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Abstract. From a sequence of m-fold tensor product constructions that give a hierarchy
of freeness indexed by natural numbers m we examine in detail the first non-trivial case corre-
sponding to m = 2 which we call 2-freeness. We show that in this case the constructed tensor
product of states agrees with the conditionally free product for correlations of order < 4. We
also show how to associate with 2-freeness a cocommutative *-bialgebra.

1. Introduction. Recently we have made an attempt to treat the conditionally free
product of free *-algebras by means of appropriately extended *-algebras and their m-
fold tensor products. Our approach gives the Boolean case for m = 1 which in the
new terminology corresponds to 1-freeness. This case is fairly straightforward, the first
really non-trivial one being that of 2-freeness. For that purpose we need a 2-fold tensor
product construction. We originally thought that the 2-fold tensor product would give the
conditionally free product. However, later we realized that it worked for correlations of
order < 4 and successive iterations are needed to recover the conditionally free case. This
leads to a sequence of m-fold tensor product constructions that give a hierarchy of freeness
which in the limit gives (conditional) freeness. Nevertheless, the 2-freeness is a model case
and provides a nice introduction to the general theory of the hierarchy of freeness and
proofs of many facts simplify considerably. The general case will be treated elsewhere.
We should add that we often use the term freeness associated with the Voiculescu theory
[V-D-N] instead of conditional freeness [B-L-S] for simplicity as well as due to the fact
that from the point of view of our approach there is no essential difference between them.

In our approach, instead of making the product noncommutative in the definition of
the product of free *-algebras, we stick to the tensor product and take noncommutative
extensions of those *-algebras with non-canonical embeddings. The idea consists in finding
appropriate deformations of the canonical embeddings. In the Boolean case for instance,
if Ay, Ay are free *-algebras, then we define their extensions A, As, respectively, where
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A = Aj, * C[t] and t* = t. Then, instead of the canonical embeddings

g: Ay > A1 ®As, k=1,2,
given by

Hw)=we®l, i) =1®v
where w, v are words in A1, Ag, respectively, we take

j,gl) DA = AL © Ay,
) =wa ™, V)=t o,
where [(w), l(v) denote the lengths of words w, v, and extend it to A; * .43 homomorphi-
cally:
P Arx Ay > AL @ Ay,

ie. M =1®1 and

GO (wr . owg) = G (wn) D (wy)

where wy, ..., w, € Ag,..., Ak, and ki # ko # ... # kp, k1,..., k, € {1,2}.
Now, if ¢1, ¢o are states on Aj, As, respectively, then we define their Boolean exten-
sions ¢1,¢2 on Ay, As, for which

br (towrty . .. wnty) = Pr(w1) ... dr(wy)
where w1, ...,w, are non-empty words in A and tg,...,t, are powers of ¢, of which
t1y .oty # 1. If @) = ¢ @ ho, then it is easy to see that

W (D (wr) ... i) (wn)) = bk, (w1) - .. P, (wy),

where wy,...,wn € Ak, ..., Ak, and ky # ko # ... # ky,. Hence, oM o j(1) agrees with
the Boolean product state.

One can see that the idea is related to the deformations of the canonical embeddings
used in the case of ¢g-*-bialgebras studied by Schiirmann [Sch] and g-deformed enveloping
algebras investigated in the context of central limit theorems in [Lenl-Len2]. However,
the free case as well as the general version of the conditionally free case are not so easy
to handle. Firstly, one needs to take tensor products of higher order, thus arriving at
a sequence of m-fold tensor product constructions. Secondly, the embeddings are more
complicated. They consist of a number of compensating pairs and the number of terms
is growing (it equals 2m + 1). Thirdly, the conditionally free case is obtained in the limit
when m — oo. In this paper we treat the case m = 2.

In Section 2, for given two free *-algebras A; and As, we consider the double tensor
product

A®) Zfil ®A1®AQ®A2
where A; = A; * C[t], i = 1,2, with hermitian . Given two pairs of states on those
*-algebras, namely (¢1,11) and (¢2,92), respectively, we construct the state

o2 = &)52) ® i)éQ) = ¢~51 & 1;1 X &2 & 1;2
where ®; = (;31 ® 1[)1-, i =1,2. Then we define a *-homomorphism ;) from A; % A, into
A®) which is one step closer to freeness as compared with j().
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In Section 3 we show that ®®) o j® agrees with the conditionally free product of
(¢1,91) and (d2,2), denoted by *;c¢1,23(d4, %), on products wy ... w, for n < 4. Thus,
®®2 6@ can be identified with a state of 2-freeness.

In Section 4 this construction is extended to an infinite number of *-algebras by means
of the infinite tensor product of *-algebras &), A;@Q .

In Section 5 we restrict ourselves to the case of one free *-algebra: A; = A for all
1 € N. This corresponds to the case of conditionally free convolution of states on A. We
equip the free product

A = Ax A
with a *-bialgebra structure (A*(Q), A@) ¢?) with coproduct A® and counit €.

In Section 6 we make some comments on the generalization of our approach which

leads to a hierarchy of freeness and a unification of independence.

2. Preliminaries. By a quantum probability space we shall understand a pair (A, ¢),
where A is a unital *-algebra and ¢ : A — C is a state, i.e. a normalized (¢(1) = 1),
positive (¢(zz*) > 0 for all x € A) functional.

Our construction will be carried out for free *-algebras A generated by a set GT.
We denote G~ = {a*|la € GT}, G = G UG~. Nonempty words in A will be denoted by
w=aj ...ag, where a; € G. The length of w will be denoted by {(w). We allow the empty
word, which is denoted by 1, of length [(1) = 0. The involution is given by the antilinear
extension of (a1 ...ax)* =aj ...a}.

For a given free *-algebra A we consider the free product of A and CJt], the algebra
of polynomials in one hermitian variable ¢, which we denote

A= AxCl[t]

In this free product we identify units. Also, we equip A with a natural involution defined
by the antilinear extension of

*

(t0w1t1 c. wntn)* = tn’w:; ce tlwfto,

where wy,...,w, are non-empty words in A, and tg,...,%, are monomials in CJ¢], of
which t17 e 7tn—1 7é 1.

DEFINITION 1. For a given state ¢ on A, and a state h on CJt] we define the Boolean
extension of ¢ on A, denoted ¢ = ¢ *xp h, as the linear extension of ¢(1) =1 and

where wq,...,w, are non-empty words in A and t,...,t, are monomials in CJt], of
which t1,...,tp,_1 # 1.

From [B-L-S] it follows that ¢ is a state on A. In this paper we will assume that h is
a *-homomorphism and h(t) = 1.

One can say that the generator ¢ serves as a ”Boolean identity”, in contrast to
Uq(su(2))-type Hopf algebras, where a similar object satisfies certain g-commutation
relation and can be viewed as a ”¢-identity”. In any case, it is convenient to view ¢ as a
"twisted identity”. Only here, we view it simply as "more noncommutative”. Note that
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it plays the role of a separator of words from the *-algebra A. This nice property will be
crucial in further considerations.

Let us finally recall the definition of the conditionally free product of *-algebras. For
a given family of unital *-algebras A;, i € I, and given pairs of states ¢;,1; on A;, one
can define a state ¢ = #;cs(di, ;) on their free product *;c;.A; by ¢(1) = 1 and the
factorization property

olay...an) = dr,(a1) ... ok, (an),
whenever a; € Ay, and ¢y, (a;) = 0, where ky # ko # ... # ky. In particular, when
1; = ¢;, we obtain the free independence, and when ; = 71, where m1(1) = 1 and
m1(w) = 0 for any non-empty word w, we get the Boolean independence.

For given two free *-algebras A;, Ay generated by G, G5, respectively, let G; = Qj' U
G, where G = {a*|a € G}, i = 1,2. Given two pairs of states on those *-algebras,
namely (¢;,1;), 1 = 1,2, we construct their Boolean extensions ((;3“ zﬁl) on A;, as explained
in Section 2. Using those extensions, we will construct a new quantum probability space
(A®, ®®) where A® is a *-subalgebra of the double tensor product

A E./L ®A1®A2®/~l2
and ®? is the restriction of

2P =9y ® ¢1 ® 12 ® do
to A(?). The involution on the tensor product is given by (by @by ®@ ¢; ®@ c2)* = b} @ b} @
cf ® ci. The *-subalgebra A®) will be the image of the *-homomorphism j() given in
Definition 2. We introduce the following double tensor notation: T =t ®t, Tob = 1 ® ¢,
1=1®1.

DEFINITION 2. For given a € G1,b € Ga, let
312(a) = ir(a) © T +in(a) @ (Tp —T)
i) =T @iy (b) + (Ty — T) @ ia(b)
and define the *-homomorphism
JP Ak Ay — A @A @ Ay @ Ay
as the linear extension of 7 (1) =1 ® 1 and
IO wn) = ) ) G2 (wn),
where wy, ..., w, are non-empty words in Ag,,..., A, , where k1,...,k, € {1,2}.
It should be noted that in this definition we do not assume that the neighbouring

indices are different.

3. Main results. We need to calculate j,gQ) (w), k = 1,2, where w is a non-empty
word in A;. We will use the following notation. Let w = a; ...a, and P = {1,...,n}. If
P Cc P, let wp = HieP/ a;, where the product is taken in the natural order. Then, for
given w, the summation over all pairs of its subwords, (wp,, wp,) such that {Py, P>} are
disjoint (possibly empty) subsets of P and P; UP,; = P, will be written as the summation

over w',w”, where w' = wp,,w" = wp,.
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PROPOSITION 1. Let w,v be non-empty words in Ay, Az, respectively. Then
i w) = Y inw)in(w”) @ T (1 - 7)),

w’ w'’

]52 Z Tl(v T T)l(v )®711( ) (’UN).

’U’U

Proof. We will prove the first identity since the proof of the second one is similar.
Thus, let w =a; ...a,. Then

j{Q)(w) = H i1(ag) @ T +is(ar) @ (Ta — T))
k=1

= > ig(ar). ik, (an) @ TPN(T, — TP

ki, kn€{1,2}
where Py = {i|k; = 1}, P, = {i|k; = 2} and |P;| denotes the cardinality of P;, i = 1,2.
Since i1(a)iz(a’) = i2(a’)i1(a) for any a,a’ € G1, we can write

i w) = Y inlwp)is(wr,) © THNT, - 7)1
Py, P,

where the summation is taken over all pairs (P;, P») of disjoint subsets of P such that
P = P, U P,. Putting w’ = wp,, w”’ = wp,, which implies that |P;| = I(w’) and |Py| =
I(w"), we obtain the desired result. =

It is also useful to give the corresponding formulas in terms of 4-fold tensor products.

PROPOSITION 2. Under the assumptions of Proposition 1 we have

(2) Z Z < ) l(w) " @ w! ®tl(w)fr®tl(w)7

w’,w! r=0

1(v'"")

(2) Z Z ( /I > l(v”)frtl(v)fr ® tl(w) v ®v".

v v =0
Let us now calculate &2 0] on A, k =1,2.
PROPOSITION 3. Let @) = 1) ® ¢y @ g @ b, where di(t) = Pi(t) = h(t) = 1,
i1 =1,2. Then
% o ji? = g1, 8P o = gs.
Proof. Clearly, (®® 0]( ))(1) = 1 = ¢x(1), since ¢y, 1y are states on Ay, k = 1,2.

Thus, assume that w = ay ... a, is a non-empty word in A;. Using Proposition 1, we can
write

(@ 0 i) (w) = 8P (37 in(wia(w") @ T'(L, — 1))

w’ w!!
=@ (i1 (w)iz(1) © T") = 8@ (w @ 1@ " @ ") = ¢1 (w)
where we used

éZ(Tl(w/)(TQ - T)l(w/')) 7& 0 iff l(w//) —n and l(w//) _ 0’
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i.e. the only nonvanishing term is the one for which w’ = w,w” = 1. The same reasoning
can be applied to prove that 32 o j§2) =¢y. m

In the expressions for j,(f) (w), k = 1,2, there is always exactly one term in which
T does not appear. It will play a special role in the sequel, therefore a new notation is
desirable. Thus, for words w, v in Aj, As, respectively, let

dP (w) =is(w) 9 TE™ = 10w 1o t®),
dPw) =T @iy(v) =10t @1 w.

Further, let ¥ = id®; ®id®1),. Then it is easy to show that (\II(Q)Odgl))(w) = 1 (w)1,
(U@ o d{") (w) = by (v)1.

PROPOSITION 4. Let w,v be non- empty words in Aj, Ag, respectively. Then
3P (w) — dP (w ZW@RT

ﬁw—@wzzﬂ@v

where the summations are taken over finite sets of pairs of elementary tensors, S, R €
CIT,Tz] and W € A; @ A1, V € Ay ® Aa, respectively.

Proof. Without loss of generality we will prove only the first equation. As we men-
tioned above, de)(w) appears as one of the elementary tensors in the decomposition of
j£2)(w) given by Proposition 2. Namely, it corresponds to I(w’) = 0 and [(w”) = r. All
other terms have a nonzero power of ¢ in the third and fourth tensor sites, thus they
assume the given form (the explicit form of the right-hand side can be given, but it is

not relevant for our purposes). m

We arrive at the crucial factorization property of the 2-fold tensor product, reminding
the one in the conditionally free independence.

LEMMA 5. Let wy,...,w, be non-empty words in Ay,,..., Ay, respectively, where

ki,... kn€{1,2} and ky # ko # ... # ky. Then
O[5 (w1) — dP (w1)) ... G (wn) — d (wn))] =
— (s (w1) — gy (1)) - (B, (wn) — Vg, (w3)

Proof. By linearity it is enough to show the factorization property for elementary
tensors appearing in the right-hand sides of the formulas given by Proposition 4. Further,
without loss of generality, assume that k& = 1. Thus

3@ (W) @ RT)(S1T @ Vi) (Wa @ RoT)(SoT @ Va)...] =
= 3 (WS, TWo ST ...) B (RlTlezTVQ )
= 3P ()P (5,7)d 2’<W2><I>(2 (S2T) ..
x®P) (R, T (Vl) & (RoT)® (2)(V) .
=3 (W, @ RiT) 3P (S1T @ Vi) 8@ (Wo @ RoT) 3P (S, @ Va) ...

n?
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Hence, by linearity, we also have
[ (w1) — dP (w1)) ... (5 (wn) — 4P (wy,))] =
= 3@ (P (wy) — dP (w1)) ... 3P (G (w,) — d (wn)).

However, by Proposition 3, ®(2) oj,(f) = ¢p. Also, @@ o d;f) = Yy, k = 1,2. This finishes
the proof. m
LEMMA 6. Let ¥ = id @ @Zl ®id ® 152 and let wy,...,w, be non-empty words in
Ak, ..., Ar, , respectively, where ky # ky # ... # ky. Then U exhibits the following
multiplicative property:
(TP 0 i) (w; .. w,) = (T 0 ji2) (wy) ... (TP 0§ (wy).

Proof. Using Proposition 2, it is enough to show the above multiplicative property if

:(2) (2)

g1 (wg), jo~ (wy) are replaced by wj, @ wy @t @}, 1) @t} @w), @ wy,, respectively, where
t), = hwr)—r ty = tHwr) with 0 < r < l(w)). Since wy, ..., wy, are nonempty, I(wy) # 0,
and hence t] € tC[t] for k = 1,...,n, which ensures the separation of words from the

same algebra (see the third equality below). Without loss of generality, let k3 = 1. Then
T [(w) @ w @ th @ t])(th @ th @ wh @ wl)x
X(wh @ wy @ty @t5)(t) @ty @wy @wy)...]
= U [(whthwity .. ) @ (Withwit] . ..) @ (Hwhthw] ...) @ (twitiwy .. .)]
= oy (withwity ... ) s (Fwhtsw) . ..) x (witswyt) ...) @ (t{whtiwy ...)
— (0} (85) s (W) (8) - () () a8 ) (1) .
X (witywyt) ...) @ (t{witiw] ...)
=02 (v @w! @ty @t]) VP (th @ t) @ wh @ wl) x
xU® (wh @ wli @th o th) TP (¢, @t @uh @wy). ...

By linearity, the multiplicative property holds also for j§2) (wy) and j§2) (wy). m

Remark 1. If, in Lemma 6, we replace any of j,(j)(wi)’s by d,(j)(wi)’s, then the
factorization stated in the theorem still holds. One can go through the proof to see
that it is really the case. Actually, in the proof of Theorem 7 we will use this modified
version of Lemma 6, but the multiplicative property of Lemma 6 will be important for
future developments, therefore, apart from simplicity arguments, we decided to present
the version given above.

THEOREM 7. Let &2 = 2 @ &, 0 = i, @ ¢;, i = 1,2, where ¢; = ; *p h,
b; = ¢i x5 h and Vi, ¢; are states on the free *-algebra A;, i = 1,2, and h is a *-
homomorphism on C[t] such that h(t) = 1. Then, ®® o j®) agrees with *icq1,2} (@i, Vi)

on words wy ...w, forn <4.

Proof. We have
@ (2 (wr) ... 57 (wy)) = 3P (G (wr) — dP (wn)) ... (5 (wy) — dP (wy,)))

n n

+ 20 wn) - d (i) ()
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> D G (wr) .. dP (wi) AP (w) . (wn))
i<l
to = (1) (@D (wy) ... dP) (wy,))

for n < 4. Note that the above relation reminds the one for the conditionally free case,
except that instead of numbers we have d,(j) (w)’s replacing jg) (w)’s at one, two, three
or four places. By Lemma 5 it is enough to show that

G (wr) . AP (wir)) D (wig)) - (wa)) =
= *ie (1,2} (01, Vi) (W1 -+ Wi(1y -+ Wi(r) - - Wi )Vky 0y (Wig1)) - - - Py (i),
for n < 4, where by “we understand that the words with indices i(1),...,i(l) are omitted.
We will prove this for the only non-trivial case, i.e. when we have one d,(j)(wl) in the
middle, i.e. in the second or third place. Without loss of generality we will assume that
i =2 and k; = 2. The case ¢ = 2 and k; = 1 is similar. In turn, if ¢ = 3, we obtain the
result by mirror reflection. We will use ®® = &) o ¥, although one can also carry out
the calculations directly. However, in order to understand better the proofs for m-freeness
on this model case, we prefer to use the machinery developed in this paper.
In view of Proposition 2, we can write the explicit form of (¥(?) o ](2))(wi):

1w "

N—rp l wi w! wi)—r
(¥ o)) = 3 (10 (U ) wiyug o e

w’,w! r=0
k2 k2

= 3 gu(wf )] ® (1 — DD
w’,w!!

if k, =1 and w; € Ay, and
(U@ 0 ji2)(w Z o (w])(1 — 1) DD @ w)
wi,wy!
if k; = 2 and w; € Ay for some 4, The terms which correspond to [(w]) = 0 are equal to
w; @t 1) @, respectively. In turn, all terms, for which 0 < I(w/) < I(w;), belong
to one of the two two-sided ideals in A; @ As, Ly or Ly, generated by 1 ® (1 —t)t and
(1 — )t ® 1, respectively. Note that L1, Lo C ker ¢1 ® ¢o. Thus, if k; = 1 and w; € Ay,
we can write
(U 0 i) (w;) = @i (mod L)
where
Wi = w; @ ) 44y (wi)1 @ (1 —1)! ),
Similarly, if k; = 2 and w; € A, we obtain
(U@ o i) (w;) = @; (mod Ly),
where
iy = 1) @ w; + o (w;) (1 — 1)) @ 1.

We can now use the above relations as well as Remark 1 to see that
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O (i (wi)dy” (w2) 3 (ws) 5" (wa)) =

= o (w2) ($1 ® o) (1 Wztiis)

= Yo (w2) (1 ® d2)((wr @t (wg @ t1¥3) 4y (w3)1 @ (1 — 1) W) (HHW) @ )
= Yo (w2)P1(wrw3)da(ws) = P2(w2) X *ieq1,23(Ps, ¥i) (Wi1wszwy).

The other cases can be verified immediately (actually, the one that we have verified is
the only one that requires some calculations). This finishes the proof. m

Remark 2. Of course, one would like to give an explicit formula for all correlations
of 2-freeness. This can be done in terms of diagrams, but the combinatorial techniques
that need to be developed are quite extensive and go beyond the scope of this article,
thus will be presented elsewhere.

Remark 3. It can be shown that if we take n = 5, then o 0 7 does not agree
with the conditionally free product. Then one needs to take the third order approximation
of freeness in the framework discussed in Section 6.

*

4. An extension to infinitely many free *-algebras. An extension of the con-
struction presented in Section 3 to the case of infinitely many free *-algebras is very
natural. Let A;, i € N, be a family of free *-algebras generated by G;". As before, denote
by A; = A, * CJt] the free product of 4; and the algebra of polynomials in one variable ¢.
For each ¢ € N we identify the units of A; and C[t] and, by abuse of notation, we denote
the unit of each product by 1. As before, take Boolean extensions ¢~>i, ¢~>i on A;, respec-
tively, where ¢; = ¢; * h, 1; = ;% h, h is a *-homomorphism on C[t] and h(t) = 1,4 € N.
In the free product *;cn.A4; we identify the units of A;, i € N. By abuse of notation, we
denote 1 = 19°°,

DEFINITION 3. For given a € G;, let
iPa) =T ®i1(a) @ T + TP @ is(a) @ TE™® — TED ® iy(a) @ T,

and define the *~homomorphism
§P s rien A — Q) AP
ieN
as the linear extension of (1) = 1 and

@ (wy...wy) = jg)(wl) .. j,ii)(wn)

where wy, ..., w, are non-empty words in Ay, ,..., A, with kq,...k, € N.
There is no simple analogue of Proposition 1, therefore we start with the analogue of

Proposition 2. A direct proof will be presented.

PROPOSITION 8. Let w be a non-empty word in A;. Then
l(w”)

. l 'lUN W' —r w)—r w i
i (w) = Sy <(T ))(_1)l< )= ({ (@)= g gl())B(i-1) g

w’,w’ r=0

® W' ® w" ® (tl(w)—r ® tl(w))@oo.
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Proof. Let w=ay...a,. Then

n

3P w) = TTGR (@) + 38 () — 53 (ar)

k=1
where
i3 (ar) = TV @iy (a) @ T, j3 (@) = T3V @ da(ar) © TP,
]1(’23) (ax) = 720D g is(ay) @ T®.
We obtain

(2 (2 (2
iy = 3 FDPLE) (@) ) (an)
P1,e--,0n €{1,2,3}
where J, = {m|p,, =k}, k =1,2,3. We arrive at the formula
i (w) = Z (= 1)/l (10l )l @i-1)
p17~~~upn€{1;273}
® i1 (ws)iz(wrus) © (TORITy ) Ee,
We will now translate the sum into our notation from Section 3. Denote w' = wy,,
w” = wyu. Then (w) = |Ji| + |Jo| + |J5], L(w') = |J1], l(w") = |Ja| + |J3]. Note that
w’ is in one-to-one correspondence with J;. However, to each w’,w”, and 0 < r < I(w”)
there are (l(“r’ )) different tuples (k1,...,k,) which contribute the term
(71)l(w”)77’(tl(w)fr ® tl(w))@(ifl) Qu @uw' ® (tl(w)fr ® tl(w))@oo’
which finishes the proof. m
Before we go on, let us define
A (w) = (T,")20 @ iy (w) @ (15) >
where w is a non-empty word in A;.
PROPOSITION 9. Let w be a non-empty word in A,. Then
37 (w) = &7 (w) = 3 (RT)PED 0 W e (RT)®
R,W

where R, W are elementary tensors in C[T,Tz], A, ® Ay, respectively.
(2)
mentary tensor which does not have ¢ in all tensor sites lying to the right and to the left
of the 2¢ — 1-th and 2i-th sites. This term is exactly equal to dl(?)(w). Therefore, if we

subtract it, the remaining terms are of the desired form. =

Proof. In the expression for j.“/(w) given by Proposition 8 there is only one ele-

We introduce the infinite tensor product versions of 2 and U2 of Section 3, by
abuse of notation denoting them
50 = @0 = @6 e d), ¥ = @)
i€EN i€EN i€EN
where ;(t) = ¢;(t) = h(t) = 1. Then it is easy to see that &(?) oji(z) = ¢; and U(2) odgz) =
;1,3 € N.
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LEMMA 10. Let wy,...,w, be non-empty words in Ay,,..., A
kl #kz#%kn Then
= (2 2 (2 2
D[y, (wn) = di (wn)) . (G2 (wn) = di2) (wn))]
= (Pk, (1) = g, (1)) - (P, (wn) — P, (wn)).
Proof. It is enough to show the factorization for the elementary tensors of Proposi-

tion 9. We order ki,...,k, so that {k1,...,kn} = {r1,...,m}tand r <... <7, <n.
Then

respectively, where

n?

52 {

.

((RlT)®(klfl) QW; ® (RZT)@)OO)] _

1

(II o2y IT e@wm) II  II P wr)

1 jePm JEPm j¢{r1,....,m}i=1,...,n

7

|
EN

PR, T)®* V) @ W; @ (R;T)®>,

= ;

=1
where P = {Py,..., P} is the partition of {1,...,n} associated with {k1,...,k,}, given
by P, = {s|lks =rm}, m=1,...,1. Use Proposition 9 to get the final result. m

o
|

LEMMA 11. Let ¥ = ®i€N(7Z%‘ ® id) and let wy,...,w, be non-empty words in
Akys- .., Ar, , respectively, where ky # ko # ...,# kn. Then ¥ has the following
multiplicative property:

. (2 (2
(TP 0 i) (w;...w,) = (TP 0 ) (wi) ... (TP o0 ) (w,)

Proof. By Proposition 8 it is enough to show the factorization for products of ele-

mentary tensors of the form

(th @ )"~ @ wl, @ wy, ® (t, @ t,)9%,
m=1,...,n. As in the proof of Lemma 3.7, this boils down to showing the appropriate
factorization for v;, ¢ € N. Namely, if in the free product wy ... w,, words w;, wy, where
j < k, belong to the same algebra, say A,, and are separated by words from other
algebras, then at the 2p-th site they are separated by ¢!(wi+1)+--+l(wk—1) “Applying ¥(2)
to this site produces

Wyl tl(wj,l)w;/tl(le)+.H+l(wk_1)w;€/tl(wk+1) )

= Yp(... tl(wjfl))wp(w;‘/>¢p<tl(wj+l)) e wp(tl(wkfl))wp(wbwp(tl(wkﬂ) )
which implies the desired factorization for U(?). u
THEOREM 12. Let &2 = @, 87, &%) = ;0 8;, where s = Yixph, §i = ¢ixph
and ;, ¢; are states on the free *-algebra A;, i € N, and h is a *-homomorphism from
C[t] into C such that h(t) = 1. Then, ®®@ o ;) agrees with *;en.A; on words wy ... wy,
forn < 4.

Proof. The proof is similar to that of Theorem 7 (Lemmas 10-11 are used). m
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5. Construction of the associated *-bialgebra. We would like to associate a *-
bialgebra with 2-freeness. It seems that one should be able to do that using a *-subalgebra
of the double tensor product A ® A. Nevertheless, it turns out that one needs to take
the free product *-bialgebra A*(2) = A« A instead. The construction of this *-bialgebra
is presented below. First, we must introduce a free version of the *-homomorphism ;2.

DEFINITION 4. For given a € G1,b € G, let a(y),a(2) denote different copies of a in
A1+ Ay, b(1), b2y denote different copies of b in Ay * Ag, and £(1),(2) stand for different
copies of ¢ in both products. Let

32(@) = aqy @ty + a) @ (ta) — tote),
357 (0) =ty ® by + () — tayte) @ be)
and define the *~-homomorphism
7P AL Ay = (AL x A @ (A x Ay)
as the linear extension of ;) (1) =1 ® 1 and
I wr . cwa) = i () G (wa),
where wy, ..., w, are non-empty words in Ag,,..., A, , where kq,...,k, € {1,2}.
Note that if we take a1y =a® 1, a@p) =1®a, bq) =0®1, b2y =1@0b, t(1) =t ®1,
t2) = 1 ® ¢, we obtain Definition 2.
Let A, = Ay = A in the above definition. We can associate a cocommutative *-

bialgebra with the pair (A, 7). This is done in the theorem below which also shows how
close 7@ 0§ is to a coproduct.

THEOREM 13. The *-algebra A*@) can be equipped with the coproduct
AN =1®1, AP () =tay@ta), AP () =te) ®te),
AP (agz) = a) @ te) + e ®a), AP (a) = a©) @ tte) +tate © a),
and the counit
eD(tn) = eD(te) =) =1, P(an)) =P (ap) =0

where ag) = a1y — a2y and a(y,az)y are different copies of a € G in A*@)  Moreover, if
d: A— Ax A is the *-homomorphism defined by 6(1) = 1, §(a) = o’ + a”, where a’,a”
are different copies of a in Ax A, then

52 66— A® o},
where iy : A — A*?) s the canonical *-homomorphic embedding given by %1(a) = a()-
Proof. It is easy to check that A is coassociative and that € is the counit.
Therefore (A*?), A®) ¢®) becomes a *-bialgebra.
Now, (@ 0d)(1)=1® 1= (A® 0iy(1). If a € G, then
(® 0 8)(@) = 5 (a) + j5” (a)
= aq) @ty Tinle) @aq) +ae) Ste) +
th2) ©a@e) — @) @tnie) ~tnte) )
— Alag) = (Aoir)(a).
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This implies that this identity holds also for arbitrary words in A since 7,5, A®) and
i1 are *-homomorphisms. m

One can say that }'(2) 06 agrees with the coproduct A restricted to the *-subalgebra
i1(A). Note that A takes 7, (A) out of i1 (A) ®i;(A) and that is the reason why we have
to take A*(2) and one copy of A is not enough. Moreover, note that the coproduct defined
above preserves the relation t(1)t(2) = t(2)t(1), but it does not preserve a(1)a(2) = G(2)a(1)-
That is why we have to take the free product A*) instead of the tensor product A®2
which, at least at the first sight, seemed natural. In other words, in order to be able
to associate a *-bialgebra with 2-freeness, we have to resign from the tensor product of
different copies of A in favor of the free product. Thus, we can lift 2 to A* @ A*?2)
or to f{*@)/% ® fl*(z)/%, where Tj is the two-sided ideal generated by

tte) —teta), toee) —a)b),  te)en —amie),
where a € G, since Tp is a coideal (A®) preserves the above relations).
Let us look now at the convolutions of states. It is known how to define convolutions
of states for *-bialgebras. Namely, if &1, ®5 are two states on a *-bialgebra (B, A, €), then
the convolution of ®; and P is given by

@1*(132 = (‘1)1 ®(I)2)OA
In turn, the conditionally free convolution of states on A is a state on A given by

(1,91) * (h2,%2) = *icq1,23(Di, i) 0 6.
Thus, Theorem 7 enables us to give the second order approximation of the conditionally
free convolution of states on a given free *-algebra 4 in terms of the convolution of states
on the *-bialgebra (A*() A®) ),

For that purpose, we lift the states égf), k =1,2, defined on A®2 to states on A*(2),
By abuse of notation we also denote them by <f>,(62), k =1,2. Then we can conclude that
((i>1 * <i>2) o1, agrees with (¢1, 1) * (P2, 12) on products wy ... w, for n < 4.

Successive iterations of § and A can be defined in order to study convolutions of
higher order in a manner analogous to the one presented above.

6. Hierarchy of freeness. The approach to freeness via tensor product construc-
tions can be generalized and successive approximations of freeness can be defined. We
discuss it in this section for two free *-algebras, but an extension to infinitely many or
even uncountably many free *-algebras presents no difficulty.

Thus, for each m € N take as the quantum probability space the pair (A, (™)),
where

Al = AP™ @ AF™
and

5 — M) o &m)
q)(m) = (I)1m ® @Qm ’

where

" =g @ gy
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and k = 1,2. Then, one can define the corresponding sequence 5™ of *-homomorphisms

as follows.
For given a € G1,b € Go and m € N let
(@) = (ikm(@) = in1,m(@) @ g m),
k=1

35" ®) =Y ) © (i (B) — iks1,m(5))
k=1

where t[ ) = [x—1 ® t®(m—k+1) thom(a) = Iy—1 ® a® Iy_g, where Ij, = 1®%_ Define the
*-homomorphism
G Ay« Ay — A

as the linear extension of (™) (1) = I,, ® I,, and

G (wr . wn) = G (wn) G (),
where wy, ..., w, are non-empty words in Ayg,,..., A, , where k1,...,k, € {1,2}.

Then generalizations of Theorems 7 and 12 can be proven to hold. Namely, one can
show that ® o j(™) agrees with the conditionally free product on words ws . .. w,, where
n < 2m. Thus we obtain a hierarchy of freeness in the sense that we have a sequence of
quantum probability spaces that are closer and closer to the conditionally free product
of *-algebras. Moreover, we can embed all those spaces in the infinite tensor product
AP © AP> with the infinite tensor product of states ® = ®; @ @y, where

ék = (Z;k & 1;]?007
and thus obtain one quantum probability space in which each m-freeness lives. In this

framework, freeness will correspond to m = oo. Details of this approach will be presented
elsewhere.
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