = | £,

which is conservation of mass or charge respectively. Note that all of these bounds hold for
both the plasma physics and the gravitational cases and come from the Vlasov equation
alone.

Next we discuss a-priori bounds based on conservation of energy. Define the kinetic
and potential energy of a solution by

Eyin(t) = %/UQf(t,x,v) dv de,

1
Boor(t) = —Sl / 10,U (t, z)2dz = §/U(t,x)p(t,x) dz.
T
It is a simple calculation to check that the total energy of the system is conserved:
Exin(t) + Epot (t) = const.

If we consider the plasma physics case v = —1 the potential energy is nonnegative so
that the kinetic energy remains bounded:

Eyun(t) <C, t > 0; (2.1)

constants which depend only on the initial condition ]? are always denoted by C' and may
change their value from line to line. We want to use this bound on the kinetic energy to
obtain an LP-bound on p(t) with p > 1. To do so, observe that

p(t,x)=/|<Rf(t,x,v)dv+/ ft,z,v)dv

[v|>R

47 0 1 8/5
<SRN o + 32 /va(t,x,v)dv =C (/ v f(t,x,v) dv)

where we have chosen
1/5
Rz(/va(t,x,v)dv> .

Taking both sides of this estimate to the power 5/3 and integrating with respect to x
yields the a-priori bound

lo@®)ll5,5 < C. (2.2)

So far, both (2.1) and (2.2) hold only for the case v = —1. However, as Horst observed
n [12], there exists some constant C' > 0 such that for all ¢ € [0, T,

’Epot(t)‘ < CEkin(t)l/Q- (23)

Together with conservation of energy this implies that the bound on the kinetic energy
and as a consequence also (2.2) hold for the gravitational case v = 1 as well. From this
point on, the two cases never need to be distinguished again since all a-priori bounds
which enter into the global existence proof hold in both cases.
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To conclude this subsection we briefly explain how the key estimate (2.3) is obtained:
Using Holder’s inequality and the generalized Young’s inequality we obtain

1 [ p(t,z)p(t,y) -
| Bpor ()| = f/fdydx < llp@®lless [|o(®) = [ 17|
2 |z —y|
< Cllo® g5 Il 17 l5., < Cllo(®)llgs-
This inequality is known as Sobolev’s inequality, cf. [18, p. 31], for the generalized Young’s

inequality and the definition of the weak LP-norm || - |, ,, cf. [18]. Now an interpolation
argument analogous to the one proving (2.2) yields the estimate

lo)lls/5 < CBiin (D",
and combining this with Sobolev’s inequality proves the estimate (2.3).
2.3. A Gronwall argument. In order to prove global existence it is sufficient to get a
bound on the quantity P(¢) introduced in Theorem 2.1. In the following we will derive
a Gronwall inequality for this quantity which will not yet be strong enough to yield a

global bound on P(t), but it will point towards the possible improvements which in the
next section will result in a global bound on P(t). First note that by Holder’s inequality,

|0.U(t, )| S/ pt,y) aly</| pt:y) dy+/ plty)

|JI - y|2 - z—y|<R |$ - y|2 z—y|>R |J) - y|2

2/5
dy -5
< ol / e / o — 4|5 dy
le—y|<r |7 — y[? o8 la—y|>R

=CR|p(t)lloo + C R Ip(t)]55:

oo
and choosing R = ||p(t)||§§g ||p(t)||;o5/9 we have the estimate

10U @)l < Cllp@)IIZ)5 @)1, (2.4)

Using the a-priori bound (2.2) and the fact that p(t,2) < CP(t)3 we obtain the Gronwall
inequality

P(t) < P(0) + / 10,U(s)[lods < P(0) +C / lo(s) [ /2ds

< P(0) + C/t P(s)Y3ds
0

which yields only a local-in-time bound on P(t). One way to improve this argument is
to observe that an a-priori bound on a higher order LP-norm of p(t) allows for a smaller
power of the L*-norm of p(¢) in the estimate (2.4) and thus for a smaller power of P(s)
in the Gronwall inequality for P. One easily checks that an a-priori bound for ||p(?)]|,
is sufficient to obtain a Gronwall inequality for P which yields a global bound on this
quantity. Next one observes that |[p(t)||, can be bounded by a velocity moment of f of
sufficiently high order. This route was taken by Lions and Perthame in [15], where they
established an a-priori bound for

/ [o|™ f(t, z,v) dvdx
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for every m €]3,6[. Pfaffelmoser’s approach is based on a different observation: Let
(X,V)(t) be a fixed characteristic along which we want to estimate the increase in velo-

city. Then
V() -V(E—A |</ //| s y7 dwdyds (2.5)
Y=

In the above Gronwall argument we first split x-space to obtain the estimate (2.4) and
then split v-space to obtain the estimate (2.2). In essence, Pfaffelmoser’s idea is that
instead of doing one after the other one should rather split (x, v)-space in (2.5) simulta-
neously to get a bound on the increase in velocity. The details of Schaeffer’s version of
this idea are given in the next section.

3. Schaeffer’s proof of global existence. For technical reasons we redefine the
quantity P(t) and make it nondecreasing;:

P(t) := max{|v| | (z,v) € suppf(s), 0 <s< t}.

We want to show that this function is bounded on bounded time intervals. Let (X, V)(t)
be a fixed characteristic in suppf, that is, (X,V)(0) € suppf, and take 0 < A <t < T.
After applying the transformation of variables

y = X(S7t7 'r’ IU)’ w = V(S7t7 ,:Z:,/U) (3'1)

and using the fact that the characteristic flow is volume preserving we can write (2.5) as

V(t)—V(t—A |</ // — xtvx 0) Tt ds (3.2)

For parameters 0 < p < P(t) and r > 0, which are to be specified later, we split the
domain of integration in the last integral into the following sets:

M, = {(s,x,v) et— At x R6‘|v| <pV |jv=V()] §p},

M, = {(s,x,v) € t—At] x R6‘|v| >p A Jo=V(@)>p
A 1K (st ,0) = X ()] < rlof % VX (s, t2,0) = X(s)] < rlo = V(1) 7] }
M; = {(s,m,v) et — At x R6‘|U| >p AJo=V(@#)|>p

A X (s t,m,0) — X (8)] > |2 A | X (s,t,2,0) — X(8)| > r|v — V(t)|_3}.

To estimate the contribution of each of these sets to the integral in (3.2) we have to
choose the length of the time interval [t — A, ¢] such that velocities do not change to much
on this interval. Recall from the previous section that

10.U (1)l < CP1)*?, t€0,T],
for some C* > 0 so if we choose

A= min{t, ZLC‘*I:W} (3.3)
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then
’V@@zmyw;gACWﬁfmgigseﬁfAJLaveR? (3.4)
The contribution of My : For (s,z,v) € My we have, by (3.4),
|lw] <2p V |w—V(s)] < 2p.

Together with the transformation of variables (3.1) this implies the estimate
f(t,z,v) /t / A(s,y)
dvdrds < ————dyds,
Jo Wt x0T ] - XGIP

psw= | Fls.y.w)dw < Cp’,
lw|<2pV]w—V(s)|<2p

where

and also

()55 < llp(s)ll5/5 < C
Therefore, the estimate (2.4) implies that

f(t,z,v) 4/3
dvdxds < C A. 3.5
Jo TR 27— et < € (3
The contribution of My: For (s,xz,v) € Ms we have, by (3.4),
1 1
2P < lw| < 2v] A oP < lw—=V(s)| <2|v—V(t)]
A[w_xgn<&mr3vw_xgn<&m—v®wﬂ.

Thus by (3.1),
f(t z,v)
dvdzd
/M2 X (s tya,0) = X(EP T
/ / / f(87y7w)2dw dy ds
Lp<lwl<2P(t) J ly—x ()| <8rlw] -3 |y — X (5)]

/ / / F60.0) 4y ds
Lp<|w=V(s)|<2P(t) J |[y—X (s)|<8r|w—V(s)|~3 ly — X ()

<Crln T)A. (3.6)

To obtain this estimate we used the fact that || f(s)||, = || f || o and then simply calculated
the remaining intergrals, integrating first with respect to y and then with respect to w.

The contribution of Ms: The main idea in estimating the contribution of the set M3
is to integrate with respect to time first and to use the fact that on Mj3 the distance of
X (s,t,r,v) from X(s) can be bounded from below linearly in time. Let (z,v) € RS with
|[v =V (t)| > p and define

d(s) = X(s,t,z,v) — X(s), s €[t — A,t].

We estimate this difference from below by Taylor-expanding it to first order around the
point sg € [t — A, ] which is defined by

|d(so)| = min{|d(s)| |t — A < s < t}.
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To this end, define

d(s) :=d(so) + (s — s0)d(s0), s € [t — A,1].

Then
d(s0) = d(s0), d(so) = d (s0),
and
jd(s) —d (s)] = [V (s, t,2,0) = V(s)| < 218,U(s)]|o. <2C*P(1)*°.
Therefore,

d(s) — d(s)| < C*P(t)"/*(s — s0)? < C*P(()/*Als — s0|
< 7pls = sol < 3lo = V(D)lls — sol. (3.7)
Since by (3.4),
[d(s0)| =V (s0,1,2,0) = V(s0)| 2 Jo = V(#)| ~ gp > o= V(@)
and
(s — s0)d(s0) - d(s0) > 0

—the latter estimate follows from the definition of sy by distinguishing the cases so =
t— A, s €]t — A, t], and sg = t—, we have for all s € [t — A, t] the estimate

- 1
|d(s)[* > yihe V()]s — sol?,
and combining this with (3.7) finally implies that the estimate
1
ld(s) = ;v =V()lls = sol (3.8)

holds for all s € [t — A, t] and (z,v) € R® with [v — V(t)| > p. Now define the functions

—2 rlv| =3
01(5)3—{( ¢ &>l

_92 _
ol =¥ g < ool

© £? L E> v = V()7

1% = _ .

: (rlo = VOI) " g <rfo— V(R

The definition of M3, the fact that the functions o; are nonincreasing and the estimate
(3.8) imply that

) 2Ly (5,,0) < (40} < o (1o = VIOl — 30

fori =1,2 and s € [t — A,t]; 1)y denotes the characteristic function of the set M. We
can now estimate the time integral in the contribution of M3 in the following way:

/t 1d(3)] Lo, (5,0, 0)ds < 8o — V()] / o0 de

-A

_ r~ )3 ,i=1
= 16l =V {7"_1|U VP i=2
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and since this estimate holds for both i = 1 and ¢ = 2 we have
t
/ |d(s)| "1, (s, 2, 0)ds < 160~ o — V(¢)| " ' min{|v[?, v — V(#)]*} < 160~ v[?
t—A

Therefore,

f(t,2,v) ' -
<ort // vVif(t,z,v)dvde < Or~! (3.9)

by the boundedness of the kinetic energy. Combining the estimates (3.5), (3.6), (3.9) we
obtain the estimate

4P
[V(t) =V (t—A) < O(p4/3 + rlnﬁ + r_lA_l) A
p

4P(t
< C(p4/3 + rln# + rflpflP(t)‘l/S) A

Now we choose our parameters p and r in such a way that all three terms in the sum on

the right hand side of this estimate become equal, which is the case if
p=Pt)Y1, r = P(t)16/33 1p1/2 4P(t)7
p

and we conclude that
V() = V(t—A)| < CPt)'/3 In'/? P(t) A;

without loss of generality we assume that P(t) > 1 so that p < P(t), otherwise we can
replace P(t) by P(t) + 1. Thus, for any € > 0 there exists a constant C' > 0 such that

[V(t) = V(t—A)| < CP(t)10/33F¢A. (3.10)
It is now tempting to replace the difference in V' by the corresponding difference in P,
divide by A, let A — 0, and use the resulting differential inequality for P(t) to derive
a bound for P(t). However, A is defined in (3.3) as a function of ¢, so we cannot let it

go to zero and have to argue with the difference inequality (3.10) directly. Since P(t) is
nondecreasing there exists a unique 7™ €]0, T] such that

1

P(t)~32/3 ¢ > T*.
Clearly, (3.10) implies that
\V(t) = V(0)| < CP(t)'/33%t, t < T*.
Let t > T* and define tg := ¢ and ;41 :=t; — A(t;) as long as ¢; > T™*. Since
t; —tiy1 = A(t;) > Alto)
there exists k € N such that
b <T" <thp_1<---<tg="t.

Repeated application of (3.10) yields

V(#) =VO) < [V(#) = V(tx)| + [V(tx) = V(0)]
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[V (ti1) — V(t;)] + Ctrp P(t)10/33+¢

hE

1

k
CP(t)'6/33+¢ (tk + Z(tH — m)

-
Il

IN

— CP(t)16/33+¢, -
By definition of P this implies that
P(t) < P(0) + CP(t)'%/33+¢¢
so that for any § > 0 there exists a constant C' > 0 such that
P(t) < C(1+ )%/ ¢ € (0,77,
and by Theorem 2.1 the proof is complete.

Remarks. The proof above yields an explicit bound on P(¢) and thus also on
lo(t)|l .- Using slightly more sophisticated estimates one can obtain

P(t) < CL+ ) |pt)|| < CA+)3+°, ¢t >0,

for any ¢ > 0. This refinement is due to Horst [13].

With one exception all the properties of the Vlasov—Poisson system which were explo-
ited in the above proof have a clear physical interpretation: we made use of the conserva-
tion of energy and—in various forms—of the conservation of phase space volume. The one
exception is the estimate (2.3) whose physical content is not apparent to us but without
which the proof would go through only in the plasma physics case.

Due to (2.3) the above proof goes through and gives the same bounds for both the
plasma physics and the gravitational cases. The latter fact is unsatisfactory, since in the
plasma physics case the particles repulse each other—in the case of several particle species
with charges of different sign this is true at least on the average—and thus the density
should decay as ¢ — co. Results in this direction have been obtained in [14], where it has
been shown that ||p(t)||; 5 decays. Together with other decay estimates in [14] this can
be used to improve the bound on ||p(t)||,,: In the plasma physics case this quantity can
grow at most as t2, cf. [21].

In the gravitational case and under the assumption of spherical symmetry both P(t)
and |p(t)||,, are bounded uniformly in ¢, cf. [2]. If the initial datum satisfies a certain
smallness condition then P(t) is again bounded uniformly in ¢ and the density decays:
o)l < C3, ct. [1]

4. Limitations to global existence. In this section we want to show that the global
existence proof can not necessarily be carried over to closely related systems. Consider
the following, so-called relativistic Vlasov—Poisson system:

v
Of+—— - -0.,f—0,U-0,f =0,
It T !

AU = 4mp, p(t,x) = /f(t,:mv) dv.
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Here the particles move according to the special relativistic equations of motion
v
V1402
The rest mass of the particles as well as the speed of light is set to unity, and v should
now be interpreted as the momentum of the particles. Since the particles still interact via
the non-relativistic gravitational field determined by the Poisson equation, this system
is neither Galilei- nor Lorentz-invariant, it can be viewed as in some sense intermediate

between the Vlasov—Poisson and the Vlasov—Einstein system.

If one examines the a-priori bounds from the previous section for the case of the
relativistic Vlasov—Poisson system one finds that the bounds based on the characteristics
remain valid, also conservation of energy still holds, with

Eyin(t) == / V1+2 f(t,z,v)dvde

defining the kinetic energy, but it is no longer possible to bound the potential energy by
some root of the kinetic energy so that there is no longer an a-priori bound for the latter.
Actually, not only does the proof for global existence no longer go through but for certain
initial data the solutions blow-up in finite time:

THEOREM 4.1. Let fe CL(RY), fZ 0, be spherically symmetric, i. e., f(Ax,Av) =
f(x,v) for all z,v € R® and A € SO (3). If the total energy of f is negative then the
corresponding solution of the relativistic Vliasov—Poisson system blows up in finite time.

i’:

0= —-0,U(t,x).

This result is due to Glassey and Schaeffer [9], and we sketch the main idea of the
proof: First one can check by direct computation that every solution satisfies the so-called
dilation identity

d 1

— [ z-vf(t,z,v)dvde = E(t) — | ———
& [aosa 0~ [ =t
where E(t) = Exin(t) + Epot () denotes the total energy of the system, which is conserved.

In passing we note that the dilation identity is related to the following scaling invariance
of the system: For every A > 0 the transformation

Ot z,v) = )\2f()\t, Az, v)

turns solutions f of the system into new solutions fy. Integration of the dilation identity
yields the estimate

t,z,v)dvdx,

/x~vf(t,x7v)dvdx§ /x-v O(:mv)dvdm—&—E(O)t.
Next observe that
d
£/x2\/1+v2f(t,x7v)dvdx:2/x-vfdvdx—/m28IU-jdx
S2/56-vfdvdx+2E(0)t—/m28wU.jdac

where

t,xz,v)dv

j(t.x) = / el
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denotes the mass current density. Due to the spherical symmetry
|0 U(t,z)| = %T /OT s2p(t, s) ds, (4.1)
where r = |z|, and the estimate
2|0,U(t, )| < xﬂ%‘f M
holds, where M = ||]g||1 denotes the total mass of the system. Since in addition

/|j(t,x)|dx§/p(t,x)dx:M

we obtain the estimate
d o
o7 221+ 02 f(t,z,v) dvde < 2/:5 v fdvdx + 2E(0)t + M?,

and after another integration in time this implies that
/:1:2\/ 1402 f(t,z,v) dvde S/Z‘Z\/ 1402 j?dvda:—i— <2/x . vj?dvdm + M2> t+E(0)t%

Since the left hand side of this estimate is nonnegative and F(0) is negative by assump-
tion this gives an explicit upper bound on the lifetime of the solution, and the proof is
complete.

There is a simple argument which shows where the solution blows up. The first thing
to note is that a result analogous to Theorem 2.1 also holds for the relativistic Vlasov—
Poisson system. In particular, p has to blow up in the L*>°-norm. Now assume there exists
an arbitrarily small radius € > 0 such that p is bounded on [0, T[x B.(0). By (4.1) this
yields the estimates

and
0,U(t2)| < v sup{plt,2) | (12) € 0. TxBO)}, r < e,

i. e., 0;U is uniformly bounded on the existence interval of the solution which immedia-
tely implies that P(t) is bounded on [0, T, a contradiction. Thus we have the following
corollary to the theorem above:

COROLLARY 4.2. Let f be as in Theorem 4.1. Then
sup{p(t,2) | £ € [0, 7], |a] < e} = o0
for every e > 0.

The solution therefore blows up at the center of symmetry. This should be compared
with a corresponding result for the Vlasov—Einstein system, which says that if a sphe-
rically symmetric solution developes a singularity, the first one will be at the center, cf.
A. Rendall’s lecture notes.
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5. Extensions of the global existence result. We have seen above that the global
existence result for the Vlasov—Poisson system cannot be extended to the relativistic
Vlasov—Poisson system, at least not in the gravitational case, which is the one of interest
here. For the plasma physics case of the relativistic Vlasov-Poisson system as well as
for the Vlasov—-Maxwell system the question of global existence of classical solutions in
three dimensions is still open, partial results are known for small initial data and related
situations, cf. [19] and the references therein.

A different direction into which one may wish to extend Theorem 1.1 is to take
collisional effects into account. One way to do this is to include so-called Fokker—Planck
terms into the Vlasov equation which can be considered as a linear approximation to
the Boltzmann collision term. For the resulting Vlasov—Fokker—Planck—Poisson system
Bouchut has proven global existence of classical solutions, based on the proof by Lions
and Perthame for the Vlasov—Poisson system, cf. [7].

So far, all the results which we discussed referred to the case of an isolated system, that
is, the boundary condition (1.5) has always been assumed. However, in the gravitational
case one can also consider cosmological solutions. For a nonnegative, compactly supported
function H € C}(R) we set

folt,,v) := H (Ja(tyw — a(t)e]*)

where a is a positive function to be determined later. Then

po(t,x) = /fo(t,x,v) dv = a=3(t) /H(’UQ) dv,
and, after normalizing

/H(vQ) dv =1,

we obtain the homogeneous mass density
po(t) =a=3(t), t > 0.

A solution of the Poisson equation with this source term is
2w
Up(t,z) := ?a_?’(t) 22 t>0, 2 € R
and it remains to determine the function a in such a way that fy satisfies the Vlasov
equation with force term
47
0. Up(t,x) = gafg(t) x.
A short computation shows that this is the case if a is a solution of the differential
equation
47

i+ Ea*2 =0, (5.1)

which is the equation of radial motion in the gravitational field of a point mass. We
assume that a(0) = 1 and a(0) > 0. The solution of (5.1) exists on some right maximal
interval [0, T,[ where T, = oo if
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i. e., the energy, a conserved quantity along solutions of (5.1), is nonnegative. We want
to consider solutions of the Vlasov-Poisson system of the form

f=fotg, p=po+o, U=Us+W,

with the perturbations g, o, W being spatially periodic. To this end it is useful to perform
the following transformation of variables:

t=a't)z, v=v—att)at)z, Gt z,0) =gt z,v). (5.2)
If we compute the system satisfied by g, o, W in these transformed variables and after-

wards drop the tildas we obtain the following version of the Vlasov—Poisson system which
governs the time evolution of deviations from the homogeneous state:

1 1
0:g + b 0z9 — - <8wW + dv) - 0yg = 2aH'(a*v?) v - 0, W, (5.3)
AW = 4ra’o, (5.4)

o(t,x) = /g(t,ac,v) dv. (5.5)
If we define @ := [0,1]%, S := Q x R3, and
0570(5) = {h € C*(RY) | h(z 4+ o, v) = h(z,v), z,v € R® o€ Z?,
Jug >0: h(z,v) =0, |v| > uo}
then the following extension of Theorem 1.1 to the cosmological case holds, cf. [23]:

THEOREM 5.1. For every initial datum g € C}) .(S) with [¢ §= 0 and g(x,v)+H (v*) >
0 for z,v € R® there exists a unique solution g € C1([0,To[xR%) N C([0,Tu[; Cp .(S)) of
the system (5.3), (5.4), (5.5) with g(0) = ¢. In particular, the solution is global, if E, > 0.
We do not give a proof of this result here but indicate how the a-priori bounds have
to be modified in the cosmological case. First the fact that the Vlasov equation (5.3) for

g is now inhomogeneous implies that g is no longer constant along characteristics, but is
given by

g(t,2) = §((X,V)(0,t,z,v)) + H(V?(0,t,2,v)) — H(a*(t)v®), t > 0, (z,v) € R,
and this implies the a-priori estimate

lg®)lloe < 11dlle + 201H |-

The solutions of the characteristic system
1 1
:7,.:—76$W, ] )
a(s)v ) a(s) ( (s,x) + a(s)v
do no longer define a volume-preserving flow, but
X H\*
detu(s’tmv): @ ,
d(z,v)
and this implies that

la@®lly < (lglly +2) a™>(1).
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Thus, the a-priori bounds on the L'- and L>-norm of g(t) still hold. Next we define

Eyin(t) := %/szf(t,x,v) dvdz, Epe(t) = ;/QW(t,I)U(t,x) dx,

where f = fo+ g, a function which is nonnegative as opposed to g. A short computation
shows that

a®(t)E(t) = E(0) Jr/o a(s)a*(s)Epot(s)ds, t >0,

where E := Eyj, + E,o¢ denotes the total energy. This identity serves as the replacement
for the conservation of energy and can be used in connection with the analogue of Horst’s
estimate (2.3) to obtain the bounds

Byin(t) < Ca™(t), [lo(t)l5/5 < Ca™*/5(t)
provided E, > 0, and
Ein(t) < Ca™(t), [lo(t)]l5/5 < Ca™(t)

provided E, < 0. Starting from these a-priori bounds the global existence proof of Scha-
effer can now be adapted to the cosmological case. For the details we refer to [23].

Final remark. We have restricted our review to the question of global existence of
solutions to the initial value problem for the Vlasov—Poisson system in three dimensions,
but we want at least to mention that there are many results on other aspects of this system
such as the existence and properties of stationary solutions [4], stability and instability
of stationary solutions [5, 6, 10, 11, 20, 22], asymptotic properties of solutions [3], and
numerical simulation schemes [8]. Further references can be found in the cited articles.
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