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Abstract. This paper is an expanded version of a talk given at the Banach Center Sympo-
sium on Knot Theory in July/August 1995. Its aim is to provide a general survey about trace
functions on Iwahori—Hecke algebras associated with finite Coxeter groups. The so-called Markov
traces are relevant to knot theory as they can be used to construct invariants of oriented knots
and links. We present a classification of Markov traces for the classical types A, B and D.

1. Introduction. The algebras in the title first came up in Iwahori’s work (cf. [CR],
§67) on endomorphism algebras of certain representations of finite Chevalley groups.
From this point of view, they are relevant to the representation theory of finite groups.
Alternatively, such an algebra can be described as a finite dimensional quotient of the
group algebra of an Artin-Tits braid group. In the case where the underlying Coxeter
group is a symmetric group, Jones [Jo] used this approach to construct invariants for
isotopy classes of oriented knots and links in the 3-sphere. (For generalizations to Coxeter
groups of type B, see [La].) In this article, we shall regard these algebras from a purely
algebraic point of view, as deformations of the group algebras of finite Coxeter groups.

Our aim is to describe a general plan for studying trace functions on Iwahori—-Hecke
algebras associated with any given type of finite Coxeter group. This plan has been
developed in joint work with G. Pfeiffer [GP]. As an application, we present a classification
of so-called Markov traces on Iwahori—-Hecke algebras of classical type. For type A, this
is originally due to Ocneanu; for type B, this is joint work with S. Lambropoulou [GL].
We shall give a self-contained account of the uniqueness part in the latter result but refer
the reader to [GL] for the technically more complicated details of the existence part. We
then show how the classification of Markov traces for type B can be used to classify
Markov traces for type D. These results are new; they are motivated by discussions with
S. Lambropoulou which are gratefully acknowledged.
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In Section 2 we define and state the main properties of finite Coxeter groups and
describe normal forms of the elements for the classical types A, B and D. In Section 3
we study conjugation in these groups by examining the signed cycle type of elements,
following Carter’s description in [Ca]. The associated Iwahori-Hecke algebras and their
trace functions are the subject of Section 4. We show how the operation of conjuga-
tion in the Coxeter group translates to the Iwahori—-Hecke algebra. This will be the key
step in describing our general plan for trace functions, along the lines of [GP]. In Sec-
tion 5, we introduce Markov traces for Iwahori—Hecke algebras of classical type, and study
some of their basic properties. Finally, in Section 6, we give a classification of Markov
traces in the case of type D. This is followed by some concluding remarks and open
questions.

We have tried to keep the level of our exposition as elementary as possible. We assume
known the notions of finitely presented groups and associative algebras over commutative
rings, as well as some basic facts from the classical representation theory of associative
algebras over fields. The classical reference for Coxeter groups is N. Bourbaki [Bo]. Es-
pecially suited for the things that we need is [CR], § 64, 68.

2. Finite Coxeter groups of classical type. A Coxeter group W is a group given
by a presentation of a very special form: We have a finite set of generators S CW which
we write in the form S = {s; | ¢« € I} for some finite index set I, and the defining
relations are just relations of the form (s;s;)™("/) = 1 where 4,j € I and m(i,j) > 1
for i # j, m(i,4) = 1. Since each generator is equal to its inverse, we can rewrite the
set of relations (sisj)m(i’j) = 1, for i # j, equivalently in the form of the equalities
8i8j -+~ = 8;8;- -, with m(i, j) factors on both sides. These relations will be called braid
relations, or homogeneous relations. Thus, a Coxeter group is a group generated by a set
of involutions which satisfy a defining set of homogeneous relations (where the number
of factors on each side of the equation has been prescribed).

We shall assume throughout that the integers m(i, j) are chosen so that W is a finite
group. This is the case if and only if the matrix (— cos(m/m(4, §)))i, jer is positive-definite.
We only remark that all matrices (m(i, 7)) with this property can be classified, and that
this classification leads to the well-known list of classical types A,,—1, By, Dy, (for n > 1);
of exceptional types Go, Fy, Eg, E7, Eg; and of non-crystallographic types Is(p) (for p>5,
p # 6), Hs and Hy. Moreover, every such group has a geometrical description as a finite
subgroup of the orthogonal group of an Euclidean space of dimension |I|, where the
generators s; are represented by reflections. We shall not need this classification result
in this paper, and we shall only be dealing with the classical types A, _1, By, D,, whose
diagrams are given as follows.

S1 S2
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S1 S92 83 Sn—1

These diagrams encode the relations among the generators by the following scheme. The
nodes of the diagram are in bijection with the generators of W. If two generators label
nodes which are not directly linked to each other then their product has order 2 (that is,
they commute with each other), if they are joined by a single bond then the product has
order 3, in the case of a double bond (which here only occurs for type B,,) the order is 4.

On W, we have a length function defined as follows. Let w € W. Then it is possible to
write w as a product of generators, w = s;, - - - s;, say, where k is a non-negative integer
and 41,...,i; € I. (Note that we don’t have to take into account the inverses of the
generators.) If we choose k£ minimal with this property, then the corresponding product
of generators will be called a reduced expression for w and k will be the length of w,
denoted [(w). Clearly, we have I(1) = 0 and I(s;) = 1 for all ¢ € I. On the other hand,
for any w € W and ¢ € I we have either [(s;w) = l(w) + 1 or l(s;w) = l(w) — 1 (and
similarly for right multiplication by a generator). A key property of a Coxeter group is
the fact (Matsumoto’s Theorem, see [CR], (64.20)) that any two reduced expressions for
a given element can be transformed into each other by applying a finite sequence of braid
relations.

We will see below how we can find reduced expressions for the elements of the Coxeter
groups of classical type A,,_1, B, and D,,.

2.1. Normal form for type A, _1. We consider the Coxeter group of type 4,1 (n>1)
with generators and relations given by the above diagram. Let us take an arbitrary
product of generators s;, - - - s;,, for some r > 0. We now use the braid relations and the
relations s? = 1 as rewriting rules for subexpressions, that is, if our product contains
a subword which looks like the left hand side of any one of these relations then we can
replace it by the right hand side, and repeat this process. By a simple induction on r it
then follows that we can rewrite our expression in the form s;, ---s; = s;, ---5;, where
15,7t € I for some 0 < ¢ < r, and at most one factor in the product on the right hand
side equals s,,_1. Now let us define the set

+ .
Rn = {1; Sn—1,5n—15n—25-++,5n-15np—-2 """ 81}~

(This definition works for all n > 1, with R = {1}.) Note that R;} has cardinality n.
A second induction then implies that an arbitrary product of s;’s can be written in the
form rq---r, with r; € R;" for all 4. Since there are only n! expressions of this form we
conclude that our group has order at most n!.

On the other hand, we know that the symmetric group S,, on n letters is generated
by the transpositions o; (1 < ¢ < n—1) which interchange the letters i,7+ 1 and leave all
others unchanged, and that these elements o; satisfy the defining relations for type A, _1.
Thus we conclude that S, is in fact a realization of the Coxeter group of type A,_1. It
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also follows that the above expressions of the elements of S,, are reduced expressions; we
shall call them the normal form for the elements of S,,.

2.2. Normal form for type B,,. We consider the Coxeter group of type B,, (n > 1)
and denote it by W,,. In order to obtain a normal form for its elements we define

tj = sjsj—l"‘sltsl"'sj—lsj GWn for j:O,1,27

By a similar induction as before we see that every element of W,, can be written as a
product of factors s; (1 <i<n—1)andt; (0 <j<n-—1)in such a way that s,_1 and
t,_1 occur at most once, and if one of these two elements occurs the other doesn’t. Now
let us define the set

Rn = {Sn—l c ot Si41,Sn—15n—2 """ Si-‘rlti | 0<i<n-— 1}

This set has cardinality 2n (where Ry = {1,t}). As above, we can then conclude that
every element in W,, can be written in the form ry ---r, with r; € R; for all ¢. Since
there are only 2 -4---2n = 2"n! expressions of this form, we deduce that our group has
order at most 2"n!.

On the other hand, we know that the hyperoctahedral group, that is, the symmetry
group of an n-dimensional cube, is a quotient of B,. A good way to think about this
group is as follows. We consider the symmetric group of degree 2n where we denote
the objects being permuted by {n,...,1,1’,...,n'}. Then the hyperoctahedral group is
the subgroup of all elements which commute with the map i — ¢, ' — i (1 < i < n).
Thus, it is generated by the permutations t = (1,1'), s1 = (1,2)(1/,2'),...,8,—1 =
(n—=1,n)((n—1)",n). Tt is readily checked that these elements indeed satisfy the defining
relations for a Coxeter group of type B,,, and that it has the correct order.

It can be further shown that ¢; commutes with ¢; for all 7, j, hence the set of elements
{ti, -+t | 0 < i1 < ... < i, <n—1} is a subgroup of W,, isomorphic to the direct
product of n copies of the cyclic group Cy of order 2. This subgroup clearly is invariant
under conjugation by all generators. On the other hand, the subgroup of W,, generated
by {s1,...,8n_1} is isomorphic to the symmetric group S,, and we obtain a decompo-
sition of W,, as the wreath product C31!S,, where S, acts on C§ by permutation of the
components.

2.3. Normal form for type D,,. The Coxeter group of type D,, (for n > 2) is best
described as a subgroup of index 2 in the Coxeter group W, of type B, considered
before. First note that the defining relations for W,, show that there exists a unique
group homomorphism ¢ : W,, — {1,—1} such that ¢(¢t) = —1 and &(s;) = 1 for all
i. The kernel of this map, which we will denote by W)/, is generated by the elements
u = tsit, S1,...,Sn—1, which satisfy the relations given by the above Dynkin diagram of
type D,,. Thus, the group W), is seen to be a quotient of the Coxeter group of type D,,.
Formally, this also works for n = 1 where it leads to the convention that W/ = {1} and
u is considered as being equal to the identity element. On the other hand, one can check
(using the Reidemeister-Schreier procedure for finding a presentation of a subgroup of a
finitely presented group) that the subgroup of W,, generated by {u,s1,...,S,—1} indeed
is a realization of the Coxeter group of type D,,. An element of W,, belongs to W/ if and
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only if it can be written as a product of various generators ¢, s1,...,S,_1 with an even
number of ¢’s.

Let us also derive a normal form for the elements in W), directly in terms of the
generators {u, 51,...,8,-1}. We have W,, = W) UWt and W,, = J,cx, Wn-17. These
two equalities imply that an element of W}, either is of the form wr (with w € W) _; and
where r € R,, does not contain ¢) or of the form wtr (with w € W/ _,; and where r € R,,
does contain t). We can rewrite such expressions in terms of the generators of W, and
are lead to define the set

/ .
Ry, = {Sn—18n—2"" " Si+1,Sn—1Sn—2 - - Sausy---8; | 0 < i <n—1}.

This set has cardinality 2n (where R} = {1, u, s1,us;} and, as a convention, R} = {1}).
Then every element in W/ can be written uniquely in the form ry - - - r, with r; € R for
all i, and these expressions are reduced. (There are exactly 1-4-6---2n = 2" n! such
expressions.)

To summarize the above descriptions we introduce the following notation. The symbol
X, (for n > 1) denotes one of the above classical types A, _1, By, or D,,. Then W (X,,)
is the corresponding Coxeter group and R(X,) the subset of W(X,,) called R, for
type An—1, Ry, for type By, and R, for type D,. For n > 2, the group W(X,,_1) is
naturally embedded into W (X,,), and the set R(X,,) is nothing but the set of so-called
distinguished right coset representatives of W(X,,) with respect to W(X,,_1). Thus, it
satisfies the following properties (cf. [CR], (64.38)).

*R(X) =W(Xy).
* If n > 2 then every element w € W(X,,) can be written uniquely in the form w = w'r
with w’ € W(X,,—1) and r € R(X,,), and we have l[(w) = l(w’) + ().
In particular, every element w € W (X,,) can be written uniquely in the form w =ry -1,
with r; € R(X;) for all 4 (and these expressions are reduced). Thus we have a uniform
inductive description of the elements in Coxeter groups of classical type.

3. Conjugation in the Coxeter groups of classical type. We shall now use the
above inductive description as an essential tool to derive the crucial result about the form
of the conjugacy classes in Coxeter groups of classical types. Let again n > 1 and X, one
of the types A,,_1, B, or D,. Recalling the definition of the set R(X,,) we see that each
of its elements (for n > 2) has a very special form: It is either a product of s,_1 and an
element lying in W(X,,_1) or it is equal to 1, respectively t,—1 = $p—1--- 81681 Sn—1
(in type Bp) O Up_1 := Sp_1---S2UuS183 - Sp—1 (in type D,). In order to obtain a
uniform description we introduce subsets D(X,,) C R(X,,) for all n > 1 as follows.

DEFINITION. If n = 1 we let D(X;) := R(X;) = W(X;1). For n > 2 we give the

definition case by case.

Type Ap,—1:  D(Xyp) :={1,8n-1}
Type B, : D(X,):={1l,8p—1,tn-1}-
Type D,, : D(X,):={1,8p-1,un—1} for n >3 and D(X3) := W(X>).

(Recall that t,,—1 = $p—1 -~ 8181« - - Sp—1 respectively up_1 = Sp_1 - SoUS182 -+ Sp_1-)
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The form of the elements in the sets D(X,,) and R(X,,) then immediately implies the
following result.

LEMMA 3.1 (Double coset decomposition). Let n > 2 and D(X,,) as defined above.
Then every element w € W(X,,) can be written in the form w = widwy with wi,wy €
W(X,-1), d € D(X,,) and l(w) = l(wy) + U(d) + [(ws).

Now recall the following general definition from [GP]. Let W be an arbitrary Coxeter
group, with generating set S = {s; | i € I}. Given w,w’ € W we write w — w’ if
there exists a sequence of elements w = wy, ..., w,; = w’ (for some m > 1) and indices
11y, @m—1 such that wr11 = s;, wgs;, and (wg+1) < l(wg) for all k. Thus, the relation
w — w’ means that we can conjugate w to w’ step by step by a sequence of generators
such that the length of the elements remains the same at each step or decreases.

Now we can state our crucial result.

ProposITION 3.2 (Cf. [GP], Proposition 2.3). Let n > 1 and w € W(X,,). Then
there exist some d; € D(X;), for 1 < i < n, such that w — dy ---d,, and such that the
generators performing the sequence of conjugations lie in W(X,,—1).

Proof. For n = 1 there is nothing to prove due to the definition of D(X;). Now let
n > 2and w € W(X,). By Lemma 3.1 we can write w = w'd,,w” with w’,w"” € W(X,_1)
and d,, € D(X,,). Taking any reduced expression for w” and conjugating step by step by
the generators involved in this reduced expression yields that

W — Wp_1d, for some w,_1 € W(X,_1).

If n = 2 we are done, otherwise we can again write w,_; = w'd,_jw” with w’,w” €
W(X,—2) and d,,—1 € D(X,—1).

Now it readily follows using the braid relations that, for n > 3, each element in D(X,,)
commutes with the generators for W (X,,_5), with the only exception that in type D,, we
only have u,_1u = sju,_1 and u,_181 = uu,_1. In any case the following relation holds.
For each generator z of W(X,,_2) and each d € D(X,,) there exists some generator =’ of
W(X,,—2) such that zd = da’.

Returning to our above equation w,,_1 = w'd,,_1w” we take a reduced expression for
w’, conjugate step by step by the generators involved in it, and conclude that

Wp_1dy = w'dy_qw"d,, — wy,_od,_1d, for some w, o€ W(X, _2).

Continuing in this way, we obtain the desired result after finitely many steps. Note that
the conjugating elements all lie in W (X,,_1). This completes the proof.

An element of the form d; - - - d,,, with d; € D(X;) for all i, will be called an element
in signed block form. Such elements play an essential role later on in our classification of
Markov traces. If we group together consecutive factors s; we obtain a decomposition of
our given element as a product of “blocks”. To explain this and the notion of “positive
blocks” and “negative blocks” in more detail we consider in turn the classification of
conjugacy classes for type A,_1, B, and D,,.

3.3. Conjugacy classes for type A,_1. By Proposition 3.2, any element of W(A,,_1)
(for n > 1) is conjugate to an element of the form dj ---d, with d; € D(A;_1) for all 1.
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Let us fix such an element. Since each factor d; either equals 1 or equals s;_1 we see that
our element is uniquely determined by the sequence of non-negative integers defined by
the condition that d;;1 = 1 if and only if ¢ belongs to that sequence. Denote this sequence
by 0 = mj < ... < m,, and let us also define X := (\y,..., \.) where \; := m;y1 — m;
for i = 1,...,r (with the convention that m,; = n). Note that the entries of A are all
positive and their sum equals n (that is, A forms a composition of n). The integers m;
are determined from A by the rule m; = Ay +...4+ \;_1 for all 4 > 1. With this notation,
we now have dj - - - d,, = w(\) where

w(\) == b (my, A1) - b (M, Ay)
and where we define, for any m >0 and d > 1,
bt (m,d) == Smi1 Smad_1-

Under the isomorphism W (A,_1) & S,, such an element b*(m,d) corresponds to the
d-cycle (m +1,...,m+ d) which permutes the d numbers in the interval between m + 1
and m + d cyclically and leaving all other numbers unchanged. We call it a positive block
of length d and starting at m; the interval {m—+1,..., m+d} will be called the underlying
index set. The braid relations imply that two positive blocks commute with each other if
the underlying index sets are disjoint.

Let A and )\ be two compositions of n which are obtained from each other by
permuting the parts. Assume at first that only two consecutive parts have been per-
muted. Then there exists an element y € W(A,_1) such that yw(\)y~! = w(\') and
lyw(A)) = I(y) + l(w(N)). The element y can be written down explicitly as a reduced
expression in the generators (see [GP], Proposition 2.4(a)). The relevance of the length
condition will become clear later on. Applying this relation repeatedly eventually proves
that every element of W (A,,_1) is conjugate to an element w(A) where A is a partition of
n, that is, a composition with parts ordered by increasing length. Since conjugation in S,
never changes the cycle type of elements, we have thus recovered the well-known classifi-
cation of conjugacy classes by partitions of n, and we have described canonically reduced
expressions for a set of representatives in the various conjugacy classes. We remark that
theses representatives have minimal length in their classes (see [GP], (2.6)).

For example, the classes for W(A3) = S, are parametrized by the partitions (1111),
(112), (13), (22), and (4). The corresponding representatives of minimal length are given
by 1, s3, s283, $153 and s1s353, respectively.

3.4. Conjugacy classes for type B,,. Let us denote W,, = W(B,,) for n > 1. Using
Proposition 3.2, we can proceed similarly as for type A,,_1, with the only difference that
we also have to take into account the double coset representatives t;. Therefore we define,
for any m > 0 and d > 1,

b- (m7 d) = tmSm+1 " Smtd—1,

and call this element a negative block of length d and starting at m, with underlying index
set {m+1,...,m+ d}. (Positive blocks are defined in exactly the same way as for type
Apn—1.) We can now conclude that every element in W, is conjugate to an element of the
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form
w(A,e) :=b" (my, Ar) - b5 (my, \p),

where A=(\1,...,\.) is a composition of n, e=(eq,...,&,) is a vector of signs, and m;
is the sum of the first ¢ — 1 parts of A (as before). Using the description of W, as a certain
subgroup of S, described in (2.2), a positive block b (m,d) is given by the “d-cycle”
(m+1,....m+d)((m+1),...,(m+d)) while the corresponding negative block equals
(m+1, (m+1))b*(m,d). (Thus, multiplication by t,, = (m+1, (m+1)) is considered as
a “sign change” for a permutation.) Again the braid relations imply that any two blocks
commute with each other if the underlying index sets are disjoint.

We conjugate our element further so as to obtain a signed block structure where the
positive and negative blocks are arranged in some prescribed order. This is done as follows.
In a first step, we have w(\, &) — w(X, &) where X, ¢’ are obtained by rearranging A, e
such that all negative parts are in the beginning and ordered by increasing length (see
[GP], Proposition 2.4(b,c)). Thus, &'=(-1,...,—1,1,...,1) with m negative signs say. If
the sign vector has such a form, we also denote the element w(X,&") by w(a, §) where « is
the sequence consisting of the first m parts of X’ (with corresponding negative sign) and
of the remaining parts. The sequence « already forms a partition, while the parts of 5 may
have some arbitrary order. Thus, we see that for each w € W,, we have w — w(a, )
where « is a partition and S is a composition such that the total sum of their parts
equals n. Finally, the positive blocks (corresponding to the parts of 8) can be arranged
in increasing order in exactly the same way as this was done in type A,,_1.

Thus, given partitions o = (ai,...,a.) and 8 = (B1,...,5s) such that > a; +
Zjﬂj =n,welet m; :=an+...+a,_1 and nj :=mpp1 + 51 +...+ 81 forall 4,5 > 1;
then the corresponding representative is given by

'UJ(Oé,ﬂ) = bi(mlaal) e bi(mrvar)lfk(nhﬁl) o 'b+(n87ﬂs)'

In this way we can recover the classification of conjugacy classes by pairs of partitions of n
(see [Cal). We have described reduced expressions for a set of canonical representatives in
the various conjugacy classes. Again, these representatives have minimal length in their
classes (see [GP], (2.7)).

For example, the classes for W (Bj3) are parametrized by the double partitions (—, 111),
(1,11), (11,1), (111, —), (—,12), (2,1), (1,2), (12,-), (-, 3), and (3, —). The correspond-
ing representatives of minimal length are given by 1, t, ttq, tt1to, S, ts1, tSa, tt182, S152,
and ts1sg, respectively.

3.5. Conjugacy classes for type D,,. We use the notation of (2.3) and consider the
Coxeter group W, of type D,, as a subgroup of index 2 in the Coxeter group W,, of
type By, (for n > 2). The description of the classes of W), is then in terms of the results
obtained above in (3.4). Since W} is a normal subgroup, it is a union of conjugacy classes
of W,. Let (a, 8) be a pair of partitions such that the total sum of their parts equals n,
and let C'(«, 3) be the corresponding class in W,,. Then C(a, ) belongs to W if and
only if the number of parts of a (corresponding to the negative blocks) is even. Assume
that this is the case. Then C(a, ) either is one conjugacy class of W, or it splits up into
two classes. The latter happens if and only if « is empty and all parts of 8 are even; in
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this case, the two classes are mapped to each other under conjugation by the generator t.
(For these results, see [Ca].)

Taking the elements w(a, 8) obtained in (3.4) and rewriting them in terms of the
generators of W/ will yield canonical representatives of minimal length in the classes of
W/ . This is done as follows. We define a negative block of length d > 1 and starting at
m > 0 by

b= (m,d) = UmSmi1-" Smid_1 € W),

with the convention that ug = 1. (Positive blocks are defined in exactly the same way
as before.) Given compositions « and 3 such that the total sum of their parts equals n
we define the element w(c, )’ in a similar way as in (3.4) as the product of consecutive
negative and positive blocks corresponding to the sequence of parts in « and 5. The
relation u = ts1t and the definition of u; show that u; = t¢; for all ¢ > 0. Inserting this
into the above expressions for negative blocks we conclude that w(«, 8)’ is either equal
to w(a, B) (defined above for type B,,) or to tw(«, ).

Now, if a is empty and all parts of 3 are even then w(a, 8)’ is a product of positive
blocks, starting with s;---s4_1, for some d > 2. Conjugation by ¢ then leads to an
expression of the same form where s; has been replaced by u. These two elements are
representatives for the two classes into which C(«, 8) splits up in W). For example, if
n is even, then the two elements s185---s,_1 and uss - - - $,,_1 are transformed into each
other by conjugation with ¢ but they are not conjugate in W,,. Note that if a is not
empty, then w(a, 8) and tw(a, B)t are in the same conjugacy class in W.

Using these relations and a careful comparison of conjugation in W,, and in W/, we
arrive at the following conclusion (see [GP], (2.8), and [Pf], Section 4.1, for details). For
each w € W/ we either have w — w(a, 8)" where « is a partition with an even number
of parts and (8 a composition such that the total sum of their parts equals n or, possibly,
w — tw(a, B)'t if a is empty and all parts of 3 are even. In both cases, the positive
blocks can be arranged in increasing order by the same reasoning as in type A,_1. Thus,
we obtain canonical representatives of minimal length in the conjugacy classes of W'.

For example, in W (D), the above classification yields that there are 9 classes which
are invariant under conjugation by ¢; these are parametrized by the double partitions
(=, 1111), (11,11), (1111,-), (—,112), (12,1), (11,2), (22,—), (—,13), and (13,—). The
corresponding representatives of minimal length are given by 1, uy, ujugus, S3, u1So,
U183, S1U2S3, S283, and u1SaS3, respectively. Moreover, we have the two double partitions
(—,22) and (—,4) for which we have two classes each, with representatives of minimal
length given by sis3, usg and s1S253, usass, respectively.

In summary, the above arguments were used in [GP] to prove the following basic
results for Coxeter groups of classical type.

THEOREM 3.6 (See [GP], Theorem 1.1). Let W be a finite Coxeter group, C' a conju-
gacy class in W, and Cyiy, be the set of elements of minimal length in C.

(a) For each w € C there exists some w' € Cpipn such that w — w', that is, there
exists a sequence of elements w = wi,...,wy, = w (for some m > 1) and indices
i1y .y bm—1 Such that wry1 = S5, wisi, and l(wiy1) < l(wy) for all k.



96 M. GECK

(0) If w,w' € Chyin then w ~ w', that is, there exists a sequence w = wy, ..., Wy = W'
(for some m > 1) and elements x1, ..., 2Ty, € W(X,) such that l(wy) = l(wk41), W1 =
zpwray b, and l(zpwy) = Uzg) + Lwy) or lwra, ') = L(wy) + Uz ") for all k.

4. Iwahori—-Hecke algebras. Let W be a finite Coxeter group with generating set
S = {s; | i € I} as introduced in Section 2. Let A be a commutative ring with identity
and fix a collection of invertible elements ¢; € A (i € I) such that ¢; = ¢q; whenever s;
and s; are conjugate in WW. (The latter condition holds for s; and s; which are joined on
the Dynkin diagram if and only if the integer m(i,j) is odd.) The associated Iwahori—
Hecke algebra H is a free A-module with a basis labelled by the elements of W, say
{gw | w € W}, and where the multiplication of two basis elements is determined by
“deforming” the multiplication in the Coxeter group using the parameters ¢; (i € I).
To simplify notation, let us write g; = g5, for ¢ € I. A convenient way to describe the
multiplication is then given by the following two rules.

If we W and w=s; --s;, is any reduced expression then g, = gi, - - - g, -

Ifi € I then g? = q; - 1y + (q¢; — 1)gi-

It is a non-trivial fact that this indeed is a well-defined multiplication and gives H the
structure of an associative algebra over A. The identity element 1y is the basis element
corresponding to w = 1. (A proof is sketched in [Bo], Ch. IV, §2, Exercise 23; for full
details see [CR], Proposition 68.1. Note that this works even if W is not finite.) If the g;
are all equal to 1 then the second rule simply becomes g7 = 1 for all i € [; in this case,
H is nothing but the group algebra of W over A.

The above relations show that H is generated by the elements g; (i € I). Moreover,
for ¢ # j, we have g;g;g; - - = ¢;9:9; - - - (with m(i, j) factors on both sides) since s;s;s; - - -
and s;js;s; --- (with m(4, j) factors) are reduced expressions and equal in W. It is then
not difficult to see (cf. [CR], Proposition 68.8) that these homogeneous relations together
with the above quadratic relations for the generators g; form in fact a set of defining
relations for H (as an associative A-algebra with identity).

It may be worthwhile to be a bit more explicit about the multiplication in H. Let
us multiply two arbitrary basis elements g, and g, for v,w € W. For this purpose, we
take a reduced expression for one of them, say v = s;, - - - s;,. By the first rule above we
have g, = gi, - - - gi,,- Thus, we are reduced to the case where v = s; for some i € I. If
I(s;w) = l(w)+1 then s;w also is reduced and we have, again by the first rule above, that
GiGw = Gs;w- 1f I(s;w)=1(w) — 1 we take a reduced expression for s;w, say s,w=s;, ---s;
Then w = s;(s;w) = s;85, - - - 55, also is reduced and we can compute that

b

Gw = Gs;(siw) = YGsisj, -s5, — gi(gjl e gjt) = 9i9s;w-
We conclude that

9iGw = 9i 9siw = Gigsiw + (6 — V9igsiw = Gigsiw + (@ — 1)gu-
Thus, in order to compute the product of basis elements we essentially need to be able
to compute reduced expressions of products of elements in the underlying Coxeter group.
We have described algorithms for computing such reduced expressions for the classical
types A,_1, B, and D,, in Section 2.
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DEFINITION. A trace function on H is an A-linear map A : H — A such that A(hh')=
A(W'h) for all h, i € H.

This definition is in fact valid for any associative algebra over a commutative ground
ring. In the case of a group algebra it is clear that every trace function is constant on the
conjugacy classes of the underlying group. Since our Iwahori—Hecke algebra H is defined
as a deformation of the group algebra of the corresponding Coxeter group W, we can
hope for similar “deformed” relations between the values of trace functions on H. This is
indeed true. At first note that the fact that the parameters ¢; are invertible in A implies
that the basis elements g; are invertible in H; we have

g7 =01/g)gi + (/g — 1y forall icl.

Consequently, every basis element g,, (for w € W) is invertible in H.

In order to understand how conjugation in W translates into H, we first note that
it is not really conjugation that counts in an algebra. Instead we have to look at the
quotient space of H by the commutators. For any h, h' € H we define their commutator by
[h, h'] := hh'—h'h. Let [H, H] C H be the A-subspace of H generated by all commutators.
Note that, if two elements h, b’ are conjugate by some unit in H then h = b’ mod [H, H].
Thus, “conjugation” translates to ”equivalence modulo commutators”.

It is clear that [H, H] lies in the kernel of every trace function on H. Conversely, if
A: H — Ais any A-linear map which is identically zero on the subspace [H, H] then A is
a trace function. We conclude that there is a canonical bijective correspondence between
the space of trace functions on H and the dual space of the quotient module H/[H, H].
Thus, we have to find out how the images of basis elements g,, in H/[H, H| look like. Let
us first consider the following two special cases which are in fact the elementary steps in
the relations — and ~ defined on W (cf. [GP], Section 1).

Let w,w’ € W and i € I such that w’' = s;ws; and I(w’) = [(w). Then g; conjugates
gw t0 gy . More generally, this holds if w,w’ € W and & € W such that I(w) = l(w'),
w' = zwz~! and I(zw) = I(z) +1(w). For, we then have g./ s = Juw'z = Gow = G2 Jw, and
S0 gy and g, are conjugate in H. (The same conclusion holds if the length condition is
l(wz™') = l(w) + I(z~1).) Hence, in these cases, we have

gw = gw mod [H,H|.

Now let w,w’ € W and ¢ € I such that w' = s;ws; and I(w') < l(w). Then g;

conjugates gu t0 ¢igu’ + (¢i — 1)gs,w, hence we have
Jw = ¢iGuw’ + (Qi - 1)gsiw mod [H, H]

(Note that both w’ and s;w have length strictly less than I(w).)

Theorem 3.6(a) implies that, for each w € W there exists some w’ € W of minimal
length in its conjugacy class such that w—w’. Applying repeatedly the above relations
shows that, modulo [H, H], the basis element g,, can be expressed as an A-linear com-

bination of basis elements g, where w’ runs over a set of elements of minimal length in
various conjugacy classes.
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Theorem 3.6(b) implies that, if w,w’ € W are conjugate and of minimal length in
their conjugacy class then g,, and g, will be conjugate in H. In particular, g,, and g,
are equal modulo [H, H].

If we take these two statements together we arrive at the following conclusion.

LEMMA 4.1. Let {C} be the conjugacy classes of W. In each class C, we choose once
and for all a representative we € C of minimal length. Then the following holds. For
each w € W there exist constants f, c € A such that

gwEZ,fw,ngc mod [HvH]
c
We have f, c =0 unless l(we) < l(w). The constants f,.c are called class polynomials
in [GP]; they can be computed recursively using the above rules.

Note that, at this stage, it is conceivable that the class polynomials might not only
depend on w and C' but also on the sequences of generators which are used to conjugate
arbitrary elements in W to those of minimal length in their classes. We will see below
that this is not the case. For this purpose, we have to show that the basis elements g,
are linearly independent modulo [H, H]. In the case where A is a suitably chosen field,
this was already established in [GP]. The general case can be easily deduced from this,
using an argument of [GR]. Since this is essential in the existence proof of Markov traces
(in fact, of any kind of trace functions) we will give a proof for that general case here.

THEOREM 4.2 (Existence and uniqueness of trace functions). The quotient space
H/[H, H] is a free A-module. A canonical basis is given by the images (under the natural
map H — H/[H, H]) of the elements g, where C runs over the conjugacy classes of W
and we is some fixed element of minimal length in C.

(The term canonical means that the basis does not depend on the choice of elements w¢.)

Proof. Lemma 4.1 already implies that the images of the elements {g,.} form a
generating set for the A-module H/[H, H]. It remains to prove their linear independence.
For this purpose, it is sufficient to construct a collection of trace functions {fc} on H,
one for each conjugacy class C of W, such that

fC(gw) = 5C,C’ if we C;nm

The following arguments are a typical application of the technique of specialization:
At first, the desired result is proved in a “generic” situation, for a sufficiently general
choice of the ground ring A where the parameters ¢; are in fact indeterminates. Then
the conclusion for any other choice of A and the ¢; is achieved by “specializing” those
indeterminates to the given values.

Step 1: The “generic” situation. Let A be the ring of Laurent polynomials (over the
integers) in indeterminates u; (¢ € I) such that u; = u; whenever s;, s; are conjugate in
W. Let H be the “generic” Iwahori-Hecke algebra associated with W and defined over
A (with parameters u;). Let K be an algebraic closure of the field of fractions of A and
KH the K-algebra obtained from H by extending scalars from A to K. Then KH is
a split semisimple K-algebra (see [CR], Corollary 68.12). Hence every trace function on
KH is a linear combination of the characters of the irreducible representations of KH.
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Moreover, by Tits’ Deformation Theorem (see [CR], Theorem 68.21), the algebra KH
is in fact isomorphic to the group algebra of W over K. It follows that the number of
irreducible characters of KH equals the number of conjugacy classes of W, and that
the (square) matrix of values (x(gwc)), where x runs over the irreducible characters of
KH and C runs over the conjugacy classes of W, is invertible. This immediately implies
that the basis elements g, are linearly independent modulo [KH, KH], and hence the
class polynomials f,, ¢ of Lemma 4.1 are uniquely determined. The definition of the class
polynomials shows that f,, ¢ = d¢. ¢ for w e C, ;..

The following arguments are taken from [GR], Section 5.1. For each class C, we can
define a linear map fo : KH — K by

fo(gw) =fyc forall weW.
We check that f¢ is a trace function on KH. Indeed, for each w € W, we have equations

x(gw) = Z fu,cXx(8we) for all irreducible characters x.
c

We can invert these equations and hence obtain expressions of the functions fo as linear
combinations of the irreducible characters of KH. Hence the functions fo must be trace
functions themselves.

Finally, we note that the class polynomials of H and KH clearly are the same, and
that they lie in A. Hence the functions fo restrict to trace functions on H with values
in A. This collection of trace functions on H has the required properties.

Step 2: “Specialization”. Given any other choice for A and the parameters {¢;}, we
have a unique ring homomorphism ¢ : A — A such that ¢(u;) = ¢; for all i. Then the
Iwahori-Hecke algebra H (over A and with parameters {¢;}) can also be described as the
tensor product A®a H where A becomes an A-module via . This operation of extending
scalars from A to A also induces a canonical map from the space of trace functions on
H to the space of trace functions on H. (In more concrete terms, the following happens.
Let a(w,w’,w"”) € A be the structure constants for the multiplication of basis elements
in the generic algebra H, that is, we have

8w Cu = Z a(w,w,w")gyr for w,w € W.
w" €W
Then the elements p(a(w,w’, w”)) € A are the structure constants for the multiplication
of basis elements in the algebra H over A. If f : H — A is a trace function on H then
the map f, : H — A defined by g, — ¢(f(gw)), is a trace function on H.) The images
of the functions fo then have the required properties. This completes the proof of the
Theorem.

Using the duality between trace functions and the quotient space modulo the com-
mutators, we can immediately translate the last two results to trace functions.

Lemma 4.1 implies that every trace function on H is uniquely determined by its values
on the basis elements g¢,,., where C runs over the conjugacy classes of W.

Theorem 4.2 implies that, conversely, if {ac} is a collection of elements in A, one for
each conjugacy class C of W, then there exists a unique trace function A on H such that
Agw) = ac if the element w € W has minimal length in the class C'.
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5. Definition and basic properties of Markov traces. Let again X,, (for n > 1)
be one of the classical types A,,_1, By, or D,,, and W(X,,) the corresponding finite Coxeter
group. We have natural embeddings W(X;) C W(X3) C ..., and we let

W = U W(X,).
n>1

Let H(X,,) be the associated Iwahori-Hecke algebra defined over a commutative ring A
as in Section 4. Since all generators s; are conjugate, the corresponding parameters g;
must be equal, and we denote them by ¢. In type B, the parameter corresponding to
the generator ¢t will be denoted by @. In type D,,, the parameter corresponding to the
generator u also equals ¢ (since u is conjugate to sq, as soon as n > 3). We also have
natural embeddings H(X;) C H(X3) C ..., and we let

Hy = | ) H(X,).
n>1
The algebra H., is a free A-algebra of infinite rank, generated by the elements g1, gs, . . .
(corresponding to the generators s1, sa, . ..), and an additional generator which we denote
by T in type B, and by U in type D,.

DEFINITION (cf. [Bi], p. 264) Let z € A and 7 : Hyx, — A be A-linear. Then 7 is
called a Markov trace (with parameter z) if the following conditions are satisfied.

(1) 7 is a trace function.
(2) 7(1) = 1 (normalization).
(3) 7(hgyn) = z7(h) for all n > 1 and h € H(X,,) (Markov property).

We note that all generators g; (for i = 1,2,...) are conjugate in H,,. In particular,
any trace function on H,, must have the same value on these elements. This explains
why the parameter z is independent of n in rule (3) of this definition.

The crucial step in the classification of Markov traces is the observation that the
values of such a trace on basis elements of H,, corresponding to elements in signed block
form in W, only depend on the number of positive and negative blocks if we replace some
generators g; by their inverses. For this purpose, recall the definition of the sets D(X,,)
and the double coset representatives t,_1 (in type B,) and u,—1 (in type D,) from
Section 3. We define corresponding elements in the Iwahori-Hecke algebras as follows.

T :=gn-—-qTg '---g,t, foralln >1intype B,

and
1

ULy :=Ggn1-9Ug; g5 g, foralln>2intype D.
The braid relations in H(X,,) imply that the generators g1, ..., gn—2 commute with 7,
in type By, and that the generators g¢s, ..., gn—2 commute with U},_; in type D,,, while
UU,_,=U_1g1 but nU}_; # U},_U for all n > 3!
We use these elements to define the analogues of the sets D(X,,) as subsets of H.
If n=1, we let D'(X;) := {gw | w € W(X1)}. For n > 2 we give the definition case by
case.
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Type Ap—1: D'(Xp) :={1,9n-1}
Type B, = D'(Xn) :={1,9n-1,T;, 1}
Type D,, : D'(X,):={l,9n-1,U,,_1} for n >3 and D'(Xs) :={1,¢1,U, Uy }.

Now recall from Section 4 that a trace function on an Iwahori-Hecke algebra is uniquely
determined by its values on basis elements corresponding to representatives of minimal
length in the various conjugacy classes of the underlying Coxeter group. Also recall from
Section 3 that representatives of minimal length in the classes of Coxeter groups of classi-
cal types are of the form dj - - - d,,, where d; is a distinguished double coset representative
of W(X;) with respect to W(X;_1). If we are also willing to consider elements in signed
block form which have not necessarily minimal length in their class we arrive at the
following result (which already appeared in [GL], Proposition 3.4 and Corollary 3.5, for
type B). It translates Proposition 3.2 from the level of Coxeter groups to the level of
Iwahori-Hecke algebras, taking into account the modified sets D'(X,,).

LEMMA 5.1. Let h € H(X,) for some n > 1. Then there exists a function ay :
D'(X1) x -+ x D'(X,,) — A such that

A = Y an(d),.. . d )N - d))
(dy,edy,)

and

Ahga) =Y an(di,. .., dp)A(d) - d),g0)
(df-d7,)

for all trace functions X : H — A (where d; € D'(X;) for all 7).

Proof. We may clearly assume that h = g,, for some w € W(X,,). We proceed by
induction on I(w). If I(w) = 0 or l(w) = 1, there is nothing to prove. Now let I(w) > 2
(and hence n > 2). Recall from Proposition 3.2 that for each w € W(X,,) there exists
a sequence of generators in W (X,,_1) which conjugates w step by step to an element of
the form d; - - - d,, (with d; € D(X;) for all §) in such a way that the length either remains
the same or decreases at each step. (Note that we don’t necessarily reach representatives
of minimal length in the classes of W (X,,).) Since the generators in W (X,,_1) commute
with s,, we thus have

w—>dy---d, and ws, —> di---dpSp,

where in both cases we can use the same sequence of generators.

If we apply the analogous conjugations to the basis elements in H(X,,) and use the
relations in the beginning of Section 4, we find the following. For each w € W(X,,) there
exists a function by, : D(X7) x - -+ x D(X,,) — A such that

> buldr,... dn)ga, -+ ga, mod [H(X,), H(X,)]
(di,....dn)

Jw

and

Jugn = Y buldy,... dn)ga, - ga,gn mod [H(X,), H(X,)].
(dyi,....dn)
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Now we have to replace the basis elements corresponding to the elements d; by the
modified elements d;. If d; = g;—1 there is nothing to be changed. So let us assume that
d; = t;—1 (in type B,) or d; = u;—1 (in type D,,). Consider the corresponding product of
the generators in H(X;). Replacing the appropriate generators g; by their inverses and
using the inversion formula for g; shows that

ga, = ¢"%)d} + A-linear combination of g, with v € W (X;) and I(v) < I(d;)

where d} is the element in D'(X;) analogous to d;. We insert these expressions in the
above relations and conclude that

go=h+ Y bu(dy,... dy)dj--d, mod [H(X,),H(X,)]
(di,....dn)

and

Juwdn = Bgn + Z bw(dla e 7dn)d/1 T d;zgn mod [H(Xn)v H(Xn)]a
(d1,...,dn)

where h € H (X,) is a linear combination of basis elements corresponding to elements in
W(X,,) of strictly smaller length than w. We can then apply induction to complete the
proof.

The above Lemma allows us to reduce the computation of the value of any trace
function on Hy, to the computation of the values on elements of the form d] - - - d,, with
d; € D'(X;) for all i. The next result is the key to the evaluation of Markov traces on
such elements. For type B, this already appeared in [GL], Lemma 4.2. It shows that we
can always apply a Markov type rule to factors g, and shift the remaining factors T), or
U], to the left as far as possible.

LEMMA 5.2. Let T be a Markov trace on H,, with parameter z. To abbreviate notation,
we let Y; denote the element T! (in type B) respectively U] (in type D).
(a) Let n > 1 in type B and n > 2 in type D. If h € H(X,) and m > 0, then

T(hgnYn-‘,-l e Yn+m) = ZT(hYn cee Yn-‘,—m—l)-
(b) Let n > 1. If h € H(X,,) and m > 0, then
T(hYnt1 - Yoem) = 7(hYn - Yogm—1).

Proof. To prove these relations we will proceed by induction on m. If m = 0 then
there is nothing to prove in (b), while in (a) we can apply directly rule (3) in the definition
of Markov traces. Now let us assume that m > 0. Let x = g,, in (a) and z = 1 in (b). We
have to evaluate the expression

T(hl’Yn+1 tee Yn+m)

Since n > 1 we can write Y, 11 = gn+1Yng;i1. The braid relations in H imply that 9;+11
commutes with Y, 1o,...,Y,1,,. Since 7 is a trace our expression is equal to

(G 1 hgn i1 Yn Yotz - Yogm)-
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Now h lies in H(X,,), that is, h only involves the generators t,g1,...,gn—1. It follows
that A commutes with 9;-s1-1~ Hence, if z = 1 we find that our expression equals

T(hYnYn+2 e Yn+m)

We can apply induction with k' := hY;,, and we are done.
We let x = g, from now on. Using the braid relation g;il GnInil = Gngni1g, ", the
above expression can be rewritten as

T(hgngnt19y YnYnio  Yoim).

If we are in type B with any n, respectively in type D with n > 2, we can write Y,, =
9nYn_19;%. Then the left hand term g,, will cancel and then g, 11 commutes with Y;, .
Now our expression reads

T(hgnyn—lgn-&-lgr;lyn-i-Q T Yn-i—m)

The element g, ! commutes with all terms to the right of it. Hence our expression equals

T(g’r:lhgnyn—lgn-‘rlyn-‘,-Q s Yn+m)

We write b/ := g, thg,Y,_1 and observe that this element lies in H,, 1. So we can apply
the induction and obtain that

T(hgnYrL+1 T YrL+77L) = T(h/gn+1YrL+2 e 'Yn—i-m) = ZT(h/YrH—l ce er+vrz—1)-

We insert the expression for i’ again, note that g, ' commutes with Y,, 1 -+ Y, 4m—1, and
conclude that

7-(h/YVn+1 et Yn+m) = T(hgnyn—lg;1Yn+1 tee Yn+m) = ZT(hYnKH—l tee }/n—&-m—l)-
Putting things together we see that this completes the proof.

5.3. Markov traces for type A. Let 7 be a Markov trace with parameter z, and let
d; € D'(A;—1) for i = 1,...,n. Then each d} either equals 1 or g;_1, hence the Markov
property directly implies that
T(d)---d) = 2%

n

where a is the number of factors equal to g;_1. Thus, 7 is uniquely determined by its
parameter z.

To prove the existence of a Markov trace with any given parameter z € A, we refer
to [Jo], Theorem 5.1, or [GP], (4.1). In the framework of the theory developed here, the
argument is as follows. We define a trace that has the Markov property on the elements
dy ---d], corresponding to elements of minimal length in the conjugacy classes of W,
and we have to show that the Markov property then holds for all elements of H..

In particular for type A we have, by (3.3), that each element of the form dj - - - d,,
with n > 1 and d; € D(A;_1) for all ¢, has minimal length in its class in W(A,_1).
Note that the corresponding elements d; € D'(A4;_1) are just gq,. By Theorem 4.2 we
can define a trace function 7, : H(A,_1) — A by specifying its values on elements of
the form dj - - - d!,, and the Markov property forces us to let 7(d} ---d},) = 2%, with a as
above. These traces are compatible with the embeddings H(A;) C H(As) C ..., hence
they define a unique trace function on the infinite union of these algebras. It remains to
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show that the Markov property holds for all elements of H.,. This follows by combining
the two equations in Lemma 5.1.

5.4. Markov traces for type B. Let 7 be a Markov trace with parameter z, and let
d,eD'(B;) for i=1,...,n. Then each d} either equals 1 or g;—1 or T/_,, hence Lemma 5.2
implies that

T(dy---dy) = 2"7(Tg - Ty ),

where a is the number of factors d; which are equal to g;—; and b is the number of factors
d; which are equal to 7/_;. Thus, 7 is uniquely determined by its parameter z and the
values on the elements in the set

(T} T, | | k=1,2,..}.

Conversely, given z,y1,¥s,... € A there does exist a Markov trace 7 with parameter z
and such that 7(TyT] - - T}_,) = ys for all k > 1. For the details of this existence result,
we refer to [GL], Theorem 4.3. The argument is very roughly analogous to type A but
complications arise from the fact that one also has to consider conjugates of T where the
conjugating element is of the form gfl e g;tl, with any choice of signs.

6. Markov traces for type D. The aim of this section is to classify Markov traces
for Iwahori-Hecke algebras of type D. The best way to achieve this seems to be by
embedding these algebras into those for type B, and then to use the known results for
type B. To fix notation we let W, (for n > 2) denote the Coxeter group of type B,,, with
generators {t, s1,...,8,—1} and W/ C W,, the Coxeter group of type D,,, with generators
{u =tsit,$1,...,8n—1} (see Section 2.3). We let

W= Jw, < We:=J W
n>2 n>2
We denote the Iwahori-Hecke algebras of type B,, and D,, by H,, and H, respectively.
In order to have an embedding of H/, into H,, we have to set the parameter @) equal
to 1. Indeed, in this case, we have T2 = 1 in H,, and can compute that

U= (TqT)? =T@3T =q-1lg+ (q—)TgT =q-1g + (¢ — 1)U.

Furthermore, we have a decomposition of A-modules H,, = H] &H, T where H|T = TH],.
Thus, H], is the subalgebra of H,, generated by the elements U = T'¢1T, g1, ..., gn—1. We
let
H' = UH,’L C Hy:= UHn
n>2 n>2

and consider the restriction of trace functions from H., to H. . It is clear that the
restriction of a Markov trace on H is a Markov trace on H/_ (and both have the same
parameter). Our main result will show that every Markov trace on H._ can be obtained
in this way.

At first we will establish a uniqueness result for Markov traces on H/_, similarly to
that for Ho. Recall that we have D'(D3) = {1,¢1,U,U;} and D'(D;) = {1,¢;-1,U/_,}
for i > 3, where

Ul=g;--gUg gyt g7t forall i>1.
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The main difference to type B lies in the set D'(D3) which does not just contain the
elements g1 and U] (as would be analogous to type B) but also the extra generator U.
The main complication arising from this is that g respectively U do not commute with
U/ for i > 2. On the level of W/ we have uu; = u;s1 and u;u = s1u;, but on the level of
H], we only have UU; = U/gy but U/U # ¢g1U] for all i > 2. Nevertheless, we have the
following relations:

UFU! = Ulg' + A-linear combination of g,, with w € W/, and I(w) < I(uu;),
g Ul = UJU*! + A-linear combination of g,, with w € W/, and I(w) < I(uu;).

(Indeed, we know that wu; = u;s1 and sju; = u;u. So we also have UU; = U;¢; and
g1U; = U;U where U; = g; -+ - goUg1g2 - - - g;. The above formulas then follow by inserting
the expressions g; = qg;1 +(g—1)1g or U = qU =1 +(q—1)1 at the appropriate places,
and expanding.)

We will argue carefully by induction on the length of elements, and then the above
two rules will be sufficient.

PROPOSITION 6.1 (Uniqueness of Markov traces for type D). Let z € A and 7 : H,, —
A be a Markov trace with parameter z. Then T is uniquely determined by its values on
the elements in the set
{U] - Uy | k=1,2,...}.

Proof. For each N > 0 let H (< N) be the A-subspace of H' generated by all
elements g,, with w € W)/ for some n > 2 and [(w) < N. The subspace H'(< N) is defined
in the analogous way. We claim that, for all N, the values of 7 on elements in H'(< N)
are determined by the values on elements of the form Uy ---Uj,_,, for k =1,2,.... If
N = 0 there is nothing to prove. Now assume that our claim holds for N > 0 and that
w € W/ for some n such that {(w) = N + 1. Since the W,, form an increasing chain we
may assume that n is large enough. (Actually, we shall use that n > 3.) We must show
that 7(g) is determined as required.

By Lemma 4.1, 7(g,,) can be expressed as a linear combination of values 7(g,,.. ) where
C runs over a set of conjugacy classes of W/ such that [(w¢) < I(w). Let us fix such a
class C, labelled by the pair of partitions («, 8) say. The discussion in (3.5) shows that
two different types of classes can occur.

Type L. The elements we and twet are not conjugate in W) . Then we must have a
very special form: Up to possibly interchanging the roles of we and twet, we must have
and hence twet = us;, - - s;,., for some 2 < ¢; < --- < 4,. Using the
Markov property, we can therefore compute that

W = 518008

r

s

T(guwe) = 7(919i, -+ 9i.) = 7(91)2"  and  7(grwct) = T(Ugi, -+ gi,) = T(U)2"
Now we observe that u and s; are two generators of W), and that all generators are
conjugate (since n > 3). Clearly, they are of minimal length in their conjugacy class.
Using Theorem 3.6(b) and the Markov property, we conclude that 7(U) = 7(g1) = =.
Hence, the values of 7 on g, and gi,.¢ are already determined (they are equal to 2" *1).

Type II. The elements we and twet are conjugate in W) . If the partition « is empty,
then we can assume that we is a product of generators s;, hence the Markov property
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alone determines the value of 7 on g,,. From now on, let us assume that « is not empty. We
can assume that we = dy - - - d,, with d; € D(D;) for all i. As in the proof of Lemma 5.1
we see that, up to a power of ¢, the element g,. = g4,...4, iS congruent to dj ---d.,
modulo H'(< l(we)) € H'(< N) where d; € D'(D;) is the element of the analogous form
as d;. By induction, it is therefore sufficient to show that the value of 7 on dj ---d], is
determined as required.

Recall from (3.5) that we = w(w, 8)" where « has an even number of parts and ele-
ments of the form u;$,41 - - - s;+4—1 are considered as negative blocks (with the convention
that ug = 1). Hence the total number of “proper” factors u; # 1 in this expression for
we 1is odd!

If the first negative block has length 1 it just consists of ug = 1 hence in our expression
dy---d), we have d} = 1,d}, = U;. We can directly apply Lemma 5.2 and conclude that

T(dy oo dy,) = 27 (UL - Uy y)

where a is the number of factors d; equal to g;—1 and 2b is the number of parts of a.
If the first negative block has length > 1 it consists of a product of factors s - - - s;,—1

for some m > 2 hence in our expression d} - --d,, we have d} = 1,d, = ¢g1,...,d},, = gm—1.

Using Lemma 5.2, we conclude that
T(dy - dy,) = 27(91U; - Uyy),
where a is the number of factors d} which are equal to g;—; and 2b is the number of parts
of a. We write Uy = goUgy ‘g5 " and obtain that
(U3 - Uy,) = 7(919:Ug7 95 ' Us -+ Uy) = 7(95 ' 192U g7 ' Us -+~ Usy),
since gy and hence also g, ' commutes with U/ for i > 3. Now we use the braid relation
95 '9192 = 919297 " and rewrite the above expression as 7(g1g2Ugy Uy - - Us,). We apply
the above commutation rules for g; 2, U with U} --- U}, and conclude that
9192Ug U4+ Uy, = Ugy 2g1goUs -+ Uy, = Ui goUs -+~ U, mod  H(< N)'.
Now Lemma 5.2 implies that
T(U1g2U5 -+ Uy,) = 27(U1Us - - Uy, 1 ).
This completes the proof.

THEOREM 6.2 (Classification of Markov traces for type D). Let z,y2,ya, ... € A. Then

there exists a unique Markov trace T on H/_ with parameter z such that
T(Uy - Uy_y) =yok  for all k > 1.
Every Markov trace on H._ is the restriction of a Markov trace on He.

Proof. Uniqueness was already proved in Proposition 6.1. In order to prove existence,
choose any elements y1,ys,...€ A, in addition to the given elements z,ys,y4,...€ A. By
the classification of Markov traces for type B (see (5.4) and [GL], Theorem 4.3), there
exists a (unique) Markov trace 7 on Hy, with parameter z such that 7(T{T7 - - - T}_1) = Yk

for all k > 1. We restrict this Markov trace to H. and it remains to check that the value
of 7 on Ui --- U, indeed equals yai. This is done as follows. We rewrite the elements
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U/ in terms of the generators of Hy, and obtain that
Ul=gi-gTaTg gyt g7t =TT] foralli>1.

Hence we must compute the value of 7 on (T'TY) - - - (T'Ty,_). While, on the level of W,
the elements ¢ and ¢; commute with each other, this is no longer true on the level of
H, for the elements T and 7]. By [GL], Lemma 2.4(c), we have the commutation rule
TTy; =T34 T where Ty, | g=g2i1- 92917 "Tg195 " - g5, 1. We apply this rule to
every factor with an odd index; this will produce, for each i, a factor TT" between the
(2¢ — 1)-th and the 2i-th term. Since @ = 1 we have TT = 1y, and hence our desired
trace value equals

T(Tl/,OT2, T TzlkszzlkaoT) = T(T(;TII,OTQ/ t 'T2/k72T2/k71,0)-

The argument on the right hand side now has a form to which we can apply the results
[GL], (4.4), on the evaluation of Markov traces for type B. By [loc. cit.], we can replace
each Ti/,o by an arbitrary element of the form 27z~ ! with x = g?ﬂ . 'g1i17 without
affecting the trace value. Applying this to the factors T2'i_170 yields that the above value
in fact equals

(YT Thy) = var.

This completes the proof.

Finally, we can establish the following improvement to Proposition 6.1.

COROLLARY 6.3. Let 7 : H,, — A be a Markov trace with parameter z. Let n > 1 and
d; € D'(D;) for 1 <i<mn. Then

7(dy - dy) = 27 (UL - Uyy),

where a is the number of factors d} which are equal to g;—1 or U, and 2b—1 is the smallest
odd number less than or equal to the number of factors d which are equal to U[_,

Proof. We only sketch this. By Theorem 6.2, the trace 7 is the restriction of a Markov
trace on H, which we shall denote by the same symbol. We can rewrite each U/ as T'T
and obtain an expression for d] - - - d,, in terms of the generators of H,,. If there is a factor
U we also rewrite it as T'g1T. Now we use the commutation rule for T" and T} already
mentioned in the proof of Theorem 6.2 to cancel intermediate factors 7. The resulting
expression either has signed block form in H,, or is conjugate to such an expression by
T (but possibly with factors Ti/,o instead of 7). Performing this conjugation if necessary
(which does not effect the trace value!) and using once more the evaluation rule in [GL],
(4.4), we conclude that the value of 7 on d} ---d., is equal to the value on an element of
the form df ---d!! where each d either equals ¢g;_1 or T}_,, and the number of factors
T!_, is even. Now Lemma 5.2 implies that this value equals z*7(T{--- Ty, ;) for some
a,b. We can argue as above in the proof of Theorem 6.2 to compare the values of 7 on
products T{T] - - - with those on products UjU} - - -, and hence get the desired conclusion.

7. Concluding remarks and open questions

7.1. Relations with knot theory. Iwahori-Hecke algebras of type A can also be de-
scribed as quotients of the group algebras of Artin’s braid groups. The motivation for
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introducing Markov traces in type A is then given by Markov’s Theorem in classical knot
theory (see [Jo], Section 4). Now braid groups exist for any given type of finite Coxeter
groups (cf. [BS]), and the corresponding Iwahori-Hecke algebras again are quotients of
their group algebras. Does there exist a knot theory in some suitable topological space
such that the Markov traces for type B and D yield invariants for isotopy classes of
oriented knots and links in an analogous way as Ocneanu’s trace leads to the Jones poly-
nomial? S. Lambropoulou [La] has shown that this is indeed the case for type B. The
same question for type D seems to be open.

7.2. Relations with R-matrices. Turaev has given an interpretation in terms of R-
matrices for the construction of generalized Markov traces on classical braid groups (see
[Bi], Section 3). In this way, invariants like the Jones polynomial and the Kauffman
polynomial can all be derived in a uniform way. Does there exist such an R-matrix
interpretation for the Markov traces discussed in this paper? (I wish to thank J. Birman
for mentioning this problem to me.) In type B and in the special case where there exists
some y € A such that 7(T{T}---T}_,) = y* for all k > 1 (notation of (5.4)), such an
interpretation has been given by T. tom Dieck in [Di], §4 and 6. The question seems to
be open for general choices of the y;’s, as well as for type D.

7.3. The problem of weights. Let KH be the “generic” Iwahori—Hecke algebra of type
A,_1, B, or Dy, defined over an algebraically closed field as in the proof of Theorem 4.2.
Then every trace function on KH is a linear combination of the characters corresponding
to the irreducible representations of KH. (These irreducible characters are labelled by
partitions or pairs of partitions in a similar way as this was the case for the conjugacy
classes of the underlying Coxeter groups.) In particular, it must be possible to express the
Markov traces discussed in this paper as linear combinations of the irreducible characters,
where the coefficients are called “weights”. For Ocneanu’s original trace function in type
A these weights are known and given in [Jo], pp.345. The weights in type B and D do
not seem to be known.

References

[Bi] J. Birman, New points of view in knot theory, Bull. Amer. Math. Soc. 28 (1993), 253
287.

[Bo] N. Bourbaki, Groupes et algébres de Lie, Chap. IV, V, VI, Hermann, Paris, 1968.

[BS] E. Brieskorn and K. Saito, Artin-Gruppen und Cozeter-Gruppen, Invent. Math. 17
(1972), 245-271.

[Ca] R.W. Carter, Conjugacy classes in the Weyl group, Compositio Math. 25 (1972), 1-59.

[CR] C.W. Curtis and I. Reiner, Methods of representation theory, Vol. 2, Wiley, 1987.

[Di] T.tom Dieck, Knotentheorien und Wurzelsysteme, Teil II, preprint, Math. Gottingensis
44, 1993.

[GL] M. GeckandS. Lambropoulou, Markov traces and knot invariants related to Iwahori-
Hecke algebras of type B, J. reine angew. Math. 482 (1997), 191-213.

[GP] M. Geck and G. Pfeiffer, On the irreducible characters of Hecke algebras, Advances in
Math. 102 (1993), 79-94.



TRACE FUNCTIONS 109

M. Geck and R. Rouquier, Centers and simple modules for Iwahori—Hecke algebras,
in: Finite Reductive Groups: Related Structures and Representations, Progress in Math.
141, Birkh&user, 1997, 251-272.

V.F.R. Jones, Hecke algebra representations of braid groups and link polynomials, Annals
Math. 126 (1987), 335-388.

S. Lambropoulou, Solid torus links and Hecke algebras of B-type, in: Proceedings of
the Conference on Quantum Topology, D.N. Yetter (ed.), World Scientific Press, 1994.
G. Pfeiffer, Charakterwerte von Iwahori—Hecke—Algebren von klassischem Typ, Aach-
ener Beitrage zur Mathematik 14, Verlag der Augustinus-Buchhandlung, Aachen, 1995.



