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Abstract. By using F. A. Berezin’s canonical transformation method [5], we derive a
nonadapted quantum stochastic differential equation (QSDE) as an equation for the strong limit
of the family of unitary groups satisfying the Schrédinger equation with singularly degenerating
Hamiltonians in Fock space. Stochastic differentials of QSDE generate a nonadapted associative
Ito multiplication table, and the coefficients of these differentials satisfy the formal unitarity
conditions of the Hudson-Parthasarathy type [10].

Introduction. The derivation of equations for quantum noise is an important prob-
lem related to applications in quantum optics, quantum information and measurement
theories [1, 4, 9, 15]. The main advantage of quantum stochastic theory is an elegant im-
plicit construction of solutions for the class of adapted QSDE describing the joint unitary
evolution of a quantum system and its environment [10]. The conceptual disadvantage of
this approach is a gap in understanding the unitary stochastic evolution in the spirit of
the classical Stone theorem describing the infinitesimal generator of a unitary group as a
self-adjoint operator.

Until the recent papers [7, 8], it was not known that a unitary cocycle satisfying the
QSDE can be described not by a symmetric operator but rather by a symmetrical bound-
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ary value problem. The boundary condition describes jumps of the solution in amplitude
and in phase. The jumps are supported by the set of singularities of the formal generator,
and the selfadjointness of the boundary value problem is necessary and sufficient for the
existence of the unitary solution of the appropriate QSDE.

These results were obtained by the explicit analysis of the class of solvable problems for
the Schrédinger equation in Fock space [7, 8]. In the present paper, we extend the class
of Hamiltonian operators by using the standard analytical tool: the Berezin canonical
transformation technique.

In §1 we recall the construction of the normal form of the resolving operator for
the Schrodinger equation in Fock space. In §2 we consider a solvable model and describe
explicitly the limit unitary group and the corresponding unitary cocycle which satisfies the
adapted QSDE. In §3 we analyze the range of the resolvent (the domain of the infinitesimal
operator) and derive boundary discontinuity conditions and the dissipative operator,
which turns out to be symmetric on the linear subspace of Fock vectors satisfying the
imposed boundary condition. In §4, by the asymptotic analysis of the normal form of
the resolving operator, we prove similar results for the class of Hamiltonians containing
squares of creation and annihilation operators. We also describe a nontrivial connection
between the coefficients of the Hamiltonian operator and the coefficients of QSDE.

1. Berezin’s approach to the Schréodinger equation in Fock space. In the six-
ties, F. A. Berezin has developed the technique of canonical transformations of CCR-CAR
representations [5] which can be used to construct the resolving operator of the Cauchy
problem for the Schrodinger equation in Fock space with the quadratic Hamiltonian

1 — —

Hy(a*,a) = 5 {(a*, Haaa®) + (a, Hoaa) + 2(a*, Hovqa) } + (a*, Ha) + (a, Hy) + Ho. (1.1)
He proved an explicit formula for the normal symbol U;(a*,a) of the resolving operator
Ui(a',a) = exp {z'tHg(aT, a)},
where the pairs (af, a) are the creation and annihilation operators in the symmetric Fock

space I'Y(Lo(IR)), and the pairs (a*, a) are functions from Lo(IR).

The theory involves the real inner product in Lz (IR) and three involutions assuming
the representation of operators by integral kernels. These involutions are the Hermite
conjugation (star*), the complex conjugation (bar) and the transposition (prime’) such
that B* = B’

One of the main assertions of the book [5] (Chap. III, §6, Th.2) is a theorem describing

the construction of the normal form U;(a*, a) of the resolving operator U;(a',a) for the
quadratic Hamiltonian Ha(a*,a):

1 _ )
Ui(a*,a) = Ci exp{52t<a*,a>—<a*,a>}, Co = {det(®,P)} S, (1.2)

where

_ (I)t \I]t _ . _Ha*a_ﬁaaa _ @t(l);l (‘I)Q)_l
v () oo ) - (G L))
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/ N t —
_[( @ a Gy — W Py L1 g\ . -H,
we () ()« (5 )) - (G =g ()

t
Sy = S dr{((g-(®}) " Haa — Ha), ®; ' g+ + Ho }, P; = ¢'tHara, (1.3)
0
The normal symbol (1.2) is well defined provided ¥; € T3(L2(IR)) C B(L2(IR)), that is,
U, is a Hilbert—Schmidt operator, and g:(w) € L2(IR) for each t € R.
The normal forms of the Hamiltonian H(a*,a) and its resolving operator Ui(a*,a)
are related by the Schrédinger equation

{% _iH(a*,am*)}Ut(a*,a) —0, (1)

where the Fréchet derivative d,- acts the first, and the multiplication by the function
a*(w) € L3() acts the second.

2. The limits of solvable models. Consider the family of unitary groups
Ut(a) =exp{itH ¥}, ae R,
generated by the family of selfadjoint Hamiltonians with commuting coefficients
HY =TQE+Hy® I+ R ® A(fa) + R® Al (fa) + K ® A (ga)A(ga), (2.1)
where Hy and F

o0
E = S dwwal(w)a(w)

— 00
are the energies of the system and the environment, K is a self-adjoint operator, R is a
closed operator, and {g,} and {f,} are sequences of functions with positive Fourier trans-
forms from Lo(IR) N L1 (IR) degenerating to the constant 1/\/% as o — 0. The main ex-
ample of dependence on « is given by the scaling transformation g, (w) = g(aw), g(w) =
exp{~w?}/V2m (see [6]).

In the particular case Ha(a*,a) = (a*,Ca) + (a*, f) + (f,a), we have Hyq = 0 and

Hyrq =CZ2TQwid(wr —w2) + K ®{ga(w1)ga(w2)}, Ho=[f=ZR ® folw).

The equivalence “=” denotes the correspondence between an integral operator and its
kernel, and between a vector from H and an appropriate function from Ly (IR) = H.

In the sequel, we suppose for simplicity that the operators Hy, K and R are bounded
and have a joint spectral family F) such that

H0:Su,\dE,\, K:SAdEA, R:Sp,\ew*dE,\, )€ SpK,

where vy, px, 0 are measurable real functions corresponding to the operators Hy, K
and R. These assumptions single out the class of simple solvable models with nontrivial
behavior as o — 0.

Since H,, = 0, equations (1.3) imply:

\Ilga) —0, (q)(_o;))/ — o — Pt(a) _ eitH((l‘i‘)a — WK Slga)(gal)
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t

Gl = de(@P ) 21, gl = i (e P,

0
and Eq. (1.2) reads as follows
o % 1 o % .o %
Ui (a*,a) = exp{ 524" (0", ) +iS," — (a",a)}, (2.2)

where

t T

$i*) =i\ dr\ ds R*(F,, P{*) fa) R+ Hot,
0o 0

t

%2,5“’ = (a*, PVa) + z( A\ ds Ps(o‘)fa)R+ iR* (S ds P £, )
0 0

Equation (1.3) is satisfied for all ¢ > 0 and Uy(a*,a)|,_,= I.

It is possible to describe explicitly the action of the resolving operator on direct
products h ® ¥(v), where h € H, ¥(v) € T'9(L2(IR)), v € L2(IR), and ) (v) is a coherent
(exponential) vector. The unitary group Ut(a) = exp{iH(®t} with Hamiltonian (2.1) and
normal form (2.2) acts on exponential vectors as follows:

t

U h @ y(v) = e dBEx h @ ¢(uf (V) exp{ipre™ | (fa, vl (N) ds},  (2.3)

0
where v (A) = P{ (A)v + ipxei®> Sé P (\) fo ds. We recall that we use the real inner
d 5 [e3
H, = —i lim {—e”H( )
a—0

product in (2.3).
L)

The limit of the derivative
coincides clearly with the weak limit of Hamiltonians (1.1)
H,=I9E+Hy®I+R @ A1)+ Ro AT(1) + K ® AT(1)A(1) (2.4)

with the same operator coefficients R and K. To find the derivative of the limit

cd o g
Hsrs = 715{(}}—% eltH }|t:07

which gives the limit of the generators in the strong resolvent sense, we use the expansion
explicty =T+ (e - 17, 7T=7"=7%, cel (2.5)

for any projector 7, and the “Lemma on Four Limits” [6, 7] describing the singular limits
of the components of functionals Ega) and S’t(a) in equation (2.3):

t

tim { ds (7, P fo) = (2 —iK) 7,

0

) 2

T—iK/2  (2—iK) (a%,

t t
lim (a*,SdS Ps(a)f S dS S dwa/ W)e eiwth—)wI[O,t) (T)),
0

0 V2

i th(T [ s pdwalw)e
nn((g) s Pg fa,a)é\/%s I—iK/2 — (2—iK)

—isw 2

(‘FT—)wI[O,t) (T>a a‘) )
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s —lim P = & (I + (W — I)7.) - (2.6)

By @ir we denote the projection-valued set function 7pv(w) = Fyy Ir(t) Fohv(w);
Fi_se 18 the Fourier transformation:

Froswf = @m) 72\ dte ! f(1),

and I7(t) is the indicator function of the set T.
Substituting limits (2.6) into equation (2.2) for the normal form of the resolving
operator, we obtain

. (Oé) * _ *
lim U (a", @) = exp{ Zi(a", )}

with

Zi(a*,a) = it(Hy — R*(2—iK)"'R) + (W — I)(a*, "'y 1ya) + (a*, e™"a)

+i(l —iK/2) 'R (a*, €™ g ) + iR* (I — iK/2) " (Tjg.4), a). (2.7)

By differentiating (2.7), we find the normal form of the infinitesimal operator of the limit
unitary group:

iHys =il @E+Ly@ T+ (W - 1)@ AT(1)A(1) + L® AT(1) — L*W ® A(1)
with L = i(1 — iK/2)"'R, Lo = iHo — R*(2 — iK)"'R, and W = (2 + iK)(2 — iK)~".
Thus, we conclude that there exist two different limits as e — 0: the weak limit H,, (2.4)
and Hg,s which has the meaning of the strong resolvent limit of Hamiltonians (1.2):

Hys=1®FE+i {Lo®I+L @ A1)+ Ly® AT(1) + Ly @ AT(1)A(L)}  (2.8)
with the coefficients Ly,

2 2 %K
L, =R* — 2 R L3=-—""_
! 9K’ ? 24K T 9K’
iK 2
Lo = iHy — R* R— R R
0=tHo 1+ K2 1+ K2

satisfying exactly the formal unitarity conditions of the Hudson-Parthasarathy type:
L§+ Lo=LLy, Lo = —L{W, Ls =W — I, W*W = WW* =T (see [10]).

In the sequel, we assume that (I —iK)~! : H — dom R*. Since R* is a closed operator,
by the closed graph theorem ([11, Chap. 3 §4]), Ly = 2iR*(2 — iK)™! is a bounded
operator, and so is L*L. Hence, the densely defined operator Ly = 2i(2 — iK) 'R =
—W L7 can be extended from dom R to entire A as a bounded operator. Thus, under the
assumption (I — iK)_1 :'H — dom R* all operators Ly, 1 < k < 3 are bounded.

The connection between the operator and its normal form ([5]) implies the explicit
representation of the unitary group generated by the normal exponent (2.7):

. o~ _ 2 -
Uh@pw) = |eDdExhay (em (e 700w +ipye™ o=l [o,t>)>

. —q 2 T
x eXP{ZPAe o 57 L. v)}, (2.9)

where G is the spectral density of the dissipative operator G = —iH + R*(2—iK) 'R,
and exp{iZx} = (24 iA\)/(2 — i\). By “Lemma on Four Limits”, the same equations
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(2.8)—(2.9) also follows from representation (2.3) of the unitary group Ut(a) as a — 0.
The commutation rules

[Ta, 73] =0 for ANB =10, and7re™! =e“'7r,,

imply the group property of Us.
The operators A(1), AT(1) and Af(1)A(1) can be characterized by quadratic forms
acting on exponential vectors with arguments from W3 (IR) as follows:

(W (1), A (9)) = (0)e, (w(f), AT(1)AL)¥(9)) = F0)g(0)el.  (2.10)
These unclosable quadratic forms generate well defined fundamental operator-valued set
functions which are unitarily equivalent to the fundamental processes of creation, anni-
hilation and number process introduced in [10]. We use here the following representation
for these processes:

dt iw T
A+(T) = ;Exdwe t T ;th
dt

AT) = \—==\dwe “a( dt A (1

e

dt
A(T):SQ—“dwdyez(“’ Vitg, Sd (1),
77 T
where A;(1) = J; A(1) J7, Jp = P, B = {  wdwal(w) a(w).

Consider the operator-valued set function u(s,t) (the unitary cocycle) generated by
the unitary group U, :

u(s, t) = JsUp_sJ; .
Using the commutation rule Jj 4 (f) = ¥ (e f), we immediately obtain from (2.9) an
explicit equation representing the action of u(s,t) on tensor products h ® ¥ (v)

o~ . 2 -
w(T)h@ ) = SekaESTdEAhQ@z/J(ezZ”TU+ipkeze*2Z_/\IT)

. 2
X exp{ip,\e_’e*m(IT,v)}, (2.11)

where Ip(w) is the Fourier transform of the indicator function Ir(t). Straightforward
computation of the time derivative implies the adapted QSDE for u(s, ) :

du(s,t) = u(s,t) M(dty), s— %E}n u(s,t) =1,

M(T) = Lo®@mesT + Ly @ A(T) + Ly ® AT(T) + L3 ® A(T). (2.12)
The set-function u(T") has a cocycle property: u(T1)u(Ts) = uw(Th U T) for disjoint sets
Ty, T> C IR. Therefore, QSDE (2.12) can be considered as a unitary representation of the
Schrédinger equation with the formal Hamiltonian (2.8):

u(s,t) = JUp—Jf, M(T) =i\ dtJ(Hos — 10 E)J;.
T

Thus we obtain
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THEOREM 1. Suppose that K and R are commuting operators, K is a self-adjoint
operator and R is a closed operator such that (I —iK)~!: H — dom R*. Then the family
of Hamiltonians (2.1) generates the family of unitary groups Ut(a) = etH' such that

o there exists a strong limit of the family of unitary groups Uy = s — lim Ut(a) which

is a unitary group with the formal generator Hg.s (2.8);

e there exists an adapted unitary cocycle (2.11)

. (o)
H=s—1i J 1(1577')H2 J*
U(Ta ) S a1—>InO T€ to

such that u(r,t) is a unitary solution of QSDE with the stochastic differential
(2.12).

3. Symmetric boundary value problem associated to QSDE. It should be
pointed out that H,, and H,.s are not well defined operators on the product H ®
I'S(L2(R)). They vanish in the dense set

o = span{¥(h) : h € Wi (RR), h(0) = 0}
and in this sense they are singular. Typically, there exists an implicit correspondence
between singular perturbed operators and boundary value problems for these operators
([2, 3, 12]). Since we have the explicit representation of the unitary group U, we can
describe the generator rigorously. First of all let us describe the domain of the infinitesimal
operator. Main observations of this Section are generalizations of the algebraic properties
of the following toy boundary value problem.
For any A € R, L € @, consider the set Dy 1, of vectors F' = {fo, f1,...} with sym-
metric continuous components:
foe@, fn:(R\{0})" =T, n=12,...
such that
{(As — Ae™) funa }@) = Lin(), = € (R\{0))"

where A4 fo =0 and

A =1 =1,2,...

( ifn-{-l)(xl; ;xn) Eig:lofn-i-l(xla 7xn35)a n HE)
by the definition. Then, clearly, for F, G € D, 1, the following identity holds true:

((A— - A+)§n+1fn+1)(x) = (§n+1fn+1)($)’§:ii;8
= —|LI’g, () fu(z) — e M L(A-Gp 1) (@) fu(@) = Gy (2) Le™ (A= fri) ().

Set 0, =Y 6;2;; Integrating by parts over (IR \ {0})™ the sesquilinear inner product
in Ly ((IR\ {0})™), we obtain

(gn-i-la iazfn-i-l) = (iaﬂcgn—i-la fn-i-l)
—(n+ DL (g0, f2)) + 90y 1L (A= frg1)) + (Le™(A-gnia), fa) }-
Therefore, the operator

H=Hy+i0, +ilL>/2+iLe®A_, Hy€ R
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is symmetric on the vector subspace D) ;, in the Hilbert space H with sesquilinear inner
product

oo

1
Z ] (Ins frn) Lo ((R\{O})™)-
k=0
Indeed,

(G, H F)) = (G, H)(Ho +i|L|*/2) + (i8,G, F) + (G,iLe* A_F)
—i|L|*(G,F) — (G,iLe® A_F) +i(iLe*A_G,F) = (H G, F).

Thus, the operator H = Hg+ id, +i|L|%/2 + iLe™ A_ being restricted to the set {(A+ -
A,e“‘) — L}F = 0 is a symmetric operator. Let us prove that the range of the resolvent
generated by the unitary group (2.9) has a similar characterization.

Consider the vectors ® from the range of the resolvent of unitary group U;: ® € h =
H@T9(La(R)):

® = Ruh @ P(v) = | dte ' Uph @ () = {By(w)},
0
On(-)R" = H,  w={wi,...,wn},

with the components

P(w) = | at exp{f(,u + &)t — LW {u(-7) dT}gz)n,t(w),
0 0

n

bni(w) = [J(W = Doy o(wr) + e o(wr) + Lo 4 (wk)) s
1

where L, W and G are commuting operators described by the spectral densities
L) = 2ip(\)e N2 — )7L W) =2V G\ = —iv(\) + p(V)2(2 —id)

Let us denote by qzmt (1) the Fourier-transformation of the function ¢,, ¢(w)

Int (1) = [[((W = DIjg ) (76)8(ri — ) + B(ri — ) + LI 1 (7)) o,

where 7 = {71,...,7,}. Let K be a subset in {1,...,n} and let K be its complement.
Set
PN = [TV = Dot =)+ L) oy () € B(h),
keKx
then
dua(r) =3 (PO T = 1)) (3.1)
K meke

Note that on the set 7 € (IR \ {0})" the function qzn,t(T) depends on arguments 75, — t.
Clearly, the functions P,(C"t) (1) have discontinuities of the first kind in all hyperplanes
where variables 73, changes sign:

lim P (7) = Ia (k)P (1),

T,——0
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. n n ~ n—1
lim P)(7) = Ice ()PZY() + (W = Da(-1) + D) PO (7). (32)
Tr—=40 ’
Therefore, Eq. (3.2) implies the following difference of substitutions:
n Tr=—0 ~ n—1
POy == (W = D(—t) + L) PR (D) I (R). (3.3)
Let us calculate the jump of qzn,t(T) at the points where 75, changes sign. Note that
lm o (1) = (=) Gt (T Thot T, To).
Tr——0

Taking into account Egs. (3.1) and (3.3), we find the jumps in amplitude and phase of
the functions from the domain of the infinitesimal operator of the group Uy :

h—r)IJerqﬁn’t(T) = WTkh*{IiOQﬁn,t(T) + L¢n—1,t(715 e aTk—laTk-i-l; . ;Tn)- (34)

Tk

Let Dw,, = D ®FS(/V[721 (IR\ {0})) be a vector subspace in h with the elements satisfying
assumption (3.4), and let A(d+),A(d+), N be operators acting on Fock vectors by the
rules

(@, A@)¥) = lim D" =" I B I S Y
L k=L (R\{o))n -t m#k

Fonrr (A(62)9),,(7) = lim >~ B (7)

e——+0 Te=%e’
k=1

NU, (w) =nY,(w).

In this notation, the boundary condition (3.4) in the symmetric Fock space I'® looks as fol-
lows

(N+1) I @A0:) - WRAG-)¥ =L, (3.5)
This condition is fulfilled for components W1, ¥, ... of the Fock vectors ® € Dy 1.
Let us prove that the operator
H=iGol+19E+il'WeA@.), E= | dra*(ra(r)io,, (3.6)
R\{0}
is symmetric in Dw,r,. Let ®,¥ € Dy, 1, and let B be a Hermitian operator such that

dom B ® I O Dy,r. The integration by parts gives an identity, where the difference of
substitutions is expressed through the operators A(d4):

(®,B® EV) — (B E®,¥) =i(®,Ba (A(6-) — A(6;))¥)
= iZ%Z U T drm(@n(r), BEL(D), [0 20 (3.7)
1 k=1 (R\{0})"—1 m#k
By using the boundary condition (3.5) for functions q~3n and 1;", we find the difference of
substitutions of the integral (3.7):
I(®,B® (A(64) — A(6-))¥) = i(®, (W*BW — B)A(6) — )
+i(L®, BLY) + [(WA(5_)®, BLU) + i(L®, BWA(6_) D). (3.8)
In particular, Eq. (3.8) is simplified for B = I:
I(®,1® (A(64)—A(6-)) W) =i(®, L*LY) — (iL*W @ A(0-)®, ¥) + (P, iL*W @ A(5_) V).
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Taking into account the identity iG — iL*L = (iG)*, we obtain from here an identity
which means the symmetry property of the operator H in Dy, r.:
(@, HY) = (I ® E®,0) + (0, {[iG@ I +iLl*W @ AJ_)}¥)
—z'((I), I® (A(6+) — A((S_))\Il)
= (I ® E®, W) + (&, (iG)" @ [V) + (iL*W @ A(_)®,¥) = (HD, V).
Let us find how the generator of the group U; acts on vectors belonging to the resol-
vent. Set ¥ € h, ® = R,h ® ¢(v). By the definitions of the generator, we have
~ 1d 1 = 1
(U, H) = lim ——(V,U,®) = - S dt Yy — | ar
0 n=0 " (R\{o})"

d
(wn( ) - —(G+u)t Gs—iL*W 0 v( T)dT¢n t+s( ))

As it was observed earlier, the functions 571 +(7) depend on differences 7, — t. Therefore,

H

HL:O. (3.9)

sbm Z Y Gt (1) = iE (7). (3.10)

On the other hand,

A0 )Pt (T) = n0(—t)pr—1,4(7) (3.11)
by definition of the operator A(d_). Now, taking into account definition (3.9) and iden-
tities (3.10) and (3.11), we obtain

~ < T~
(U, HO)y = | di(yo, iGe™(CHMI—iLW grl=r)dry ), Sdtz | ar
0 n=1" (B\{o})"

_ I
X (wn(T)ve(G“rH)tlL w O’U(*T)d‘r (ZG+ZL W’U +IZ )an . )

= (U, {iG+iL'W® A0_)+ 1 ® E}(I))h,

H

that is the generator H of the group U; has the form (3.6). Thus, we have proved the
following theorem.

THEOREM 2. The operator
H=iGoI+10E+il*W @ A(5_),
where G = iH + %L*L, H = iL*KL — Hy, is symmetric in Dy, . It generates the
one-parameter unitary group Uy (2.9).

It is important to stress that the proof of the symmetry property does not assume
that the operators L, G and W commute. The proof can be easily extended to operators
of the form

H=iG+IQE+iY LiWim® Ap(3-) (3.12)

L,m
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with the boundary condition

(N +1)" (I@Al 54) ZWlm@@A (5,))\11:@@1\1:, (3.13)

where W = {W, ,,} is an (M x M)—matnx with coefficients in B(H) such that W*W = I,
and {A,,(9) : g € La(IR),1 < m < M} are the annihilation operators in T'¥(Lo(IRM))
which commute for different I.

4. Creation and annihilation processes of the second order. In the general
case, it is a difficult problem to find the matrices M; and N; defined by (1.3). Nevertheless,
equations (1.3) can be used to obtain the asymptotics of the solution as ¢ — 0 and to
find the normal form of the strong resolvent limit of the family of Hamiltonians (1.1).
This requires the asymptotical expansions of M; and N;. In the sequel we consider a
degenerating sequence of quadratic selfadjoint Hamiltonians

%AT(hQ)AT(h) + %
+R@ AN (fo) + R* @ A(fa) + K @ AT(9a)A(ga), (4.1)

with f, g, h € L;T(B), L;I(B) ={g: §>0,9€ LyN Ly}, where Q € C(H), ha(w) =

h(wa), £(0) = g(0) = h(0) = (27)~ /2. Thus, the weak limit H,, equals

H,=IQE+Hy®I+K® AT (1)A(1) + RAT(1) + R*A(1),

where R = R® I + Q ® AT(h)/2 and

RAT(1) = w—lm(R® AT (fo) + Q @ AT(h)AT(hy)/2) = (R T+ Q/2® AT(h)) AT(I).

The natural conjecture is that the strong resolvent limit Hy,s(a*,a) corresponding to

Hamiltonian (4.1) can be obtained from (2.8) by the change R — R.
To evaluate the normal form Hg,.s(a*,a) of the strong resolvent limit, it suffices to

H® = Aho)AMM) +T@E + Hy® I

study the small ¢ asymptotic expansion of the functions uﬁ”" and ,\§“) described by the
system of ODE
it = HE ON, =0,
)-\ga) _ sz(a)( )7 () )\ga) 7
where H (t) = Pg)Hég)Pg). The operators \; and i are related to ®; and ¥; by the
interaction representation generated by Pt(a):

At = Pt(a)‘l)t, e = Pt(a)\ptv O, =Ny, U0 = PP

3 3

The solutions of this system, being rewritten as left cocycles, read as follows

t t S1 52 _
) = =i ) st B (51) + (st § dsz | dsg HED (s0) HED (s2) HE) (s5) + ),
0 0 0 0
t sy
)\z(sa) =1+ S S dsy dsg Htga) (s1)H{ (s2) +. (4.2)
00
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By using “Lemma on Four Limits” and expansions (4.2), we prove that if (I —iK)~!
H — dom Q* Ndom R*, then the following asymptotic expansions hold true as o — O:
t
A =T +3, %= ds|h)Q* (2 — iK)'Q(hs| + O(t?),
0
t

tim g = —i | ds {|he) (2 — iK) QU] + [To.9))(2 — i) T Q(ha|} + O(t?),
0
where hy = e!(I + (W — I)T(0,4))h(w), ||he|| = ||h]|. Hence, ®; ' ¥, =7, + O(t?) and

lim det (q>§“>P§“>) = lim exp{Tr WA} = 1+ Tr {7} + O(t?)
=1+1h[?Q*(2 —iK)~'Q + O(t*),

t
lim ZS dr H (@)1 gl) — tR*(2 — i K) 'R + O(t?),

lim ¢

dr THH (@)1l = o), (4.3)

G ) () (W = I)(a", 'R a) + (a*, e“'a)

+(a*, h)(a®, e o) (I — iK/2)” 1Q+(E,a)(emf[o,ﬂa)(f—iK/2)*1Q*,

. a gt*qitq)t g\ _ [ a ' [ 2y _
o (1) 0 ()= (2) L2, ) o0
(I —iK/2) YR (Tjo.) + Q/2 hya) + R(e™ i ) + Q" /2 hya) } + O(t?).  (4.4)

These expansions gives an equation for Hg, s similar to the previous one and confirm the

O{/ﬂﬁ

above conjecture:
iHgs = Lo+ (W — DAT(1)AQ) 4+ LAT(1) — L*WA(1),
Lo=i(Ho@T+I®E)-R*(2—iK) 'R, L=i(l-iK/2)""
R=RaI+Q®A(h)/2 (4.5)
with the same K and W as above. We stress that the limits H,, and Hg,, are different.
To pass to a quantum stochastic differential equation, we cancel out the term I ® FE
from the Hamiltonian by passing to the interaction representation, and evaluate the
stochastic differential:
M(T) =i\ dty (Hyo — I @ E) J;
T

Thus, the contribution to the singular components of H,.s is given by the stochastic
processes of creation and annihilation of the second order:

AL(T) =\ dt AT (he™)AT(dty),  As(T) = | dt A(he™ ") A(dty ), (4.6)

where A(he™™?) acts as a time-dependent annihilation operator; it multiplies the coherent
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vectors by the convolution of the Fourier transformations of i and g:
A(he™ " yp(g) = | dr h(7)g(t + 7) v(9).

In the particular case when h is supported by IR_, the processes As(T) and Al(T) are
adapted. Fortunately, in the nonadapted case, there is no problem to define rigorously
the stochastic integrals (4.6) because they contain products of commuting operators.
The associative Tto multiplication table for the operator-valued set-functions A(T),
A(T), A2(T) and adjoint families follows in the standard way from CCR (see [13, 14]):

| | aAt | an | adA] |
dA dt dA | AT(hy)dt
dA dAT | dA | dAl
dA2 A(ht)dt dA2 l/tdt

where hy = e ™“th and vy = AT(hy)A(hy) + ||h||? = A(h) AT (k). All the products which
are not indicated in the table are zero.
Assume that Lj, are bounded operators from B(H) ® I'* (Lo (IR)) and

M(T) = Lomes T + Ly AN (T) 4+ Ly A(T) 4+ LsA(T) + Ly Ao (T) + L5A£(T).
Then the conditions necessary for the cocycle satisfying the QSDE
du(s,t) = u(s,t)M(dts)
to be unitary can be derived from the equations M (dt) + M™*(dt) + M*(dt)M (dt) = 0,

M (dt) + M*(dt) + M (dt)M*(dt) = 0. These conditions and the Ito multiplication table
imply the equations for the coefficients Ly:

Lo+ Li+ LiLy + LiLsv; + LiLs AT (hy) + LEL1 A(hy) = 0,
Li+L5+L5L; =0, Ly+Li+LiLs=0,
L3+ L3+ L3Ly =0, L3+ L3+ Lzl;=0,
Ls+ L)+ L5Ls =0, Li+L;+L:L3=0. (4.8)
The system (4.8) is similar to the equations derived in [10] to describe the conditions

necessary for the solution of QSDE to be unitary. It has an explicit solution parameterized
by a Hermitian operator Hi, a unitary operator W, and arbitrary operators L and M:

Li=L, Ly=-L"W, Ly=W—-1I, Lyi=-M'W, Ls=M,
Lo =iH — %((L + MAT(h))" (L + MAY(hy)).
These coefficients coincide with the coefficients of set-function (4.7) provided
L=i(I—-iK/2)"'R, M =i(l—-iK/2)7'Q,

2K
The last correction Hy — Hy to Hy follows from the strong resolvent limit of the family
of “physical” Hamiltonians (4.1) and violates the normal form of the generator, but the

difference Hy — Hy cannot be derived within the quantum stochastic calculus.

Hy = Hy— ((R+ QA (hy))"
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The symmetric boundary value problem corresponding to the formal Hamiltonian
operator (4.5) is formulated similarly to Theorem 3.1. Our main result is the following
theorem.

THEOREM 3. Let the operators K, R and @ commute, let K be a self-adjoint operator,
R and Q be closed operators such that (I —iK)™! : H — dom Q* N dom R*. Then the

()
W such

family of Hamiltonians (4.1) generates the family of unitary groups Ut(a) =e
that

e there exists the strong limit of the family of unitary groups Uy = s — limy_yo Ut(a);

U is a unitary group generated by the operator
H=/Ly— LWA(S-)

with coefficients (4.5) which is a symmetric operator on the closed linear subspace
of Fock vectors ¥ such that

(N+1) I @A@0L) — W@ A(B_))¥ = LT;

e there exists a nonadapted unitary cocycle u(t,t) = J; Us—s JJ such that u(7,t) is a
unitary solution of QSDE
duy = uy M(dty), s—limu(s,t)=1
t—s

with the nonadapted stochastic differential

M(T) =\ G @ Tdt+ (W — 1)@ Adt,) + £, ® Al(dty) — LW @ A(dty),
T
with Gy = iHo @ I — R} (2 — iK)™ Ry, where L; = i(1 —iK/2)"'R; and

Ri=RT+Q® AT (he™?))2.
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