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Abstract. Classical Bargmann’s representation is given by operators acting on the space
of holomorphic functions with scalar product (2", z%), = n,kNlg! = F(2"%"). We consider the
problem of representing the functional F' as a measure. We prove the existence of such a measure
for ¢ > 1 and investigate some of its properties like uniqueness and radiality.

1. Introduction. The g-commutation relations were introduced by Greenberg [5].
Bozejko and Speicher [3] investigated it as interpolation between bosonic and fermionic
case. Extensions to relations of the form aa™ = f(a™a) have also been studied. One di-
mensional case, which is the main object of this paper has been investigated by Bargmann
[2]. We shall make use of the language of g-calculus, which is over a century old (Gasper
& Rahman 1990, Jackson 1910).

We recall some basic notation here:

A natural number n has the following g-deformation

Mlg=1+q+@+¢+...+¢" "

The g-factorials, g-binomial coefficients and ¢-shifted factorial are defined as:
n [n]4!
ol = W2l () =
e S e k), [klg!n — Klg!
(@;q)n = [[(1 —ag’) with  (a;q)0 =1,
(a;q)oo = 11_>II1 (a;Q)n for |Q| <1
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We will deal with the Fock representation of the commutation relation:
aat —qata = 1d.

It is known (see [2]) that for 0 < ¢ < 1 this representation can be identified with repre-
sentation by operators which act on functions of complex variable. This representation is
given by:

flqz) — f(2) 220
(@ )(z) = 21 (2), @h)(z) = Dof(x) =4 g1 F7O
£(0) itz = 0.

The representation space H2(ud) is the completion of the space of analytic functions on
D, ={z€ C and l2)* < ﬁ} with respect to the inner product:

(2", 2" = b kln)g! = | 2" p(d2) (+)
C

where 9(dz) = (¢; @) Y peo (q‘f—:)k/\rk_ (dz), ry, = %, and A, is normalized Lebesgue
measure on the circle with radius r (see [7]).

This is called Bargmann’s representation of the g—harmonic oscillator. As ¢ tends to
1, p? will tend to the Gauss measure on C.

In both cases (for 0 < ¢ < 1 and ¢ = 1) the measure p%(dz) is unique and radial.
However, we will prove that for ¢ > 1 there are many measures satisfying (*) and some
of them are not radial.

2. The existence of p%(dz). For our further considerations ¢ will be greater than 1
and fixed. We look for probability measures which satisfy the following condition:

S 2"Zu(dz) = Sp[nly), n,k e N. (000)
e

Using polar coordinates we can write: u(dz) = p,(de)v(dr), where Siﬂ wr(dep) = 1.

PROPOSITION 1. There is one to one correspondence between radial solutions of (00¢)
and solutions of the Stieltjes moment problem:

oo
| 2" 7(da) = [K],!,  k=0,1,2... (1)
0
Proof. We split v = 11 4+ 9 where v, is the singular part of the measure v, v, is the
absolutely continous part of this measure. The same we do for 7. Now change of variables
gives vy (z) = v7(2?), and va(z) = 5(2?)27. =
The next facts for —1 < ¢ < 1 were proved in [8]. We present, without proof, the
modified versions of the result for ¢ > 1.

PROPOSITION 2. If f(x) = (DgF)(x), the limit lim,_,, o F(x) = F(c0) exists, and

| r@di(@) =" flagh)gba(g—1)

k=—o0

exists for every a > 0, then SSO f(z)d%(x) = F(o0) — F(0).
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PROPOSITION 3. If f(x) = exp,(z) := > o, ﬁ;, then (Dgyf)(z) = f(z).
Remark 1. Note that

o n exgn(:n) OO: ~0o,n;
R L T ST
' el (S) cap(am) 1) § capylgr)
COROLLARY 1. As U(dx) we can take
7%(dz) = a(q —1) i L(S ! where a € [1,q].

2 empy(gtia) 1

Remark 2. For each point ¢t € R there exists a € [1, q) such that x € supp7*(dz).

3. Characterization of radial measures. The problem to find measures such that
Siooo 2*7(dx) = my, for an arbitrary sequence (my) is called the moment problem. We will
be interested only in solutions whose support is beyond the negative axis. It may happen
that the measure doesn’t exist or exists but is not unique. Calculations from the previous
section show that we have to deal with an indeterminate moment problem. In this case
we can associate with the problem two sequences of polynomials. They are solutions of a
three term recurence relation:

Wnt1(2) = (2 — ang1)wn (@) — Brwn—1, Bn>0, ap €R
with initial conditions
Qo(z) =1, Qi(x)=2—a1, P(z)=0, Pi(z)=po.
From the theory of moments we know that @, (z) defined above are orthogonal with
respect to T(dx), i.e. SR Qn(x)Qm (z)T(dx) = 0 if m # n (see [1]).

THEOREM 1. If the moment problem Siooo 2*0(dxr) = my is indeterminate then the
set of probability measures 0(dx , o) that solve the problem can be indexed by functions
o(2) analytic in the upper half plane (Imz > 0) and satisfying Imo(z) < 0 for Imz > 0.
Furthermore there exist entire functions A(z), B(z),C(z), D(z) such that

oo

S O(dr, o)  A(z) —o(2)C(2)

z—x B(z) —o(2)D(z)’

A, B,C, D are uniform limits on compact subsets of C of A, B,, Cy, Dy, respectively,
where

AnJrl(Z) = [PnJrl(Z)Pn(O) - PnJrl(O)Pn(Z)] Cn,
Bpt1(2) = [@n+1(2)Pa(0) — Prt1(0)@n(2)] cn,
Chn+1(2) = [Pas1(2)@n(0) = Qn41(0) Pr(2)] n,
Dn11(2) = [@n+1(2)Qn(0) = Qni1(0)Qn(2)] cn,

with ¢, = (B1 ... Bn) "t (For details see [1]).
Remark 3. It can be proved that ¢, = SSO |Qn(z)20(dx).
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Now we try to apply Theorem 1 to our problem.

ProproOSITION 4. If Q,, are polynomials associated with the Stieltjes moment problem
SSO z"v(dx) = [n],!, then

n n 1 n(n-1) n

Proof. For m < n we have

?Dq (o7 (™) et =

Now we can prove by induction that §Qn(2)z™pd(dz) = 0 for m < n. We use similar

calculations as in Remark 1. m
PROPOSITION 5. We have the following formula

Qu(z) =) (1) (Z) Bﬁ:"q(nw%mzk

k=0

Remark 4. Analogously we can calculate ¢, = §{ Qn(z)2z"v(dx).

PROPOSITION 6. If s = %, then

1—s"t IS (577 s)ks@ (1 —5)F(s"+2s2)"
D, _C ’ — 2L,
+1(2) * 1-s kz—o (s2; 9)k(s; )k *

PROPOSITION 7 ([9]). If s = ¢, then

2, sH AR (1 = s)zsr]*

- (5% Qoo o= 8 (
H= "Ln(z) =
;r () (13 8) o0 kZ:o (s:8)k(rs?;s)k
The application of Darboux method to L,, gives
D(z) = MzH(r)(1 —7)|p=1-

COROLLARY 2. There is a measure U(dx) which is discrete and has mass points at
the zeros of D(z). General theory says that if o(z) = const then suppd(dz,o) C Ry U{0}
if and only if o = +o0.

4. Characterizations of non-radial measures. In this section we consider the
problem of existence of non-radial measures which give the Bargmann’s representation
for ¢ > 1. It turns out that such measures exist because the moment problem kaﬁ(dx) =
[n]4! does not have a unique solution.

THEOREM 2. A non-radial measure satisfying

S z"Ek,u(dz) = Ok,nMn
C
exists if and only if there exists a measure v on Ry with the following properties:

Sx%y(dz):mk, k=1,2,....
0
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There exists f(x) # 0 v-a.e. such that
(a) VkeN: Sgo f(z)z*v(dz) =0,
(b)) INEN : |f(x) <2V on R,
Proof. The proof of sufficiency is based on the following construction: We split
pa(dip) = 11, (dp) + ., (p)dp where pi;, is defined by

|f ()] 7r mhtn :
7'(‘[1;—N for%§<p<%, lff($)>0,
L) =2 If(@) rhin n .
Ha () o for 2R < o < 2L it f(a) <0,
0 otherwise,
and p (de) = 5=(1 - %)dgp. Now, let p(dz) = pg(dp)v(dz). m

Application. With the notation of Corollary 1 let us put v; = 7%(z?), va(z) =
v*(2?), a#b,

f(w)zliilzzx? and y(m):M-

Then |f(z)| < 222 and Sgo z?"v(dz) = [n],!, Sgo f(x)x®"v(dx) = 0 for every n € N.

Now we can apply Theorem 2 to obtain a non-radial measure which gives Bargmann’s
representation for g > 1.

Remark 5. From the given solutions we may obtain new ones: by rotations of the
underlying plane, by convex linear combinations of already obtained measures and as
weak limits of them.
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