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Abstract. Starting from the scheme given by Hudson and Parthasarathy [7, 11] we extend
the conservation integral to the case where the underlying operator does not commute with the
time observable. It turns out that there exist two extensions, a left and a right conservation
integral. Moreover, It6’s formula demands for a third integral with two integrators. Only the
left integral shows similar continuity properties to that derived in [11] used for extending the
integral to more than simple integrands.

In another approach we extend the previous notions for the integrals to much larger domains
of definition and to much more processes, including anticipating ones. Similar to [5, 10], we use
the Skorohod integral and the Malliavin derivative acting on a symmetric Fock space [3, 4]. It
appears that this formulation unifies all three integrals in the double integrator one.

1. Introduction. In [7, 11] there was developed the well known quantum stochastic
calculus. The basic integrators in this theory are the annihilation process A,,, the creation
process A¥, and the conservation process Ay, where m is a martingale w.r.t. the time
observable £ and H commutes with &. These properties assure that the basic integrator
processes have so called independent increments, at least on a certain exponential domain.

In [8] it turned out that sometimes it should be useful to have conservation integrals
even in the case, where H does not commute with £. The basic observation in that
paper was that it is only necessary that the integrand appears at any time to the left
of the integrator. Now we want to make a thorough discussion of these integrals. In
a first approach we try to make use of the special structure of the integrators related
to exponential vectors. Besides the easy going left integral there should also be a right
integral adjoint to the former. As we lost the property of independent increments both
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274 V. LIEBSCHER

integrals are different. It appears that the technique used by [7, 11] and also basic for
[2] is not enough to give good estimates for the norm of a simple integral and we cannot
extend the integral to others than simple processes. The It6 formula for the left integral
demands for a third integral of the kind

| K ()X, Rr (@),

i.e. we have an integral which has (formally) two integrators and one integrand between
them. Such a form of quantum stochastic integrals was already proposed in [9].

Unfortunately, the double integrator integral shows the same problems as the right
integral for the extension to more general processes. Therefore we use another technique
to extend the last two integrals to more integrands. This second way is based on the use
of the Malliavin derivative (gradient) and Skorohod integral analogous to [5, 10], but we
prefer a description almost independent from an underlying L? structure. This way all
three integrals appear to be versions of the double integrator integral. Also the Skorohod
type number integral of [10] is a special case of such double integrator conservation
integrals.

We think this short note may provide some example on the way to a general theory
of quantum stochastic integration including also dependent increment processes.

Acknowledgements. Part of the work was done during a visit of the author at
the Centro Vito Volterra in Roma. The author wants to thank Luigi Accardi for his
kind hospitality and nice discussion on a related subject as well as Michael Skeide for
stimulating discussion.

2. Basic definitions and notations. For the natural, real, positive real and com-
plex numbers respectively we use the symbols N, R, Ry = [0,00) and C respectively.
The indicator function of a set B is denoted 13, the complement of this set by BC.

3. Conservation integrals on the exponential domain. Let us be given a sep-
arable Hilbert space H with a so called time observable &, which is a projection valued
measure (in the o—strong topology) on R without atoms. In contrast to the usual as-
sumption we do not suppose that {(Ry) = &r, = I (I is the identity operator). To
simplify notations, we will return to §jo o) = I by setting {;oy = T —&r, i.e. {0 } may
be an atom of &.

Consider the Fock space T'(H) = Z":O\/%Hf%l. Here Hf\%’ denotes the n fold sym-
metric tensor product of H. The exponential vectors e, = &5° u®™, u € H, are of special
importance. It is easy to see that (e,,e,) = e{**). Observe

INH)>=T(Hp)®T'(Hpgc)
for any Borel set B C R, where Hp = {pH, coming from e, = e¢ ., R e, cu- Forue H
we will use the notations uy = (o 4u, U(s = §(s,00)0 and v 5] = §(s,1U-
In the first section we will define our integrals on an exponential domain

¢r(F) =span{e,:u € EC H},
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where the linear space E is ¢ invariant: {; qyu € E Vs,t € Ry, u € E. Moreover, F
should be chosen in such a way that €x(E) is dense in I'(H) (e.g. E = H).

DEFINITION 1. Let (X¢),cg, be a quantum stochastic process on €r(E), i.e. Xy is
a linear operator on €r(E) for all t € Ry. We say that (Xt)teR+ is adapted, if for all
teRy

Xiey, = Xteut] ® ey, -
The process is called simple if there is an increasing sequence (t,),n of real numbers
with tg = 0 and lim,,_,  t,, = oo such that
Xi =Y Lt Xs,, (LE€RY). (1)
neN

For a contraction C' on H we introduce the operator of second quantization I'(C) by

I'(C)e, = ecu, (u € H).

From [11, section 20] we know that (I'(Cy))icr, is a strongly continuous semigroup if
(Ct)ier, is- Denote its generator by A(S) (the conservation operator corresponding to
S) if S is the generator of (C¢),cg,- As S — A(S) is linear, we may define A(S) even
if S is not sectorial (despite some problem with the domain of definition). The operator
N = A(1) is called the number operator. We have e, € dom(\(S)) for v € dom(S) and

(eu, A(S)ey) = (u, Sv) (ey, e,), (ue H).
The annihilation operators a(f), f € H, where
a(flew = (fiu)ew,  (u€ H),
also operate on the exponential domain, as well as their adjoints, the creation operators

a*(f). For more details cf. [11, Section 20].
We define the left conservation process KR for R € £(H) by

<_
Ar((s,t]) =X (§sqR),  (s,t € Ry).
LEMMA 1. For allu € E
<_
Ar((s,t])ew = eu, @Y @ ey, (2)

where T'(H (1) 2 V" = a*(§(s,gRu)eu,,, depends on the whole u and R.
Proof. By the properties of exponential vectors we derive
<eva )‘(g(s,t]R)eu> = <Ua €(s,t]Ru> <e'ua eu>

= <evs] ) eus]> <U(S7t] ) 5(Sﬂf] Ru> <ev(s,t] ) eu(s,t]> <ev(t ) e“(t>
This proves the assertion and determines the structure of 1)'. =

Thus KR((s,t]) respects the filtration, but only on the left hand side (after it has
acted).
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DEFINITION 2. Let (X,:)teR+ be a simple adapted process given by (1). We define the

left conservation integral SB X;KR(ds) as the following operator on €r(FE)

t
[ Rr(ds) = 37 X0, Ba((tn, tusr A1),
0 neN
Although ¢ may not commute with R, we can apply now the same procedure as in
[11] to define general integrals. We have only to take care of the fact that X appears in
any case to the left of A\({ ) and the integral has to be taken over (0,1].

LEMMA 2. The process (Sg XS<KR(dS)),5€R+ is a continuous process on €r(E).
Proof. This follows from the continuity of ¢t — A (E(s,t] R) e, and (2). m

From the definition it is not clear whether the integral forms itself an adapted process.
We see from (2)

LEMMA 3. The process (Sg Xsmg(ds))teR+ is adapted for all simple adapted processes
(Xt)t€R+ if and only if
§qRE: =0, (teRy). m (3)
Remark 1. There are two simple conditions to fulfil (3). The first one is that R
commutes with £ (clearly, ;1§ = 0). This is the condition from the original calculus as
laid out in [7, 11]. There is yet another simple condition, basic in [8], namely R = R¢yy.
It appears that selfadjoint operators R allow only for the first possibility.

LEMMA 4. If R = R* € £(H) fulfils (3) then R commutes with §.
Proof. By taking the adjoint of (3) we find £, R&;) = 0. Together with (3) this implies
Sy = §qREr = § RSy = Er RSy = REy
for all t € R4. This is just the assertion. m

In the following we will assume (3) as far as we consider the left conservation integral.
If g,h € H are two vectors,

{9.7)(B) = (9.€p\(01h)
for all Borel sets B defines an atomless complex valued measure on R,. For simple
processes we get the so called first and second fundamental lemmata [11].
LEMMA 5. Let (Xt)ier,

<eu,SXS<KR(ds)ev> = [, Ro)(ds) eu, Xoes),  (ue Hove E).
0 0

be a simple adapted process. Then

Proof. From Lemma 1 we see

(ews XA nR))en) = (s & BY) - ((Cuys Xew,) (Cug, s o) (Cugr v )
if X is adapted to I'(Hy)). Summation completes the proof. m
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LEMMA 6. We set I[X = Sg X;KR(ds), Iy = Sg YSKR(ds) for simple adapted processes
(Xt)teR+, (Eﬁ)teR+. Then for all u,v € E

t

<SXSWR(ds)eu,SYSWR(dS)eU> = S (u, Rv)(ds) (Xseu, ISYeU>

¢
+ S (Ru,v)(ds) (IX eu, Yiey) + S (Ru, Ru)(ds) (Xsey, Yse,) .
0 0
Proof. We evaluate (X1A({(s, 11R)))eu; XaA({(s,,1,)R)))ev) if X; is adapted to
['(Hy,)) for i = 1,2. The off-diagonal terms are easily found to coincide with the pro-
posed terms in analogy with the first fundamental lemma. If s; = s9 = s, t1 =t2 =1t we
have

XiXM&s,nR)))ew = Xieuw, @ L(Es, )M Es,nR)ew ® ey,
This gives
(X1 (&g R)))ew; XaA (s R)))ew) =
(X1eu, Xoey) ((&(s,qRu, v) (u, & Ru) + (€5, Ru, E(s,9 RY)) -
A continuity argument like in [11, Proposition 25.2] completes the proof. m

Analogously to [11] we call an adapted process stochastically integrable if there is a

sequence of simple adapted processes (X[*) on €r(FE) such that

teR 4
t
lim | [[(X2 = XJ)eu|” v, 0)(ds) =0,  (t€Ry,ue E,ve H).
’I’IHOOO
The second fundamental lemma guarantees the existence of the integral for stochasti-
cally integrable processes, cf. [11]. Again, we obtain for this <KR integral versions of the

Lemmata 5 and 6.

Remark 2. There are two reasons why the technique of [11] for the definition of
P
the A integral works:

e The integrand appears to the left of the integrator. Thus we can use the (more or
less known) action of the conservation operator on exponential vectors.

. WR((s,t]) affects only the (s part of the exponential vector e, (see Lemma 1). So
we can do the calculations directly with <KR((S, t]) even if an s] adapted operator
acts after the integrator term.

Neither of these two conditions is satisfied for the adjoint integrator X (differing from
<K) considered below. Thus the integrator process ‘X defined in such a way is not a semi-
martingale in the sense of [1] or an integrator of scalar type in the sense of [2]. It is
only a semimartingale from the left. The adjoint integrator process A will pose severe
problems. First, we need an additional condition to define even the simple integral and
second, there is no simple second fundamental lemma.
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Remark 3. From the definition it is simple to see that the above defined integral
coincides with the conservation integral from [11] in the case where R commutes with .

The second fundamental lemma provides some form of a weak Ito formula. We want
to search now for the integrals appearing in a strong It6 formula. First we need an adjoint
integral to KR. Define the right conservation process X)R by

%

AR((S, t]) = A (Rf(sﬁt]) , (S,ﬁ € Ry).
For the &TR integral the integrand has to appear to the left of the integrator, which
comes out to be after adjunction on the right of Ag(ds). So we would like to define a

right conservation integral of a simple process X by
t

— -
VRr(ds)Xe = Ral(tn, tas A Xy,
0
Here the problem appears whether X, e, € dom(A(R{(sy)). First we shall use the closure
of the conservation operator. But even then adaptedness is not enough to have this domain

relation automatically. We know that dom(A(R§(sy)) 2 dom(N) = dom(A(T)). So it
seems that we have to assume X e, € dom(N) for all s € Ry. Fortunately, adaptedness
helps now to derive something slightly better.

LEMMA 7. Suppose @ € dom(/\(és])l/Q)ﬂF(Hs]). Then ¢ ® ey, € dom(A(RE(s4)) and

/\(Rg(s,t])w 02y eU(s =a’ (Rg(s,t]v)’l/) & ev(s (4>

=V @ (s, R (s,1)) €0, + " (L= &) Rugs) @ €y, (5)

Proof. By looking at matrix elements with exponential vectors we see A\(R')e, =

a*(R'v)e,. Furthermore, dom(a*(f)) D dom(A(P)'/?) if P is a projector with Pf = f.

This implies that both terms on the right hand side of (5) are well defined and the
equation follows from

MRE(s,17) = ME(s,g RE(s,61) + ML = E(s,9) RE(5,17)
on €r(E) and the fact that €x(E) is a core of a* (I — &;4)Rv(s). =
DEFINITION 3. For a simple adapted process (Xi),cr, on €r(E) fulfilling

(N) X € dom(v/N) for all t € Ry and ¢ € €x(E)

we define the right conservation integral SB K%(ds)XS by
t
% e —
VRn(ds)Xo = 3 MR, 100 Xt
0 neN

The first fundamental lemma for this integral follows by taking adjoints in Lemma 5.

LEMMA 8. Let (Xi),er,

<eu,SK>R(dS)Xsev> = S((R*u,@)(ds) (ew, Xsey), (ue HveE). n
0 0

be a simple adapted process for which (N) is valid. Then
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We want to mention that there is no suitable second fundamental lemma providing us
a tool for extending the integral to at least continuous processes. So we have to restrict to
simple processes only as far as we want to use the properties of the exponential domain.

We will find a more conceptual solution to this problem in Section 4.
LEMMA 9. The process (Sg K}(ds)Xs)teR+ is adapted for all simple adapted processes
(X,g)teR+ if and only if
§ul&y =0 (teERy). m (6)

In the following we will assume (6) to be true as far as right conservation integrals
are considered. Again, we get by integration a continuous process.

LEMMA 10. The process t — Sg K)R(ds)Xs is a continuous process on €r(E).

Proof. This follows from continuity of the conservation and creation processes as
well as from (5). m

For simple processes it is immediate that Ag« is in the usual sense adjoint to Ag:

LEMMA 11. Let (Xt);cgr, be a simple adapted process which has an adjoint (X')
with (N) on €r(E):

teR 4

<1/115 th/]2> = <X£k1/]1) 1/12> ) (wlan € Q‘E;(E))

Then
t

<mjxﬁﬂmw»=<&%«wxwmw> (Y1, € €(E)). =
0 0

So we can look at the second fundamental lemma for the <KR process as a weak Ito6 for-
mula connecting the WR* integral and the <KR integral. Thus the first fundamental lemma
for a Ap- (ds)TR(ds) integral should be given by the measure (Ru, Rv), see Lemma 6.
But should the integrator appear left or right? It has to appear (split) on both sides, the
Tpart before, the <Kpaulrt after the integrand. For simple processes this looks like

t

- e . - n an e n an
[ R ()X, a(ds) = T 37 (R (87, 6140 A 1) Xop K18, 171 A1),
0 keN

Thereby we take the limit over a sequence of finer and finer partitions.

LEMMA 12. Suppose R, R’ € £(H) are such that R and R'™ fulfil (3). Further, let
(Xy) be an adapted simple process on €x(E) fulfilling (N). Then

‘Zilo%l Z )\(R/‘f(t",t" /\t])XtZ)‘(E(t”,t” /\t]R)ev

k’k+1 k' k+1
keN

exists for allt >0, v € E (as vector in I'(H)).

teR ¢

Proof. Clearly, it is enough to prove this for constant processes. From Lemma 1 we
know X;KR(S, t)e, = a*(§(s,gRv)Xse, for s <t. Thus we derive

Ko (5,0) X, (s, e, = A(R'€an)a” (Eay Rv)Xsey,  (vE B,s <teRy).
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On a suitable domain the formula A(S)a*(f) = a*(Sf) + a*(f)A(S) is valid (cf. [11
Proposition 20.13]). This implies

MR Es)a” (s, Rv) = a” (R g Rv) + a” (§(s,g RO)MR E(s,41)
or applied to X;e,
i (5,6) X R (s, t)e, = a* (R'€(o Rv) Xsey + a* (€ RO)AR'E (1) X

The first summand poses no problems, as the sum over any partition of (0,¢) yields
a*(R'§,Rv)Xoe, (the process (Xi),cg, was assumed to be constant). With (5) it
follows for the second summand

a* (s, ) ROAR'E(s,0)) Xsew = a™ (§(s,q Rv)a™ (R'E(s yv) X sew.
We know
lla™ (§s,n Bv)a™ (R'E(s qv) Xseol| < [1€s,a ROl BE s, qvllIVI+ Ny T+ § Xsey |-
As the adapted process X fulfils (N) we have ||[vT+ N /T + (&) Xse,|| < oo. Therefore

H Z a* (& tg e At]RU)a*(le(tn tn ]U)theu

k+1 PRI
keEN
< IVT+ NI+ EoXoeul D 1€ an, an ROINR € e anpol
keEN
1
< 5” VI+ Ny /T4 oXoe|| Z (|‘§(t2’,t;"+l/\t]Rv||2 + R Eip A A joll?)
keN

1 2
< §||V T+ Ny /T4 &oXoeo|| (€00 R0 + 1R [|€0,qv]]7) < o0

We see that the sums are norm bounded and continuous in the norm 3 — ||v/I + N||
w.r.t. Xpe,. Thus we need only to consider
nh—>H;o <eu, Z a*(‘f(tg,t@l/\t]Rv)a* (R/E(t;,tg+1At]U)X0e”>'
keN
It is easy to derive

(eu D 0" Eup g, n RN (Réap i, o) Xoen )
keN

= Z (u, 6(tz,tz+l/\t] Ru)((R')"u, €(t2,t;‘+l/\t]v> (eu, Xoey)
kEN
and by the argument used in [11, proof of Proposition 25.2] the right hand side tends to
zero. We obtain

Vr\lfilolgl Z MR En in . ag) Xep M ¢

man aR)es = a”(R'{(o, Rv) Xoe, (7)
kN

k’ k+1

completing the proof. m
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We may use formula (7) to give
DEFINITION 4. For a simple process (Xt),cg, with (N) we define the double integrator
conservation integral Sé X (ds)XsWR(ds) on €r(E) by
¢

- “— X
| Br(ds) X, Dr(ds)e, = D a" (R, b ng Ro) Xipe, (v € B). (8)
0 keN

LEMMA 13. (Sé A (ds)Xspr(ds))teR+ is a continuous process on €x(E). m

LeMMA 14. Let (Xi),cr, be a simple adapted process and R', R € £(H). Then

<eu,SK>R/ (ds)XﬂR(ds)ev> = [ (eu, Xoeo) (R) w. RO)(ds), (ue H,ve E). u
0 0

Remark 4. We observe by comparing the three first fundamental lemmata that all
three conservation integrals come from the double integrator one: Sg X][ (ds) X, KR(ds) =
Sé X;KR(ds) and Sé K (ds)X,fK][(ds) = Sf) A (ds)Xs. The only drawback is that up to
now we have the double integrator integral only for simple processes whereas the left
integral exists for all stochastically integrable processes. Section 4 will bridge this gap.

The second fundamental lemma is similarly complicated as that of the K)R/ integral
and we will avoid its statement for shortness.

Remark 5. So we face the problem that for two of the main ingredients of a strong
It6 formula we can only define matrix elements with exponential vectors and cannot
establish the existence as operator. Nevertheless, we can define the integrals using their
first fundamental lemmata if this defines reasonable operators. Then under the notations
X = Sé Ke(ds)X,, IV = Sé Y, Rz (ds) we derive

t t t

1Y =\ Re(ds)Xo 1Y + {1XY. Rp(ds) + |

0 0 0

as soon as all parts of the formula make sense on an exponential domain.

A (ds) X, Y, Rr (ds)

4. Malliavin calculus and conservation integrals. We remind the unbounded
operators § : H @ I'(H) — T'(H) (Skorohod integral) and D : I'(H) —— H @ I'(H)
(Malliavin derivative). D is defined on dom(D) = dom(v/N) and extends

Deyp, = h ® ep.

D defined in this manner is a closed operator, (cf. [3, 4] for a more explicit definition of
D on the whole domain of definition and also [6]). S is defined as adjoint of D (there is
also an explicit form of S). Tt is easy to derive that H ® dom(v/N) C dom(S) and

Sg®Rep =a"(g)en.

One obtains SD = N and A(S) =SS ® ID on dom(N) for any bounded operator S.
Now we want to find a more explicit form of our integrals. Applying the Hahn-Hellinger
theorem [11, Section 7] to £ we may assume H = Hyoy ® L?*(Ry ® N, v) where v is some
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o-finite measure. From a process (X,g)t€R+ we may form the operator X on
I*(R, @ N, T(H)) = IX(R, ©N,») @ T(H) C H o T(H)
by
(Xe))(s, k) = Xip(s, k) 9)
on the largest domain where this formula makes sense. It is easy to see that X is densely
defined on UseR+ Hg ® €& (E) for stochastically integrable processes (X¢), cRr. - We define
for s,t € Ry the operator X(*!l = ¢, 4y ® IX and abbreviate X1 to X*.
PROPOSITION 15. (i) Let R € £(H) fulfil (3) and (Xi),ew, be a stochastically inte-
grable process on €x(E). Then on €r(FE)
¢
| x.Ke(ds) = X7 (RO 1) D.
0
(i) Suppose R € £(H) fulfils (6) and (X¢),cg, 1s a simple adapted process on €x(E)
with (N). Then

t
| Br(ds)X, =S (R DXID.
0

(i5) Assume R, R’ € £(H) fulfil (6) and (3) respectively and the simple adapted
on €r(E) obeys (N). Then

t

| K (d5) X, Rn(ds) = S (R’ @ DX (R 1) D.

0

process (Xt)teR+

Proof. Suppose (X,g)t€R+ is a simple process. Then all three left hand sides are well
defined by the previous remarks and condition (N) for (ii) and (iii). So we may look only
at matrix elements with exponential vectors. Let’s have a look at (i).

(ey, SX(R® I)De,) = (De,, X (R® I)De,) = (u®e,, X (RRI)v®e,)
= (u® e, XRv® e,)
From X =37 - &((tn, tng1]) ® Xy, we derive

]
(ew, SXT(R@ I)Dey) = Y (u,&((tn, tns1 A1) RO) (e, Xy, €0)

neN
t

= | {u, Ro) (ds) (eu. Xse)
0
which is just the proposed value by Lemma 5. Similarly, we prove (ii) and (iii). If (X3), €R.
+er., besimple adapted processes converging
+

toward (Xt)t€R+ and denote the respective operators by X,,. We know that

is a stochastically integrable process let (X;*)

X! (R® 1)De, —— XU (R® 1) De,
n—o0
and also
SXY(R@ 1) De, —— | X, Rp(ds)e,.

n—o0
From the closedness of S we derive the assertion in the general case. m
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DEFINITION 5. Assume (X¢),cg, is a measurable process on dom(X) C I'(H) and
R, R’ € £(H). Consider the space dom({ X (dt)X,fKR(dt)) of all ¢ € T'(H) fulfilling
(11) 4 € dom(v/N). R
(I2) It holds (R ® I) Dy € dom(X).
(13) (R'® 1) X (R® 1) DY is in dom(S).

We define the double integrator conservation integral SXR’ (dt)XtXR(dt) by

[ X Re(@)d =S (R @ DX (Re D)D), (4 € dom(§ Kp(dt) X, p(dh))).
Also, we use the notations

[ Kr(@nx, = | Rn(@)x, Ma(dt)  and | X, Bp(dt) = | Ky(dt) X, Rp(dt).

Remark 6. In the same fashion we could define for a measurable field X : G > z —
X, integrals like SXmWR(dx) if £ is a non-atomic projection valued measure on some
(Polish) space G and even multiple integrals in the manner of [10].

Remark 7. Observe that for the definition of the integrals we need neither the
assumption of adaptedness of the process (X¢),cg, nor the conditions (3) and (6). So we
think of the integrals as quantum Skorohod integrals. The choice R = R’ = T recovers
the (nonadapted) number integral of [10].

PROPOSITION 16. Let (Xi),cr,
(X{)ier, - Then for R, R € £(H)

be a measurable process on dom(X) with adjoint

| R (a0) X7 - (a1) € ([ R ()X, ()

Proof. This follows from the adjointness of S and D as well as the fact that X*
corresponds to the process (X} )icr, . »
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