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Abstract. The aim of this paper is the study of a non-commutative decomposition of the
conservation process in quantum stochastic calculus. The probabilistic interpretation of this
decomposition uses time changes, in contrast to the spatial shifts used in the interpretation of
the creation and annihilation operators on Fock space.

1. Notation and preliminaries. Consider the Fock space I'(H) = €,,~., H°" over
a Hilbert space H, where H°" consists of the space of symmetric tensors in the tensor
product H®", endowed with the norm

| o=l - 5en, neN.

The Malliavin gradient V— : I'(H) — I'(H) ® H is defined by transformation of the
tensor f°", f € H, into V~f°" = nf°®= D @ f n € N, and the Skorohod integral
VT :T(H)® H — T'(H) satisfies VT f" @ g = f°" o g, n € N. Those operators are
extended by polarization, linearity and closability to their respective domains in I'(H),
I'(H)® H. We let ® = T'(L?(R.)) and denote by (-,-) the scalar product on ®. We call
S the set of elements of ® whose chaos expansion is finite and involves only functions
which are C!' with compact supports. The basic annihilation, creation and conservation
operators a,_, a:, aj are defined as
a, F=(V"F,hy, af F=VT(F®h), ajF =VT(hVF), FeS, heH.

We also let af = a; , € = —,+,0. The process (ay)iecr, is called the conservation

[0,4]

process, or gauge process. For A € B(R4), let ma : L*(Ry) — L?*(Ry) denote the
projection operators defined as maf = 14f, f € L?*(R,), and let T = T0,t]> T[t = T[t,00[s
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t € Ry. The exponential vector £(f), f € L?(Ry), is defined as
1 on
€)= ™

neN
We say that F' € ® is Fy-measurableif I'(m4)F = F, A € B(R4). Let S([a, b]), 0 < a < b,
resp. Sy, S[¢, denote the elements of S that are F, j-measurable, resp. F;-measurable,
F-measurable. The second quantization I'(U) : & — & of a bounded operator U :
L?(Ry) — L?(Ry) is defined as
) =ue.
n>0

The Fock space @ is isomorphic to the tensor product @4 @ @, ¢ € R+, via the mapping
E(f) = &(my f) @ &(mef), with @y = I(L?([0,¢])) and &y = T(L?([t,o0[)), t € Ry, cf. [5].
In this paper, tensor products between vector spaces are completed if and only if vector
spaces are complete.

2. A remark on non-commutative stochastic integration. The goal of this
section is to notice that in quantum stochastic integration, integrator processes need not
be adapted. Therefore, the stochastic integral of adapted processes can be defined with
respect to processes other than (a; )ier, , (a; )ier, and (af)ier, . We recall that a process
(Xt)ter, of operators on @ is said to be adapted if X; is written as Y; ® I5 on &y ® @y,
t € Ry, where I; denotes the identity operator, cf. [1], [3]. f U™ : & — & ® L*(R4)
and UT : ® @ L?(Ry) — ® are operators densely defined on & and S ® L?(R.), we let
uy ,uf @ — @, h € L>(Ry), be the operators defined on S as

uy F=(hU F)emr,y, uiF=UYF®h), FES, heL*Ry).

We also let u; = Uty uf = uf[o o te R, and note that (u; )icr, is adapted if and

only if (u/ )ser, is.

DEFINITION 1. Let A denote the class of couples (U~,U™T) where U™ : & — & ®
L?*(Ry) and UT : ® ® L?*(R4) — @ are two closable and mutually adjoint operators
densely defined on S, that map &y into ®; and S}; into ®(;, and such that

u, (FoG)=(u, F)@ G+ F® (u,G), FeS&y, GeSy, heLl*(Ry), teR,.
We note that (V~, V™) belongs to A.

DEFINITION 2. A couple (U~,U%) € A is said to be an extension of the stochastic
integral if I'(m, )U; =['(my)Vy, 0<s<t, teRy.

The last property states that the adapted projections of U~ F and VF coincide VF €
S. Let U denote the set of elements of ® ® L*(R.) of the form >'=" F; ® h;, with
hi,...,h, € CH(Ry), and Fy,...,F, € S, n € N. The set of square-integrable adapted
processes is the completion in ® ® L?(R.) of the set of adapted processes in U. If ® is
identified to the L?-space of a stochastic process (Z;)ier , Wwith stationary independent
increments and (U~,U™) € Ais an extension of the stochastic integral, then U™ coincides
with the stochastic integral with respect to (Z;)icr, on the square-integrable adapted
processes.
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PROPOSITION 1. A couple (U~,UT) € A is an extension of the stochastic integral if
and only if UT and VT coincide on the square-integrable adapted processes.

Proof. Let 1,,G € U be a simple adapted process. We have
<U+(1[a,b[G)aF> = S 1[a,b[(8)<Ga Us_F>dS

0
oo

S 1[a,b[(8)<Ga VS_F>dS = <v+(1[a,b[G)a F>a Fes.

0

This statement is extended by linearity and closability to the square-integrable adapted
processes in ® @ L?(Ry). m

Remark 1. Let (U~,U™) € A be an extension of the stochastic integral, and assume
that (u; )eer,, (uf )ier, are adapted. Then (U~,UT) = (V~, V).

Proof. We will show that for any t € Ry, I'(r)U; = I'(7)V;, s < t, and
I(ms)U; = I'(m,)Vy, s > t, on S. The first part is a consequence of the fact that
(U~,U") is an extension of the stochastic integral. Assume ¢ < a < s and let F' € S,
G € Sj. Then since (u; )ier, and (a; )ier, are adapted,

L(m)Uy (F © G) = T(m) (U F) @ G) = (U, F, ) ()G
= (Vi F,1)I(n,)G = T(7) Vi (F @ G),
since I'(m,)U, F' = (U, F,1) = (V; F,1) =T'(m,)V; F,a<s. Hence U" =V~. =
As a consequence of this remark, if (U~,U™T) € A is an extension of the stochastic
integral that differs from (V=,V™T), then (u; )ier, and (u; )ier, cannot be adapted.
Remark 2. Let (U7,UT) € A. For the stochastic integral of simple adapted
processes to be defined with respect to du; , du, it is sufficient that
(ug —us) = Iqg @ (ug —us) on g P, Vs>t, tcRy.
This condition is satisfied in particular if (U~,U™) is an extension of the stochastic inte-
gral. Hence quantum stochastic integrals of simple adapted operator processes (u; )ieRr. s
(u )ter, can be defined without requiring the adaptedness of (u; )ier, , (u; )ter,, -
Proof. Let

X = ZXil[tiyti+l[
i=1
be a simple adapted operator process. The composition (u; —u; )X, t > s, is well-defined
by
(uy —ug ) Xs(FRG)=XF®(u, —ug )G, t>s,

on &, @ ®,. Consequently, the integral of X with respect to du,; is well-defined as

S Xsduy = ZXZ-(ut:+1 —uy, ).

0 i=1
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And Sgo Xsdu? is defined by duality as
S Xodut = z:Xi(u;:+1 —uy),
0 i=1
with
< | Xsdu;F,G> - <F | X;dujG>, F,GeS.
0 0
We may also write

S X,du] F = S UT X, Fds, S X,duFf F=UT(XF), FeS. m
0 0 0

The notion of extension of the stochastic integral on Fock space also allows to extend
the Clark representation formula, cf. [2, 8.

PROPOSITION 2. Let (U~,U*) € A be an extension of the stochastic integral on Fock
space. Then the mapping I+ (1)U F)ser, is continuous from ® to & ® L?*(Ry),
and any F € ® can be represented as

F=(F1)+ U (r))U"F).
Proof. For F' € S, I'(my)U; F is defined as
I(my)Uy F = ligll"(ﬂs])U;F = H,IF?F(WS])V;F =T(mq)V, F, teR;.

The continuity result and the representation formula are well-known facts in case
(U~,UT) = (V~,VT), cf. [12], and they immediately extend to U~ from its definition
and Proposition 1. m

3. A decomposition of the conservation operator. The main goal of this section
is to introduce a non-commutative decomposition of the number operator on Fock space

and study its probabilistic interpretations. Let }oz, denote the function defined as ioz(t) =
[ h(s)ds, h e L*(Ry), and let f'(t) = L f(t), t € Ry, f € CH(Ry).

DEFINITION 3. We define the linear operators V© : & — & @ L*(Ry) on S and
V®:®® L*Ry) = ® onU by

Vet = —n(mpf)o £V, teRy, fECHRy), neN,
and
Ve @h) =n (f7) o ;20 Y, [ he ChRY),

and by polarization of these expressions.

The operators V© and V® are unbounded, closable, densely defined, and adjoint of

each other. We note that (V™4 V®, VT + V) € A and is an extension of the stochastic

integral. Let also a%, a% be defined on S as

ay F'=(VOF h)2mw,), afF=V®[F®h), neN, FeS, heL*Ry),
and let ate = ale[o 0 a? = aﬁo i t € R4+. The operator af is adjoint to af, h e L*(Ry).

[e]
Moreover, af and af can be defined as the differential second quantizations of f +— hf’
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and f— (fh) as
S 7 ® 7
a;, =dI'(h0d), a), =dI'(Oh).
The following proposition is a simple consequence of the derivation rule of the product
of functions of real variable.
PROPOSITION 3. The operator a; admits the non-commutative decomposition
aj =ay +ay, hel*Ry), (1)
into the sum of two adjoint operators.
The operator aj, + a;f has a Poisson law with parameter || h H%Z(R” in the state
¢(h)exp(—3 || b ||2L2(R+)), and (ay + alfB)teR+ is a non-commutative Poisson process in
this state, cf. e.g. [1].

PROPOSITION 4. We have the commutation relations

(V. VEIE(f) = = (e f) (), lay, VEIE(S) = (mh’) 0 €(f),
f,heClRy), s,t € Ry.

Proof. We have V;VZ for = fn(w[tf’)(s)fo("’l) —n(n —1)f(s)(mf') o fo(n=2),
and VPV f" = —n(n — D f(s)(mpf') o f°("=2)  On the other hand, aZV?fO" =
—naZ(w[tf’)ofo("_l), and Va; fo = Vi ho fon = fn(ﬂ[tf’)ofo("_l)ohf(ﬂ[th’)of"". ]

4. Probabilistic interpretations of the decomposition

4.1. Wiener space interpretation. Let (W, L?(R4), ) denote the classical Wiener
space, with Brownian motion (B;)scr, . We work here under the identification of L?(W, p)
and ® provided by the multiple stochastic integrals with respect to (B;)ier, . We are in-
terested here in the properties of V© under the above identification. Recall that on the
Wiener space, V™ is identified to a derivation operator which satisfies

F (B. + h(s)ds) _F
(V™F,h)r2m,) = lim , FeS, he I*(Ry),

e—0 3

cf. e.g. [6]. For h € L*(Ry), with sup,eg, | h(z) [< 1, let vy(t) =t + ;Lt, te Ry,
DEFINITION 4. We define a mapping 7, : W — W, t,e € Ry, as

Th(w)=wov, ', heL?*Ry), sup |h(z)|< 1.
z€ER

The transformation 7j, acts on the trajectory of (Bs)scr, by change of time, or by
perturbation of its predictable quadratic variation. Although 7; is not absolutely contin-
uous with respect to the Wiener measure, the functional F' o7y, is well-defined for F' € S,
since elements of S can be defined for every trajectory of (B;):er, , using the product
formula for multiple stochastic integrals and the relation Szo fsdBs = — Szo f'(s)Bsds,
a.s., f € CL(Ry).

PROPOSITION 5 ([9]). We have for F € S

oo

1 1
Sht (v?+§vtvt) Fdt = —lim =(Fo T, — F). (2)
0

e—=0¢
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4.2. Poisson space interpretation. We now consider a standard Poisson process on a
probability space (B, P). The Poisson multiple stochastic integrals provide an isometric
isomorphism between L?(B) and @, cf. [11]. From [7], V~ satisfies

k=n

Vi f(Ty o T) = Vg g8 (F(Th - Toot, Togas - Tacd) = f(Th, -, T))

k=1
3)
te Ry, f € Ccl,(RiH), which amounts to perturbing the trajectories of (N;);er, by
addition of a jump at time t. The operator VT coincides with the Poisson stochastic
integral on the square-integrable adapted processes. The operator V; + V§ on Poisson
space, as V§ + %V; V; on the Wiener space, is defined by an infinitesimal time change
on the Poisson process.

PROPOSITION 6 ([9]). We have
1
(Ve + V) h)r2m,) Z—HL%E(FOﬁ-h—F), Fes, (4)
g
where the transformation Ty is defined as in Def. 4, i.e. it acts on the Poisson process
trajectories via the time change vy,.

Remark 3. Relations (2) and (4) imply, both in the Wiener and Poisson interpre-
tations, the following product rule for V©:

VE(FG) = FV®G+ GV®F -V FV~G, F,GeS.

As a consequence of this remark, a duality argument shows that Relation (1) can be
extended to random h € U as:

ay +VP(h) =af +af, heL*Ry),
where V®(h) is identified to a multiplication operator, in both the Wiener and Poisson

interpretations of ®. It is easy to check that V¥ (h) = 0 if h is adapted, since (V™ +
VO, VTt +V?) € Ais an extension of the stochastic integral.

5. Non-commutative stochastic integration and It6 calculus. From Section 3,
the integral of simple adapted processes with respect to the operator processes (at6 )teR.
and (af)er, are well-defined. However, the processes (af)ier, and (af)ier, are not
adapted, hence iterated stochastic integrals of simple adapted processes with respect to
(af)ter,, € = ©,® have to be defined as anticipating stochastic integrals, and ay, ay
do not commute in general with the differential duf. Our construction of anticipating

quantum stochastic integration parallels that of [4] but concerns (ay)er, and (af)ier, -
For U~ = V—,V®, the integrals Sto duy as, Sf) atduf, e = ©,®, are defined on S as

¢
UasF, \dufaiF =U*(1jgy()a’F), FeS

s Yst
0

{dus

€ —
sasF_
0

O ey

The integrals SB asdu}, SB atduy are defined by duality from Sg duy ag, Sg duta, with

s
xe = @, O respectively if e = ©, ®.
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PROPOSITION 7. Let (U™, U") € A and (V—,V™T) € A be extensions of the stochastic
integral. We have the multiplication table

. dt | du, dv;
dt 0 0
5
dv | 0 0 0 ®)
du, | 0 0 | duy -dvS

The non-vanishing product du; - dvy" is given as
(day + daP) - (daf + da) = daf, daj - (daf + daP) = dt + da; ,
(da; + day) - daf = dt +daf, da; -daf = dt,
respectively if (U=, V1) = (V- +VO, VT 4+V®) (U, VT)=(V",Vt+V®), (U, V™)
= (V- +Vo,VH), (U, VT)=(V~",VT).
Proof. The following relations hold:
t

(u} Fv; G S (uf F,V;G)ds + (F,\ U7 v7 Gds), (6)
0 0
ts tu
(v; G uy F SS VoG US Fydeds + (Vo G, U F)dzds, (7)
00

F.GeS. Let X, Y be simple adapted processes such that S C Dom(XYs), s € Ry. By
linearity and adaptedness of (X¢)icr,, (Yi)ier,, (6) implies
t t
< [vavte, SX;‘du;F>
0 0

§<

t t

et
<§stus G,§Xs v’ F>

t s
Yodv! G, XU Fyds + | (V.G V. | X2duZ F s,
0 0

O ey

and by duality,

t s t s

_ S<US_G,YS* SX;‘dqu>ds + <VS‘XSSYZdu;G,F>ds
0 0 0 0

for F,G € S. Those relations are written as

S
0
t
Xsdvy SYSdu dU;Xs(SdeU;)a
0

O ey O ey

du sz(indvj) +
0

deuj)ysdvj,

OL’:
Oty O ey
O ey 0

O ey

(§X v )stu; +

hence du; - dv;” = 0, and du; - dv; = 0. We have from (7)
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<§stvs_G, §X;‘dus_F> - §<§deu;G,X§U;F>ds + § <Y5VS‘G, §X;du;F>ds,
henceO t 0 t 0 tO s t SO 0
SXsdu;r SYde; = Sdqus(Sdev;) + S (Sdeuj)stv;,
0 0 0 0 0 O

which means that du; - dv;” = 0. The non-zero terms are explicitly computed in [10]. We
notice here that they can also be obtained formally from the well-known relations

d(af +a?)-d(af +aP) = daP +da?, da; -d(af +aP) = da;, d(af +aP) -da} =da). =
The It6 multiplication table now gives the commutation relations
dlay, af] = day + [ay, dag'], dla; ,af’] = daj” + [day ,aff],
and
dla?,al] = daj + [af, daP] + [da, a].
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