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Abstract. This note gives a complete description of the cohomology algebra of any orientable
Seifert manifold with Z/p coefficients, for an arbitrary prime p. As an application, the existence of
a degree one map from an orientable Seifert manifold onto a lens space is completely determined.
A second application shows that the Lusternik—Schnirelmann category for a large class of Seifert
manifolds is equal to 3, which in turn is used to verify the Ganea conjecture for these Seifert
manifolds.

1. Introduction. Throughout this paper M will denote an orientable Seifert fibred
manifold and M its universal cover. Furthermore, II will denote the fundamental group
m (M) of M and R = ZII is its integral group ring. Then using the standard notation
introduced in 1932 by Seifert [17], [18], either M = (0,0,¢g | e: (a1,b1), ..., (@m, b)) or
M= (O,n,g|e:(a1,b1),...,(@m,bn)). In the first case M is orientable with orientable
orbit surface V, of genus g > 0, while in the second case M is orientable with non-
orientable orbit surface W, (a 2-sphere with g cross caps), g > 1. In both cases e is
the Euler number, m is the number of singular fibres and, for each i, (a;,b;) is a pair
of relatively prime integers that characterize the twisting of the i-th singular fibre. For
other references on Seifert manifolds see [8], [12], [13], [16].

The cohomology algebra of the orientable Seifert manifolds with orbit surface 52 and
72 coefficients is described in [1]. The present paper provides a two-fold generalization
of these results to the cohomology algebra of any orientable Seifert manifold with Z/p
coefficients, for any prime p. The techniques used are similar to those formulated in
[1] and [2]. We proceed by identifying the cohomology of the Seifert manifold with the
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group cohomology of its fundamental group, I1, which is assumed to be infinite. This can
be done because such Seifert manifolds (apart from the two exceptions RP3#RP? and
S1 x S§2) are Eilenberg-MacLane spaces of type K (II,1). This reduces the problem to a
purely algebraic computation in group cohomology. The equivariant chain complex of the
universal cover, M, of M can then be used to compute H* (IT;Z/p). The calculation of
the cup products can then be carried out from their definition by constructing a diagonal
approximation for the equivariant chain complex. The assumption that |II| = co is not
restrictive since there are relatively few Seifert manifolds with finite fundamental group
and these are all well known. The construction of the equivariant chain complex, and the
diagonal approximation, are stated in §2.

In §3, the diagonal approximation is used to calculate the Z/p cup products and the
Z/p Bockstein maps. These results are then used in §4 to determine when an orientable
Seifert manifold admits a degree one map onto a lens space L(p, q), for a given prime p.
The formulae and theorems in §2 and §3 are, for the most part, stated without proof.
The complete details of the proofs of all of these theorems, which are somewhat lengthy
and algebraically technical, will be given in [3].

The application to the Lusternik—Schnirelmann category (see Theorem 4.5) follows
directly from the calculation of the cup products for the orientable Seifert manifolds and
the well known result relating the cup product length to the Lusternik—Schnirelmann cat-
egory. This theorem is proved in §4. The result on cup product length and the Kiinneth
Theorem enable us to resolve the corresponding cases of the Ganea conjecture (cf. The-
orem 4.6).

While §2 gives all the basic formulae necessary for the calculation of the cup products
in §3 and the applications in §4, these formulae are algebraically complex. The reader,
after looking at the notation and conventions in §2, may prefer to pass directly to the
last two sections without examining the formulae (R; ;), (R} ;) and A (Theorem 2.1) in
detail, at least on first reading.

2. The equivariant chain complex and the diagonal approximation. In [2],
the equivariant chain complex for the the universal cover M was constructed in the genus
zero case where the associated orbit surface is S2, using results from [5] and [14]. In the
general case, where the Seifert manifold is orientable and can have any orbit surface,
this chain complex is modified using the same techniques given in [1] §2, [2] §4, and the
resulting equivariant chain complex is now described in all possible cases.

(Oo0): The Seifert manifold and the associated orbit surface are both orientable. Here
= <51,-.-,SWL,UhUJl,.-.,’Ug,'lUg,h |
[s;, R, s?jhbj, [vj, h], [wj, h], s1. .. sm[v1,wi]...[vg, welh™°).

Note that h is a central element in II.
The equivariant chain complex C for the universal cover M is formed from the free
R-modules in dimensions 0,1,2,3 with free generators

(Go) 0: 00,...,0%;
1 1

| 1. 1 1.1 1.1 1.
(Gh) Lo 00 5003005 Py V1 Wi+ o5 Vgs Wi Mg+« + 5 T
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.2 2. 2 2.2 2 2 2.2 2 .52,
(G2) 20 Oy T P s P Vs W e e ey Vg Wi [0+« + s i3 075
. 3 3. 83.
(Gs) 31 0hy.e 00507,

Y m?

The definition of the boundary map, 0, of the chain complex C, requires the following
conventions and definitions in the group ring R. First of all, in addition to the list of
generators given in (G7), (G2) adopt the notation of = 0, 03 = 0 and set sg = h~°.
Next, let 7; = s9s1...8; for =1 < j < m, (r—1 = 1) and ry4j == 1y Hizl[vk,wk} for
1 < j < g. Observe that 7,1, = 1. Given relatively prime integers a; > 0, b; > 0,
choose integers ¢; > 0, d; > 0 so that |ZJJ dbj| =1 and let t; = s;j hi. Then s; = t;bj
and h = t?j. When j =0 set ag = 1, by = e, giving so = h™¢, as before. Now define the
Laurent polynomials

5 —1
fi=14t+. .+t 1> 1 fagg=Fj = 5—
J
L . 1t
g =t AT 2 gy =G =
J

_ —bj —bj(c;—1)
Pp=1+4t" 4. .+t :
. a; a;j(d;j—1)
Qj =141ty +... +t7 7.

In particular, Fy = 1 and Gg = (1 — h™¢)/(h — 1). Finally, define the chains:

1. .. 1 1y .1
T =T (Uj —l—pj) Ti0;

Tomtg *= Tmtj—1 (1 — vjwjvj—l) yjl + (Tmgj—1v5 — rm+j)w;,
7 imris (03 443) 47y

Tt 7= Tt (Vw0 L = 1) V3 + (P — Ty jo105) @5
The free resolution C is given by the exact sequence
C: 0—C20 250 %0 -572—0

and the differentials are defined by

(Ri1,1) 80} = 0? —0y, 1<j<m,

(Ri2)  0pj=(s; —1)a), 0<j<m,

(Ris)  Onj=(h—1)0], 0<j<m,

(Ri4) Oy} = (v; —1)og, Owj = (w; —1)og, 1<j<yg,

(R2,1) 80? =5 — 77]1 + (h— 1)0]1» 1<j<m,
(Rap)  0p; = (1—s;)mj+ (h—1)pj, 0<j<m,

(Ras) OV =1 —wj)mg+ (h—1)v}, Owi=(1-wj)ns+(h—-1wj, 1<j<g,

m g
(R2,4) 6% = Zﬂ'; +Z7r,1n+j,
§=0 j=1

(Ras)  Ops =Fj-p;+Gj-m;, 0<j<m,
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(Rsa) 00 =pi+(1—t)u}, 0<j<m,

m g
(Rs2) 08 =(Q1-h)o*=> 2= "=,
j=0 j=1

REMARK 2.1. Observe that 7§ = p§, 78 = —pi, and
87rj1- = (r; — 7"]-,1)08, awfnﬂ = (r; — rj,l)né +(1—h) w,lnﬂ-, 0<j<m+yg.

(On): The Seifert manifold is orientable while the associated orbit surface is not
orientable. In this case the cell complex of M does not include the cells wjl», w? listed in
(G1) and (G2) but otherwise has the same generators as the (Oo) case. The fundamental
group has the following presentation:

ajp b, -1 2 27, —e
IT=(s1,...,8m,01,...,0g, h | [s5,h], 8;" "7, vjhv; "R, s1 .. ospuy .. vgh ™€),

Define the chains: . .
Totj = Tm+j—1 (14wvy) 7

i = Tmj—1 (hv; — 1) 12, where

Tontj -

J
- 2
Tm4j = So---Sm V5.
k=1

Note that although h is not central here, as in the (O, 0) case, it does commute with each
S5, vf, and hence also with 7, 0 < k < m + ¢g. The boundary relations (R; ;) without
vj,wj, v, w; are the same as in the case of the orientable surface. One has to replace the

other (R; ;) by the following (R ;).
(R74) ovj =(vj—1)og, 1<j<y,
(R35). ovi = (1+hvs)ng + (h—1)vj, 1<j<g.

The free resolution C, given above, suffices to find the additive structure of H*(M; A).
However, to find the ring structure (i.e. the cup products), make C ® C into an R-chain
complex by setting d(z ® y) = 9z @ y + (—1)8@z @ dy, and (nu + mv)(z @ y) =
n(uzx ® uy) + m(ve @ vy) for my n € Z, u, v € I, z, y € C. Then seek a diagonal
approximation A : C — C ® C such that

(a) A is an R-chain map,
(b) A preserves augmentation, that is, there is a commutative diagram:

c 2 cec

J e

zZ = 7oL

Such a diagonal map A must exist by the theorem of acyclic models (cf. Steenrod and
Epstein [21] Chapter 5), but it must be found explicitly. One of the main difficulties in
the construction of this diagonal map is that there are a variety of choices at each stage
of the construction. Of course, by (a), it suffices to define A on the (free) generators of
the complex C.

Before stating the central result, we introduce the 1-chain le = P; p]l + t;bj “ anjl.
Also, for convenience let M = m — 1.
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DIAGONAL APPROXIMATION THEOREM 2.2. The diagonal approximation of the equiv-
ariant chain complex C is defined on the generators of C as follows:

(OO): M= (070;9 | e: (alabl)a"'7(am7bm))’

Aley) = a? ®0f, A(ej) =0} ® 0] + o3 @ 03,
A(p;) J ®p3+p]®03, A(Ujl'):hg;?@njl""%l'@U?a
A(V}) ® 00 +'chro ® V A(wjl.) = wl ® 08 + wjgg ®le'a
A(03) = hog ® 05 —hoj @nj + 03 @0 + 15 @ 0},
A(p?) = p? @0l + 851} @ p} — hpt @} + hs;o? @ p?,
A(VJQ) ®Uo +Ug770 ®1/ —hV ®770+hv300®
A(WJQ) ®00+wj"70®w _hw ®770+hwjao®w
aj—1 k—1 aj—laj—bj—1
N TT LR NE SRR S SR T Y SUS SR P
k=0 I=—b; 1=0 k=I—b,
—1 -1 a;+i-1 a;j—1
-y Z thpjetrl+ > N thrletny -G ) i) @ fr7)
k=1—b; I=—b; I=1—b; k=a;—b, r=1
b;
7szt]_”‘7-]1 ®gr,j7_j17
r=1
A(6%) = A+ B,
where
A:52®8008+Tm—108®52+7771n®7T,’1n+pé®pé+7r;n®p(l)
m—17—1 m m
=D D M =Y M@0+ Y 1o} @i,
j=2 i=1 =1 et
and

g j—1

1
B= ZWM-I-J ®p0+zzﬂ'm+k ®7rm+j +ZTW+JV] ®7Tm+j
j=1 J=1k=0 Jj=1

9
+ Tr VW @ Moy s — it VW ® Tomg Vs
m+j Y%y m+j m+j Y% m+j%j

j=1 j=1
g
+ Py U WS U @ wh
m+jYjWit; Vi m+j3% ;5
J=1

b, —bs b,
A(a?)za?’@a?—i—t;] Jo?@o?—tju2®tj JT]-l—t;J ]T]?L@tju?—l—tju?@GjT]l

—b;
— 15 ® Gyr} =t Pyt @ (p) + Gymf) — 157 (p) + Gy7}) ® Py,
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A8 = A + B,
where
A =88® 5008 + hrm,lag ® 0% — hé® @ soné - rm,m(l) ® 6% — pg ® p(lj + hp(l) ® ,0(2)
m—17—1
+ 72, @ T — hmy, @ w2, + T2, ® py + hy, @ i — Z ZW?@W}
j=2 i=1

Jj—1
h7r ® T —Zﬂ ®7rj— 10 Zh’/T ®7rj— 10
1

m—1

2

Jj=2 i=

_Zr]U R 1pJ+Zhrja ®rj_1p},
Jj=1

and
J—

g 1 g j—1
2 1 2
E :Wm-i-J @ po +§ : 7Tm+k®7rm+J E :E :hﬂm-&-k@ﬂ'm-i-j
7j=1k=0 j=1k=0

g
1 2
_E rm+jy ®7rmﬂ E h?"m_HV ®7rm+] E hrmyjojw; @ T4

j=1
g g
- Z Ay VW) ® Ty Vs + Z Ty UW) @ Ty} — Z T U © T
j=1 j=1 j=1
g g
— Z rmﬂvjwjv;lz/jz ® rm+jwj1- + Z hrmﬂvjwjv;lu} ® Tm+jWj
j=1 j=1

g
j=1

This completes the construction of the diagonal approzimation for the case when both
the Seifert manifold and the orbit surface are orientable.

(On): M = (O,n;g|e:(a1,b1),...,(am,bm)). In this case the diagonal on the equiv-
ariant chain complex C is defined as in the (Oo) case, except on the generators w}, w

2

i Y5
which do not occur in this case, and on the generators 1/]2, 82, 63. On these generators,
the diagonal is given by:

A(V?) = z/J2 ® ) — hvjng @ V; - hl/j1 ®ng + hvjo) @ I/Jz + hvjng @ hvgng,
A(6*) = A+ B,
where
A=6*® 8000 + Tim_100 ® 0 + 7, @ Ty + pp @ pp + T & g

m—17—1

_ZZW Q7 —Zw ®rj_10; +Z7"JU QT 1/’37

Jj=2 i=1
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and

g j—1
B = Zﬂmﬂ@Po"‘z W#Jrk@wmﬂ—i—z:rmﬂy ®7Tm+J
j=1k=0
g
Y TV © P oY),
A(53) =A"+ B,
where

A = 6% ® 8000 + hrp—100 @ 6 — h6* @ somy — Tm—115 @ 6% — pg @ po + hpp @ py
m—17—1
+7T72n®7771n—hﬁ#@ﬂfn—l—ﬂg@(@pé—&-hﬁn@pg—ZZW?@W%
j=2 i=1
Jj—1
h?‘(‘;@ﬂ'?—Zﬂ' ®rj— 10 Zhﬂ' ®7Tj— 10

i=1

m—1
2
j=2

m m

§ 2 1 E 1 2
_ ’I‘jO'j ®7"]',1pj + h?"jO'j ®Tj*1pj’

j=1

Jj=1
and
g j—1 g j—1
1 2
Zﬂ-m-‘r] ® pO + E Zﬂ-m-i-k ® 7Tm+_7 Z Z hﬂ-m—i—k ® 7rm+j
j=1 k=0 j=1 k=0

g g g

2 1 1 2 2 1

_ E TiVi & Ty — E hrmijv; @ Ty + E hrm4joivs @ g v,
, , =

g g
§ 1 2 E 2 1
— hT‘m+j’l)jl/j & hTm+jUjVj + h?’m_;,_]‘vjl/j &® h?”ﬁ+j?)j7]0
j=1 j=1

+ Z Tt iTlo © hray jvv 7+ Z h’ﬂ-m-i-] ® pp-
J=1 Jj=1

3. The cohomology algebra. The cohomology groups of the Seifert manifolds
M = (0,0;9 | € : (a1,b1),...,(am,bm)) and M = (O,n;g | € : (a1,b1),...,(am,bm))
are well known and can be determined by first calculating their homology from a CW-
decomposition (or by abelianizing 1 (M)) and then applying Poincaré duality. For our
purposes it is most convenient to calculate them directly from the cochain complex
Hompg (C,7Z/p), where Z/p is the trivial R-module. Specifically,

H* (Homg (C,Z/p)) = H* (I Z/p) = H* (M;Z/p),

since M is a K (I, 1) space (cf. [11] Theorem 11.5). Any description of the cohomology
algebra of a space, such as Theorems 3.1-3.7 below, is imprecise unless the generators
of the various classes involved are also specified. The description of these generators
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is given in the Appendix in terms of specific cocycles in Hompg (C,Z/p), and can be
referred to when necessary. The proofs of all the results in this section are actually quite
straightforward and follow directly from the results in §2. They are, however, omitted
here (full details are given in [3]).

In order to describe the cohomology of these manifolds the following notational con-

ventions are made. For any prime p, assume without loss of generality that aq, ..., a,, =0
(mod p) and ap, 41, --,an 70 (mod p). In this case there exist integers af, . .. ,a;p, such
that a1 = pal,...,an, = paﬁlp. Choose integers ¢;, d; so that a;d; — b;c; = 1. Then,

for 1 < i < mny,, b;, ¢; # 0 (mod p). When n, = 0, that is when a;, # 0 (mod p) for
all 1 < i < m, let by,...,b, =0 (mod p), byy1,...,b;m Z 0 (mod p). Then there ex-
ist b,...,b. such that by = pb/,...,b. = pb.. Let A =[[" a;, A; = a;*A € Z and
C=>"b;A;. Observe that AZ0 (mod p). Finally note that the same symbol will be used
to denote an integer s and its mod p reduction. The context will remove any ambiguity.
The calculation of these cohomology groups gives the following results:
For M = (0,0;9 | e: (a1,b1), ..., (Qm,bm)),

(i) If n, > 0 then HY(M;Z/p) ~ H*(M;Z/p) =~ (Z/p)?9T»—1.
(ii) If np = 0, then
(a) H'(M;Z/p) = H?*(M;Z/p)
(b) H'(M;Z/p) ~ H?*(M;Z/p)

(Z/p)*, if Ae+C #0 (mod p) and
(Z/p)*9+t, if Ae+C =0 (mod p).

~
~
~
~

In the case when M = (O, n;g | e: (a1,b1),..., (am,by)) then similarly
(i) If n, > 0 then HY(M;Z/p) ~ H*(M;Z/p) ~ (Z/p)I+mr—1.
(ii) If n, = 0, then
(a) HY(M;Z/p) ~ H*(M;Z/p) =~ (Z/p)?, if Ae+ C #0 (mod p) and
(b) HY(M;Z/p) ~ H*(M;Z/p) ~ (Z/p)9*t, if Ae+C =0 (mod p).
The remainder of this section will be devoted to the description of the cup products.

Again we remind the reader that the generating classes in cohomology are described in
the Appendix.

THEOREM 3.1. Let M = (O,0;9 | e : (a1,b1),...,(am,bm)) and let §,; denote the
Kronecker delta.
If n, > 0, then as a graded vector space,

with «;, 6;, 0] in degree 1, B;, w1, @) in degree 2, and v in degree 3. Now set 1 =
— > o Bi. Then, the non-trivial cup products in H*(M;Z/p) are given by:

(i) For p=2, let 2 <i,j < mns. Then

;- = (a;)ﬁl + dij (C;Z)ﬁzw

Furthermore, if 2 < k < ng as well, then

ai-aj~ak:((121>fy ifi#£j orj#k, ol = [((121)4—(6;)} 5.
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(ii) For any prime p, let 2 <i<n, and 1 <1 <g. Then,
ai-Bi=—y,  Oei=0p=7.
Additionally, the mod p Bockstein, By, on H*(M;Z/p) is given by
By(ai) = —dlciBi +ai'c1p1 € H*(M;Z/p),
By (61) = B,(6;) = 0.
REMARKS 3.2. (i) For p = 2, Ba(a;) = Sq¢*(a;) = a?. Thus the formula given in (i)

for a? agrees with the formula for Bs(c;) given in (ii).

(ii) In case n, = 1, there are no «; or f; classes. Furthermore, if g = 0 there are no
01, 0], ¢1, or ¢ classes.

(iii) Since n, > 0 only when there exists an a; that is divisible by p, it follows that
np = 0 for all but a finite number of primes p.

THEOREM 3.3. Let M = (O,0;g | e: (a1,b1),...,(@m,bm)) and suppose that for some
prime p > 2, n, =0. In case Ae+C # 0 (mod p) H*(M;Z/p) has generators 0y, 0, ¢,
¢, 1 <1<g. If Ae+C =0 (mod p), then

H*(M;Z/p) = Z/p{1,0,01,0}, 8, ¢01,¢,,7 |1 <1 < g},

where deg (a) =1 and deg (8) = 2.
The non-trivial cup products are given by:

(i) Forp=2, if Ae+ C =0 (mod 2)
o = {q—i—;(Ae—i-C)] B,

where q is defined to be the number of b;, 1 < i < r, which are congruent to 2
(mod 4).
(ii) If Ae + C =0 (mod p), for any p, then for 1 <1 < g,

a-O=w, o=y,
0,-0, =3, a-f=-—7.
(iii) In either case, for 1 <m < g (and for any p),
01 =0, o1="1.
Furthermore, the mod p Bockstein on H(M;Z/p) is given by:

" A C
ST+ 22 g e HA(M;2/p),
=1

By(a) = —A7T )

B, (61) = B, (#}) = 0.
In the case when the Seifert manifold has a non-orientable orbit surface homeomorphic
to Vg = RP%# ... #RP?, the cohomology algebra is now given.

THEOREM 34. Let M = (O,n;g | e : (a1,b1),...,(am,bm)). If for any prime p,
nyp > 0, then as a graded vector space,
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In this case let B1 = — > 5 Bi —2> 7, 1. The non-trivial cup products in H*(M;Z/p)
are given by:

(i) Forp=2 and 2 < i,j < na,

ooy = (0;1)& + 035 (C;i>5i~

Moreover, if 2 < k < ng as well, then

e TRNTRNINES aq v if i;«éjor j?ék‘, O(?: aq " a; ).
2 9 5
(i) For any prime p, let 2 <1i,j <np and 1 <1 <g. Then,

aj - fj=—y and O ¢ =—.
In addition, the mod p Bockstein on HY(M,Z/p) is given by:
By(ay) = —ajje; 85 + ayei B,
B, () = —2ac13.
REMARK 3.5. (i) When p = 2, By(a;) = o as in Remark 3.2 (i) and the formulas
given in Theorem 3.4 (i) and (ii) agree.

(ii) When n, = 1, there are no ¢; or 3; classes.
(iii) Note that in the (On) case g > 1 always holds.

THEOREM 3.6. Let M = (O,n;g | e: (a1,b1),...,(am,bm)). Suppose, for somep > 2,
np = 0. Then as a graded vector space

H*(M;Z[p) = Z/p{1, 61, 01,7 |1 <1 < g}.
In this case
0,-pr=—, for1 <<y, B,(6;) =0,
while all other cup products are zero.
THEOREM 3.7. Let M = (O,n;g | e : (a1,b1),.-.,(@m,bm)). Suppose that p = 2
and ny = 0. If Ae + C # 0 (mod 2), then H*(M;Z/2) is generated by the elements
01,...,0,, and H*(M;Z/2) has generators 1, ...,¢q. In case Ae+ C = 0(mod 2) there

are two additional generators o € HY(M;Z/2) and 8 € H?(M;Z/2). The non-trivial
cup products are:

1) -1 =1.
(ii) If Ae + C = 0(mod 2), then

1

az—[q+2(Ae—|—C')]ﬂ, 07 = B, a0 =y,
1

agz[q+2(Ae+C)]’y, a-f=7.

4. Applications to degree one maps and Lusternik—Schnirelmann category.
By [7] Theorem 2.2, for given p, a degree one map from an orientable 3-manifold M onto a
lens space L(p, q) exists, for some g, if and only if there exists an element x € H'(M;Z/p)
such that the linking number @z = (z-By(z), [M]) # 0. The following result determines
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all possible non-zero values for x - B,(z) in any orientable Seifert manifold M, and is a
direct corollary of the previous results. Observe that when p = 2, L(2,q) = L(2,1) = RP?
and z- B,(z) = 23 so that the description of degree one maps given in Corollary 4.2 agrees
with the description in Theorem 4.14 [2], which is restated in Corollary 4.3. It is worth
noting that in the cases where a degree one map M — L(p, q) exists, the value of ¢ is not
arbitrary. By [7] Theorem 2.2, if the linking number z ® z = [r/p] € Q/Z, then gr =1
(mod p).

THEOREM 4.1. For any prime p, and any orientable Seifert manifold M let x be an
element of H'(M;Z/p). Then all possible non-zero values of x - By(x) are given by:

(i) For the Seifert manifold M = (O, 0,9 | e : (a1,b1), ..., (am,bm)), when p > 2 and
ny > 2,
a; - Bp(a;) = (aje; + aler)y, 2<i<n,.

(ii) For M = (0,0;g | e: (a1,b1),...,(@m,bm)), withn, =0 and Ae+C = 0(mod p),

- By(a) = A1 (Z B A; + <Ae; C)) Y

i=1

(iii) For M = (O,n;g | e: (a1,01),...,(am,bm)), when p > 2 and n, > 0,
a; - Bpla;) = (ale; + ajer)y, 2 <i<ny,,
0, - Bp(0,) = —4dic1.

(iv) For M =2 (O,n;g | e: (a1,b1),.. ., (@m,bm)), when p =2, ny =0, and Ae+C =0
(mod 2),

QSZOL'BQ(Q): <q+A62+C)%

where q is defined in Theorem 3.3 (i).

COROLLARY 4.2. Let p > 2 be a fized prime. Then any orientable Seifert manifold
M admits a degree one map to L(p,q), for some q, precisely in the following cases.

(i) M = (0,059 | e: (a1,b1),..., (@m,bm)),np > 3, and ay, ..., an, not all divisible by
2
b,
(ii) M as in (a) with n, =2, and p~*(arc1 + azc2) 0 (mod p),
(iii) M as in (a) withn, =0,Ae+C =0 (mod p), and p~*(}_;_, b;A;+ Ae+C) £ 0

(mod p),
(iv) M = (O,n;9 | e: (a1,b1),...(@m,bm)), np > 1, and ax, ..., an, not all divisible by
2
.

Outline of proof. The proofs of (ii), (iii), and (iv) are self evident from Theorem 4.1.
To prove (i), suppose there is no degree one map M — L(p, ¢), that is, z - B,(x) = 0, for
all z € H' (X;Z/p). First consider z = o; for 2 < i < p and secondly let = a; — ay for
2 < i < j < mn, (this choice is possible because n, > 3). A short calculation then shows
that 0 = al¢; € Z/p, for 1 < i < n, and this implies that a] = 0 (mod p) (since ¢; # 0

(mod p)). Thus a; =0 (mod p?). Taking the contrapositive gives the result. m
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COROLLARY 4.3. For p =2 and M an orientable Seifert manifold as above (of type
(0,0) or (O,n)), M admits a degree one map to RP? in precisely the following cases.

(i) na > 2, and W =1 (mod 2) for somei,j, 1 <i,j<m,

(ii) ng =0,4e+ C =0 (mod 2), and ¢+ @ =1 (mod 2).

This corollary is also of interest in relativity theory (cf. [19]).

Consider the set, £, of all open coverings of a space X in which each open set of
the covering C' € L is contractible in X. Let |C| be the cardinality of the covering
C e L. The Lusternik—Schnirelmann category of X is defined to be min {|C|: C € L}. Let
cat (X) denote the normalized Lusternik—Schnirelmann category, which is defined to be
one less than the category defined above. Thus if X is contractible, cat (X)=0. For a
comprehensive review of this subject, see James’ survey article [10]. It should be remarked
though, that James does not use the normalized version of category. For further references
on this subject see Fox [6], Eilenberg and Ganea [4], and Rudyak [15]. A second application
of the results presented in §3 determines the normalized Lusternik—Schnirelmann category
of a class of Seifert manifolds, by finding the cup product length of the Seifert manifold
M (that is, the longest sequence of elements ug, ..., u) in cohomology of positive degree
such that w1 — ug — ... — ug # 0).

REMARK 4.4.

(i) Let X be a CW-complex of dimension k. Then cat (X) < k (cf. [6], [10]).

(ii) Let X be a topological space with cat (X) < k and let uy,...,uxyr1 be any k+ 1
cohomology classes of X. Then uy — ug — ... — ugy1 = 0 (cf. [21] Lemma 2.2
and [20] p. 279).

(iii) cat (X xY) < cat (X) + cat (Y) (cf. [10]).

It follows immediately from Remark 4.4 (ii) that if X has cup product length &, then
cat (X) > k. Henceforth the cup product length of a space X will be denoted by cup (X).

The next theorem is obtained by simply applying Remark 4.4 to each case. The
notation is that used in §3.

THEOREM 4.5. (i) Let M = (O,0;g | e : (a1,b1), ..., (am,bm)). If no > 2 and a; =2
(mod 4) for some i, 1 <i < ng, orifn, =0 and Ae+C =0 (mod p), then cat (M) = 3.

(ii) Let M = (O,n;9 | e : (a1,b1)y. - (@m,bm)). If ng > 2 and a; = 2 (mod 4) for
some i, 1 <i<m, orifny =0 and Ae+ C =0 (mod 2), then cat (M) = 3.

Proof. (i) By Theorem 3.1 (i) cup (M) = 3 when a; = 2 (mod 4), for some i,
1 < i < ng. Furthermore, Theorem 3.3 (ii) shows that when n, = 0 and Ae + C =0
(mod p), 6; -0, = S and - B = . Thus cup (M) = 3 in this case as well.

(i) Asin (i), Theorem 3.4 (i) shows that cup (M) = 3 when a; = 2 (mod 4), for some
i, 1 < i < ny. Finally when ny = 0 and Ae + C = 0 (mod 2), it follows from Theorem
3.7 (ii) that 67 = 8 and - 3 = 7. So again cup (M) = 3. m

It should be noted that Theorem 4.5 can also be deduced from the results of Eilenberg
and Ganea [4], who considered Eilenberg-MacLane spaces in general.
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Recall that for every finite CW-complex and every integer m > 0 the Ganea conjecture
states that cat (X x S™) = cat (X) + 1. This conjecture has recently been disproved in
general by Iwase [9]. However, the next result describes a new class of spaces for which
the Ganea conjecture is true.

THEOREM 4.6. Let M be an orientable Seifert manifold satisfying either of the con-
ditions in Theorem 4.5 (i) or (i1). Then,

cat (M x 8™ x ...x S8™k) =cat (M) +k=3+k.

Proof. By Remark 4.4 (i) cat(M) < dim (M) = 3. By Theorem 4.5 and Re-
mark 4.4 (ii) cup (M) > cat (M) = 3. Thus cup (M) = cat (M) (for the appropriate
coefficients described in Theorem 4.5). Furthermore observe that for any coefficients,
cup (8™ x ... x S™k) = k. Thus (for the appropriate coefficients) the Kiinneth formula
and Remark 4.4 (ii), (iil) give:

34+ k<cup (M xS™ x...xS™)
<cat (M x 8™ x ...x 8™)
<cat (M) +cat (S™ x...x S™) <3+k.

Therefore cat (M x 8™ x ... x S™)=3+k. =

Observe that the proof of 4.6 is valid for any n-manifold M™ such that cup (M) = n.

If M is a connected PL manifold that satisfies dim M < 2cat M — 3 then by [15]
Theorem G, cat (M x S™ x ...x S™) = cat (M) + k. Since any 3-manifold is a PL
manifold (cf. [8]), Theorem 4.6 can also be deduced from [15] Theorem G and Theorem
4.5, by noting that dim M < 2cat M — 3 = 3.

Appendix. Consider the equivariant chain complex C:={C;} of §2. For any generator
a of Cj, let & denote the dual generator of Hompg(Cy;Z/p); that is, a(a) =1, &(8) =0
for any other generator 5 of Cy, for i =0, 1, 2, 3.

THEOREM A.1. Let M = (O,0;9 | e: (a1,b1),...,(am,bm)). Then its Z/p cohomol-
ogy groups have the following generators:

Case (1): Let ay,...,a,, =0(mod p), 1 <nyp <m, and ayn,11,...,0, =1 (mod p).
Then

m

1= [Z A?], degree 0,
3=0

aj = [ﬁjl —pt], 0= [0h], 0, :=[0}], 2<j<n,, 1<k<g, degree 1,

5= [62] = [osi?] = [92], @ = [67] 2 < T <mpy 1< h<yg, degree?,

v =63 = [—68] =...=[-63], degree 3.

CASE (2): Assume that n, = 0, b; = 0(mod p) for 1 < i < r, b; # 0 (mod p) for
r+1<i<m. Then



38

J. BRYDEN AND P. ZVENGROWSKI

1= [Z&ﬂ, degree 0,

=0
O =[], 0 =[], 1<k <y, degree 1,
o= (7] = ] 1 <k <. degee
o [Zﬁﬂl —ijaglﬁjl _ eﬁé}, Ok, 0,1 <k <g, Ae+C =0 (mod p), degree 1,
Jj=0 Jj=r+1
B=[02 =3 =... = [§2), ¢x, ¥}, 1 <k < g, Ae+C =0 (mod p), degree 2,
vi=[0% = [-63] =... = [-63], degree 3.

THEOREM A.2. Let M = (O,n;g | e: (a1,b1),...,(am,bm)). Then the Z/p cohomol-

oqy groups have the same generators that are given in Theorem A.1, in both cases, except
that the classes 0, and ¢), are deleted.

References

J. Bryden, C. Hayat-Legrand, H. Zieschang and P. Zvengrowski, L’anneau de
cohomologie d’une variété de Seifert, C. R. Acad. Sci. Paris 324, Sér. 1 (1997), 323-326.
J.Bryden, C. Hayat-Legrand, H. Zieschang and P. Zvengrowski, The cohomology
ring of a class of Seifert manifolds, Top. and its Appl., to appear.

J.Bryden and P. Zvengrowski, The cohomology ring of the orientable Seifert manifolds
11, preprint.

S.Eilenbergand T. Ganea, On the Lusternik—Schnirelmann category of abstract groups,
Ann. of Math. 65 (1957), 517-518.

R. H. Fox, Free differential calculus. I. Derivations in the free group ring, Ann. of Math.
57 (1953), 547-560.

R. H. Fox, On the Lusternik—Schnirelmann category, Ann. of Math. 42 (1941), 333-370.
C. Hayat-Legrand, S. Wang and H. Zieschang, Degree-one maps onto lens spaces,
Pac. J. Math. 176 (1996), 19-32.

J. Hempel, 3-Manifolds, Annals of Math. Studies, vol. 86, Princeton University Press,
Princeton, New Jersey 1976, 115-135.

N. Iwase, Ganea’s conjecture on Lusternik—Schnirelmann category, preprint.

I. M. James, On category, in the sense of Lusternik—Schnirelmann, Topology 17 (1978),
331-348.

S. MacLane, Homology, Springer-Verlag, Berlin, 1963.

J. M. Montesinos, Classical Tesselations and Three-Manifolds, Springer-Verlag, Berlin,
1987.

P. Orlik, Seifert Manifolds, Lecture Notes in Math. 291, Springer-Verlag, Berlin, 1972.

K. Reidemeister, Homotopieringe und Linsenrdume, Abh. Math. Sem. Univ. Ham-
burg 11 (1935), 102-1009.

Y. B. Rudyak, On category weight and its applications, preprint.

P. Scott, The geometries of 3-manifolds, Bull. London Math. Soc. 15 No. 56 (1983),
401-487.



COHOMOLOGY ALGEBRAS AND LUSTERNIK-SCHNIRELMANN CATEGORY 39

H. Seifert, Topologie dreidimensionaler gefaserter Raume, Acta Math. 60 (1932), 147—
238.

H. Seifert and W. Threlfall, A Textbook of Topology, Academic Press, 1980.

A. R. Shastri, J. G. Williams and P. Zvengrowski, Kinks in general relativity, In-
ternational Journal of Theoretical Physics 19 (1980), 1-23.

E. H. Spanier, Algebraic Topology, McGraw-Hill, New York, 1966.

N.Steenrod and D. B. A. Epstein, Cohomology Operations, The University of Princeton
Press, Princeton, N.J., 1962.



