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Abstract. The following two homotopic notions are important in many domains of differ-
ential geometry:

— homotopic homomorphisms between principal bundles (and between other objects),

— homotopic subbundles.

They play a role, for example, in many fundamental problems of characteristic classes. It
turns out that both these notions can be — in a natural way — expressed in the language of
Lie algebroids. Moreover, the characteristic homomorphisms of principal bundles (the Chern-
Weil homomorphism [K4], or the subject of this paper, the characteristic homomorphism for
flat bundles) are invariants of Lie algebroids of these bundles. This enables one to construct the
characteristic homomorphism of a flat regular Lie algebroid, measuring the incompatibility of the
flat structure with a given subalgebroid. For two given Lie subalgebroids, these homomorphisms
are equivalent if the Lie subalgebroids are homotopic. Some new examples of applications of this
characteristic homomorphism to a transitive case (for TC-foliations) and to a non-transitive case
(for a principal bundle equipped with a partial flat connection) are pointed out (Ex. 3.1). An
example of a transitive Lie algebroid of a TC-foliation which leads to the nontrivial characteristic
homomorphism is obtained.

1. Preliminaries

1.1. Characteristic homomorphism of flat bundles. Consider

e a G-principal bundle P,
e a flat connection w in P,
e an H-reduction P’ C P, H being a closed Lie subgroup of G.

Let h and g be the Lie algebras of H and G, respectively. There is a characteristic
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homomorphism
A#p,p/,w : H*(g,H) — HdR(M)

measuring the independence of w and P’, which means to what extent w is not contained
in TP’ (for details, see for example [K-T]). One of the fundamental properties of Aup pr 4,
is the independence of the choice of a homotopic subbundle P’ :
homotopi
if P lomozop ¢ P’ c ]D7 then A#p’plyw = A#pypuyw.

This means that the nontriviality of Ayxp p/ implies the impossibility of the homotopic
changing of P’ to contain the connection w.

We recall that the domain H*(g, H), called the relative Lie algebra cohomology [K-T,
is the cohomology space of the complex (A(g/h)%,d?),

H*(g, H) = H*(\(g/5)7,d")

where A(g/h)} is the space of invariant elements (with respect to the adjoint represen-
tation), whereas the differential d” is defined in such a way that, for 1) € A" (g/h)7 and
w; € ¢,

L AA

(@ (@), [wi Ao Awr]) =D (=1, [fws, wl] A fwi Ao A fw])
i<j

([w;, w;] is the bracket in the Lie algebra g, whereas [w] denotes the equivalence class in
g/h). The homomorphism Ayp pr« on the level of forms A, : A(g/h)* — Q(M) can be
defined as follows: A, (v) for ¢ € /\k(g/h)* is the only k-form for which

T (A) = & - i s (@), w AL Aw),

with ¢/ : P — P, s: g — g/b, 7r’:P’—)M,w/\.../\wer(P;/\kg).

It turns out that the characteristic homomorphism of a flat bundle described above
is a notion of its Lie algebroid. A construction of its version on the category of regular
Lie algebroids is the aim of this work. A simple example of a transitive Lie algebroid
of the TC-foliation of left cosets of a nonclosed Lie subgroup in a Lie group having this
homomorphism nontrivial is given (see Chap. 8).

1.2. The category of Lie algebroids. Differential geometry has discovered many objects
which determine Lie algebroids playing a role analogous to that of Lie algebras for Lie
groups. For example: differential groupoids, principal bundles, vector bundles, actions of
Lie groups on manifolds, transversally complete foliations, nonclosed Lie subgroups, Pois-
son manifolds, some complete closed pseudogroups, etc. The category of Lie algebroids
is more elastic than the category of principal bundles. It enables one to generalize the
characteristic homomorphisms in the direction of nontransitive objects.

1.2.1. Definitions and notations. By a Lie algebroid on a manifold M [P1], [P2],
we mean a system A = (A, [-,-],7) consisting of a vector bundle A on M and mappings
[-,-] : Sec AxSec A — Sec A, v : A — TM, such that (1) (Sec 4, [,-]) is an R-Lie algebra,
(2) 7, called the anchor, is a homomorphism of vector bundles, (3) Secy : Sec A — X(M),

€~ 70 &, is a homomorphism of Lie algebras, (4) [€, f - n] = f - [€.n] + (v 0 ©)(f) - n,
f € C>®(M). A Lie algebroid A is said to be transitive if v is an epimorphism of vector
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bundles, and regular if v is of constant rank. In the last situation, if Im~v = F C T M, then
F' is an involutive distribution and A is called a reqular Lie algebroid over the foliated
manifold (M, F'). In the sequel, we adopt the notions and the notations from [P1], [M1],
[K4], among them, the adjoint bundle of Lie algebras g := Ker~, the Atiyah sequence
0 —-g— A— F — 0 and the notion of a connection.

A principal bundle P and a TC-foliation (M, E) determine transitive Lie algebroids
A(P) [M1], [K3], [K8] and A(M, E) [MO1], respectively. A geometrically important object
consisting of a given principal bundle P on M and a foliation F' on the base M of P is
a source of a nontransitive Lie algebroid A(P)% on a foliated manifold (M, F') for which
A(P)F = ~7Y[F], v : A(P) — TM being the anchor of A(P). Poisson manifolds are
sources of nontransitive Lie algebroids [C-D-W].

THEOREM 1.1 [K2, Th. 1.1]. If A’ C A(P) is a transitive Lie subalgebroid of the Lie
algebroid A(P) of a principal bundle P = (P, 7, M, G,-), then there exists a reduction P’
of P having A’ as its Lie algebroid. m

1.2.2. The Lie algebroid of a wvector bundle, representations and invariant cross-
sections. With each vector bundle f we associate a transitive Lie algebroid A(f) which is
the Lie algebroid of the principal bundle L(f) of all frames of f [M1] or of the Lie groupoid
GL(f) of all linear isomorphisms between fibres, see for example [N-V-Q], [KU], [M1].

Equivalently we can construct this Lie algebroid in such a way that the fibre A(f),
over x € M is equal to the space of all linear homomorphisms

l:Secf— f|,

for which there exists a vector w € T, M such that I(f - v) = f(z) - l(v) + u(f) - v(z),
feC>(M), v e Secf (see [K4], [B]). The space of global cross-sections Sec A(f) is equal
to the space of all covariant differential operators in § [M1].

By a representation of A on § (both over a manifold M) we mean a strong homo-
morphism of regular Lie algebroids T : A — A(f) [M1]. For a cross-section £ € Sec A,
its image T o £ is a cross-section of A(f), therefore it determines a covariant differential
operator £yo¢: Secf — Secf. A cross-section v € Secf is called T-invariant if Lroe(v) =0
for all £ € Sec A. The space of all T-invariant cross-sections of f is denoted by (Secf)o(r)
or, briefly, by (Secf)o.

EXAMPLE 1.2. (1) The adjoint representation ady : A — A(g) of A on its adjoint
bundle of Lie algebras g is defined in such a way that for £ € Sec A,
’QadA OE(V) = vay]]v Ve Sng.

(2) A given representation T : A — A(f) yields the representations on the associated
vector bundles §*, A" §, ¥}, etc. [K4], denoted also by T.

In the context of transitive Lie algebroids, we have two fundamental facts:

e Two cross-sections of f invariant with respect to a representation 7" of A on f, equal
at one point, must be equal globally [M1], [K9]. (Remark: therefore, for a regular Lie
algebroid over a foliated manifold (M, F) these cross-sections are equal on the whole leaf
of the foliation F), passing through this point.)
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e Th. IV.1.19 of [M1, p.195] gives the homotopic description of the space (Sec§)ro(ar)
of all invariant cross-sections with respect to a representation of a transitive Lie algebroid.

1.2.3. The Chern-Weil homomorphism. In [K4] the Chern-Weil homomorphism d4 :
Iy — Hp(M) of a regular Lie algebroid A over (M, F) is constructed, whose domain I4
is the algebra of ad s4-invariant cross-sections of \/lc g*, k € N. For an integrable Lie alge-
broid A = A(P), P being a connected principal bundle (the structure Lie group G may be
disconnected!), this algebra is isomorphic to the space of invariant polynomials (\/ g*);.
Note that this holds although in the Lie algebroid A(P) there is no direct information
about the structure Lie group of P which may be disconnected and that a Lie algebroid
is — in some sense — a simpler structure than a principal bundle (nonisomorphic prin-
cipal bundles can possess isomorphic Lie algebroids, see [K3]). The case A = A(P)¥ is
considered in [K6]. Here, I4 contains elements of the form Y fi - T';, f% being F-basic
functions and I'; € I4(p), i.e. contains the subalgebra Fy,(M, F)- I 4(py. In [K6] there is an
example of P and F for which in the domain I 4(pyr there are elements not belonging to
Fo(M, F) -1 4py, called singular. For the principal bundle P of frames of a vector bundle
f and any foliation F' on the base M, the restriction hypyr to Fu(M, F) - I4p) agrees
with the construction of Moore-Schochet [M-S] of the characteristic homomorphism of a
vector bundle § over a foliated manifold. Therefore h4(pyr can be subtler than the one
constructed in [M-S].

For the Lie algebroid A(G; H) over G/H of the TC-foliation of left cosets of a non-
closed Lie subgroup H in a connected Lie group G' [K4], the domain I,g,m) of its
Chern-Weil homomorphism is isomorphic to \/(h/h)*, b, b being the Lie algebras of
H and its closure H. For any connected, compact and semisimple Lie group G, we
have that hi(G;H) : (h/b)* — H?(G/H) is a monomorphism; assuming (in addition)
the simple connectedness of G, we obtain — according to the Almeida-Molino theorem
[A-M] — a nonintegrable transitive Lie algebroid having the nontrivial Chern-Weil homo-
morphism.

1.2.4. Invariant cross-sections over R x M. In [K4, Defs.1.1.5 and 2.3.1] there are
notions of the inverse-image of a regular Lie algebroid f*A and the inverse-image of a
representation f*T via a morphism of foliated manifolds f : (M', E’) — (M, E), where
A is any regular Lie algebroid over (M, E).

According to [K4, Th.2.4.4], the linear mapping f* : Secf — Sec f*f, v — v o f, can
be restricted to the space of cross-sections invariant under 7" and f*T, respectively:

fro = (Sec) oy — (Sec f*f)ro(s+).

The following theorem plays a crucial role in all problems of the homotopic indepen-
dence of the characteristic homomorphisms considered on the category of Lie algebroids.

THEOREM 1.3 (on invariant cross-sections over R x M, [K9]). Let B be a regular Lie
algebroid over the foliated manifold (R x M,TR x E) and § a vector bundle over R x M,
and T : A — A(f) a given representation. Take t € R and the mapping fi : M — R x M,
x + (t,x). Then the restriction mapping fi : Secf — Secfiyxnr (fiyeyxnr = f1f) maps
isomorphically the space of invariant cross-sections with respect to T onto the space of
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invariant cross-sections with respect to the restricted representation f;T :

(fE)ro = (SecF)roery — (Seciyxm) o)

1.2.5. Cohomology with coefficients. Let A and f be a Lie algebroid and a vector

bundle, both over the same manifold, say M. Each element of
Qa(M; ) = P Q%4 (M),
q20

where Q% (M;§) = Sec(A\? A* @ §), will be called an A-differential form of degree q, with
values in f; while, for the trivial vector bundle f = M x R, briefly: an A-differential form
of degree q (or a real form). In the case A = TM (the usual differential forms on M), the
space of A-differential forms with values in § (analogously, the space of real forms) will
be denoted by Q(M;§) (Q(M), respectively). For an involutive C* constant dimensional
distribution E on M, Qg (M;§) consists of the so-called tangential differential forms on
the foliated manifold (M, E) [M-S], [K4].

Qa(M;§) is a graded module over Q°(M) = C*°(M) and a module over the algebra
Qa(M) of real forms.

Let f',...,§*,§ be vector bundles over M. An arbitrary k-linear homomorphism of
vector bundles ¢ : f* x ... x f¥ — | determines the mapping

Ot QAM; ) x o x Qa(M; %) — Qa(M;F)
defined by the standard formula
@*(‘Ijla--' a\IJk)(gla"' 7§m) (11)
1
= m : ngna : 80(‘111(50(1)7 R R aga(m)))

in which m =3 ¢;, ¢; =the degree of ;.
For a given representation T': A — A(f) of a Lie algebroid A on a vector bundle f, we
have three operators ([MR], [K1], [M1])

23 G?a dT : QA(Maf) — QA(Mﬂf)’ 5 € SeCA7

called the substitution operator, the Lie derivative (with respect to &), and the exterior
derivative.

For real forms — considering the trivial representation T': A — A(M x R) = TM x
End(R) defined by £ro¢(f) = (v 0 &)(f) for f € QY(M) and & € Sec A or, equivalently, by
T(v) = (v(v),0)) — the operator d” will be denoted by d4. In particular, if A = E ¢ TM
is an involutive constant rank distribution on M, we obtain the standard operator of the
exterior derivative d¥ of tangential differential forms [M-S].

For arbitrary vector bundles §',... ,§*,f over M and a k-linear homomorphism ¢ :
f! x ... x f¥ — f and forms ¥; € Q% (M;§’), we have

k
Le(a(Ury oo 0)) = S (C1) I (BT, Ty, (12)
j=1
Let now T, ..., T* T denote fixed representations of A on §',... ,*,f, respectively, and

assume that ¢ is Hom-invariant where Hom denotes the induced representation on the
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space of k-linear homomorphisms Hom" (T, ..., T%; T) defined by the formula
£Homo§(§0)(1/1, e 7I/k) = »STOE(SO(V]', ey I/k)) — Z QO(I/]', e ,,STiogl/i, e ,l/k).

Then

k
AT (pe(Wy,. . W) =Y ()P T (B, dT W), (1)
j=1
A form U € Q4(M;§) is called a horizontal form if 1, ¥ = 0 for all v € Secg. The
space of horizontal forms is denoted by Q4 ;(M;§). According to (1.2) Qa4 ,;(M;f) is a
module over the algebra of real horizontal forms Q4 ;(M). Q4 ;(M) is stable under d4.

2. Homomorphisms w” and QY. Let A = (4, [,],7) be an arbitrary regular Lie
algebroid over a foliated manifold (M, E), and A\ : E — A any connection in A, i.e. any
splitting of its Atiyah sequence [K4]:

0 ~g C A

- E - 0.
A

The linear homomorphism of graded vector spaces v, : Qg (M;f) — Qa(M;f) defined
by the formula v, (0)(x;... ,v;,...) = 0(z;... ,yv;,...), v; € Aj;, maps isomorphically
Qg (M;f) onto the space of horizontal forms Q4 ,(M;f). The inverse mapping is A, :
Qa,i(M;§) = Qp(M;f) defined by A\ (¥)(z;... ,ws,...) = ¥(x;..., Aw;,...), w; € B,
For the trivial vector bundle f = M xR, one can easily obtain the equality d¥ = \,od%o~,
which is equivalent to

v 0dP =d? on,. (2.1)

Let w : A — g be the connection form of X\. The mapping H = idg —w : A — A is the
horizontal projection of vectors from A. It determines the horizontal projection of forms
H, : Qa(M;f) = Qa(M;f) by Ho (V) (z;... ,v5,...) = V(x;... ,Hv;,...). In [K4] the
curvature tensor €, € Q2%,(M;g) of A is defined by Q,(X1, X2) = —w([A o X1, A 0 X3]),
X; € Sec E. We define the so-called curvature form of A\ as a horizontal 2-form 2 on the
Lie algebroid A, with values in g, by the formula

Q(&1,8) = —w([H 0 &1, H 0 &]), & € Sec A.

Below, the exterior derivative of forms on the Lie algebroid A, with values in g, [also in
the associated vector bundles| with respect to the adjoint representation ad4 : A — A(g)
[or induced ones| will be briefly denoted by d9.

PROPOSITION 2.1 (The Maurer-Cartan equation).

Q=dw — 3w, wl.

(The form [w,w] is defined via (1.1) for the 2-linear homomorphism [-,-] : g X g — g where

[ )|z : 91 X 9jz — 9y 1S the Lie algebra structure of the isotropy Lie algebra g,.)
(Remark: The difference here, in comparison with the classical formula for principal

bundles — the sign ”—" before the second component — has its roots in the fact that the
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Lie algebra of the structure Lie group in the principal bundle considered there is taken
left, not right.)

Proof. Clearly, it is sufficient to notice that 1,0 = 0 = 1, (d%w — L[w,w]), v € Secg,

and H,(Q) = H,(dw — J[w,w]). = ’

2.1. Homomorphism. For each point x € M, the mapping
pigl, — Al = A Al CNAL, v — wowy,

is linear and has the property p(w*) A p(w*) = 0 for w* € gj,. A\ A}, is an associative
algebra with unit element, therefore, by the universal property of the exterior algebra
/\A“‘w7 see [G, p.103], we obtain the existence and uniqueness of a homomorphism of

algebras of degree 0,

wy Nl — NAf
extending p and such that w) (1) = 1. Using the canonical duality between the exterior
algebra over a vector space and over its dual [G, p.104] we have that

(Wh (), wr Ao Awg) = (P, w(asw) A ... Aw(z;wy))
for ¢ € /\k gl*w and w; € Aj,. We notice that if ¥ € Sec /\k g*, then
W) M — NP A*, 2 W (U(2)),
is a C'™ cross-section of /\k A% ie. wN(T) € QK (M). Of course

wh @Sec/\kg* — Qa(M), ¥ — w"(¥),
k>0
is a homomorphism of algebras where the space €~ Sec /\k g* is equipped with the
structure (¥1,¥sy) — Wy A Uy for which Uy A Uy is defined pointwise. Define a C'™
2-linear homomorphism of vector bundles (-,-) : A" g* x A*g — R via the family of the
canonical dualities (-, ), : A 9gj, % /\kg|m — R. Looking at formula (1.1) and treating

¥ € Sec /\k g* as a 0-form on A, with values in /\k g*, we can easily show

1
A —
w (\I/)—k!<\lf,w/\.../\w), (2.2)
k times

where w A ... Aw is defined by formula (1.1) for the k-linear homomorphism
/\:g><...><g—>/\kg7
whereas (¥, w A ... Aw) — for the duality (-,-). In view of (1.2) and of (2.2) above, we
have
L (WM (P)) = w’ (1, (¥)), if v € Secg. (2.3)

2.2. Homomorphism QV. Let Q € Q2 (M;g) be the curvature form of the connection
A under consideration. For each point x € M, the mapping

gy, — A’ Al CAT A, wt e w0 Q,

is linear and has the property p(u*) A p(w*) = p(w*) A p(u*) for u*, w* € gf,.. A Afis
an associative algebra with unit element, therefore, by the universal symmetric algebra
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property of \/ 95 [G, p.192], there exists a unique homomorphism of algebras of degree 0

QY Vi, — A AL

extending ;1 and such that QY (1) = 1. Via the canonical dualities [G, pp.104, 193], the
homomorphism ) is defined by the formula

(QY(Ty), wy A ... A way) (2.4)
1

1
=0 ngno AL, Qw5 we (1) AWe(2)) VooV QT Wo(2k—1) A Wo(2k)))

for T'y € \/k grz and w; € Aj,. Indeed, in view of the linearity with respect to I', of
both sides of the above equality, it is sufficient to check it on the simple tensors ', =
wi V... Vwg, wy Egrx.

QY (wi V... Vwg),ws A...A\wa)

QL (W) Ao AQY(w)),wr A ... A wag)

1
T ok ngna T (x5 We (1) A Wo(2))) * - - WE(QUT; Wo (20— 1) A Wo(2k)))

1 *
T2k ngna ' Zw1(9($§wa(2~r(1)_1) AWo(ar(1)))) * - -

- W (23 Wo (2 (k) —1) A Wo(2:7(k)))

1 .
= ook ngna : perm[<w:a9(x;wa(2j—l) /\wa(2j))>;7’7] < K]
1 1 N N
= H-2—k~28gna~(w1 Vo Vg, Qx5 W1y A We(z)) V-

c VT W (2—1) N We(2k)))-

Applying (2.4), we see that, for T' € Sec \/k g*, the cross-section QV(T") of /\Qk A*
defined by z — QY (T'(z)) is C*, i.e. QV(T') € Q% (M). The space D).>o Sec \/k g* forms
an algebra in a standard way, and the mapping

QY P Sec V' gr — QY (M), T — QV(D),
k>0

is a homomorphism of algebras. By simple calculations, we obtain

1
Ve k&
oQ'm = i (r,Qv...vQ) for T'eSec\/"g
k times
(the forms Q@ V...V Q and (I, V...V Q) are defined by (1.1) for suitable multilinear
homomorphisms).

It is well known that, in the vector space A g‘*w the classical Chevalley-FEilenberg
differential works, see, for example, [G-H-V, Vol.IIl, p.107]. For our purpose, we must

slightly modify it by multiplying it by —1 (cf. Remark next to Prop.2.1), i.e. we adopt
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the following differential:

.+ Ngl — Al (25)
(o), w0 A A = = (1) o wy] A A A

for ¢ € /\k gl*l_ (k>1), w; € g, and 6,9 = 0 for ¢ € /\0 g|*¢ 0, is an antiderivation of
degree +1 and, for an arbitrary k£ > 0, the induced homomorphism of vector bundles

N — AT

is, obviously, C'*°.
Applying the Maurer-Cartan equation, we get for w* € Sec g*

QY (w*) = (w*, d9w) — w"(§(w*)). (2.6)
Define the mapping
K: @Sec/\kg* — Qu(M)

k>0
by the formula
1
— . 9 WA k%
K(D) x (U, d9(wA ... \w)) —w(0T) for e Sec\"g". (2.7)
k times
Of course, by (2.6),
K(w*) = QY(w*) if w* € Secg*. (2.8)

PROPOSITION 2.2. The fundamental formulae for K:

1) KwiA...Aws) =S  (—1) 1K) AwM(wEA...5... Awh
(1) 1 k s=1 s 1 k
for wk € Secg*.
(2) K(¥) = d* (W) —w (60) — L - (dV,wA ... Aw) for ¥ € Sec \" g*.
k times
Proof. (1): Applying (1.3), we get
K(wi A... ANwp)
— ! * * (19
=G (Wi Ao AwE, (W) Aw A LA W)
u A
=Y (=D WM wd) Aw (Wi AL Aw).

s=1

On the other hand,

k
ST TR (W) AwNwE AL Aw])
s=1

k
= Z(—1)3_1(<w;, dIw) — w" (wk)) Aw(wi A ... 5. A wy),
s=1
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therefore, it is sufficient to check the equality

(Wi A AW, (Pw) AwA LA W)

(2): By (1.3) (treating ¥ as a 0-form on the Lie algebroid A, with values in /\k g),
we have dA (U, wA ... Aw) = (9T, wA...Aw)+(V,dI(wA...Aw)). Therefore, by (2.2),
K(P) = dYw"(¥)) = (00) — L (T, wA ... Aw). =

Since each cross-section ¥ € Sec /\k g* is locally a sum of cross-sections of the form
wi A ... ANwy, for wi € Secg*, we get

COROLLARY 2.3. If the connection \ considered is flat (i.e. @ = 0), then, according
o0 (2.8) and Prop. 2.2 (1), we see that K = 0, which means, by (2.7) and Prop. 2.2(2),
that

W(5T) = % AW A W)
= A WM (W) — % T, wA AW,

REMARK 1. Assume Q = 0. If ¥ € Sec /\k g* is invariant with respect to the represen-
tation ad4 of A on g (equivalently, if @9 = 0 ), then d*(w"¥) = 0. Indeed, by Cor.2.3,
we have d4(w W) = w"(6W); but, for each point # € M, the tensor U(z) € A" g, 1s
invariant under the canonical representation of the Lie algebra 9|, on /\k gl*m and such
a tensor is a cycle [G-H-V, Vol.III, p.186], so (0¥)(z) = 6,(¥,) = 0. Therefore, there
exists a homomorphism of algebras

W P (Sec A" g*) 10 — Za(M) — Ha(M), T +—s [w"(V)].
E>0

3. A construction of the characteristic classes of flat regular Lie algebroids.
Here we construct characteristic classes having the following property:

— the existence of nontrivial classes among them is a measure of the incompatibility
of the flat structure of a given regular Lie algebroid A (over (M, E)) with a given
subalgebroid B of A (also over (M, E)).

In the case of an integrable transitive Lie algebroid A = A(P), P being any principal
bundle, these classes agree with the so-called characteristic classes of the flat principal
bundle P [K-T].

Consider in a given regular Lie algebroid (A4, [, ],v4) over (M, E) two geometric
structures:

(1) a flat connection A : E — A,
(2) a subalgebroid B C A over (M, E), as in the following diagram:
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> g C
“w
h

c ~B

A4 B )

D)

J

0 B

~-E -0

Notice that h = gNB (h :=ker yp). The system (A, A, B) will then be called an FS-regular
Lie algebroid (over (M, E)).

ExaMpPLE 3.1. (1) A triad (P, P’,w) consisting of a principal bundle P, of an H-
reduction P’ and a flat connection in P with connection form w determines an FS-
transitive Lie algebroid (A(P), A, A(P")) (A corresponds to w). For the theory of flat
principal bundles with given reductions, see [K-T].

(2) We recall that a transitive Lie algebroid A = (A, [-,-],v4) on M together with an
involutive distribution F' C T M give rise to the regular Lie algebroid over (M, F') of the
form AT =~ '[F] C A, see [K4, s.1.1.3]. Consider now a triple (A, B, \) consisting of a
transitive Lie algebroid A on M, a transitive Lie subalgebroid B of A and a partially flat
connection A in A, over a given involutive distribution ¥ C T'M. The triple

(A", B, \|F)
is an FS-regular Lie algebroid over (M, F).

(3) Let now the system (P, P’,w) be given as in example (1) above with the difference
that w is assumed to be partially flat, say, over an involutive distribution F* C T'M. Such
a system (named a foliated bundle) is investigated, for example, in [K-T]. It determines
the (nontransitive) FS-regular Lie algebroid (A(P)F, A(P)F', \|F), as above.

(4) Let (M, F) be any transversally complete foliation with the basic fibration m, :
M — W. Denote by A(M, F) its transitive Lie algebroid on W defined by P. Molino in
1977 [MO1]. Let F, C TM be the vector bundle tangent to the basic foliation. Denote,
as usual, by L(M, F) the space of foliate vector fields and by o : TM — Q = TM/F,
B:Q — A(M, F) the canonical linear homomorphisms (see [K4]). It is easy to see that:

e There is a 1-1 correspondence between transitive Lie subalgebroids
B C A(M,F)

and involutive vector subbundles B C TM such that

(1) FC B,

(2) F + B=TM,

(3) the Lie algebra Sec(B) N L(M, F) generates at each point x € M the entire space

B,.
The correspondence B +— B is established in such a way that
Blr = a;l[ﬂ;I[B‘ﬂb(I)H.

e There is a 1-1 correspondence between connections A in A(M, F) and distributions
C CTM such that

(a) F,NC =F,
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(b) F,+C =TM,
(c) SecC N L(M, F) generates at each point x € M the entire vector space C|,.

(The correspondence: A — C := o B~ HIm A]].) Such a distribution C ezists (because
every Lie algebroid has a connection) and C is involutive if and only if the corresponding
connection A is flat. Each distribution C on M satisfying (a)<=(c) above is called an
F-connection.

For the Lie algebroid A(G; H) of the TC-foliation of left cosets of a nonclosed Lie
subgroup H in a connected Lie group G, conditions (3) and (c) above are equivalent to
(3%) and (¢’) below, respectively:

(3"), (¢) B (and C) is C*° and H-right-invariant.

Thus, for a given TC-foliation (M, F), the triad (A(M, F),C, B) where C ¢ TM is
an involutive distribution fulfilling (a), (b), (c) above, and B ¢ TM is an involutive
distribution fulfilling (1), (2), (3) above, yields an FS-transitive Lie algebroid. Using
the restriction A(M, F)¥ (to a foliation E on the basic manifold W), we can obtain an
FS-regular Lie algebroid over (W, E).

We construct some characteristic classes of an FS-regular Lie algebroid (A, A, B),
measuring the independence of A and B, i.e. to what extent Im A is not contained in B.
The construction has a number of steps.

Let s : g — g/h be the canonical projection. Applying (2.3), we can easily obtain that
the form (W) := w(A\"s* 0 U), W € Sec A*(g/h)*, is h-horizontal, i.e., equivalently,
its restriction to the subalgebroid B, j*(w"(A"s* o)), is horizontal. Therefore there
exists a form AW € QK (M) such that

J*@NA" 8" 0 W) = (75).(AV).
Notice that if A is a connection in B (i.e. Im A C B), then A¥ = 0.
Put A: P, 5 Sec /\k(g/h)* — Qr(M), ¥~ AV. The mapping A is a superposition
of homomorphisms of algebras:

Sec \* (g/h)* —E—= Qp(M)
= | (vB)«
e Qpa(M)

Y
Sec \"g* ——5—— Qua(M)

(here Q4 (M) denotes the space of h-horizontal forms on A). Hence it is itself such a
homomorphism.
Directly, A is defined by the formula

(AT) (w1 Ao Awg) = (Ugs [w(a; 1) A A w(z; wg)])
for w; € B, such that vp(w;) = w;, w; € B, x € M.
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Define a representation adAth :B— A(/\k (g/h)*) by the formula
<£adg,g og(\Ij)7 [1/1] VANRAAN [I/k]>

k
= (v o &)U, [ A A wk]) — Z(lIl, ) AANTE A A [])

j=1

for ¥ € Sec \"(g/h)*, ¢ € SecB, and v; € Secg. The correctness of this definition
follows from the fact that if one of v;’s lies in h, then [, v;] lies in h, too. Notice that
adgyg = /\k(adB,g)h (K4, 2.1.2-3] where adp,g : B — A(g/h) is a representation given by

Ladp g0t (V]) = [Ladaoc ()] = [[€, V]
for £ € Sec B and v € Secg.
In the space P,-q(Sec A" (g/h)*) 0 of cross-sections invariant with respect to adgyg,
we introduce a differential & of degree +1 defined as follows: for ¥ € (Sec A*(g/h)*) 0
and v; € Secg, we put

B0 o] Ao A ) = = S (=1 (W, [ vy A o] A A 1))
i<j (3.1)

The correctness of this definition is obvious (by the invariance of ¥ and the equality
VB © Vj, = 0). .

To see the invariance of §¥, take £ € Sec B and v; € Secg. From the invariance of W
we get

(v BO£)<S\I’ Vo] A v A ur])
= = >0 (6 Doyl A o] A A ) +

S W T A ol A A TIE ) A ...2...?...A[yk]>)
s, {0}
:_Z( Z z—~_J<\I’»[[[Vial/j]]]/\[V()] NI, vs]] A ??/\[uﬂ)
s SHEI<jF#S
£ U, [[vi, 6 vsll A o] A v i e d o Al) +
3D [, Toss 50l A o] A .?...?...A[yk]>)

=3 OV, o] A A[E vl AL A i)

It remains to notice that
(i) 6% =0,
(ii) 0 is an antiderivation of degree +1.

For this purpose, firstly, for an arbitrary point * € M, we can define a space of
tensors ( /\k(g‘m /hjz)*) o invariant with respect to the representation of the Lie algebra
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h;, induced on /\k(g‘z/hm)* by the representation adj of hj, on (g|,/h|,)* defined as
follows: (ad(v) (), [1) = — {8, [, l]) for v € by, ¥ € (8,0/hy,)* and 1 € g, Secondly,
we define an antiderivation

5o+ (N (91a/ hi) )0 — (N*(91/ Bia) )10
of degree +1 as the one which on elements 1 of degree +1 equals (5, (), [V] A [u]) =
(W, [, ), vy 1t € g, It can easily be seen that if ¥ € (Sec A (g/h)*) 0, then U, €

(N (@1 /hic) 1o, and (30), = 8a(Vs).
In consequence, ¢ fulfils (i) and (ii) in an evident manner. Of course, these properties
of § can also be checked directly.

DEFINITION 3.2. The relative cohomology algebra of g with respect to B is defined as
the cohomology algebra of the complex (P, (Sec N(g/h)*)10,6)

H(g :B) = H* ( @ (Sec A (g/h)")10,5).
k>0
PROPOSITION 3.3. The mapping A restricted to the invariant cross-sections
A, =Apans  PSec N*(g/h) )0 — Qu(M), ¥ — AT,
k>0
commutes with the differentials § and d¥.
Proof. We need to prove the equality
A(6T) = d¥(ATD) (3.2)
for invariant cross-sections ¥. The fact that (yp)s is a monomorphism implies that
this equality is equivalent to (vB)«(A(6¥)) = (yB)«(df(AV)). But, by definition
(vB)«(A(6W)) = j*(wA(/\k+1 s* 0 (6¥))). On the other hand, applying (2.1) and the
obvious fact dB(j*¥) = j*(d* V), we get
(v8)+(@"(AD)) = d%((78).(AT)) = j*(d* (W (A" 50 D))).
Therefore, to prove (3.2), it remains to check that the forms o.)/\(/\kJrl 5% o (00)) and
alA(w/\(/\]c s* o W)) agree on the cross-sections of B. Let &,...,&; € Sec B; then (see

(2.5))
(WA 870 (B0)), &0 A ... A &)

= = Y O ) N A )
— SN 8 o W €)Wl A )

= (W' Bo A" s 0W), &N A&).
On the other hand, by Prop.2.2(2) and the flatness of A\, we have
1
Ar A k _x A k _x = /9 k  _x
d*(WNA\Y 85 o)) =w (0o A" s o\If)+k! (dI(N\" s*oU),wA ... Aw).

k times

So, it remains to notice that j*(d9(A*s* o U),wA ... Aw) =0. =
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The above Proposition yields as a corollary
THEOREM 3.4. The mapping
Ay H(gB) — He(M), [¥] — [A, 0],
is a correctly defined homomorphism of algebras. m

The mapping Ay is called the characteristic homomorphism of the FS-regular Lie
algebroid (A, X, B). Its image Im Ay C Hg(M) is a subalgebra of Hg(M), called the
characteristic algebra of the FS-reqular Lie algebroid (A, \, B), and its elements are the
characteristic classes of that algebroid.

The compatibility of A with B implies the vanishing of Ay [of course, already on the
level of forms|. Ay is then a measure of the incompatibility of A with B.

4. Functoriality

DEFINITION 4.1. Let (A’, N, B’) and (A, A\, B) be two FS-regular Lie algebroids over
(M',E") and (M, E), respectively. By a homomorphism

H: (A, N,B")— (A, )\, B)
between them we mean a homomorphism H : A" — A of regular Lie algebroids, say over
f: (M E"Y — (M, E), such that
(1) HoXN = Ao f,
(2) H[B'] C B.

Notice that H' = H|B’ : B’ — B is then a homomorphism of regular Lie algebroids,
too:

A A
W’ w
B’ H — B
Ml
1 B’ A B
NI |[var f*)‘ YA
E——||—E
e
\4 Y
0 0
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By the pullback of an FS-regular Lie algebroid (A4, A, B) over (M, E) via a mapping
f:(M',E") — (M,FE) we mean the FS-regular Lie algebroid (f"A,\, f*B) where X is
the pullback of the connection A, see definition 3.2.1 from [K4].

Notice that pry : f*A = E' x(y, ,y A = A is a homomorphism of FS-regular Lie
algebroids, called canonical. In view of the equality H o A’ = A, any homomorphism
H: (A, N,B") — (A, )\, B) of FS-regular Lie algebroids can be represented in the form
of a superposition of a strong homomorphism with the canonical one:

(A" N, B') 5 (f7 A%, £2B) 23 (4, B).

Let H: (A, N,B") — (A, A\, B) be a homomorphism of FS-regular Lie algebroids, see
diagram above. We define the pullback

H** : Sec N¥(g/h)* — Sec \*(g'/h')*
by the formula
(HT*(0)g, [wi] A Awi]) = (P gy, [HT ()] A ATHT (wy)])
where W € Sec \"(g/h)*, © € M, wj € g,

PROPOSITION 4.2. (1) H™™* maps the invariant cross-sections into the invariant ones.
(2) H* restricted to the invariant cross-sections commutes with the differentials &'

and §.

Proof. It is enough to prove the proposition in two cases of H: of a strong homo-
morphism and of the canonical one. A very easy proof of (1) and (2) for the first case will
be omitted. Consider now the canonical homomorphism pr, . Identify the vector bundles
f*(g/h) = f*g/f*h. Then, of course, H™*W¥ = f*¥ and, by standard calculations, we get
the following equality (cf. [K4, 2.3.2]):

f*(ang) = adeB,f*g

which, together with f*(A\"T) = A"(f*T) for any representation T (cf. [K4, 2.3.3]),
yields

[*(adfg) = 1 (N (adpg)") = A*(adjrp,eg)* = adfap pog -

Proposition (2) needs now only standard calculations. m
As a corollary we obtain that H* determines a homomorphism of algebras
HY# . H(9,B) — H(g',B").

PROPOSITION 4.3 (The functoriality of Ay). Let (A’, X', B’) and (A, A\, B) be two FS-
regular Lie algebroids over (M',E") and (M, E), respectively, and let

H: (A XN,B') — (A, \ B)

be a homomorphism between them over f : (M',E') — (M, E). Then the following dia-
gram comutes:
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A
H(g, B) ——— Hy(M)
H+# f#

H(g',B")

Hp (M)

Al
Proof. It is sufficient to show the commutativity of the diagram on the level of forms,

that is, the equality: (y5/).(f*(A0)) = j* (W (A" 8" o HT*W)) for an invariant ¥. m

REMARK 2. The problem of the equivalence of the characteristic homomorphisms Ay
and A;# for H being a homotopy equivalence is open. The problem reduces to the iso-
morphy of HT#. A definition of the homotopy between homomorphisms of FS-algebroids
can be formulated in the spirit of the definition of the homotopy from [K7].

5. The homotopic independence of A4 on a subalgebroid. Let (A4, [, ],7) be
a given regular Lie algebroid with the Atiyah sequence 0 — g — A 2 F — 0 and consider
the Lie algebroid (TR x A, [,-]’,id x~), the product of the trivial Lie algebroid TR with
A (see [H-M], [KT7]). Its Atiyah sequence is

22X R« E

0 c0xg TR x A2 0.

For the mapping f; : M — R x M, =z — (t,z), take the pullback f*(TRxA). Notice
that fN(TR x A) = {(y(w),0,w) € E x (TRxA);w € A}, and that the homomorphism
Fi: A— TRxA, w— (6, w), (6; being the null tangent vector at t € R) of regular Lie
algebroids (see the proof of Th. 4.3.1 in [K4]) is represented in the form of the canonical
superposition

F,: A T4 NTRxA) P2 TRx A (5.1)
(see [K4, s.1.1]). Tt is not difficult to see that
Fy: A — fMTRxA), w— (y(w),0,w),
is an isomorphism of regular Lie algebroids.

DEFINITION 5.1. Two Lie subalgebroids By, B1 C A (both over (M, E)) are said to
be homotopic if there exists a Lie subalgebroid B C TRx A over (R x M, TR x E) such
that the isomorphism F; maps B; onto f{\(B) for t = 0,1 (equivalently, if, for v € A, we
have: v € By & (0;,v) € B). B is called joining By to Bj.

We compare the relation of homotopic subbundles of a principal bundle P with the
relation of homotopic subalgebroids of A(P). Let P = (P,n, M,G,+) be a G-principal
bundle over a manifold M. It determines a new G-principal bundle R x P = (R x
Pid xm,R x M,G,+") with the action (¢,2) ' a = (t,z - a). For an arbitrary ¢t € R, the
mapping F; : P — ff(Rx P), z — (nz,(t,2)), is an isomorphism of G-principal bundles.
Take a Lie subgroup H C G (nonclosed and disconnected in general). Two H-reductions
P, C P,t = 0,1, are said to be homotopic [K-T] if there exists an H-reduction P C R x P
such that F; maps P, onto fF(P) for t = 0,1. P is called joining Py to P;. Notice that
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P is determined uniquely by the family of H-reductions P, = F; '[f(P)], t € R [which
follows from the observation: z € P, < (t,2) € P).

If H is closed and P; are defined by C'* cross-sections oy : M — P/H for t = 0,1, of
the associated bundle P/H — M, then, Py and P; are homotopic if and only if o9 and
o1 are homotopic in the usual sense (via cross-sections, of course).

PROPOSITION 5.2. If P; N P, t = 0,1, are homotopic H-reductions of P, then the
Lie subalgebroids By := d(ig)[A(Py)] and By := d(i1)[A(Py1)] of A(P) are homotopic. The
converse theorem is true provided that Py and G are connected. More generally, if A(Fo)
and A(Py) are homotopic and Py and Py are connected [G can be disconnected], then
there exists a € G such that R,[Py] is homotopic to P;.

Proof. Let Py, P, C P be two H-reductions of P. Assume that they are homotopic,
and that P C R x P is a joining H-reduction. Then B := p[A(P)] C TR x A(P),

p: ARx P)=T(Rx P)/G > [(v,w)] — (v, [w]) e TR x TP/G =TR x A(P)
being the canonical isomorphism, is a Lie algebroid joining By to B;. Indeed, one can
easily see that F; : A(P) — f/"(TR x A(P)) equals the superposition

A(P) 55 A(f7 (R x P)) 2 f{ (AR x P)) 2 f{(TR x A(P))
and then maps B; onto f{*(B) for t =0, 1.

Conversely, assume that the Lie subalgebroids By and B; are homotopic, say, via a
joining Lie subalgebroid B of TR x A(P). This means that F; maps B; onto f{\(B) for
t =0,1. Let P C R x P be the arbitrarily taken connected H-reduction corresponding to
the Lie subalgebroid ¢'[B] C A(R x P), see Th. 1.1. Put P, := F, '[f/(P)], t € R. By
its construction, {P,, t € R} is a family of homotopic H-reductions. Of course, P, and P,
are, for t = 0,1, two H-reductions corresponding to the same Lie subalgebroid B;. If P,
is connected, then, since P, and P, are integral manifolds of the same G-right invariant
distribution on P, we notice that P, = Ry, [P;] for a point g, € G. Therefore Ry g [Po]
is homotopic to P;. If, additionally, G is connected, R 097" [Py] is homotopic to Py. Thus
Py and P; are homotopic then. m

For further investigations, we fix

e a regular Lie algebroid A = (A, [-,-],7) over (M, E),

e a flat connection A\ : £ — A in it,

e two Lie subalgebroids By, B; C A, both over (M, E), homotopic to each other via
a joining Lie algebroid B C TR x A.

)\ determines a flat connection in TR x A of the form id xA : TR x E — TR x A. This
implies that the triad

(TR x A,id x\, B) (5.2)
is an FS-regular Lie algebroid. Moreover,
F: (A,)\,Bt) — (TR X A,ld X)\,B)

is a homomorphism of FS-regular Lie algebroids.
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PROPOSITION 5.3. The characteristic homomorphisms Avy, t = 0,1, of FS-regular
Lie algebroids (A, \, By) are related to each other by the commutativity of the following
diagram:

H(ngO)

A
F Agy

H(0 xg,B) Hg(M).

F# Ay

Y

H(ngl)

Proof. By the functoriality of the characteristic homomorphisms of FS-regular Lie
algebroids, we get the commutative diagram

A
H(g,By) o Hg (M)
A 'y
F* &

A
H(0 x g, B) # Hrpxp(R x M)

i i

Y AO# 4
H(g7 Bl)

where Ay is the characteristic homomorphism of (5.2). Since fg# = fl# (see the proof
of Th. 4.3.1 from [K4]) and ff is an isomorphism (because fy and f; are homotopic in
the category of foliated manifolds and each of them is a homotopy equivalence in this
category) therefore f1# =( fg‘# )~1, which implies our proposition. =

Notice that if Ft+#, t =0, 1, are isomorphisms, then Agx and A4 can be interpreted
as equivalence homomorphisms in the sense of the following definition.

DEFINITION 5.4. Let By, By C A be two Lie subalgebroids of a flat regular Lie
algebroid A (all three over (M, E)). We say that the characteristic homomorphisms Az :
H(g,B;) - Hg(M), t = 0,1, corresponding to By and Bj, respectively, are equivalent
if there exists an isomorphism of algebras « : H(g, By) = H(g,B) such that Agy =
Ay oa.

THEOREM 5.5. If By and B1 are homotopic, then Aoy and Ay are equivalent.

Proof. Recall that F; = pryoFy, see (5.1). Fy is an isomorphism of FS-regular Lie
algebroids, therefore

EM* H(f£(0 x g), [} B) = H(g, B;)

is an isomorphism of algebras. It remains to consider the homomorphism
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pry 7 s H(0 x g, B) = H(f{ (0 x ), [{'B).
Identifying (via the canonical isomorphism) the vector bundles
fr(0xg)/fih = fF(0xg/h),
we get (cf. the proof of Prop.5.2.1 [K4])

o [ (adB 0xg) = adsrB fr(0xg)"

° p1r2+7‘7é : Dp>o(Sec /\k(O x g/h)* )10 — Dj>o(Sec /\k (0 x g/h)*) o is the usual
pullback ¥ — f}W.

Theorem 5.5 follows now from Theorem 1.3. =

6. Comparison with the characteristic classes of a flat principal fibre bun-
dle. Given:

(a) a G-principal fibre bundle P = (P, 7, M,G,-),
(b) a flat connection in P with connection form w,
(c) a closed Lie subgroup H C G and an H-reduction P’ C P,

let g and b denote the Lie algebras of G and H, respectively. Of course, i : P’ < P is
an (H — G)-homomorphism of principal bundles and its differential di : A(P") — A(P),
see [K3], [M1], is a monomorphism of the corresponding transitive Lie algebroids

0— g AP) Lo TM 0
(di)+‘ di
,}//
0 h s A(P') T™ 0

Identify A(P') with Im(di) and h with Im(di)*. Then, for each z € P[,, the isomor-
phism A e s [A.e0] (A2 0 G = P, a — za), see [K4, s.5.1], maps h onto hj,
and determines an isomorphism [Q] ca/h > (g/h)|z- Tt is worth recalling that % is an
isomorphism of Lie algebras provided that g is the right Lie algebra of G, see [K3], [K4].

According to section 3, we have a representation ad(pryg : A(P') — A(g/h) such
that Laa, .., ,e([V]) = [[€,V]]. £ € Sec A(P'), v € Secg, and the representation induced
by it adg(P,)yg : A(P') — A(A"(g/h)*). Consider also the induced representation Adpr 4
of the principal bundle P’ on the g/h-vector bundle g/h, defined by Adp/ g : P’ —
L(g/h), z — [2], and the representation AdA,,g : P — L(/\k(g/h)*) induced by it (cf.
[K4, 5.3.2]). By the same argument as in the proof of Th. 5.4.3 in [K4], to see that
ad4(pr),g is the differential of Adp 4, we must only notice an analogous fact concerning
the representations of Lie algebras and of Lie groups: h — End(g/h), v + [ad4(v)], and
H — GL(g/b), h — [Adg(h)]. Hence, ad;\,(P,),g is the differential of Adfy7g. Therefore,
according to [K4, Props 5.5.2-3], we have a monomorphism

k(N 8/6))r — EP(Sec A" (g/h)*)1 € ED(Sec N"(g/h)*) 10

k>0 k>0
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defined by the formula k() (z) = Adp ,(2)(¥), z € P,

= and which is an isomorphism
when P’ is connected. It is necessary to verify that x commutes with the differentials d*
and § acting on the spaces (A(g/h)*); and ), (Sec A" (g/h)*) 0, respectively (notice
that the spaces of cohomology of these are domains of the characteristic homomorphisms).
The differential & in ), ,(Sec N(g/h)*) 0 is defined in section 3 above, whereas, the

differential d* in (A(g/h)*); must be defined by the formula

o AA
(@ (@), fwi] A A Twr]) =D (=D (W, [fwi, wil] Afun] Aci ),
i<j
wi,. .., W, € @; here [w;, w;] is the bracket in the left Lie algebra of G [we get it follow-

ing the fact that this differential must be the one for which the canonical isomorphism
Gox/m) = (A@/h))1 (also (A )" = (A(g/h)*)1) is an isomorphism of DG-algebras,
see [K-T]]. The equality § o k¥ = k*+1 o d¥ may now be obtained immediately.

THEOREM 6.1. The characteristic homomorphisms Ay : H(g, H) — Har(M) of the
triad (P, P',w) (see [K-T]) and Ay : H(g, A(P")) — Hyr(M) of the FS-transitive Lie
algebroid (A(P), A\, A(P")) (A corresponds to w) are related by the following commutative
diagram:

H(g,H)
Ay
Ko Har(M).
Ay
H(g, A(P")

Proof. We prove the commutativity on the level of forms. Consider the diagram

(A(g/H)*)s

A
K QM) —T" (P
A
=% p
Y Y
Bi>0(Sec A" (g/h)") 10 Qa(pr),i(M) — Qupr (M)
di)*
> (di)
Y
Qap),n(M)

in which
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o (V) = (WM NN's*ol) = L (A" o W,wh AL AwA), wh D A(P) — g being
the connection form corresponding to A,

® Q4(pyn(M) denotes the space of h-horizontal forms on A(P),

e p maps real forms on A(P’) into right-invariant forms on P’, © — © for O (see
1K3).

We recall that, for ¢ € (A*(g/b)*)s, the form A(y) € QF(M) is defined uniquely in
such a way that 7*(A(¢)) = & (A s (¥),w A ... Aw) where i : P! < P, whereas
s:g — g/hand " : PP — M are the canonical projections. On the other hand,
A(T) for ¥ € (Sec A"(g/h)*) 0 is given as a form for which 7. (A(V)) = (di)*(¢(D)).
Therefore, to end the proof, we need to prove the equality i*(A* s*(¢),w A ... Aw) =
po (di)*((N"s*(k)),w™ A ... Awh)) only (very easy calculations are omitted). m

7. The tangential characteristic classes of a partially flat principal bundle.
Consider now Ex. 3.1(2), i.e. a triple (A, B, \) consisting of a transitive Lie algebroid A on
M, a transitive Lie subalgebroid B of A and a partially flat connection X in A, namely,
flat over a given involutive distribution F' C T'M. The characteristic homomorphism
AL : H(g,B") — Hp(M) of the FS-regular Lie algebroid (A", B", \|F) will be called
the tangential characteristic homomorphism of the system (A, B, A), and the cohomology
classes from its image the tangential characteristic classes of the system (A, B, ).

Let now the system (P, P’,w) be given as in Ex. 3.1(3). It determines the FS-regular
Lie algebroid (A(P)F', A(P")F',\|F), and via this a characteristic homomorphism

AL H(g, A(PY") — Hp(M),
called the characteristic homomorphism of the system (P, P’,w). The cohomology classes
from the image of Af; should be called the tangential characteristic classes of the system

(P, P',w). By construction, they measure the independence of w and P’ — exactly the
same as the exotic characteristic classes of a partially flat principal bundle [K-T].

REMARK 3. The problem of comparing these two systems of characteristic classes is
open.

8. The case of a TC-foliation. This section is a continuation of Example 3.1(4).
One can prove the following two propositions.

PROPOSITION 8.1. The Lie algebroid TR x A(M, F) is canonically isomorphic to the
Lie algebroid A(R x M, F) of the TC-foliation (R x M, F) := (R x E;) x (M, F) which
is the product of the discrete foliation E4 of R and the given foliation (M, F). m

Let By, By C A(M,F) be two Lie subalgebroids of A(M,F), and By, By ¢ TM

the corresponding involutive subbundles (see Ex. 3.1(4)). A simple consequence of the
definitions and Proposition 8.1 is the following

PROPOSITION 8.2. By and By are homotopic if and only if there exists an involutive
subbundle B C T(R x M) =TR x TM such that

(1) 0x FC B,

(2) B+(0x F,) =TR x TM,
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(3) vE By & (0;,v) € B for t=0,1,
(4) the Lie algebra Sec BN L(R x M, F) generates at each point (t,x) € R x M the
entire space B|(t,a:)' [

Here we pass to the Lie algebroid A(G; H) of the TC-foliation H of a connected Lie
group G by left cosets of a connected nonclosed Lie subgroup H C G. Let b, b, g denote,
as usual, the Lie algebras of H, H and G, respectively. By the same argument as in
Example 7.4.7 from [K4] we prove

LEMMA 8.3. Let b C g be a Lie subalgebra such that

hbCb, bh+b=g; (8.1)

then the G-left-invariant distribution By, C TG determined by b [i.e. the one tangent to
the foliation {g- B;g € G}, B being the connected Lie subgroup with the Lie algebra b]
fulfils conditions (1), (2), (3°) from Example 3.1(4), giving at the same time a transitive
Lie subalgebroid of A(G;H). m

It seems to be interesting that b can be interpreted as a ”connection”, but in another
Lie algebroid. Namely, let H; be the connected Lie subgroup of G whose Lie algebra
equals b N h. Of course, h € bNh C b, therefore H C Hy, C H, hence H; = H. Then,
it is clear (see [K4, Ex.8.4.7]) that By is an F-connection where F is the foliation of left
cosets of Hy in G.

LEMMA 8.4. Let ¢ C g be a Lie subalgebra such that
cNh=bh c+h=g (8:2)

then the G-left distribution C. determined by ¢ is C™ completely integrable and fulfils (a),
(b), (c’) from Example 3.1(4), giving at the same time a flat connection in A(G; H). m

Seeing that the foliation {R x G, H} = {R, E;} x {G,H} is equal to the foliation of
the Lie group R x G by left cosets of a Lie subgroup © x H, © being the null Lie subgroup
of R, we get

LEMMA 8.5. The Lie algebroid TR x A(G; H) is isomorphic to the Lie algebroid A(R x
G;0 x H). Condition (4) from Theorem 8.2 above is equivalent to

(4°) B is © x H-right-invariant. =

Now, we calculate the characteristic homomorphism of the FS-transitive Lie algebroid
(A(G; H), B, \) in which

e B = By for a Lie subalgebra b fulfilling (8.1),

e ) is the flat connection determined by a Lie subalgebra ¢ fulfilling (8.2). (According
to [K5] for such a Lie subalgebra ¢ to exist, m1(G) must be infinite).

Recall that [K4, 8.2.4] ¢ : G/H x b/h — g, (g, [w]) = [Xw(9)], g € 7, *(7), is a global
trivialization of the Lie algebra bundle g of A(G; H), and that the typical fibre b/ of
this bundle is an abelian Lie algebra [X,, stands for the left-invariant vector field on G
generated by a vector w] [K4, 8.1.3]. The equalities h = g N B and dim(hNb/h) = rankh
yield that ¢ induces a global trivialization ¢! : G/H x (h Nb)/h — h. Next, p and o

give a global trivialization ¢? : G/H x h/(hNb) — g/h. Using ¢?, we can modify any
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cross-section v € Secg/h to the h/(h N b)-valued function v : G/H — h/(hNb), and,
analogously, any cross-section ¥ € Sec A"(g/h)* to the function ¥ : G/H — A"(h/(HN
b))*. Analogously to the proof of Prop. 7.4.1 from [K4] we obtain the following

PROPOSITION 8.6. W is invariant if and only if ¥ is constant. m

In the space P> q(Sec A"(g/h)*) 0 the differential § defined by (3.1) works. We can
carry & over to the space A(h/(h N b))* and obtain a differential 5.

PROPOSITION 8.7. 0 = 0 [hence & = 0.

Proof. Take U € A"(h/(hNb))* and let ¥ € (Sec A"(g/h)*);o correspond to ¥ (i.e.
U = W(e) = ¥(g)). For wy, ... ,wy € b, we have

(O, fwr] Ao A Twr]) = (2(9), [pg([waD)] A A fpg([wi])])

and then (see [K4], [MO2]) for wy, ... ,w; € b,

(K
(89, Jwo] A .. A Jwg])

= <((§\I/)/\, [U}O] A A [U}k]>

={(09), [e(Xuwe)] A - A fe( X)) (9)

== 2 (D e X Dr el A [ FKug)] A3 )@)
SR D C iU A HPS) LS SO I IC)
==Yy, [wi,wi] A ) =0

because [w;,w;] € h CbNh [h/h is abelian!]. =
As a corollary we obtain an isomorphism of algebras

H(g.B) = H(A(b/(hNb))*,0) = A(b/(h M b))*

and the fact that the forms from the image of the characteristic homomorphism, Im A,
are closed.

Take into account the connection A determined by c¢. Let w be its connection form.
Conditions (8.2) determine a decomposition g/h = h/bh @ ¢/h. Define w, : g — h/b as the
linear mapping which is the superposition w, : g — g/h = h/hdc/h 2h, h/h. Take also the
canonical linear homomorphism p : h/h — h/(h N b) and put wy; = pow, : g — h/(hNb).

LEMMA 8.8. The form A, (U) for U € (Sec A¥(g/h)*) 10 is a G-left-invariant form on
G/H such that its value A, (¥); € N*(g/h)* at € is equal to

(AL(D)e, [w1] A oo A wi]) = (B, w1 (1) A oo A wr (7))

where w; € b are vectors such that [W;] = [w;] € g/h (notice that b — g — g/b is an
epimorphism). m
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LEMMA 8.9. Consider the DG-algebra (\(g/h)*)1 of vectors invariant with respect to
the adjoint representation Ad* : H — GL(\(g/h)*), see |G-H-V, Vol. II, Prop. XI]. The

forms from Im A, are closed, where

A A/ ) — (Alg/D))r
is defined by the equality (w; as above)
(AL (9), [wr] A oo A wg]) = (B, w1 (1) A o A wy (D).

From the above we obtain the fundamental commutative diagram

Hyr(G/H)

A/ (b 016))* —F— H((A(s/b)")1) = H(G/H).

If G is compact, then the right arrow is an isomorphism.
THEOREM &8.10. A# is trivial if and only if ¢ C b.

Proof. Let ¢ C b. The epimorphy of b < g — g/b implies that it is sufficient to show
the equality wq(w) = 0 for w € b. For this purpose, take an arbitrary point w € b and
write w = w; +ws for wy € h and wy € ¢. Then wy; = w —wy € b, s0 wy(w) = p(wy) = 0.

Assume now ¢ @ b. Take w € ¢\b and let @ € b be a vector such that [w] = [W]
in g/h. Of course, w —w € h\(hNb) and & = (W — w) +w € h + c. Take a covector

¥ € (h/(hNb))* such that W(b — w) # 0. Then
A () ([w]) = (B, wy () = (, [0 — w]) # 0.
Since Z((g/h)*)r — H'((A(g/h)*)1) is a monomorphism, we obtain Ay (¥) # 0. m

Then, for compact G, each case ¢ ¢ b is the source of the nontrivial characteristic
homomorphism of a FS-transitive Lie algebroid on the ground of TC-foliations of left
cosets.
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