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1. Introduction

1.1. Affine distributions. All objects are assumed to be smooth (of class C*°). An
affine distribution on R™ of rank m (or corank n — m) is a family A = {4,}pcgn of
m-dimensional affine subspaces 4, C T, R". If A, is a subspace, i.e., A, contains the zero
tangent vector, then p is called an equilibrium point of A. Two germs A and A of corank
one affine distributions, at points p and p respectively, are equivalent if there exists a
local diffeomorphism & sending p to p such that ®.(4,) = A¢(m) for each x close to p.

1.2. Simple germs. Our purpose is to list simple (of zero modality) germs of affine
distributions. The definition of simplicity is the same as in any local classification problem
(see [AVG, 85]). Namely, a germ A at a point p is called simple if there exist a finite
number [ such that A is I-determined (which means that A is equivalent to any germ
A at p such that jzl)[l = jll,A) and a finite tuple of germs at the origin such that any
germ at p with the [-jet sufficiently close to jll)A is equivalent to one of the germs of
this tuple. To define jll,A one can describe A by m + 1 vector fields vy, ..., Vs such that
Ay = wvo(x) +span(vi (), . .., vm(2)) for each z close to p. Then jL A is equal (resp. close)
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to jll)[l if the germs A and A can be described by tuples of vector fields with equal (resp.
close) Il-jets at p.

1.3. Why of corank one? In this paper we study corank one affine distributions only
since simple dimensional arguments show that if m < n — 2 then there are no simple
germs, see [T, 89] and [J, 90].

1.4. Affine distributions and control systems. Any result of this paper can be reformu-
lated in terms of control theory: the problem of local classification of affine distributions
coincides with the problem of feedback classification of control affine systems, see [J, 90].
A control affine system has the form & = vo(z) + u1v1(z) + -+ + UV (), where v;’s
are vector fields (vg is called a drift vector field) and u;’s are controls. The above given
description of affine distributions via tuples of vector fields allows to pass from control
affine systems to affine distributions and vice versa provided that vy, ..., v,, are pointwise
independent. In this case two control affine systems are called feedback equivalent if they
define equivalent (i.e., the same up to a choice of coordinates) affine distributions.

1.5. Germs at a nonequilibrium point: reduction to a classical problem. The starting
point for classification of corank one affine distributions is the following simple observation
which was made in [Zh, 92], App. C: the problem of local classification of corank one affine
distributions (and the problem of local feedback classification of control affine systems
on R™ with n—1 controls) is exactly the classical problem of classification of nonvanishing
differential 1-forms provided one studies germs at a nonequilibrium point.

To explain this observation it suffices to note that if p is a nonequilibrium point of a
corank one affine distribution A then near p there exists a unique differential 1-form w
such that

A, ={£ € T,R" : w(z)(§) =1}
Notation. This relation between w and A will be denoted by A = (w, 1).

1.6. Simple germs at a nonequilibrium point. It was proved in [Zh, 92], Sect. 12 that
any simple germ of a differential 1-form on R2**! (resp. R?¥) is equivalent to one and
only one of three models (fixed germs at the origin): the Darboux model D (resp. D’)
and two Martinet models M. (resp. M%) (}), where

D =dz+ x1dys + - - - + xrdyy,
My = t+zdz + (1 + x1)dyy + xady2 + - - - + 2 dy,
D' = (1+z1)dys + zodys + - + zpdyr,
My = (1£23)dys + z2dys + -+ - + 21 dyy.

Therefore the following statement holds:

THEOREM 1 ([Zh, 92], App. C). All simple germs of corank one affine distributions at
a nonequilibrium point are exhausted, up to equivalence, by the models (D, 1) and (M, 1)

(!) This result was announced in [Zh, 85] (with the proof for the 2-dimensional case).
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if n =2k + 1 and by the models (D', 1) and (M/,1) if n = 2k. (?)

Using results of the works [M, 70] and [Zh, 92], Sect. 11, one can easily determine
whether a germ (w,1) is simple or not. Namely, given a germ A = (w,1) at a point
p € R?**1 (resp. R?*) we take a nondegenerate volume form (2 and define the function
F = (wA (dw)*)/Q (resp. F = (dw)* /). Then A is equivalent to the Darboux model if
and only if F(p) # 0 and to one of the Martinet models if and only if F(p) = 0 and the
n-form Q; = dF A (dw)* (resp. Q1 = dF Aw A (dw)*~1) does not vanish at p. For any n
the sign + (resp. —) in the Martinet models corresponds to the case where the n-forms
Q(p) and Q;(p) define the same (resp. different) orientations.

1.7. Germs at an equilibrium point. Given a corank one distribution A and any point p
(equilibrium or not) there exist a nonvanishing differential 1-form w and a function f such
that for each x close to p we have

Ay ={€ € TLR" : w(z)(§) = f(2)}.
Notation. We will write this relation in the form A = (w, f).

Note that (w, f) and (@, f) is the same affine distribution if and only if there exists
a function T such that T'(p) # 0 and @ = Tw, f = Tf. The point p is an equilibrium
point of A if and only if f(p) = 0. Therefore classification of germs of corank one affine
distributions at an equilibrium point p is the local classification of pairs (w, f), w(p) # 0,
f(p) = 0, with respect to the following equivalence: (w, f) is equivalent to (&, f) if there are
a local diffeomorphism ® and a nonvanishing function T such that ®*w = T@, fod = T'f.

1.8. 2-dimensional and 3-dimensional cases. A classification of simple germs of corank
one affine distributions on R™, n = 2,3, at an equilibrium point is contained in [JR, 90]
for the 2-dimensional case and in [RZh, 95] for the 3-dimensional case (in both papers
— in terms of control theory). Using the notation in Section 1.7 we can reformulate this
classification as follows: any simple germ of a corank one distribution on R? (resp. R3)
at an equilibrium point is equivalent to the germ at the origin of the affine distribution
(dz,y) (resp. to the germ at the origin of one of the three affine distributions (dz+xdy, y),
(dz + 2%dy,y), (dz — 22dy, y)).

2. New results. The new result of this paper is a complete classification of simple
germs at an equilibrium point of corank one affine distributions on R™, n > 4.

2.1. Classification of simple germs. In the following theorem (which is valid for n > 3)
one meets the Darboux and Martinet models D and My in the odd-dimensional case (see
Section 1.6), and the differential 1-form

Q =dy; + xodys + - - - + T dyy
on R%*. Note that by one of Darboux theorems the field of kernels of Q is equivalent to

generic germ of corank one distribution on R?*. We use the notation of Section 1.7.

(%) In the 2-dimensional case (k = 1) this result is contained, in terms of control theory, in
the work [JR, 90], where Darboux and Martinet models and results of the work [Zh, 85] are not
used.
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THEOREM 2. Any simple germ at an equilibrium point of a corank one affine distri-
bution on R2**1 k> 1 (resp. R* . k > 2), is equivalent to the germ at the origin of one
and only one of the three distributions (D, x1), (My,x1) (resp. two distributions (Q, 1),
(Qa T2 + ZC%)) :

2.2. Singularity classes. Now we give a way to determine whether a given germ
A = (w, f) at an equilibrium point p is simple or not and, if it is, to which of the mod-
els it is equivalent. There is no loss of generality to assume that p is the origin. Fix a
nondegenerate volume form . Given a germ A = (w, f) we define the function

F = (wA (dw)*)/9,
if n = 2k 4+ 1, and the function
G = (wA (dw)k~ Y A df)/9,
if n = 2k. We introduce the following sets of germs:

the set Orb(D, x1) consisting of germs of affine distributions (w, f) at 0 € R?**1 such
that f(0) =0, F(0) # 0, (w A df)(0) # 0;

the set Orb(M;,x1) (resp. Orb(M_, z1)) consisting of germs of affine distributions
(w, f) at 0 € R¥**+1 such that £(0) = 0, F(0) = 0, the n-form Q; = w A (dw)*~ ! AdF A df
does not vanish at 0 and the n-forms ©(0) and €©,(0) define the same (resp. different)
orientations;

the set Orb(Q,x;) consisting of germs of affine distributions (w, f) at 0 € R?* such
that f(0) =0 and G(0) # 0;

the set Orb(Q, x5 + 22) consisting of germs of affine distributions (w, f) at 0 € R2?*
such that f(0) =0, G(0) =0, (w A (dw)*~1 A dG)(0) # 0 and (w A df)(0) # 0.

One can easily check that these sets do not depend on the volume form 2 and they
are well-defined disjoint sets of germs of corank one distributions: any of the above given
sets is distinguished by a condition which is invariant with respect to the change of a pair
(w, f) by a pair (Tw,Tf), where T is a nonvanishing function.

THEOREM 3. Denote by a any of 5 models in Theorem 2. A germ (w, f) of a corank
one affine distribution at equilibrium point 0 € R™ is equivalent to the model « if and
only if it belongs to the above described set Orb(a).

In other words, Orb(«) is the orbit of the model «. Taking into account results of
Section 1.6, we obtain that the set of all simple germs at the origin of corank one affine
distributions on R?*+1 (resp. R?*, k > 2) consists of one open orbit, three codimension
one orbits and two (resp. one) codimension two orbits. The set of non-simple germs has
codimension two.

3. Proofs.

3.1. Homotopy method. Beginning from this section all objects are assumed to be
germs at the origin. To prove Theorem 3 we use the homotopy method. In the following
proposition all families depend smoothly on a parameter ¢ € [0, 1]. By Lxw we denote the
Lie derivative of a differential 1-form w along a vector field X: Lxw = X |dw + d(X |w).
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PRrROPOSITION 1. Consider a differential 1-form w, functions f and §, and let f; =
f+td. Assume that there exist a family of vector fields X, X¢(0) = 0, and a family of
functions hy, such that Lx,w = hyw and Xi(ft) = heft — 9§ for each t € [0,1]. Then the
affine distribution (w, f) is equivalent to the affine distribution (w, f + 0).

Proof. Define a family of local diffeomorphisms ¢; by the equation d¢;/dt = X¢(¢:),
¢o = id, and a family of nonvanishing functions T} by the equation dT;/dt = (ht o ¢¢)Tx,
To = 1. Then

d d

a(@w) = ¢; (Lx,w) = (hy 0 ¢¢) i w, a(ft(@)) = (Xe(ft) +6) 0 ¢ = (hefr) © br.
It follows that ¢jw = Tiw and fro¢: = T} fo. In particular, as ¢ = 1 we obtain ¢pjw = Thw,
(f+0)opr=Tif m

3.2. Proof of Theorem 3. For each model « in Theorem 2 it is easy to check that
a € Orb(«). Thus it is enough to prove that if (w, f) € Orb(a) then (w, f) is equivalent
to a.

a) Let (w, f) € Orb(D,x1). Then w is a contact form and we can assume that w = D.
The condition (D A df)(0) # 0 implies that there is no loss of generality to assume
(0f/021)(0) # 0 and, moreover, (0f/0x1)(0) > 0 (we change, if necessary, the signs of
the coordinates 21 and y; ). Now we will reduce f to 21 using Proposition 1. Let § = f—x1,
ft = x1 + td. The set of solutions (X, h) of the equation LxD = hD, X(0) = 0 is well
known, see [Ar, 78]:

9z’ oz, oy 02
ou ou 0
Az—xih—%, Bi_aixivc_u_xlaiﬂh_.”_xkaixk’

where u is an arbitrary function in n variables such that (Ou/dz;)(0) = (Ou/dy;)(0) = 0.
The equation X;(f;) = heft — § with X; and h; of the above form for each ¢ reduces to
the equation

Zi(ug) + agug + 6 =0,

where Z; is a family of vector fields and a; is a family of functions. This equation has a
solution u; with vanishing at 0 derivatives (for all ¢) since 6(0) = 0 and Z;(0) # 0 for all
t € 0, 1]. The latter follows from the relations

ofy  Of
Zt(yl) = 787331’ 87371

(0)>0
which imply Z;(y1)(0) <0, t € [0,1].

b) Let (w, f) € Orb(M,,z1)UOrb(M_, x1). Then (wA (dw)*~1 AdF)(0) # 0, therefore
the field of kernels of w is equivalent to the field of kernels of the 1-form M, see [M, 70].
This means that there is no loss of generality to assume that w = M. The condition
(M4, f) € Orb(M4,x1) (resp. (M4, f) € Orb(M_, 1)) is equivalent to the condition
(0f/0x1)(0) > 0 (resp. (0f/dx1)(0) < 0). Note that the affine distributions (M, —x1)
and (M_,x;) are equivalent (the form (—M,) can be obtained from M_ by the change
of signs of the coordinates y1,...,yx). Therefore to prove that (M, f) is equivalent to
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(M4, x1) (resp. to (M_,x1)) we have to reduce f to x; (resp. to —z1). In what follows
we consider only the case (M, f) € Orb(My,z1). In the case (M4, f) € Orb(M_,z1)
the arguments are similar.

Let 6 = f —x1, ft = x1 + td. By Proposition 1 in order to reduce f to x; it suffices
to prove the solvability of the system Lx, My = heMy, Xi(ft) = heft — § with respect
to a family (X, ht) such that X;(0) = 0. The equation Lx, My = heM,, X:(0) =0 can
be easily solved (see [RZh, 95]). The set of all solutions (X, h;) contains solutions of the
form

1o}
hy =2 A; B,
t Ut—i-z E tH -+ E o +Ct(‘)z
A *722—8t+(1+x)h A; *fza hy (1=2,...,k)
1t ayl 1)1ty i,t 8:% t Sy R
ov ov ov ov
Bi,t:,ﬂaxi’ C=zv,—(1+x1)z @xl xzzaixzf...,xkzaimi’

where v; is an arbitrary family of function in n variables such that v;(0) = 0. The equation
Xi(ft) = hefr — 6 with such X; and h; can be written as a system for h; and v; of the
form

WthtJrz%f ’Ut+ZRt(Ut)+5—O ht—Q’Ut+ZaaZt

where R; is a family of vector fields such that R;(z) = 0 and W; is a family of functions
such that W;(0) = (0f;/0x1)(0). Now we use our condition (9f/0x1)(0) > 0. It follows
that (0f:/0x1)(0) > 0, t € [0,1], and eliminating h; from the first equation we reduce
the system to an equation for v; of the form

v
(2 —|— gt)'Ut + Zaizt + ZEt(’Ut) = (St,

where E; is a family of vector fields such that E;(z) = 0, g¢; and d; are families of
functions, ¢¢(0) = 6;(0) = 0. The solvability of this equation follows from its solvability
in formal series with respect to z and hyperbolicity of the vector field z(8/9z) + zE; on
the hypersurface {z = 0} (see [Zh, 92], Ch. 2 and [RZh, 95]). It remains to note that
v¢(0) = 0 since 0,(0) = 0.

c) Let (w, f) € Orb(Q, z1)UOrb(Q, z2+22). Then wA (dw)*~1(0) # 0 and by Darboux
theorem the field of kernels of w is equivalent to the field of kernels of the 1-form @.
Therefore there is no loss of generality to assume that w = Q. If (Q, f) € Orb(Q,x1)
then (Q A (dQ)*~1 A df)(0) # 0, or, equivalently, (9f/0z1)(0) # 0. The latter condition
implies that (Q, f) is equivalent to (Q,x1).

Assume now that (@, f) € Orb(Q, 2 + 22). Then the function f has the following
properties:

aafl” 0, a <>#0 (Q A df)(0) # 0.

It follows that (@, f) is equivalent to (Q, +22 4+ v), where v is a function of the variables
Y1, T2, Y2, - .., Tk, Yg such that (Q A dv)(0) # 0. By a) the affine distribution (Q,v) on

R¥=Y(yy, w9, ya, ..., Tk, yx) is equivalent to (Q,x3). Then (Q,+z? + v) is equivalent to
(Q,z2 + 23T), where T is a nonvanishing function. Changing the coordinate x; we can
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reduce T to 1. It remains to note that (Q, xo — 2%) is equivalent to (Q, z2 + x?) since the

change of the signs of the coordinates y1,xs,..., 2 brings Q to —Q. =

3.3. Proof of Theorem 2. Throughout the proof we use Theorem 3 and the description
of the orbits in Sections 1.6 and 2.2. At first we consider the odd-dimensional case,
n = 2k + 1. Denote by S; the union of the orbits of the models (D, 1) and (M4, 1) and
by S the union of the orbits of the models (D, 1), (My,1),(D,z1) and (M4, x;1). Given
a 1-form w we associate to it a function F = w A (dw)* /€, where Q is a nondegenerate
volume form. Introduce the following sets of germs of corank one affine distributions:

By = {(w, f): F(0)=0, (f(dw)* ANdF + kw A (dw)*~* Adf A dF)(0) = 0};
By = {(w, f) : f(0) =0, (wAdf)(0) =0}
LEMMA 1. Let f(0) # 0. Then (w, f) € S1 if and only if (w, f) & B;.

To prove the lemma we write the affine distribution (w, f) in the form (w/f,1) and
use the description of the models in Section 1.6.

Using the description of the models in Section 2.2 we obtain the following corollary:
(w, f) € S if and only if (w, f) & By U Bs. It follows that the set of 2-jets of germs of S
is open and we obtain that any germ of S is simple. Another corollary of Lemma 1 (and
results of Section 1.6) is the absence of simple germs in the set By N {(w, f) : f(0) # 0}
and thus in the set Bj.

To prove Theorem 2 in the odd-dimensional case it remains to show that there are no
simple germs in the set Bs. It suffices to prove that a germ (w, f) € By such that df (0) # 0
is not simple. Let = p(w, f) be the pullback of w to the hypersurface {f = 0}. Note that
11(0) = 0 and that if (w, f) is equivalent to (@, f) then the Pfaffian equations generated by
w(w, f) and u(@, f) are equivalent. It follows that the problem of classification of generic
germs of the set By contains the problem of classification of generic Pfaffian equations
generated by 1-forms which vanish at 0. In the latter problem there are no simple germs,
see [L, 75] and [Zh, 92], Sect. 21, 29.

Now we consider the even-dimensional case, n = 2k > 4. At first let us note that a
germ (w, f) such that (wA (dw)¥~1)(0) = 0 is not simple since in this case the germ of the
Pfaffian equation generated by w is not simple, see [Zh, 92], Sect. 25. Therefore it suffices
to prove Theorem 2 within the set C consisting of germs of the form (@, f). Denote by
C} the subset of C consisting of germs (Q, f) such that (9f/0z1)(0) = (82f/0z%)(0) =0
and by Cj the subset of C consisting of germs (@, f) such that f(0) =0, (QAdf)(0) = 0.
Using the description of orbits in Sections 1.6 and 2.2 it is easy to show that a germ (Q, f)
belongs to the union S’ of the orbits of the models (D’, 1), (M/},1),(Q, 1), (Q,z2 + %)
if and only if (Q, f) & (C1 U Cs). This observation and results of Section 1.6 imply that
(i) the set of 2-jets of germs of the set S’ is open, therefore any germ of S’ is simple;
(ii) there are no simple germs belonging to the set C; N{(w, f) : f(0) # 0}, therefore there
are no simple germs in the set C';. Arguing as in the odd-dimensional case we obtain that
there are no simple germs (Q, f) € Cy, therefore any simple germ belongs to S’.
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