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Abstract. We present a new version of integration of time-adapted processes with respect
to creation, annihilation and conservation processes on the full Fock space. Among the new
features, in the first place, there is a new formulation of adaptedness which is both simpler and
more general than the known ones. The new adaptedness allows for processes which are not
restricted to be elements of some norm closure of the *-algebra which is generated by the basic
creation processes.

1. Introduction. In Kiimmerer, Speicher [5] and Speicher [8] a theory of integration
with respect to the basic noise processes on the full Fock space was introduced. (See also
Fagnola [3] where the calculus is treated by generalizing the methods of Accardi, Fagnola,
Quaegebeur [1].) In these notes we present a new treatise of a quantum stochastic calculus
on the full Fock space. Our motivation to return to this subject is to find a calculus on
the full Fock module which is the analogue of the full Fock space in the category of
Hilbert modules; see [2, 6]. Since we are restricted in space to few pages, we decided
to restrict ourselves to the case of Hilbert spaces and publish the more general case
separately in [7]. We emphasize, however, that any definition and statement in these
notes generalizes literally to Hilbert modules. But also in the case of Hilbert spaces our
method has sufficiently interesting new features.

In the case of the calculus on the boson Fock space T'(H) over a Hilbert space H
adaptedness is defined by means of the functorial property I'(G@® H) = I'(G) @ I'(H); see
[4]. An operator A on I'(G®H) is adapted to the “past” G, if it is of the form (Ag®id) for a
suitable operator Ag on I'(G). We find an analogue decomposition F (GO H) = F(G)@F
for the full Fock space where, however, Fg is not just the full Fock space F(H) to the
“future” H; see Equation (2). Like in the Bose case an operator on F(G® H) is adapted, if
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it is of the form (Ag ®id) for some Ag € F(G). Like the new definition of adaptedness our
whole theory does not rely on processes being contained in a closure of what is generated
by basic creation and annihilation processes with respect to a suitable norm.

On the other hand, we restrict ourselves to processes which are continuous in the
x-strong topology. (Recall that the -strong topology on B(H) is given by the families
T |Tz||,T — ||T*z|| (x € H) of semi-norms. Observe that B(H) is complete in the
x-strong topology.) This restriction has the advantage that we are concerned exclusively
with vector-valued Riemann integrals of continuous functions. If one wishes to do so, our
results may be extended in *-strong topology to step functions. This together with the
estimate in Lemma 4.3 can be used as a basis for an extension of our theory to more
general classes of processes which may approximated by step functions.

Our treatment contains the case of arbitrary many degrees of freedom. In other words,
we consider the full Fock space over L?(R, H) with H being an arbitrary Hilbert space.
This is more general than [5, 8] where H = C. Our results extend easily to the “projective
tensor product” of the space of processes and the space of differentials; see [7] for details.
Unlike in [3], our theory does not rely on an explicit orthonormal basis of H. On the other
hand, we do not consider unbounded coefficients; see [3]. Due to the lack of space we also
do not investigate quantum stochastic differential equations. This topic is contained in
[7]. We do not consider an initial space, because this case is contained and generalized
considerably in the case of Hilbert modules; see [7]. Also for reasons of space we leave
the proof of the Ito formula (Equation (8)) a little bit undetailed.

In Section 2 we define the full Fock space and spaces of operators relevant to us. We
consider the norm ||-||; introduced in [5] as one of the most fundamental ideas which
plays a crucial role also for us. The norm |-||; is based on the natural graduation of
F(H). A more detailed analysis of this property can be found in [7]. In Section 3 we
define adaptedness and study the algebraic consequences which lie at the heart of Ito’s
formula. Section 4 introduces the relevant spaces of processes. We define a generalized
conservation integral and prove Ito’s formula for this integral. In Section 5 we show that
our generalized conservation integral splits into four cases which precisely correspond to
the creation, the annihilation, the usual conservation and the time integral. Our single
Ito formula is shown to contain the full 4 x 4-Tto table for these four types of integrals.

2. Operators on full Fock space

DEFINITION 2.1. Let H be a Hilbert space. Then the full Fock space over H is the
Hilbert space

F(H) = H*"
n=0
where H®? = CQ and Q is the vacuum. The vacuum expectation Eo: B(F(H)) — C is
the state defined by Eo(A) = (Q, AQ).
F(H) has a natural graded vector subspace which is given by the vector space direct
sum over the homogeneous subspaces H™ = H®" (n € Ny). Also the elements of H()
are called homogeneous. We define the Banach space F;(H) to be the Banach space L!-
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direct sum of all the H(™. This means JF;(H) consists of all families (x("))nez (™ €
H™) for which ||z[, = 3,.cz 2™ || < oo. Since ||z|| < ||z[|;, we have Fi(H) C F(H).

DEFINITION 2.2. For n € Z we denote by B™ < B(F(H)) the space consisting of
all operators with offset n in the number of particles, i.e. A™ ¢ B if A(")(H®m) C
H®m+1) (where we set H®™ = {0} for m < 0). Also B(F(H)) has a natural graded vec-
tor subspace By with B (n € Z) being the homogeneous subspaces. Any A € B(F(H))
allows a (strong) decomposition into 4 = Y, A™ with A € BM. We define
the Banach space B; as the space consisting of all A € B(F(H)) for which ||A]|; =
S nez IA™| < co. Again, we have ||Al| < ||Al|;, so that By C B(F(H)).

A bilinear mapping j: By x By — By is called even, if j(B™,B(m™)) c Bn+m),

Obviously, B B(™) ¢ B("+m) g5 that the multiplication on By is an even mapping.
Notice also that B(™" c B(=n). Clearly, also B is %-strongly complete.

LEMMA 2.3 ([5]). Let j: By x By — By be an even bilinear mapping and M > 0 a
constant such that
15(A, B)| < M [|A]l || B (1)

for all homogeneous elements A, B € By. Then j extends to a (unique) bilinear mapping
B1 x By — B1, also denoted by j, such that (1) is fulfilled for all A, B € By. An analogue
statement is true for even multi-linear mappings.

Proof. We show that (1) extends to arbitrary A, B € By. (Of course, such a mapping
j extends by means of continuity to a unique bilinear mapping on By x B; also fulfilling
(1).) Indeed,

17(A, B)|| = HZ > j(A(m),B("’M)H <MY TSl AMBrm)|

neZ meZz neZ meZ
=MIA|[B]. =

COROLLARY 2.4 ([5]). By is a Banach x-algebra.

LEMMA 2.5. Let (j,\)/\eA be an increasing net of even bilinear mappings jx: By x By —
By all fulfilling (1) with a constant M > 0 which is independent of \. Furthermore,
suppose that for homogeneous A and B the net j\(A, B) converges x-strongly (of course,
to a homogeneous element in By). Then jr(A, B) converges -strongly to an element
J(A,B) in By for all A,B € By where j is the extension to By x By of the mapping
(A,B) — limy jx(A,B) on By ® By according to Lemma 2.3. As in Lemma 2.8 the
statements remain true for even multi-linear mappings.

Proof. Let A,B € B1, X #0in F(H) and € > 0. We may choose Ay, By € By such
that
€ €

75 (A; B) = jx(Ao, Bo)l| < 5777 and  [l5(4, B) = ji(Ao, Bo)ll < 57577
31X 31Xl

for all A € A. Furthermore, choose Ay € A such that
. . € . % . % €
17(Ao, Bo)X — jx(Ao, Bo) X || < 3 and  [|5(Ao, Bo)" X — ja(Ao, Bo)* X || < 3

forall A > A\g. =
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Remark 2.6. We mention without proof that Lemmata 2.3 and 2.5 remain true for
Bi-valued multilinear mappings on the spaces P; and A; of processes to be introduced
in Section 4.

DEFINITION 2.7. Let @ € H. The creation operator (or creator) £*(x) on F(H) is
defined by setting

C@)r, @ QI =rQT, ® - Q1.
The annihilation operator (or annihilator) is the adjoint operator, i.e.
U2)Tp @ QX1 = (T, Tn)Tp—1 @ @ 1

for n > 1 and 0 otherwise.

Let T € B(H). The conservation operator (or conservator) p(T) on F(H) is defined
by setting

PT)n @ @31 =T2n) @Tp_1 ® - @11

for n > 1 and 0 otherwise.

PROPOSITION 2.8. We have (*(x) € BV, p(T) € B and ¢(x) € BEY. The map-
pings x +— £*(x) and T — p(T) depend linearly on their arguments. The mapping
x — l(x) depends anti-linearly on its argument.

We have |[*(z)| = [[€(z)|| = [lz|| and [[p(T)|| = [IT]|.

We have

p(TT") = p(T)p(T") and p(T*) =p(T)"
so that T — p(T) defines an injective homomorphism of C*-algebras. Finally, we have
the relations

p(T)(z) = £*(Tz) L(2)p(T) = (T"z) L(x)"(2') = (z,2]).
Proof. Obvious. m
DEFINITION 2.9. For X € H®" we define the generalized creator L*(X) € B™ by
L'(X)tm®.. 00 =X @ (T ®...0 x1) € H®" @ H®™ = HEM+™) ¢ F(H).
We define the generalized annihilator L(X) € B(~™) to be the adjoint of L*(X), i.e.
LX)Znim ®@...0 1 = (X, Zpnim ® ... @ Tyt 1) T ® ... @ 1
and L(X)H®™ = {0}, if m < n.

PROPOSITION 2.10. Let X € H®™. We have ||L*(X)| = |L(X)|| = ||X||. For T €
B(H) we have

p(T)L*(X) = L (p(T)X)
where we consider X also as an element of F(H). Moreover, for Y € H®™ we have
L(X)L*(Y)=L*(L(X)Y) or LX)L*(Y)=L(L(Y)X)
depending on wether n < m orn > m. For n = m we have

L(X)L*(Y) = (X,Y).



QUANTUM STOCHASTIC CALCULUS ON FULL FOCK SPACE 373

Proof. Clear. m

Remark 2.11. The definitions of L*(X) and L(X) extend easily to elements X €
Fi(H), because |[L*(X)|; = |[L(X)||; = ||X]|;. In particular, we find for A € B; that
IL*(AQ)|| < IL*(AQ)|l; = [|AQ|; < || A|l; so that L*(AQ) is a well-defined element of
Bi C B(F(H)). It is not difficult to see that L*(X) is not necessarily a bounded operator
when X is an arbitrary element of F(H).

COROLLARY 2.12. Let Ay € By such that t — Ay is strongly continuous. Then both
mappings t — L*(A;Q) and t — L(AQ) are |-||,-continuous.

3. Adaptedness
ProprosITION 3.1. Let G, H be Hilbert spaces. Then
F(GoH) = FG) @ (CQ o (HoF(GoH)) (2)
in a canonical way.

Proof. Let n,m >0,2;, € G (i=1,---,n),ye H z; e G H (j=1,---,m). It
is easily checked that the mapping sending (2, ® ... ® 21) ® (y ® 2/, @ ... ® 21) on the
right-hand side to 2, ® ... ® 1 @ Y ® 2, ® ... ® 21 on the left-hand side (and sending
(X ®...021) 00 t02, ®...0x and QR (YR 2, ®...®21) O YR 21, ®...® 21) and,
of course, sending 2 ®  to ) extends as an isometry onto F(G & H). m

DEFINITION 3.2. An operator A in B(F(G @ H)) is called adapted to G, if there is a
(unique) Ag € B(F(G)) such that A = (Ag ®1id) in the decomposition according to (2).

Remark 3.3. The set of all operators adapted to G is precisely B(F(G)) @ id =
B(F(G)). The identification is, indeed, the canonical one. In particular, the creator
*(z) € B(F(@)) (x € G) embedded via (¢*(z) ® id) into B(F(G @ H)) coincides with
the creator £*(x) € B(F(G @ H)) where now z is considered as an element of G @ H. The
x-algebra generated by all creators to elements z € G is strongly dense in B(F(G)) so
that we may identify the %-subalgebra of B(F(G @ H)) consisting of all operators adapted
to G with the strong closure of the *-algebra generated by all creators on (G @ H) to
elements in G C G& H.

Under the above isomorphism also the Banach *-algebra By C B(F(G)) coincides

(isometrically in |-||;) with the Banach *-algebra of all elements in By C B(F(G & H))
which are adapted to G.

COROLLARY 3.4. Let x € G, T € B(G) and X € Fi(G). Then *(x), {(z), p(T),
L*(X) and L(X) are adapted to G. Also the identity is adapted. Moreover, whenever
L*(X) € By is adapted to G then X € F1(QG).

LEMMA 3.5. Let A € By be adapted to G and T in B(H). Then
Ap(T) = L*(AQ)p(T) 3)
and

p(T)A = p(T)L(A™Q). (4)
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Proof. It is sufficient to prove (3), because (4) follows by considering the adjoint of
(3). Now (3) follows from the observation that the range of p(T') is contained in (H ®
F(G® H)) and from AQ = AcQ) where we identify AgQ) € F(G) with the corresponding
element in F(G® H). =

COROLLARY 3.6. Let A, B € By both be adapted to G and let T, T' be in B(H). Then
p(T)ABp(T") = p(TEo(AB)T").

Proof. By Remark 2.11 we may assume that A € B and B € B("™). First, suppose
n # m. Then Eo(AB) = 0. Without loss of generality assume n < m. From Proposition
2.10 and Lemma 3.5 we find

p(T)ABp(T") = L* (p(T)L(A* Q) BQ)p(T") = 0,
because L(A*Q)BQ is an element of G®(™~") and T vanishes on G. If n = m, we find
p(T)ABp(T") = p(T)L(A*Q)L*(BQ)p(T") = p(T)Eo(AB)p(T"). Therefore, in both cases

we obtain our claimed result. m
COROLLARY 3.7. Suppose A € B is adapted to G and T € B(H). Then
Ap(T) = Eo(A)p(T).

4. Processes

DEFINITION 4.1. Let H be a Hilbert space. We identify L?(R*)® H with L2(R™*, H).
For 0 < t < oo we denote H; = L%([0,t), H) C L?>(R*,H) = Hy. We work on the full
Fock space F = F(L*(R*, H)).

The C*-algebra of processes P consists of all families F' = (Ft)t>0 of elements F; €

B(F) which are *-strongly continuous as mappings ¢ — F; and for which

[F|| = sup [[F]| < oo.
teRt

The C*-algebra of adapted processes A consists of all F' € P such that F; is adapted to
Hy.

By P and A we denote the sets of all processes F' in P and A, respectively, for
which F;, € B™ for all ¢t > 0. By P; we denote the Banach *-algebra consistining all
F € P for which ||[F||;, =3, .7 [F™]| < co. We set A; = ANPy.

Let F% = CQ @ H,,. We regard F°! as a Banach subspace of F; := Fj(Hs). Our
particular interest lies on processes in L*(F°1)A; and A;L(F%!). Our interest to these
spaces of processes will become clear in Section 5 where the integrals of the present Section
are reduced to usual stochastic integrals. Notice that these processes are elements of Py
but, in general, not of A;.

DEFINITION 4.2. Let 7 > 0. By Pr = {P = (fo,...,tn):0 = tg < ... < ty =
T (N € N)} we denote the increasing net of partitions of the interval [0, T| ordered by
refinement. The norm of a partition P is ||P|| = maxi<g<n (tx — tk—1)-

By L>®(R™", B(H)) we understand the set of all functions on R* with values in B(H)
which are norm limits (in the supremum norm) of finitely-valued, measurable functions.
We consider elements of L™(R™T,B(H)) as operators on H,, which act by pointwise
multiplication. For T' € L*(R™, B(H)) we set dpy, (T') = p(X(t_1,t)T)-



QUANTUM STOCHASTIC CALCULUS ON FULL FOCK SPACE 375

LEMMA 4.3. Let F = FL(X) € AjL(F°) and G = L*(Y)G € L*(F°Y)A; with
F,G € Ay and X,Y € F°L. Furthermore, let T € L¥(R*,B(H)). Then

HZFtk 1dptk Gtk 1

for all P € Pr and all T > 0.

CSATIEINGR X YT

Proof. The mapping F x G — > _| F;, , dp;, (T') Gy, , gives rise to an even map-
ping A1 x L(F%) x L*(F') x A; — B;. By Lemma 2.3 it is sufficient to show the
inequality for processes F' = FL(X) and G = L*(Y)G where F,G, X,Y are homoge-
neous elements.

We have to distinguish the four cases when X and Y are equal to € or elements of
H, respectively. First, suppose that X = Q. Observe that F;*F} is an element of BO
which is adapted to Hyax(t) and that dpg, (T%) dpy,(T) = Oxe dpy, (T*T). Combining
this with Corollary 3.7 we find

‘ Z Ftk—l dptk Gtk 1
k=1

Z Gtk 1dptk T*)Ftk 1Ft471 dpt@(T) Gte71
k,0=1

- Z Gtk 1 dptk T EO(Ftk 1Ftk71)T) Gtk—l

2
< |7l I1F)* ZGtk  dpi, (i) Gy, = T (1)) ‘detk (id) Ge o] - (9)
k=1 k=1

If also y = 2, we obtain by (5)

szptk ld Gtk 1

If y € Hy, we find

|3ty o
k=1

. zatk dp ()| < G

2
= szptk ld Gtk 1

IN

|G2HZ||6 ) dpy, (id) ¢* ()| = |G| |1yl -

The converse case when y = Q and x € HOO is treated by considering adjoints. The last
yet missing case when x,y € H, follows from the observation that

Z ||£ dptk ld E* Hiz‘ Ly X[tr—1,te]Y >‘ = Z |<X[tk—latk]z’X[tk—l,tk]y>‘ < ”:C” ”y”

k=1
by the Cauchy-Schwarz 1nequahty for elements of C". =

DEFINITION 4.4. We say an element X € F°! is simple, if it is a finite linear combi-
nation of Q and functions = = x;€ € Hy where £ € H and I C R7 is a finite interval.
We say an element 7' € L>®(R™,B(H)) is simple, if it is a finite linear combination of
functions of the form x;7 where 7 € B(H) and I is an arbitrary measurable subset of R ™.
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The simple elements of F%! and L*°(R*,B(H)) are dense in F°' and L>*(R*,B(H)),
repectively.

LEMMA 4.5. Let F,G be as in Lemma 4.3 where, however, X,Y and T = xj7 are
simple. Furthermore, let To > 0. Then the net

(zn: Fy_y dpy, (T) Gtk,l)
k=1

PePr

is a x-strong Cauchy net uniformly in T € (0,Tg]. In other words, (denoting the sum to
a certain partition P by Xp) for arbitrary Z € F and € > 0 we can find § > 0 such that

I(Ep —Xp)Z|| <e (6)

for all T € (0,79] and P, P' € Pr with ||P|| < § and ||P’'|| < 6 and an analogue statement
for the adjoints of the sums.

Proof. Let us first reduce the problem. Clearly, by symmetry under adjoint it is
sufficient to show only (6). By Lemma 4.3 the assumptions of Lemma 2.5 are fulfilled
so that we may reduce to homogeneous elements as in the proof of Lemma 4.3. Finally,
by Lemma 4.3 the net is bounded so that it is sufficient to check strong convergence on
elementary tensors Z = z, ® - - - ® 21 with z; being simple elements of H,, because these
Z span a dense subset of F. The proof splits into the quite different cases when X = Q)
and X € H.

First, let X = Q. By (5) we find

HZ Ftk—l dptk (T) Gtk—IZH H Z L*(Ftk—lﬂ) dptk (T) Gtk—IZH
k=1 k=1

1T (FQ)GZ] - (7)

IN

Clearly, the same estimate also holds for step functions G§ and F;. So by the usual tech-
nique of joint refinement of pairs of partitions used in Riemann integral our statements
are clear, because L*(F;Q2) (by Corollary 2.12) and G;Z (because G; is strongly contin-
uous) are norm continuous functions, which may be approximated in supremum norm
by step functions (uniformly on [0, 7y] and stably under refinement of partitions). Notice
that this argument does not depend on the special nature of Z.

Now let X = x /& We are finished, if we show that F},_, dp, (T') Gy, _, Z is dominated
by a positive multiple of A([tx—1,tx]) (where A denotes the Lebesgue measure on R™). In
the case when Y = x ;¢ we find L(X) dp;, (T)L*(Y) = (§,7C) M[tk—1,te) NI NI NI").
Notice that also this argument does not depend on the form of Z. Now suppose that
Y = Q. We may assume that G € A" wheren > 0 (otherwise the sum is 0 by Lemma
3.5). Choose Z =2, Q- Q21 ®2® 2z, ® - ® 2] where z = xy»n and n € H. We find

L(X> dptk (T) Gtk—IZ -
(70, Gy 2n @ @ 21)N) 20, @ - @ 23 M[te—1, ] N INT N I").

We remark that (7), obviously, also holds here at least for our particular choice of Z. m
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THEOREM 4.6. The integral
T

S Fedp(T)Ge = lim > Fiy, dpy (T) Gy,
T
0 k=1

extends in ||-||,-norm to arbitrary elements F € L*(F'1)A;, G € AjL(F%) and T €
L>(R™*,B(H)) by means of norm continuity. The process M = (Mt) defined by M+ =

S(? F; dpi(T) Gyt is an element of A;.

Proof. Assume F' and G are given like in Lemma 4.3. The claimed extension follows

>0

from Lemma 4.3. To see strong continuity (which by symmetry under building adjoints
implies #-strong continuity), we may assume that X and Y are homogeneous. If X € H,
orY € Hy, then we see by Lemma 4.3 that M; even is norm continuous. (In || My — My ||
we obtain a factor /|t —¢/|.) If X =Y = Q, then we find strong continuity in the same
manner, if we replace in (7) GZ with (Q,Gz, ® -+ ® 21)(x(0,772) ® 2,, @ -+~ @ 27 like
in the last step of the preceding proof. Adaptedness follows from the observation that
dpy, (T () = £*(X(t,_, 45 T7) is adapted to Hy, . m

THEOREM 4.7. Let M, M’ be processes in A1 given by integrals

T T
My =\ Fdp(T)G, and My =\ F dpi(T") G,
0 0

where F,F' € L*(F'YA1, G,G" € A1L(F°Y) and T,T" € L>®°(RT,B(H)). Then the
product MM’ = (MtMt’) € Ay is given by

t>0
T T T
My My = \F, dpi(T) G M + \MF] dpy(T') Gy + \Fy dpy (TEo(G F)T') G (8)
0 0 0

Proof. Again we may assume that F,G (and also F/,G’) are given like in Lemma
4.3 and, furthermore, that 7, 7" and the elements X, X', Y,Y"’ appearing in F, F’,G,G’
are simple. We investigate the product of the sums ¥p and ¥ which approximate My
and M7, respectively, to the same partition. Since the approximation of My and MJ- by
Y p and X', respectively, is *-strong, the weak limit of ¥ p¥, is M7 M/-. We are finished,
if we show that ¥ pX’ converges weakly to right-hand side of (8).

We split the double sum over k and ¢ into the parts where k > ¢, k < ¢ and k =/

Yp¥p = |: Z + Z :|Ftk—1 dpy, (T) GtkﬂFt/[,l dpt, (T/> G;[,l
1<t<k<n 1<k<t<n

+ Z Ftk—l dptk (T> Gtk—lFt/k,1 dptk (T/> ng,l' (9>

k=1

Let us apply the first summand to Z
Z Ftk—l dptk (T) Gtk—lFt/g,1 dptz (T/> G;g,IZ' (1())

1<t<k<n

Choosing a partition P of sufficiently small norm the part Z];:—ll Fy,  dp,(T") G}, | Z

te—1
is close to M{__ Z (by Lemma 4.5) for all partitions finer than P. Of course, we would

like to insert this into (10) and then perform the limit | P|| — 0, because in this way



378 M. SKEIDE

we would obtain the first summand (8) (applied to Z). Let us check that this procedure,
indeed, is allowed. In other words, let us check, if the part Z]Z:_ll F{,  dp,(T") G}, | Z

te—1
enters (10) in norm. This assertion, however, follows precisely as in the proof of Lemma

4.5 with Gy, _, Z replaced by Gy, _, Z]Z:_ll F

te—1
that the convergence of the first summand is strong. An analogous procedure in the case

dps,(T") G}, _, Z. In this way we even show

k < € yields that the second summand converges to the second summand of (8) at least

weakly.

Fo}; the last summand of (8) observe that Eo(G:F]) = 0, whenever Y € Hy or
X' € Hy. Let us check if this is also true for the limit of the last summand of (9). For
instance, assume that ¥ = x;¢ € Hoo. If X = Q, we find by computations like (5) that
the last summand converges to 0 even in norm. If X € Hy, the part Fy,_, dpe, (T) Gy, _,
is bounded by a multiple of tx —t—1 and the part F}, _ dp;, (T") G}, | Z is bounded by a
multiple of \/fx — fx_1 (see proof of Lemma 4.5), so that in this case the sum converges
to 0 strongly. By considering the adjoint we see that the summand converges to 0 at
least weakly in the case when X’ € H,. In the remaining case Y = X’ = Q we have

GF' € A", Then our claim follows immediately from Corollary 3.6 and Theorem 4.5. =

COROLLARY 4.8. In the usual differential notation where My = SZ dM; with dM =
Fdp(T)G and d(IMM') =dM M' + M dM' + dM dM’ we find the Ito formula

dM dM’' = F dp(TEo(GFT'") G'.

5. The usual quantum stochastic integrals and Ito table. Our integrals ap-
parently are concerned only with (slightly generalized) conservation integrals. It remains
to extract the usual quantum stochastic integrals with respect to creators, annihilators
and also dt from our notation. They correspond (together with the usual conservation
integral) precisely to the four cases when X and Y are equal to € or elements of H.,
respectively.

DEFINITION 5.1. Let 7 >0 and F,G € A;. Let X =z and Y = y be in H,. Define
the bounded mesaure y®¥ on R* by u®¥(I) = (z, xry). We define the u®¥-integral as
T T
| Fdumv G = | FL(X)dp,(id) L*(Y)G;.

0 0
Let X = x € Hy. We define the creator integral and the annihilator integral as

T T T T
\Fde*(2) G = \F dpi(id) L (X)Gy and \F dé(z) G = FL(X) dpy(id) G,
0 0 0 0
respectively. Let T € L (R™, B(H)) we define the conservator integral as
T T
\ Fap(1) G = | Fy dpu(T) G
0 0

THEOREM 5.2. Let M; = SnglG be one of the integrals in Definition 5.1. Then

M = (Mt)t>0 is an element of Ay. Moreover, given another M| = Sg F'dl'G'. Then
(using the formal notation) dM dM' = F dl” G’ where dI" has to be chosen according to
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the Ito table

d\dl' | dp®'Y' dex(a) de(z") dp(T")
dpy 0 0 0 0

dex(z) | 0 0 0 0

dl(z) 0 dpEo(GF )z’ 0 dU(T"" Eo(GF")x)
dp(T) | 0  de*(TEo(GF)z') 0 dp(TE(GF)T).

Remark 5.3. In [8] the C-valued function Eo(GF") is always written outside the
integrators. This can be done without any effect. However, in view of [7] we have in mind
a generalization to Hilbert modules where E( is not an expectation with values in C,
but, a conditional expectation with values in an algebra. Only if we write our formulae
precisely as we did, our definitions, results and proofs generalize to Hilbert modules.
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