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Abstract. It is well-known that the versal deformations of nonsimple singularities depend
on moduli. The first step in deeper understanding of this phenomenon is to determine the versal
discriminant, which roughly speaking is an obstacle for analytic triviality of an unfolding or
deformation along the moduli.

The goal of this paper is to describe the versal discriminant of Zj ¢ and Q0 singularities
basing on the fact that the deformations of these singularities may be obtained as blowing ups
of certain deformations of Jj o singularities.

1. Introduction. Let
f:(C™"0)— (C,0)
be a germ of an analytic function with an isolated critical point at the origin. Let
F:U—C, (0,00 e U CC"x A

be an analytic deformation of f (f(x) = F(x,0)p), which is miniversal for right equiva-
lence. Obviously Fy(x) = F'(z, A) is versal for V-equivalence (contact equivalence).

Let T be the moduli set, i.e. the subset of A consisting of such A that F)(x) has a
critical point p of multiplicity p = p(f) and Fx(p) = 0.

Assume that T' is smooth. Let 7 : (A, 0) — (7', 0) be an analytic projection (transversal
to T'). The versal discriminant V' of the deformation F) relative to the projection 7 is
the subset of the fiber 771(0) consisting of such parameters A that the deformation

Fy: e 7'('_1 (0)
is not infinitesimally V-versal at A (i.e. it is not transversal to the strata of V-equivalence).

Now let the germ f be quasihomogeneous (weighted homogeneous). Then there exi-
sts a distinguished class of projections induced by quasihomogeneity. Indeed, let v be
an associated quasihomogeneous weight. We consider the quasihomogeneous miniversal
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deformation:
n
Fx=f+ Z Aiei
i=1
where ey, ..., e, is a quasihomogeneous base of the local algebra O,, /I, where Iy is the

ideal spanned by partial derivatives df/0z; i = 1,...,n (compare [1] §8). We say that
the parameter \; is under-, over-, or diagonal if the weight of e; is less than, greater than
or equal to the weight of f. In this case the moduli set T is a linear subspace of the base
A = C* spanned by over- and diagonal \’s. Moreover, there is a canonical projection
7w onto T— “forgetting” the underdiagonal \’s. For such a projection the restriction F),
A € 771(0) is a part of the deformation consisting of underdiagonal terms, so called
underdiagonal deformation (called also the deformation of negative weight). Since the
quasihomogeneous germs are germs of polynomials, F) is defined globally and we may
put for example U = C™ x CF. Nevertheless since the versal discriminant depends on
the choice of the domain where the deformation is defined, we restrict ourselves to the
domains U such that:

o U splits; U = {(z, A1, N) : A\ € C, (x,N) € U'},

e U is a neighborhood of C" x 7=1(0),

e the factor algebra of analytic functions on U modulo the ideal generated by partial
derivatives OF/0x;, i = 1,...,n is a free module over the ring of analytic functions on
II(U) (the projection of U on A) generated by introduced above polynomials ey, ..., e,
ie.

O(U)/IF)\ = O(H(U)) Qc On/If.

In this paper we apply the results concerning the Jj ¢ singularities (see [7]) and de-
scribe the versal discriminants, relative to the canonical projections onto the moduli sets,
of quasihomogeneous miniversal deformations of Zj o and Qo singularities, restricted to
the domains U as above.

We consider the deformations of Jy, o singularities with a critical point (resp. degene-
rated critical point) at the origin. Next we blow up the origin. The strict transformation
of such a family of functions shows to be a deformation of Zj o (resp. Qx,0). Moreover we
obtain the whole miniversal deformations in such a way. Furthermore the versal discri-
minant is mapped to the versal discriminant.

We would like to mention here that the notions similar to the versal discriminant
(versality discriminant, instability locus, ...) were investigated by many authors. The
reader is referred for example to works of J. Damon or A. du Plessis and C. T. C. Wall—
[2, 3, 4, 9, 10] or to the other papers on topological triviality—[8, 11].

2. Notation. We recall the basic definitions. Let F(z, A) be an analytic deformation
of f(x) defined on a domain U. An analytic vector field 7 defined on TI(U) is called liftable
if there exists an analytic vector field £ defined on U such that

0

and ¢(F) = AF, where A(x,\) is analytic. We call such a vector field £ a lifting of 7.
Obviously the lifting is tangent to the zero set of F.
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We shall denote by M the O(II(U)) module of analytic liftable vector fields and by
M(A) the C-linear space of their values at the point A.

We recall that the tangent space to a V-equivalence stratum is spanned by liftable
vector fields. Therefore we apply the following definition (compare the notion of a versality
discriminant [2, 3, 4] and an instability locus [9]):

A point A € 771(0) belongs to the versal discriminant relative to the projection = if
and only if the module of analytic liftable vector fields M is not transversal to the fiber
-1
7~ 1(0) at A

M()\) S5 T){]Til (0) # T\A.

3. The main results. In this paper we consider the quasihomogeneous analytic
functions

flz,y) =2y + By "1 442382 k=23 ...,
and
g(z,y,2) =222 + 43 + Byz? 2+ 42?3 k=23,
where 433 + 272 £ 0.
They have an isolated singular point at the origin. In Arnold’s classification (see
[1] §15) such singularities are called respectively Z,_2 0 and Qr_1,0 for & > 2 and Xy and

Qs for k = 2. To simplify statements we put X9 = Zp o and Qs = Q1,0. We remark that
the above singularities are classified by j-invariant:

_ 4
C4B3 42792
the same which classifies the elliptic curves

2% = (y + ax)® + By + ax)x? + ya?

J

(compare [5] §IV.4), therefore they can be described by normal forms which depend only
on one diagonal modulus.

Our aim is to describe the versal discriminant of these singularities relative to the
projection 7 onto over- and diagonals;

71—()\underdiagonalv Adiagonalv )\overdiagonal) = ()\diagonalv )\overdiagonal)~

It shows that the versal discriminants do not depend on the choice of the particular
quasihomogeneous deformation. Furthermore, with the exception when k > 3 and the
singularity is harmonic or aharmonic (j = 0, 1), the topological type of the versal discri-
minant does not depend on the j-invariant.

Let F(z,y,\) and G(x,y,2,A) be miniversal quasihomogeneous deformations of f
and g.

THEOREM 1. The versal discriminant of Zy_20, k = 2,3, ..., consists of all parame-
ters A such that, after a substitutiony = y—a(x), Fy is one of the following polynomials:

A: 2y +ex®d(2)?y + 23 2d(2)3, m=1,2,...,k,
B: xy® + 2™ b(x)y,
C: xy® + 2™ 2c(x),
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where 27+4e3 # 0; b(x), c(x), d(z) are polynomials of degree respectively 2k —m, 3k —m,
k —m with no more than k — 2 different nonzero roots; a(x) is any polynomial of degree
k—1 or less.

THEOREM 2. The versal discriminant of Qr—1,0, kK = 2,3,..., consists of all parame-
ters A such that, after a substitution y = y—a(x), G is one of the following polynomials:

A: 222 + 2 + ex?2d(x)?y + 23 3d(2)3, m=1,2,...k,

B: 222 + 93 + 2™ 2b(2)y, m=23...,2k,
C: 222+ 93 +2m3c(2), m=3,4,...,3k,
D: 222 +2az + 3 + c1 (), a # 0,

where 27 + 4e3 # 0; b(z), c(x), d(x), vci(x) — a® are polynomials of degree respectively
2k —m, 3k —m, k —m, 3k — 2 with no more than k — 2 different nonzero roots; a(x) is
any polynomial of degree k — 1 or less.

Remark 1. The cases A, B, C, D from the above theorems occur for the quasiho-
mogeneous singularities with j-invariant equal respectively to 27/(27 + 4e?), 1, 0, 0.

4. Blowing down the deformations. The goal of this section is to describe the
link between deformations of Jj o singularities and Z;_2 9 and Qx—1,0. In order to limit
the number of formulas we introduce two parameters 4 and 3:

- s J(0,1) ify=0
(%, 8) = {(1,0) if v # 0.

4.1. Zyo case. We write down the miniversal deformation of Zj_s ¢ singularity

flay) = ay® + Bya™ ' 4 ya™ 72 4B 42792 £0, k=23,...,
in a form
3k—3 2k—2 k—2
F(a,y,A) = f(z,y) + da0y” + Z Ao,itt + Z Ayt + Z Aei(y + Bkt
i=0 i—0 i—0

where (z,y,\) € C? x C*=3 (compare [1] §8.2 and §8.3).
Next we blow down the line x = 0. We put

h(w,y) =2 f(z,y/x),  Filz,y,\) = 2*F(x,y/z,\).
h has a Ji ¢ singularity at the origin and Fj is its deformation. Indeed:

h(z,y) = y* + By + ya®F,

3k—1 2k—1 k—2
Fy (.’E, Yy, )\) = h(x, y) + A270y2 + Z )\071',21'1‘ + Z )\Lifly.’ﬂi + Z )\e,i('?y + 6$k)x2k+i
=2 i=1 1=0

where (z,y,\) € C2 x C%~3, We remark that all functions Fy(-,-, ) have a critical point
at the origin and the corresponding critical value is 0.
F as every other deformation is equivalent to the one induced from the miniversal.
If we select the miniversal deformation of h in a form
3k—2 2k—2 k—1
H(z,y,7) = h(z,y) + Z 047" + Z Tyt + ZTe,i(’AYZ/ + Bkt
i=0 i=0 i=0
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where (z,7,7) € C? x C%% =2 then F is induced by a shift
z=a' —x0, y=y — o,

—A0,3k—3 if £ 0

2o = )\3]@7
“AM2k-2 =0
2% :
1
Yo = §A2,0a

i.e.
Fl(mvya )‘) = H(x + Zo,Y + yOaSO()‘))

We remark that ¢ is a polynomial mapping whose image coincides with the set of
parameters 7 such that the curve H, = 0 has a singular point. Since its domain is
smooth and it is injective in regular points, ¢ is a normalization of its image.

4.2. Qg0 case. We write down the miniversal deformation of Q1_1, singularity
g(@,y) = a2 +° + By 2 + 423 4B 42792 £0, k=23,
in a form

G(z,y,\) = g(z,y,2) + Ai,1,0¥2 + A1,0,02
3k—4 2k—3 k—2
+ 3 Xoar + Y Avayat + > Aea(Gy + fak )z
i=0 i=0 =0

where (z,7, 2, \) € C3 x COF—4,
First we blow down lines 2 = 0, y = const. The transform of g is f + 22, indeed

zg(x,y,za~ ") = 2% + ay® + Byt 4 xR,
We put
Gl ({177 Y, z, >‘) = (EG(I’, Y, Zx_la )‘) = 22 + f((E, y) + )\1,1,0y2 + )\I,O,OZ
3k—3 2k—2 k—2
+ 3 Aoicz’ + D> Avicya’ + > Aei(Gy + Bab )2
i=1 i=1 i=0

where (z,y,2z,\) € C3 x C%=4, G, is induced from 22 4+ F by a shift

1
2=z — 5()\171,031 + )\1,0,055)'
Thus
1 2
Gr(,y,2,)) = F(z,y,01(\)) + (z + 5(/\1,1,0y + /\1,o,ox)) .

The image of ;1 consists of such parameters A that the curve F = 0 is tangent to the
axis x = 0 or contains it. Furthermore (; is a branched double covering.

Next we blow down the plane = = 0. Analogically as in the previous subsection the
transform of f + 2% is h + 22 and of F + 22 is H + z2. Moreover the image of ¢ o ¢;
consists of such parameters 7 that the curve H, = 0 has a degenerated singular point.
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5. Transformations of liftable vector fields. Let ® be an analytic fibered mor-
phism
P: X xA—Y xQ Pz, = (®(x,N), p(N)).
We shall denote the differential of ® in the following way
(DB DT
bo (PFDEY

Furthermore, let U be an open subset of Y x Q, F': U — C an analytic function, n a
liftable (with respect to F') vector field on II(U), and ¢ its lifting.

_ . 0 0
g(ya W) = f(y>w) + n(w) = Z £i<y’ w)@ + Z nl(w)aiwl’
§(F)(y,w) = Ay, w)F(y,w).
We state here several results concerning Dy ~1(n) and D®~1(¢).

5.1. Stabilization. Assume that X =Y xC, A = 2, ® is a projection ®(2/, 7,1 1) = 2’
and ¢ is an identity.

PROPOSITION 3. 7 is liftable with respect to the function Fy(z) = F(2')+22, , defined
on U x C and its lifting equals

0
_ ! Al Tn41 )
gl(wi) £($ 7w) + (13 ,LU) 9 aanrl
Proof.
Tn, 0
f1(F1):f(F)+A 2+18T+1(:E$7‘+1):AF+A$%+1:AF1 |

5.2. Normalization. Assume that ®(z, \) is a diffeomorphism for a fixed .

PROPOSITION 4. If 1 is such an analytic vector field that Dyxp(n1) = n then it is
liftable with respect to the function Fy = F o ® defined on Uy = ®~Y(U) and its lifting
equals

&i(x, ) = (ng)—l(g - D)\5(771)) + M.
Proof. We have
D) (F) = (D.B((D.®)"' (€ ~ DaB(m) + DaB(m) + Daelm) ) (F)
= (£ = Da®(m) + Da®(m) +n)(F) = &(F) = AF.
Thus
E1(Fo®)(xz,\) = DP(&)(F)(P(z,A)) = A(P(z, \))Fi(z,A). =

5.3. Blowing up. Assume that ¢ is an identity and @ is an affine blowing up which

does not depend on w
q)(mtha s 7.’17n,W) = (xla L2X15 -y TmT1y Tm41, - - - ,.’En,UJ).
Let Fi be a strict transform of F
Fi(z,w) =2,"F o ®(z,w).

PROPOSITION 5. If & is tangent to the center of ® then n is liftable with respect to Fy
and its lifting &1 is tangent to the exceptional divisor.



VERSAL DISCRIMINANTS 135

Proof. Since ¢ is tangent to the center C = {y; = ... = y,,, = 0} of the blowing up,
(D®)~1(€) is analytic. Indeed:
0 Yi
DO —
(8 ) 6y1 Z 8yZ
0 0
D(I)(axi)_ylayi’ 1 =2,...,m,
0 0
(ax) oy omtheon
Therefore
9] 0
D)t = = 1
00 (Gy) = gay P=mELm
0 1 9
Do)~* =— =2,.
(D) (5.) = s = 2m
0 0 oz 0
DP) M )= —— -y L.
( ) (3y1) 8:61 ; I 8:&
Furthermore, since ¢ is tangent to C' = {y; = ... = y,, = 0}, its coefficients &, Em

vanish at C'. Hence
&(P(r,w)) = 21 ~€Ai(a:,w), 1=1,...,m,

where fl are analytic. We put

0

<0 mo
& =D ) =m&m—+ Y (& —xi&1)
' ' 18%1 ; i=m-+1

The first coefficient vanishes at the exceptional divisor £ = {x; = 0} hence £; is tangent
to E. On the other hand

L@V 1) (2, w) = &(F o @)(z,w) = {(F)(2(z,w)) = A(D(z,w)) - 27 Fi (2, w),
and

&2V F)) = pad T R & (21) + 286 (F) = pah6 Py 4 2h ().
Hence

&(F1) =(Ao® —p&)F. m

6. Blowing up a versal discriminant. In this section we will show that the versal
discriminant of Zj o (resp. Q,0) is contained in the preimage of the versal discriminant
of Jk70.

Let H(z,y,7) be a deformation of Jio singularity introduced in Subsection 4.1.
We remark that due to Proposition 3 every H(x,y,7)-liftable vector field is also
(22 + H(x,y,7))-liftable. Thus both deformations have the same versal discriminant.

We denote by ¥; and by X5 subsets of the domain U consisting of such elements
(z,y,7) that

H=0, VH=0
and
H=0, VH=0, detD?H =0
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and by Aj resp. A, their projections, i.e. sets of such parameters 7 that the curve H, =0
has a singular or resp. degenerated singular point. We remark that every liftable vector
field is tangent to both A; and A, and its lifting is tangent to 3 and X.

6.1. Zy,o case. Since X is described by equations

3k—2 2k—2 k—1
0=170,0+ Z 70,40’ + Z Tyt + ZTe,i('Q/y + Ba*) 2T 4 b, y),
i=1 i=0 i=0
3k—2 2k—2
0= 70,1 —+ Z Z'T()J.’Ez_l + Z Z'Tlﬁiyl'l_l
=2 i=1
k—1
+ Z Tm-((2k +i—1)Ay+ Bk +i— l)ﬂmk)$2k+z_2 + O h(z,y),
i=0
2k—2
0= TL() + Z 7'1,1‘&'z + 8yh(a:, y)7
i=1

it is a manifold. Furthermore over a generic point of A4 lies just one point of ¥; hence the
projection of ¥; onto A; is a normalization. The mapping ¢ introduced in Subsection 4.1
is a normalization as well, therefore, up to the diffeomorphism of normalizations, for any
liftable vector field n we may put (Dp)~*(n) = &5, . Next, applying Propositions 4 and 5
we show that every H-liftable vector field corresponds to the F-liftable one. Furthermore
the transformation described in 4.1 maps an underdiagonal deformation to an underdiag-
onal hence the image of a versal discriminant is contained in a versal discriminant.

6.2. Q0 case. Since the domain of ¢; is smooth and the codimension of the set of
its critical points is 2, (D¢1)~! of any analytic vector field tangent to the image of ¢ is
analytic. This is our case since for every H-liftable vector field 7, (Dy)~!(n) is tangent
to the preimage (¢)~!(Az) which coincides with the image of ;.

Next, applying Propositions 4 and 5 we show that every H-liftable vector field corre-
sponds to the G-liftable one. Furthermore the transformation described in Subsection 4.2
maps an underdiagonal deformation to an underdiagonal hence the image of a versal
discriminant is contained in a versal discriminant.

6.3. Conclusions. Let F', G, H be miniversal deformations of respectively Ji 0, Z,0
and Qg—_1 0 singularity as in Section 4. As is shown in [7], the versal discriminant of Ji ¢
singularity consists of such parameters A that, after a substitution y = y — a(x), Hy is
one of the following polynomials:

Ar g+ ed(x)?y + d(@)?,
B: y® + b(x)y,
C: ¢* + (),
where 27 +4e® # 0; b(x), c(z), d(z) are polynomials of degree respectively 2k, 3k, k with
no more than k — 1 different roots; a(z) is any polynomial of degree k or less.
In [6] the reader can find the classification of singular points of zero sets of the above
polynomials.

Shifting the roots of respectively d(x), b(z) or ¢(z) to zero and applying to the above
polynomials A, B and C transformations described in Section 4 we obtain
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COROLLARY 6. The versal discriminant of Zy o is contained in a set consisting of
such parameters X\ that, after a substitution y = y — a(x), F\ is one of the following
polynomials:

Az 4 ex® Nd(x) 2y + 232 d(x)3,

B: 2y® + 2™ b(2)y,

C: xy® + 2™ ?c(x),
where 27 +4e3 # 0; b(x), c(x), d(z) are polynomials of degree respectively 2k —m, 3k —m,
k —m with no more than k — 2 different nonzero roots; a(x) is any polynomial of degree
k—1 or less.

COROLLARY 7. The versal discriminant of Qg0 is contained in a set consisting of
such parameters A that, after a substitution y = y — a(x), G is one of the following
polynomials:

SCZQ + y3 + 61’2m72d(1’)2y + xSmf?;d(x)B’

22 + > 4 2" 2b(x)y,

22 + %+ 2™ 3e(x),

2% 4 2az + y* + c1(z), a #0,

where 27 + 4e3 # 0; b(z), c(x), d(x), zc1(x) — a® are polynomials of degree respectively
2k —m, 3k —m, k —m, 3k — 3 with no more than k — 2 different nonzero roots; a(x) is
any polynomial of degree k — 1 or less.

o QW=

We describe the last case D in more details. We start with a polynomial
H=22+y%+c(x)2?, ¢(0)=—a®#0.
After the substitution z = 2’ + ax we obtain
22 4 2azx + y° + c1(2)x?,  c(z) = (c(z) + a?)/x.
After weighted blowing up (z,y, 2) — (x, 2y, x%2) we get
2?(22° + 2az + y* + c1(2)).

From the estimate for Jj o singularities we know that c(z)z? has no more than k — 1
different roots. Hence c(z) = zc1(x) — a? has no more than k — 2 different nonzero roots.

7. Final estimates. To finish the proof of the theorems it is enough to show that
the estimate on the number of different nonzero roots of the polynomials b(x), ¢(x), d(x)
and 4xcy (z) — 1 is strict. We apply the same method as in [7].

Let e1,...,e, be a quasihomogeneous basis of the factor algebra Clz,y|/IF, (resp.
Clz,y]/Ic, ). We remark that a point A € 771(0) does not belong to the versal discrimi-
nant relative to the projection 7 if and only if the polynomials e; F) (resp. ¢;G,) and the
underdiagonal base elements generate the whole algebra Clz,y]|/Ig, (resp. Clz,y]/Ia, ).

7.1. Zi o case

LEMMA 8. The point A belongs to versal discriminant if and only if Fy is of type A,
B or C and respectively the polynomial xd(x), zb(x), or xc(x) has at most k — 1 different
r00tS.
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Proof. In Zj case it is enough to consider polynomials Fy, zF}, ..., 2™F), ..
yEy, zyFy, ..., x™yFy, ... and y2F).

We recall the main points of the proof of the Ji ¢ case (see [7]). The polynomial H
(of type A,B or C) belongs to the versal discriminant if and only if it fulfils two relations:

*

e For every k > 0 there is a polynomial ri(z) such that the polynomial
Wi(z,y) = " (3H (z,y) — yHy(z,y)) — ri(2) Hu(z,y)
multiplied by z is still underdiagonal, i.e. qdeg W, < 3k — 1.
e There are two relatively prime polynomials p(z) and g(z) such that degree of p is

not greater than k — 2, degree of ¢ is not greater than k — 1, the z-coordinates of singular
points of H are roots of ¢ and

p(z)(3H (z,y) — yHy(z,y)) = q(z)Ha.

The deformation F' is obtained from H by shifting a singular point to the origin and
blowing up. Both operations preserve the above relations. Note that the quasidegree of y
is decreasing by one and qdeg f = 3k — 2.

Substituting
q(z) = zqi(x), H(z,zy) = 2*F(z,y),
Hy(z,vy) = 20F (z,y) + 2*Fo(2,y) — 2yFy(x,y), Hy(z,zy) = 2F,(z,y),
we obtain
Wi(z, xy) = ¥ (32° F(x,y) — 2°yF,(2,y))
— ri(2) (20F (2,y) + 2 Fy (2, y) — 2yFy(z,y)).

The right-hand side can be divided by x. Thus Wy (z, zy)/x is an underdiagonal polyno-
mial (its quasidegree is less than 3k — 2).

In such a way we show that for k =0, 1,..., (325t — 2ry(2))F(z,vy) is equivalent to
an underdiagonal polynomial modulo the gradient ideal. Since the same is true for F' itself
(consider (3k—2)F — (k—1)yF,—xF,), we get that the class of any 2* F is underdiagonal.

From the second relation we obtain

p(@)(32*F(,y) — 2*yFy(2,y)) = 2q1(2) (20 F (2, y) + 2° Fo(,) — 2yFy(z,y)).
We divide both sides by 22 and deduce that
(3p(z) — 2¢1(2))F(z, y)
is equivalent to 0 in the factor algebra. Since deg(3p(z) —2q¢1(x)) < k—1, the polynomials
yF, zyF, ... and the underdiagonal base elements do not generate the whole factor
algebra. Indeed, the dimension of the subspace spanned by yF', zyF, ... is smaller than
the number of diagonal and overdiagonal base elements.

To finish the proof we show that y?F is also equivalent to underdiagonal polynomial.
This follows from the above and the following relations:

A 3y +ex? d(z)?) F = (v* + ex® 'd(z)?y + 2°™ 2d(2)*) F,
B: (y*+ (a™ 'b(2)) ) F = (w3 + 2™ b(x)) Fy,

C: m>2, 3y°F = (y+ 2™ 2c(2))Fy,

D: m =2, 3y°F = (y + (c(z) — c(0))/2) Fy + c(0)y*. m
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7.2. Qg case

LEMMA 9. The point \ belongs to the versal discriminant if and only if G is of type
A, B, C or D and respectively the polynomial xd(z), xzb(z), zc(z) or x(zei(z) — a?) has
at most k — 1 different roots.

Proof. In Qo case we have to consider the following polynomials: Fy, zF), ...,
e BN, Ly, zyFy, ..., 2™y F)y, ..., 2F) and zyF).

Cases A, B, C. We repeat the same arguments as above. The deformation G is obtained
from F' by stabilization and blowing up. Note that the quasidegree of z is decreasing by
one and qdeg g = 3k — 3.

We substitute

Fla,y) = 0G(r,y,2) — 52C=(a,9,2),  Fyr,y) = 2Gy(,,2),
Fy(z,y) = G(2,y,2) + 2Ga(2,y,2) — 2G.(2,y, 2)
and obtain
Wi (z, zy) = 2 (323G (2, y, 2) — 23yGy(2,y,2) — gx?’sz(x,% z))

—re(2) (327G (w,y, 2) + 3G (2,y, 2) — 22yGy (2,9, 2) — 22°2G,(2,y, 2)).

The right-hand side can be divided by x2. Thus 2 =2W},(z, zy) is an underdiagonal poly-
nomial (qdeg < 3k — 3).

In such a way we show that for k = 0,1,..., (z**! — r4(2))G(z,y, 2) is equivalent
to an underdiagonal polynomial modulo the gradient ideal. Since the same is true for G
itself (consider (3k —3)G — (k — 1)yGy — G, — (3/2k — 1)2G..), we get that the class of
any "G is underdiagonal.

From the second relation we obtain:

D) B G (.9, 2) — Gy (2,9, 2) — 322G (.9, 2))

= 2q1(2)(32°G(2,y, 2) + 2°Go (2, y, 2) — 2°yGy (@, y, 2) — 22°2G.(x,y, 2)).
We divide both sides by 2? and deduce that
(p(z) — 1 (2))G(z,y)
is equivalent to 0 in the factor algebra. Since deg(p(z) — ¢1(x)) < k — 1, the polynomials
yG, xyG, ... and the underdiagonal base elements do not generate the whole factor
algebra. Indeed, the dimension of the subspace spanned by yG, zyG, ... is smaller than
the number of diagonal and overdiagonal base elements.

To finish the proof it is enough to notice that since zx belongs to the gradient ideal,
zG and zyG are equivalent to underdiagonal polynomials.

Case D. In this case we have
G =z2® +2az + 9> + c1(2),
G, =3y, G,=2*+c(z), G,=2zrz+2a
We put

G=G-:G,— éyGy +2G, = xd) () + c1(2),

1
D = 2°G, — 5(9&2 —a)G, = 22¢)(x) + a®.
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Since deg D = 3k — 2, using D, G, and G, we show that for any nonnegative k 2*@ is
equivalent to an underdiagonal polynomial.

Furthermore let d; () be the greatest common divisor of z¢1 (x) —a? and its derivative
xcy (x) + c1(x). We put xc)(x) + ¢1(x) = dody and zc|(x) = dady. Then

(dg — l’do)G = (d2 — l‘do)dodl = d()Dl.

Hence if the degree of (dy — xdg) is smaller than k — 1 then the polynomials yG, zyG, . ..
and the underdiagonal base elements do not generate the whole factor algebra.

To finish the proof it is enough to notice that z modulo gradient ideal is equivalent
to the polynomial z¢}(z)/a. Thus zG and zyG belong in the factor algebra to subspaces
spanned by zFG and yz*G. =
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