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I. Bernstein inequality and the number of zeroes. We first give two definitions
(cf. N. Roytvarf, Y. Yomdin [R-Y]). Ag denotes, as usual, the closed disk of radius R,
centred at 0.

DEFINITION I.1. Let R > 0,0 < @ < 1 and K > 0 be given and let f be holomorphic
in a neighborhood of Ag. We say that f belongs to the Bernstein class B}{’Q’K if

max{f(2)], € An)
max{|(2)], 2 € Bap] =

Remark. The name “Bernstein class” is justified by the fact that, according to one

of the classical Bernstein inequalities, any polynomial of degree d belongs to B}%’a, 5
K = (1/a)? for any R and a.

DEFINITION 1.2. Let a natural N, R > 0 and C > 0 be given, and let f(z) =
>orco f12" be an analytic function in a neighborhood of 0 € C. We say that f belongs
to the Bernstein class By, ¢, if

|f;| R < Cmax{|f;|R",i=0,...,N}, j>N-+1.

The two classes B! and B? essentially coincide. More precisely, we have the following
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LEMMA 1.3. Let f be an element of Blz\/,R,C' Then f is analytic in an open disk Ag
and for any R < R, 0 < a <1 and K = (é)N[l-i-(l — o) —1—0%}, 8 =R/R,
[ belongs to By, rc

Proof. The convergence of f(z) = Y o, fez® on Ap is immediate. Let m =
max{|f(z)|,2 € Aar'}. Then by the Cauchy formula, |f;| < m/(aR')® for any i. In
particular, |f;|R* < m/(aR'/R)" < m/(aR'/R)N for i = 0,...,N. Hence |f;|R? <
Cm/(aR'/R)N for any j > N + 1. Now we can estimate |f| on Aps as follows:

N o
max{|f(2)],2 € Ap} <D [flRE+ D |ful R

k=0 k=N+1
N k_, Cm = y
<m¥_(m) ®* Grymy 2 (/R
:m(é)N[l—‘r(l—aN)%—i-C%] .

Remark. The constant K in Lemma 1.3 can be chosen as (é)N(l—Flegﬁ +C’%)
which in some cases gives a better estimate.
Conversely, if f belongs to B}%’Q’K, then it belongs to BJQV’R’C with N = log, K and

C' given explicitly through R, a, K (cf. N. Roytvarf, Y. Yomdin [R-Y], Hayman [Ha]).

A relevance of Bernstein classes to our purpose is explained by the following lemma
(which is well known in different forms in various fields of complex analysis; we give a
version, obtained by M. Waldschmidt [W] in relation to transcendent number theory).

LEMMA [.4. Let R > 0, and 0 < a < 1 be given and let f be holomorphic in a
neighborhood of Agr. Then the number of zeroes of f in Ayr does not exceed

Log(max{|f(2)|,z € Ar}/ max{|f ()|, z € Aar})
Log[(1 + a?)/2a]

In other words, for an element f of B}%,Q’K,

Log K
(1+a2)/2a]

Frequently, in the theory of differential equations, we deal with analytic developments
f(z) =30, frz"® where f;, is defined inductively by an expression which involves the
preceding coefficients. So it can often be shown that f belongs to a certain Bernstein

class B2. Combining the above results, we can estimate the number of zeroes of the
functions in B? as follows:

#7000 Bar) < o

PROPOSITION L.5. Let f be an element of B?V)R)C. Then for any R” < R, the number

of zeroes of f in A does not exceed
1+ Log(1+(1-a™):% + C:2L)/Log(1/w)
N - min 7 ,
{a,(R"/R)<a<1} 1+ Log((1 4 a?)/2)/Log(1/a)
where v = R" /aR < 1.
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Proof. For any a, R"/R < a < 1,let R = R"”/a. Then by Lemma 1.3, f belongs to
Bly o with K = (L)Y [14 (1 - o)1 + 015, where 7 = R"/aR = R'/R. Hence,
by Lemma 1.4 the number of zeroes of f on Ar+» = Ayr/ is bounded by

Log(l/a)N(l +(1- ozN)ﬁ + C’ﬁ)
Log((1+ a?)/2a)

1+Log(1+(1-a);e + Cﬁ)/Log(l/a)
' 1+ Log((1+ a2)/2)/Log(1/a)

Since the value of a between (R”/R) and 1 or, equivalently, the value of R, R > R’ >
R can be chosen arbitrarily, the proposition follows. m

COROLLARY 1.6. Let f be an element of BJZV’R’C. Then
1) For R” = R/4, the number of zeroes of f on Ag» does not exceed N logs /4 (4+2C).

2) For R" = R/2max(C,2), the number of zeroes of f on Agy is at most 20N.
3) For R = Re~1ON+2) /max(C,2), this number is at most N.

Proof. To prove 1), take a = % Then v = % and

1+ Log(1+ (1 — (1)) +C)/ Log?2

1
#{fT(0)NAR} <N 1+ Log 2/ Log2

< Nlogg,4(4 +20).

In 2) we also choose a = 1. Then v = 1/ max(C, 2), and we get

1+ Log(1+(1— (%)N) +2)/Log?2

3 < 20N.
1+ Log g/ Log2

#{THO)N AR} < N -

Finally, for R” = Re~(1"N+2) / max(C, 2), we put a = e~ '%; then v = 1/e? max(C, 2),
and #{f"1(0)NAg+} < N-(1+(2/3N)). Since the number of zeroes is an integer, this
yields #{f~1(0)NAg+} < N.

Remark. By taking into account the Bernstein inequality, the last conclusion is
strong enough to prove that the number of zeroes of a polynomial of degree d does not
exceed d.

II. Projection of analytic sets. We introduce now the algebra C(R) as follows:

f($,Z) = fm('z) = f(l’l,...,In;Z) = szfk(mlv" '79377.)
k=0
belongs to C(R) if there are (o, 8) so that the coefficients fi(x1,...,2,) (K =0,1,...)
are polynomials in & = (z1,...,2,) of degree less than ak + b and if Y- ) R¥| fi| < oc.

The norm |fx| of the polynomial f} is (for instance) the sum of the absolute value of its
coefficients.

DEFINITION II.1. We define the Bautin ideal I of f(x,z) as the ideal generated
by the coefficients fi(z1,...,z,). The Bautin index is the minimal integer N so that
folz1, ... zn), .oy fN(21,. .., 2,) generate this ideal I.
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We fix a total ordering < on N™ so that:
aeN'" feN' B+#£0, then a <a+ 5;
aeN' peN' yeN" a<~ythen a+ 5 <~v+ 8.
There are several possible choices of such an ordering. For instance, we can choose
< as follows: Let C'(a) = >0 oy, a < B if Cla) < C(B) or if C(a) = C(B) and there
exists k, 1 <k < n, such that o; = b; for j < k and oy, < Bp.

Given a polynomial f = 3, yn faz?, and the total ordering on N, we denote by
exp f the largest exponent A such that f4 #0. Let expI = {A e N" A=expf, f € I}.

There is a unique minimal set F = {Ey, Es,..., E4} such that for every element 3 of
exp I, there is an element € in E and an element « in N” such that 8 = ¢ + «.

If the ordering of the multi-indices is given, we call a set of elements {hy,...,hq} of
I such that exp hy = Ej a standard basis (or Gréobner basis) of the ideal I.

Let p = max{|h; — 2F|,i =1,...,d}.

[ee]
THEOREM I1.2. There exists C' > 0, depending on f, such that the function > | fx|2*
k=0

belongs to BJQV’R/(HP)W,C.

Proof. Let hy(z1,...,2n), .., ha(x1,...,2,) be a Grobner basis of the ideal I.
Moreover, since fy, ..., fny generate I, we have h; = 27];\;0 ®] fi- Let Ch = max; ; |¢7]].
From classical estimates on division of polynomials by an ideal, we obtain that there
is Cy > 0 such that for any element h of the ideal I,
d
h=_ghj, with |g;| < Ca|h|(1+ p)" ",

j=1

Several generalizations of these crucial estimates have been produced in the setting of
analytic coefficients (cf. [Br], [H], [Ga]). Hence,

N
h= Zgéfh with |gi| < dC1Cs|h|(1 +p)ndegh.
i=0
In particular, for any j > N + 1 we have

N
fi =97 fi with [g]7| < dC1Calf;](1 + p)™ I+ < dC1CoCy((1 + p)"/ R),
=0

since for an element f(z,z) = > po 2" fi(z1,...,2,) of C(R), there is a constant Cj
such that |f;| < Cs. Denote dC1C2C5(1 + p)™? by Cy. This yields

N N
1151 <D 1a?11fil < Cal(L+p)"/RY D Ifil.
i=0

=0
We obtain:
|fi|R'§ < Cy(N + 1) max{|fi|,i =0,...,N} < Csmax{|f;|R",i =0,...,N},

where C5 = Cymax(1/R'N, 1), R' = R/(1 + p)"°.
This proves Theorem I1.2 with C = C5. n
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THEOREM I1.3. Let f be an element of C(R). Assume that there exist a, 8 so that the

coefficients fr(x1,...,2,) are homogeneous of degree ak + 3. Then for all x, the series
f(@;2) =350 2% fu(x) belongs to B?V’R,/lw‘amwlﬁ.
Write

N .
fi@) =Yg (@) fi(x).
1=0

Denote by hom;(p(x)) the homogeneous component of degree ¢ of a polynomial p(z). We
obtain

N
fi() = homa_i4s(g? () fi().
i=0
Then we get
[homa;—iy1s(g7 (2)] < [g7] |2[*V0H < dCLCoCa(1/R') 2|0 =0F7,
and this yields

N N
[fi(@)] <) dC1CoC3(1/ RV || *O=%P | fy(@)| < Culae| (| /R'Y Y | fil)|/ ||
=0 =0

Hence,

|f5(@)|(R' /&) < Clee|” max{| fi(z)|(R'/|2|*)",i = 0,...,N}.

THEOREM IL4. Let f be an element of C(R), N,C' be as above. Let R'(x) = 1R /|z|,
R'(x) = (R/|z]*)/2max(C|z|?,2), R*(x) = (R/|x|*)e”1°N*+2) /max(C|x|?,2). Then
for any x, the function fz(z) can have on the disks AR/(I), ARN(I), AR*(@, at most
Nlogs 4 (4 + 2C|z|?), 20N and N zeroes, respectively.

In the article [F-Y], we followed a different presentation based on the use of the norm
“maximum on a polydisc”. This allows to handle more general data (f may have analytic
coefficients) but it is necessary to use priviliged neighborhoods.

The Lojasiewicz inequality appears closely related to the subject. We take the oppor-
tunity of this Symposium to mention briefly the connection and postpone its develop-
ments to further studies.

The Lojasiewicz inequality entails a constant K and an exponent § so that

o 5 N
K(Y si@) <3 fi@).
k=0 i=0
It yields the inequality
fj(x)| < Cmax{|f;(x)|*?,i=0,...,N}, j>N+1.

Going back to the Jensen inequality, we obtain the same type of bound for the number
of zeroes (cf. Lemma I.4). The only change is that this bound gets multiplied by 1/4.

The authors thank warmly E. Bierstone and P. Milman for several discussions which
improved the presentation of their results. We like to add the reference [L-T-Z], which
recently appeared, where the most general case (codimension > 1) has been considered
with different techniques.
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