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Abstract. In [13], an algebraic approach to the natural structure of domains of linguistic
variables was introduced. In this approach, every linguistic domain can be interpreted as an
algebraic structure called a hedge algebra. In this paper, a refinement structure of hedge algebras
based on free distributive lattices generated by linguistic hedge operations will be examined
in order to model structure of linguistic domains more properly. In solving this question, we
restrict our consideration to the specific hedge algebras called PN-homogeneous hedge algebras.
It is shown that any PN-homogeneous hedge algebra can be refined to a refined hedge algebra
(RHA, for short) and every RHA with a chain of the primary generators is a distributive lattice.
Especially, we shall examine RHAs with exactly two distinct generators, which will be called
symmetrical RHAs. Furthermore, in the symmetrical RHAs of the linguistic truth variable, we
are able to define negation and implication operation, which, according to their properties, may
be interpreted as logical negation and implication in a kind of fuzzy logic called linguistic-
valued logic. Some elementary properties of these operations will be also examined. This yields
a possibility to construct a method in linguistic reasoning, which is based on linguistic-valued
fuzzy logic corresponding to the symmetrical RHAs of the linguistic truth variable.

1. Introduction. It is known that humans reason by means of their own language
and they can choose and decide alternatives by evaluating semantics of linguistic terms.
The fundamental elements in human reasoning are sentences normally containing vague
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concepts, and these sentences have implicitly or explicitly a truth degree, which is often
expressed also by linguistic terms such as true, very true, more or less true, approrimately
true, false, very false, etc. In connection with this, Rinks wrote in [22] that “verbal
coding is a human way of repackaging material into a few chunks of rich information.
Natural language is rather unique in this characteristic. Until recently, a unified theory
for manipulating in a strict mathematical sense non-numerical-valued variables, such as
linguistic terms, did not exist.”

Furthermore, it is well-known that Boolean algebras, Post algebras, 3-valued and
multiple-valued Lukasiewicz algebras, etc. are algebraic foundations of classical or non-
classical logics (see, e.g., [4,8,20,21,23]). In this direction, we want to look for an algebraic
structure for fuzzy logic based on a suitable structure of truth vague concepts. It is known
that L.A. Zadeh introduced and examined fuzzy logic based on the notion of linguistic
variables. A linguistic variable is characterised by a quintuple (X, T(X),U, G, M), where
X is the name of the variable; T'(X') denotes the term-set of X, U is a universe of discourse
of the base variable, G is a syntactic rule for generating linguistic terms of T'(X), and M
is a semantic rule which is a mapping assigning to each linguistic term a fuzzy set on U.
Recall that a fuzzy set of U is an element of the set F(U,[0,1]) of all functions from U
to the unit interval [0, 1]. In our approach, each term is associated with an element in an
RHA, and its meaning is expressed through the structure of such an RHA.

In the papers initiated by Ho & Wechler [5,13], an algebraic approach to the natural
structure of domains of linguistic variables was examined. As mentioned above, the main
aim of our investigation is to find an appropriate algebraic structure for fuzzy logic and
fuzzy reasoning, which could model human reasoning in an advantageous way. There are
three main reasons for pursuing the research in this direction. The first one is that the
domains of linguistic variables can be embedded into mathematical structure: the lattice
structure, which is well-known in applications to logic. In such a structure, these domains
can be ordered in a reasonable way, based on intuitive meanings of vague concepts. The
second one is that there exists a natural demand to find a mathematical method for
manipulating immediately linguistic terms as depicted above. The third one is that the
way ones interpret the meaning of linguistic terms as fuzzy sets loses the natural ordering
structure of linguistic domains.

In [13], an axiomatization for the so-called hedge algebras was introduced. Recall that
the axiomatization is based on a detailed discussion about the general characteristics of
linguistic hedges and vague concepts in natural language. The idea of this research was
suggested from the research works of Zadeh and Lakoff [18,26,28], in which linguistic
hedges and vague concepts are considered within the framework of fuzzy set theory.

In the algebraic approach, every linguistic domain can be interpreted as an algebra
AX = (X,G, H, <), where (X, <) is a poset and G is a set of the primary generators and
H is a set of unary operations representing linguistic hedges under consideration. In [14],
hedge algebras were extended by introducing two additional operations corresponding to
infimum and supremum of the so-called concept category of an element z, i.e. the set
H(x), which is generated from x by means of hedge operations.

It is shown that every extended hedge algebra (EHA, for short) with a lattice of the
primary generators is a lattice and they can be used as an algebraic basis for a fuzzy logic
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called linguistic-valued logic (see, e.g., Ho [5-7]). However, many linguistic terms, which
contain logical connectives disjunction “or” and/or conjunction “and” like ’Approximately
True or Possibly True’, cannot be reasonably expressed by elements of hedge algebras.
The reason lies in the fact that although we can define in these algebras operations of
join U and meet N, which may be interpreted as disjunction “or” and conjunction “and”,
but, in our opinion, these structures are rather rough. For example, let us consider the
set of all possible truth values

T = {true, false, very true, very false, approximately true, possibly true,
approximately true or possibly true, approximately true and possibly true, ...}

We can see that the above linguistic value “approximately true or possibly true” will be
expressed by “true” in the structure of EHA of the set of linguistic truth values, i.e. they
define the same element in this algebra, which is clearly unsuitable in nature. Another
disadvantage is that EHA, in general, are not distributive and hence we are not able to
discuss the disjunction and conjunction normal forms.

In this paper we shall introduce some new axioms and obtain a class of algebras called
refined hedge algebras (RHAs, for short), which have a finer structure than that of hedge
algebras.

The paper is organised as follows: In Section 2 we shall present a way of constructing
the distributive lattices of hedge operations. We shall introduce in Section 3 an axiom-
atization for RHA. A characterization to determine the relative position of elements
in an RHA and some fundamental properties of this structure will be examined. The
main property, which says that every RHA with a chain of the primary generators is a
distributive lattice, will be studied in Section 4. In Section 5, RHAs with exactly two
distinct generators called symmetrical RHAs will be examined. As a consequence, these
RHAs are distributive lattices. Moreover, in Section 6 we shall point out that, in the
finite symmetrical RHAs of the domains of the linguistic truth variable, we are able to
define negation operation and implication operation, which may be interpreted as logical
negation and implication. Some elementary properties of these operations will be also
presented. Finally, some concluding remarks will be given in Section 7.

2. Distributive lattices of hedge operations. As mentioned in the previous sec-
tion, the main aim of our investigation is to find a finer structure than that of hedge
algebras. In order to construct this structure, we need some preparations.

First we shall recall some notions and notations introduced in [1]. Let P be a partial
ordered set (poset, for short).

DEFINITION 2.1. An element a is said to cover an element b in a poset P, if a > b
and there is no x € P such that a > z > b.

By the order o(P) of a poset P we mean the number of its elements, and if this
number is finite, P is called a finite poset. Denote by I(P) the length of a poset P.

In a poset P of finite length with the least element denoted by O, the height of an
element x € P is, by definition, the least upper bound of the length of the chains O =
2o < x1 < ...<xp =z between O and z, and it is denoted by h(z). If P has the greatest
element, denoted by 1, then clearly h(1) = I(P). Clearly also h(z) = 1 iff  covers O.
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DEFINITION 2.2. A poset P is said to be graded if there exists a function from P to
the set Z of all integers with the natural ordering, g : P — Z, such that:

G1l. z > y implies g(z) > g(y).
G2. If z covers y then g(z) = g(y) + 1.

Such a function g is called the graded function of P. It is known that any modular
lattice of finite length is graded by its height function h(z).
Let L be a modular lattice of finite length, we can define a relation R on L as follows:

Vr,y € L, (z,y) € R iff h(z) = h(y)

It is easily shown that R is an equivalence relation and then we have L = Ui(ZLO) L;
where L; = {x € L/h(x) =i},i =0,...,l(L), are the equivalence classes of the relation
R. Clearly, Lo = {0} and L) = {1}.

In order to model the structure of sets of linguistic hedges, we need the following
assumption, which describes the fact that any two hedges belonging to two different
equivalence classes are always comparable:

(CO) Either > y or <y for any v € L; and y € L; and i # j.

To illustrate this, the reader can see the classes L1 = {I}, Ly = {A,P,ML} and
L3 = {L} as in Figure 3.
It is not difficult to see that the following holds:

PROPOSITION 2.1. Let L be a modular lattice of finite length satisfying (CO). Then
the following condition holds:

Ifo(L;) > 1 for an index i € {1,...,1(L) — 1} then o(L;—1) = o(Li+1) = 1. Moreover,
if we denote e(L;+1) and e(L;—1) the single element of L;11 and L;_1, respectively, then
e(Lit+1) = Vaer,x and e(L;—1) = Nger,x, where V and A are supremum and infimum in
L, respectively.

We proceed now to consider a hedge algebral AX = (X,G, H, <), where (X, <) is
a poset, G is a set of the primary generators and H is a set of unary operations repre-
senting linguistic hedges under consideration. It is assumed that H can be decomposed
into two disjoint subsets H™ and H~ such that H* 4 I and H~ + I are finite modular
lattices, where [ is the identity, i.e. Ix = x for every = in X, and considered as their
zero-element. An example for this can be seen in Figure 3.

We will denote by N* and N~ the lengths of H+ 4+ I and H~ + I, respectively.
Suppose that gt and g~ are the graded functions of HT + I and H~ + I, respectively.

Unless stated otherwise, in the sequel we shall always adopt the assumption that
H* + 1 and H™ + I are finite modular lattices and satisfy the condition (C0). From now
on, V and L stand for the unit-operations in H™ + I and H~ + I, respectively. Hence,
we have g7 (V)= NT, g7 (L) = N~ and

Ht+1= Uji; H where H = {h € H* + I/g*(h) = i}
H-+1=\J,_yH; where HF ={he€ H™ +1/g™ (h) = i}.

!See Ho & Wechler [14] for more details.
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We shall now construct lattices, which are “freely” generated from H++1 and H~+1.
Let us consider HT + I. Assume that for some index i € 1,...,N¥, o(H;") > 1, and
H; = {hi,...,ni}. By Proposition 2.1, the sets H;, = {h""'} and H}' = {h"'}
are single-element sets. For such ¢, the ordering relationships between the elements of
H | H} H} |, can be expressed as in Figure 1. Note that, as assumed above, there
exists a natural ordering relation between classes H;" and H;' < H;r iff i < j, where

Hj' < Hj' means that x <y for every x € H:‘ and y € H;‘

pitl

[ J

pitl
Ny ;
h171

Fig. 1 Fig. 2

hifl

Denote by LH;" = (L(H;),V,A) the free distributive lattice? generated from the
incomparable elements h¢, ... hi of H;r Particularly, for an index ¢ such that O(Hr) =1,
we have LH;" = H. Put Lt = Y LH; and LH} + I = (L{, H* + I,V,A). Lu*
becomes a distributive lattice under the ordering relation induced by the ordering relation
of the lattices LH;" and that defined between classes H,', i.e. we have LH;" < LH;F, for
any 4, j such that ¢ < j. Figure 2 shows a picture of a segment of the constructed lattice
LH™* + 1, where o(H;") > 1.

In an analogous way, we can construct the lattice LH~ +1 = (L, H~ + I,V,\),
generated from H~ + I. Here, there is no confusion, because H+* and H~ are assumed
to be disjoint and hence, so are LHT and LH~, where LHY = LHY + I\ {I} and
LH- =LH™ + I\ {I}. Thus, we have the following

THEOR‘EM 2.1. LH+ +I = (L1f7\/7/\7[7‘/7§) and LH™ +I = (quvva/\vleaS) are
finite distributive lattices.

EXAMPLE 2.1. Let us consider the algebraic structure AX = (X, G, H, <), in which
G = {True,False} and H* = {V,M} and H~ = {L, A, P, ML}. Here, for short, V,
M, L, A, P, ML stand for Very, More, Little, Approximately, Possibly, More or Less,
correspondingly, and H+ +1 and H~ 41 are lattices depicted in Figure 3. Clearly, HT 41
and H~ + I are finite modular lattices and satisfy condition (C0). By a construction as
above, the distributive lattices LHT +1I and LH~ +1 generated from H™+1 and H~+1,
respectively, can be represented as in Figure 4, where

l’lzp\/ML, CL’QZML\/A, £L'3:14\/P7 U1:£C2/\£L'3, UQZSUg/\iL'l,Ug:(El/\ZL'Q,
y1=PAML,yp=MLANA, ys=ANP,v1 =y2Vys, v2=y3Vyi, v3=y1Vys,
E=(AVP)A(PVML)A(MLVA)=(AAP)V(PAML)V (ML A A).

2See, e.g., Birkhoff [1].
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3. An axiomatization for RHA and its elementary properties. Let us consider
a hedge algebra AX = (X, G, H, <), where H™ + 1 and H~ + I are finite modular lattices
satisfying condition (C0). Suppose that LH™ + I and LH~ + I are distributive lattices,
which are generated from HT + I and H~ + I, respectively, as presented in the previous
section. Let It = {0,1,...,N*}, I~ ={0,1,...,N~}, and SI* = {i € I /o(H;") > 1}
and SI- = {i € I" /o(H; ) > 1}. For simplifying the formulation of some statements,
in the sequel by ¢’
for instance, the notation LH{ for some i € SI¢, we mean the statement presents two
instances obtained by substituting “c” in turn by “+” and “—”. For example, under such

—

we mean either 't or , and then for a statement containing,
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convention we can state the following: for any ¢ € SI¢, LH; is the free distributive lattice
generated from the incomparable elements of H{ and is a sublattice of LH® + I; and for
i€ I°\ SI° LH{ is a single-element set, LH{ = H{ and we have
Ne
LH®+1 =] LH;.
i=0
Put LH=LH"ULH U{I}.

Let us denote by UOS the set of two elements V' and L, which are unit-operations in
LH*+1T1 and in LH™ +1, respectively. Denote by Nat the set of all non-negative integers.
We introduce the following notion which will be used as an assumption throughout the
paper:

DEFINITION 3.1. A hedge algebra AX = (X, G, H, <) is said to be PN-homogeneous,
where PN is an abbreviation of Positive and Negative, provided that for any set Hf if
the unit operation V in HT + I is positive® (negative, resp.) w.r.t. a certain operation h
in H¢, then V is also positive (negative resp.) w.r.t. any other one in Hf.

For example, the hedge algebra AX = (X, G, H, <) in Example 2.1 is a PN-homoge-
neous hedge algebra. Since every hedge h is a mapping from X into X, the image of an
element = in X under h will be denoted by hz instead of h(zx), for convenience. Thus,
we can write khx instead of k(h(z)) for any h, k € LH and = € X. According to our
convention, for simplicity in formulating several statements as mentioned in [13], for any
h € LH, we define hlx = Iz = x, i.e. when I occurs in an expression explicitly, any h
applying to Iz will have no effect.

The following definition gives us the semantics of the inequality h > k, which describes
a property in the natural language saying that a hedge is stronger than another one, e.g.
Little is stronger than Possibly.

DEFINITION 3.2. An algebra AX = (X, G, LH, <) is said to be semantically consistent
if for any h, k € LH°+ 1, z € X and hz # kx, h and k are comparable in LH¢ + I iff
hx and kx are comparable and if h > k then hx > kx, when hx > z, and hx < kx, when
hx < z.

Throughout the paper we always assume the considered algebra AX satisfies the
semantic consistency in Definition 3.2. For any two hedges h, k in LH, if the statement
x < hx iff kx < x holds, for every x in X, then h and k are said to be converse, or h is
converse to k and vice-versa. If the statement x < hx iff z < kx holds, for every z in X,
then h and k are said to be compatible.

Consider an algebra AX = (X, G, LH, <), where G is a set of zero-argument opera-
tions, LH is a set of one-argument operations.

For every x € X, LH(x) denotes the set of all elements generated from x by means of
operations in LH. More generally, for Y C X and H' C LH, H'(Y) denotes the subset
of X generated from the elements in Y by means of the operations in H’. Particularly,
H'(Iz) = {z}. As usual, LH* denotes the set of all strings of hedges in LH.

3See Ho & Wechler [13].
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REMARK 3.1. From the construction of the lattices LH+ + I and LH~ + I, it can be
seen that the lattices LH' + I and LH~ + I also satisfy condition (C0), in which the
notations L; and L; are replaced with LH; and LH7, respectively.

Now, we introduce an axiomatization for a refinement structure of hedge algebras.

DEFINITION 3.3. An algebra AX = (X,G, LH, <) is said to be a refined hedge alge-
bra (or, briefly, RHA), if (H(G),G, H,<) is a PN-homogeneous hedge algebra and the
following conditions hold:

(R1) Every operation in LH™ is a converse operation of the operations in LH~. In
addition, the unit operation V in LH ™ is either positive or negative w.r.t. any operations
in LH.

(R2) If w and v are independent, i.e. u ¢ LH(v) and v ¢ LH(u), then © ¢ LH (v)
for any « € LH(u). For © # hx, x ¢ LH(hz). Especially, if a,b € G and a < b then
LH(a) < LH(D).

(R3) If hz and kz are incomparable, then so are any elements u € LH(hz) and
v € LH(kz). For any h # k and ha < ka:

(i) If h,k € LH{, for i € SI¢, and hx # kx then dha < dkz, for any string of hedges 4.

Furthermore, for any y € LH (kx) such that y # dkx, dhe and y are incomparable,
and for any z € LH (hx) such that z £ dhx, dkx and z are incomparable.

(ii) If both h and k are different from I and do not belong to the same sublattice LH{
or hx = kx, then h'hx < k'kz, for any h', k' € UOS.

(iii) If ha # kx then hz and kx are independent.

(R4) If w € LH(z) and suppose that u ¢ LH (hx), for any h € LH¢, i € I° then u > v
(u <w) for v € LH(hx) implies u > h'v (u < h'v), for any b’ € UOS.

Now, we give an intuitive illustration of some axioms in Definition 3.3. (R2) de-
scribes a linguistic property saying that, for instance, if © = Possibly true and v =
Approximately true, then u and v are independent and any term x generated from u,
e.g. x = Very Poss. true, must inherit the meaning of Possibly true and, hence, it cannot
be generated from Approximately true. (R4) models the following semantic property of
natural language: if hx = Approximately True and u satisfies the condition in (R4) with
v = Very Approximately true > u then u must be a term generated from Little true and
hence u < h'v, where A/ is either Very or Little. The statement (i) of (R3) is the basis
to establish a partially ordering between the elements presented in Figure 5, that suits
our intuition. The statement (ii) of (R3) guarantees that elements of L(A,P,ML)(True)
in Figure 6 must be less than I.True = True and greater than L.True. The statement (iii)
of (R3) states that a linguistic meaning generated from hz is not deduced from kz and
vice-versa.

Note that the first part of (ii) in (R3) can be reformulated to include the case where
one of h and k is to be the identity I, based on our convention upon I. But, then, it will
be a consequence of (R4).

EXAMPLE 3.1. Let us consider an algebraic structure AX = (X, G, LH, <), where
H={V,M,L, A, P, ML} is the set of hedges considered in Example 2.1. For every hedge
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operation h in LH, hTrue and hFalse are the elements represented in Figure 6. For
x # True and x # False, we define hx = x. It can easily be seen that the operations are
well defined and AX satisfies the conditions in Definition 3.3.

For the sake of convenience, we recall some definitions in [13].
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DEFINITION 3.4. For any h, k € LH, we shall write hx << kz (ha << Iz) if for
any b/, k' in UOS and any m,n € Nat, V*h'he < V"K' kx (V*R'he < Iz). If the last
inequalities are always strict, then we shall write he << kx (hx << Ix).

As an example, the inequality V"™ Very More true < V™Little Very true holds intu-
itively, for all n and m and so we can write More true << Very true.

DEFINITION 3.5. Let « and u be two elements in an RHA AX = (X,G,LH, <). The
expression h,, ... hju is said to be a canonical representation of x w.r.t. v in AX if
(i) € = hy ... hyw; (i) hy ... hiu # hi—1 ... hu for every ¢ < n.

THEOREM 3.1. Let AX = (X,G,LH,<) be an RHA. Then, the following statements
hold:

(o) If hae << kx then hx < kx.

(i) The operations in LH® are compatible.

(ii) If x € X is a fized point of an operation h in LH, i.e. hx = x, then it is a fized
point of the other ones.

(iii) If x = hy, ... hyu, then there exists an index i such that the suffix h;...hju of x
is a canonical representation of x w.r.t. w and hjx = x, for all j > i.

(iv) If h # k and hx = kx then x is a fized point.

(v) For any h, k € LH, if ¢ < hx (x > hx) then Ix << hx (Ix >> hx) and if
hx < kz,h # k and there is no i in SI¢ such that both h and k belong to LH{, then
hr << kx.

PROOF. First, we observe that the condition (R1) is the same as the axioms (A1) and
(A2) in Definition 3[13]. Therefore, the proofs of (o), (i), (ii), (iii) which are based on
(R1) are similar as that in [13].

By (ii), we can use the terminology “a fixed point” instead of “a fixed point of an
operation”.

Now we prove (iv). Assume the contrary, that x is not a fixed point. Suppose that
hz > x. If h and k are converse the kxz < x. Hence, hx > x > kx, which contradicts the
hypothesis. If A and k are compatible then on account of Definition 3.2 and h # k, it
follows that hx # kz if hx # z, which is again impossible. Thus hz = x. For the case
where hz < x, the proof is similar. This concludes the proof of (iv).

To prove (v), suppose that < hz. If ha = x then z is a fixed point and so z <
V™h'hx, for each h' € UOS. If hx > x, by virtue of (R2), we have ¢ LH(hx) and
x < h'hx, for ¥ € UOS, by (R4). Again by (R4) we obtain « < Vh'hzx. Since x € LH(x)
and ¢ ¢ LH(hx), applying (R4) repeatedly, we have x < V"h'hx, i.e. Iz << hx, by
Definition 3.4.

For the case where z > hx, the proof is similar.

Now suppose that hz < kz, h # k and h and k do not together belong to LH{ for any
i. If ha = kx then z is a fixed point, by (iv) of the theorem. Thus, V"h'ha = V™K kx,
for all h', ¥ € UOS and m, n € Nat.

Assume that hx < kr and k € LH{, and h € LH;

i for i1,790 € I° and 7 # 10.
Assuming that h and k are converse, we have hx < x < kx. As proved above, it follows

that hx << x and x << kz. Thus hx << kz. Now assume that h and k are compatible.
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Put w = hax. Since hx # kz, it follows from (iv) of the theorem that hx # kyz for
any ky € LH;,. By (R3), hx and kjz are independent and v = hx ¢ LH (kix), for any
ki € LH{ . Since u € LH(x), it follows from (R4) that v < k'kz, for any k' € UOS.
Applying (R4) again to the last inequality, we get u < VEk'kz. Repeating this argument,
it implies that u = ha < V™k'kz, for any m € Nat and k' € UOS. It can be seen that h
and k play a similar role and hence we can use the analogous argument as above, where
u = V™K kx, and we obtain V™k'kx > V"h'hx, for any h', ¥ € UOS and m,n € Nat,
which means that hx << kz. So, we have proved that hx << kx, which completes the
proof of (v). m

The following theorem is a reformulation of Theorem 2 in [13] for RHAs.

THEOREM 3.2. For any h € LH, there exist two unit operations h™ and h* such that
h™ is negative and h* is positive w.r.t. h and for any hy,...,h, € LH, z € X,

V*h=hx < hy...~hhz < V*hthx if ha >z,
V*h=hz > hy ... hihz > V*hThe if hr < .

PRrROOF. We shall prove the theorem by induction on the number n of hedge operations.
Assume n = 1 and hx > z. If hy is positive w.r.t. h then we have hihx > hz. From the
assumptions of the operations h™ and h~, we have htha > hihx > ha > h™hx. Since
V is positive w.r.t. h™ and h™ (see [13]), we obtain VhThx > hthx > hihx > hx >
h~hx > Vh™hx, which are the required inequalities.

If hy is negative w.r.t. h, we have hihx < hx. By the assumption on the hedge h™, it
follows that h~ and h; are compatible and h™ > hy. So h~hx < hihax < hx. By the same
argument as above, we obtain again VhThx > hThx > hx > hihx > h~hx > Vh~hx.

For the case hx < x, the proof is similar. Consequently, it has been proved that the
inequalities in the theorem hold for n = 1.

Assume that the theorem holds for n = i, i.e. if hihx < hz, then Vihfhlha: <
hi+1hi...h1h$ S V’hfhlx and if hlh.’L‘ Z hx then Vlhfhlhm Z hi+1hi...h1h$ Z
Vih] hix, where hi, h{ and h; satisfy the assumption like that made on h*, h~ and h.

Now we shall prove the induction conclusion for the case hx < z. For the opposite
case, the proof is similar.

Suppose first that h; is positive w.r.t. h, and so hihx < hz. From the induction
hypothesis it follows that h;1h; ... hihe < Vih] hihz, and by (v) of Theorem 3.1, it
implies that Vihfhlhx < hr < h hx < V”lh*hx, with a notice that A~ is negative
w.r.t. b and V is positive w.r.t. A~ and V. So, one of the two required inequalities is
true.

Since both h; and h™ are positive w.r.t. h, it follows that they together belong to
either LH™ or LH~. So, h™ > hy and hence h*hx < hihz. In addition, if AT # hy,
then by (v) of Theorem 3.1, it follows that h™hx << hihz. According to the induction
hypothesis and Definition 3.4, we have h; 1h;... hihx > Vihfhlhx > ViVhthe. If
h* = hyq, then h; is either V or L. In both cases h* = V and, hence, from the induction
hypothesis it follows that h;y1h; ... hihe > ViVhihe = Vit htha. Thus, for the case
where h; is positive w.r.t. h, the induction conclusion follows. Since the proof for the case
where h; is negative w.r.t. h is similar, the theorem is completely proved. =

A
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COROLLARY 3.1. (i) For any ¢ € X, if hx < kx and there is no i € SI° such that
both h and k belong to LH, then for any two strings of hedges § and &', the inequality
ohx < §'kx holds.

(i1) Let u be an arbitrary element in X and x € LH(u). Then, there exist always
elements y, z € UOS(u), i.e. z and y are generated from u by means of the unit oper-
ations, such that y > x > z. Furthermore, either one of the equalities u < x < V™hu
and u > x > V™hu holds, for a suitably chosen h € LH and for sufficiently great number
n € Nat.

PROOF. For the proof of this corollary, we refer the reader to [13]. m

Now, the following theorem gives us a characterisation to determine the relative posi-
tion of elements in an RHA. Here, the notation z; is defined as follows: if x = h,, ... hiu,
then z; denotes the expression hj_1...hju, for 1 <j <n.

THEOREM 3.3. Let x = hy, ... hiu and y = ky, ... k1u be two arbitrary canonical repre-
sentations of x and y w.r.t. u, respectively. Then there exists an index j < min(m,n)+1
such that hj = kj, for all j' < j and

(1) z < y iff one of the following conditions holds
(i) hjz; < kjz; and okjx; < 0'kjx; or dhjx; < 6'hjx; if hy and k; together
belong to LH{ for some i € SI¢, where xj = hj_1...hiu, 6 = hy ... hjq1, &' =
km e kj+1,'
(ii) hjxz; < kjz;, otherwise;

(2)z=y iff m=nand hj =k; for all j <n;

(3) « and y are incomparable iff there exists i € SI¢ such that both h; and k; belong
to LH{ and one of the following conditions holds:

(i) hjz; and k;x; are incomparable,
(ii) hjz; < kjz; and dkjz; £ 8'k;x;,
(111) hj(Ej > ijj and 5,hjmj g 6hjmj'

PROOF. Let j be the least index such that h; # k;. It can be seen that j < min(m,n)+
1, since I # h for every h € LH.

Sufficiency: To prove the sufficiency of (1), suppose first that h;z; < kjz; and there
is no index ig in SI¢ such that both h; and k; belong to LH{, . From (v) of Theorem 3.1,
we obtain hjr; << kjx; and VPhh;x; < Vikkjzx;, for any h,k € UOS and p,q € Nat.
By Theorem 3.2, there exist h',k’ € UOS such that h,...hjz; < V" I71n'hz; and
km ...kjz; > V™7 K kx;, which imply that z < y.

If there exists an index ip in SI¢ such that both h; and k; belong to LH{ , and
hjz; < kjz; and dkjz; < ¢'k;jx;, then by (R3), we have dhjz; < dkjz;. Hence, z =
5hjxj < 5k:jxj < 5/ijj =v.

Since the sufficiency of (2) is evident, we prove the sufficiency of (3). Suppose that
there exists an index 49 in SI¢ such that both h; and k; belong to LH{ . If (i) holds,
it follows from (R3) that « and y are incomparable. If (ii) holds, i.e. hjz; < k;jx; and
dkjax; £ 8'kjxj, then by (R3), we infer 0h;x; < dkjx;. Moreover, it follows from (R3)
that dh;x; and z are incomparable, for any z € LH(k;jz;) such that dk;z; £ z. Thus,
x = 0hjz; and y = ¢'k;x; are incomparable. In the case (iii) holds, the proof is similar.
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Necessity: Suppose that there is no index j such that h; # k;. Note that one of h;
and k; may be the operation I. Then, it is evident that the two canonical representations
of x and y are identical and hence x = y. Therefore, assuming that these two canonical
representations are different, there exists the least index j such that h; # k;. Obviously,
j < min(m,n)+ 1. Between hjz; and k;x; there are the following ordering relationships:
hjx; = kjx;, hje; < kjxy, hjx; > kjx; and hyx; and kjz; are incomparable. From the
proof of the sufficiency, we have the following:

(1) If < y then hjxz; < k;jx;. Furthermore, if there exists i in SI°¢ such that both
h; and k; belong to LH{ , then, by (R3), from 0k;x; £ §'k;jx; it follows that  and y
are incomparable. This contradicts the hypothesis and hence, dk;z; < §'k;z;. Likewise,
it can be proved that dhjz; < 0'h,z;.

(2) If = y then hjz; = kjz;. It remains to prove that if hjx; = kjz; then m = n
and h; = k;. In fact, if h; # kj;, it follows by (iv) of Theorem 3.1 that z; is a fixed
point. Thus, from the definition of the canonical representations it follows that m = n
and h; = k; for all j < n.

(3) Suppose that  and y are incomparable. Then, there are only three possibilities:
hjx; < kjx;, hjz; > kjz; and h;z; and k;jz; are incomparable. If h; and k; are converse
then it is easy to infer that x and y are comparable, a contradiction. If h; and k; are
compatible and there is no i in S/ such that both h; and k; belong to LH{, then
from Remark 3.1, it follows that h; and k; are comparable. So, hjz; and k;z; are also
comparable. Furthermore, from (v) of Theorem 3.1 and (ii) of Corollary 3.1, it is easy
to check that x and y are comparable, as well. This contradicts the assumption. Thus,
we have proved that if z and y are incomparable, then there exists an 79 in SI¢ such
that both h; and k; belong to LH{ . Assume now that hjz; < k;z;. We have to prove
that kaxj ﬁ 5/kjl‘j. In fact, by (RS), we have 5hjzj < (Skjl‘j. If 5kaj < 5/](1]'1‘]‘ then
x = 0hjr; < dkjr; < §'kjx; = y, which contradicts the hypothesis. Thus, we have
Okjx; £ 0'kjx;. In the case hjx; > kjz;, by an analogous argument we have d’h;jx; £
0hjx;. This concludes the proof. m

REMARK 3.2. At first glance, one may think that the theorem is meaningless, because
it replaces the comparison of two elements by the comparison of two others: The com-
parison between x = 0h;jx; and y = §'k;x; is changed to that between 2’ = dk;jz; and
y' = 0'kjz; or between 2’ = dh;x; and y' = §'hjz;. But, notice that the length of the
common suffix of 2’ and 3’ is greater than that of z and y. It leads to a procedure that
with a finite number of steps one can decide whether the given elements = and y are
comparable and which one is greater than the other.

COROLLARY 3.2. If x is not a fized point and u is any element in X, then the canoni-
cal representation of x w.r.t. u, if it exists, is unique, i.e. if hy ... hiu and ky, ... kru are
two canonical representations of x w.r. t. u, then m =n and h; = k;, for all i < n.

The following proposition shows that if both h and k belong to LH{, for i € SI¢,
then from the property hx is a fixed point we can deduce that kz is also fixed point and
vice-versa. Intuitively, it means that, for such h and k, h can generate a proper meaning

from an element z (i.e. hx # z) iff k does so.
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PROPOSITION 3.1. For any x € X and i € SI°. If there exists a hedge h € LH; such
that hz is a fived point, then so is kx, for any k € LHY.

PRrROOF. If hx = kx, then the assertion is evident. Assume that hx # kx. We shall
prove by cases as follows:

(i) Assume that hx < kz. It follows that Vhe < Vkx and if Vkz > kz, then kz and
V ha are incomparable, by (i) of (R3). It contradicts the assumption that Vhz = hx < kz.
If Vkx < kx, then Vkz and ha are incomparable, by (i) of (R3) and this again contradicts
the fact that hx = Vhae < Vkz. Since, by (R1), Vka and kz must be comparable, it
follows that Vkx = kz, i.e. kx is a fixed point.

(ii) For the case where haz > kz, the proof is similar.

(iii) Suppose that hx and kx are incomparable. Since LHY, for i € SI¢, is a sublattice
of LH¢+1, it follows that (hVk) belongs to LHY. Clearly, hx and (hVk)x are comparable.
By the cases proved above, it follows that (h V k)z is a fixed point and, hence, by the
same reason, kx is a fixed point. The proof is completed. =

The following proposition can be considered as a generalization of Proposition 3.1.

PROPOSITION 3.2. For any x € X and h,k € LH, for some i € SI¢ and for any
string of hedges &, dhx is a fixed point iff kx is a fized point.

PROOF. Suppose that dhx is a fixed point. There are two cases:

Case (i): hz and kx are comparable. Without loss of generality, suppose that haz < kz.
If he = kx then, by (iv) of Theorem 3.1, z is a fixed point and, hence, so is dkz = x.
Now, assume that hx < kz. By (i) of (R3), it follows that dhx < dkx.

Suppose the contrary that dkz is not a fixed point. Take a suitable A’ so that h/dkz <
0kxz. By (i) of (R3), dhx and h'dkx are incomparable. Again by (i)(R3), from hx < kx
it follows that dhx = h/dhx < h/dkx. We have a contradiction. Therefore, dkx is a fixed
point.

Case (ii): hz and kx are incomparable. By the same argument as in Case (iii) of the
proof of Proposition 3.1, we can prove that dkz is a fixed point.

Since h and k play symmetrical roles, the proof is completed. m

Since the RHA is constructed from a given PN-homogeneous hedge algebra, a natural
question arises whether the PN-homogeneous property for the unit-operation V in LH T+
I, but not in H* +1, still holds if we replace Hf in Definition 3.1 with LH¢. The following
proposition answers this question.

PROPOSITION 3.3. If the unit operation V in LHY + I is positive (negative, resp.)
w.r.t. a certain h in HE, for i in SI¢, then V is also positive (negative, resp.) w.r.t. any
operation in LH.

PRrROOF. We shall prove the assertion for the case of “positive”. The proof for the case
of “negative” is similar.

Assume that V is positive w.r.t. h € HY, for some ¢ € SI¢. Since the hedge algebra
(H(G),G, H, <) is PN-homogeneous, it follows that V is also positive w.r.t. any operation
in Hf. Since LHY is a free distributive lattice generated from incomparable elements in
H¢, for every k € LHf there exists b’ € H¢ such that either K > b/ or k < h/. If k =1/,



REFINEMENT STRUCTURE OF HEDGE ALGEBRAS 77

then V is already positive w.r.t. k. Consider the case h’ # k and suppose that h'z < kz.
In the case W'z = kx, by (iv) of Theorem 3.1, x is a fixed point and so Vkx = kx. Assume
that h'z < kx, we have Vh'z < Vkz, by (i)(R3). If A’z is a fixed point, then so is kz, by
Proposition 3.1, i.e. Vkx = kx.

If VA'z > W'z, then h'x > x, since V is positive w.r.t. h’. Hence, kxz > z and, again
by (i)(R3) with ¢ to be empty, kx and Vhz are incomparable. From this fact and the
inequality Vh'x < Vkz it follows from (i)(R3) that Vkz > kx > «.

If Vh'x < W'z, then 'z < x, since V is positive w.r.t. h’. From (i)(R3), it follows that
W'z and Vkz are incomparable and, similarly as above, it can be derived that Vkz <
kr < x.

Since an analogous argument can be used for the case h'x > kx, we have proved that,
in any case, either Vkx < kx < z or Vkx > kx > =z, i.e. V is positive w.r.t. k. This
concludes the proof. m

The following proposition states that hedge operations in the same sublattice have
analogous semantic properties in terms of <.

PROPOSITION 3.4. For any h,k € LH{, for some i € SI¢, and for any v € X, we
have the following assertions:

(i) Sha > x (0hx < z) iff Skx > x (0kx < x), for any 6 € LH*.

(i) If ha # kx, then dhx and 6'hx are incomparable iff 0kx and 'kx are incomparable,
for any 6,0’ € LH*.

(iii) hx > §'hx iff dkx > §'kx, for any 6,0’ € LH*.

PROOF. The assertion (i) can easily be proved from the given assumption on & and k.

(ii) It is sufficient to prove the statement for the case where h and k are comparable,
since if h and k are incomparable in LH¢, then there exists b’ in LH{ such that b’ > k
and h' > h. Hence, it can easily be seen that the assertion can be deduced from the case
being proved now. Moreover, without loss of generality, we can assume that hx > kz.
For any two strings of hedges § and ¢, it follows from (i)(R3) that dhz > dkz and
0'hx > §'kx, and that the incomparability of hxz and ¢’hz implies the incomparability
of two elements §’hz and dkx and that of two elements dhz and §'kz. Now, it can be
verified that the comparability of dkz and §'kx leads to a contradiction. Similarly, we
can prove that the incomparability of dkz and ¢’kx implies the incomparability of dhx
and dhx.

(iii) Similar as in the proof of (ii), we can assume without loss of generality that
hx > kzx. It follows from (R3) that dhax > dkx and §'hx > §'kx, for any 4,0’ € LH*.
Suppose now that dha > 6’hx. It implies from (ii) that dkx and 6’kx are comparable.
Further, by (R3), we infer that dkz and §’ha are incomparable and so, if dka < 6'ka then
0kx < §'hz, we have a contradiction. Hence, dkx > §’kz. Since the sufficiency is evident,
the proof is completed. m

4. Lattice characteristic and distributivity of RHAs. In this section, we shall
study the main property of RHAs. It will be shown that RHA is a distributive lattice if
the set of the primary generators is a chain. Firstly, we shall prove the following theorem
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saying that RHA with a chain of the primary generators is a lattice. It also gives us
recursive formulas for computing infimum and supremum of elements in RHA.

THEOREM 4.1. Let AX = (X,G,LH,<) be an RHA and G be a chain of generators.
Then AX is a lattice. Moreover, for any two incomparable elements x and y in X, if
x = dhw, and y = §'kw, where §,6' € LH* and w € LH(a) for some a € G, are
canonical representations of x and y, respectively, then both h and k belong to LH{, for
some i € SI¢ and

hVEk

[ wUI(hVE)w if hw > w
xuy_{é(h/\k
o

(h VE)
wU(hAk)w if hw < w
Ay — hAE)wUS(hAk)w if hw > w
YTV R w U SRV B)w if hw < w

where U, N stand for join, meet in AX, while V, A\ stand for join and meet in LH¢ + 1.

N

PRrOOF. From (R2) it follows that if  and y are incomparable in X, then there exists
an element a € G such that z,y € LH(a), since G is a chain. Thus, there exist two
canonical representations of x and y w.r.t. a, say * = h,, ... hija and y = ky, ... k1a. On
account of Theorem 3.3, there exists an index j < min(m, n)+1 such that h; = k;, for any
i < j. Furthermore, there exists 19 € SI¢ such that h;,k; € LH{ . Let 6 = hp ... hj41,
8 =ky...kjz1, h = hj, k = k;. With this notation we have x = dhw and y = ¢'kw,
where w = hj_; ... ha.

We shall prove the theorem for the supremum. The proof for the infimum can be
obtained by duality.

Let us first consider the case where hw > w. Then, we also have kw > w. It implies
that (hVEk)w >w and hVk € LH{ , since LH{, is a sublattice of LH®+ I. By Definition
3.2 and (i)(R3), we have §(h V k)w > dhw, 6'(h V k)w > §'kw.

We shall prove that t > {§(h V k)w, ' (b V k)w}, for any ¢ € LH(a), t > {x,y}.

Suppose that ¢ = [,...l1a is the canonical representation of ¢ w.r.t. a. Consider the
case that ¢t € LH(w) and so we have t = [,...lj;1l;w. Since t > {z,y} it follows from
Theorem 3.3 that {;w > {hw, kw}. Remember that hw > w and, hence, {; > h V k and
liw > (hVE)w. If l; ¢ LH{, , by (v) Theorem 3.1 we obtain ljw >> (hV k)w and so, we
can infer that

t>{6(hVEk)w, & (hV k)w}.

Let I; € LH{ and assume that [;w = (b V k)w. If I; # (h V k), then by (iv) Theorem
3.1, w is a fixed point and hence w = hw, contrary to assumption. Thus, I; = (h V k)
and, since ljw > hw, ljw > kw and ¢t > {z,y}, Theorem 3.3 yields

t>{5(hVEk)w,§(hVk)w}.

Now, assume that [jw > (hVE)w. Thus, t =1,...Ljw > 1,... i1 (hVE)w, by (1)(R3).
Since t > {z,y} and it is easily seen that z = dhw < dljw, y = §'kw < §'l;w, we infer
again by (1)(R3) that t > {6l;w, 'l;w}. Applying Proposition 3.4 to the last inequalities,
we get

lp...Lis1(hVE)w > {5(hVk)w,d (hV k)w}.

Hence, t > {6(h V k)w, §' (h V k)w}, which is the desired inequality.
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Now, consider the case that ¢ ¢ LH(w). Then, there exists an index j° < j — 1 such
that h; = [; for any ¢ < j’ and l;;u > hju, where w = hj/_1 ... hia. If there is no i; € SI°
such that hj:, l; € LH{ then it follows from (v) Theorem 3.1 that lju >> hju and,
hence, by Theorem 3.2, it can easily be verified that ¢ > {0(h V k)w, §'(h V k)w}. If there
exists i1 € SI¢ such that hj, 1l € LH{ , we set s = j — j' — 1 and prove the assertion by
induction on the number s of hedge operations.

For s =0, i.e. 5 =j— 1, and w = hju, we can write t > {& = dhhju,y = 6'khju},
and applying (i)(R3) to l;u > hju, it follows that ¢ > {dhlju,d'klju}. Since hhju >
hju and the elements x = dhhyu and y = §'khju are incomparable, it follows also
from Proposition 3.4 that hljyu > lju and that dhljyu and §'klju are incomparable.
Clearly, t € LH(l;;u) and analogously to the case where ¢t € LH(w), with w = l/u, we
can prove that t > {§(h V k)lj/u,d'(h V k)lju}. Moreover, it follows from (i)(R3) that
S(hVE)ju>d6hVEk)hyu=75hVEk)wand §'(hVEk)lyu>dhVEk)hju=7dhVEkw
and, hence, t > {d(h V k)w, ' (h V k)w}.

Assume the induction hypothesis, that the inequality holds for every s < i. For s =
i+ 1, we have j' +i+1=j—1and w= hj_l . hj/+1hj/u. Set w' = hj_l c. hj/+1lj/u.
It follows from Proposition 3.4 that hw’ > w’, since hw > w and hj/,l; € LH{ . Using
again (i)(R3) as above, we get

t Z {5hhj_1 e hjr+1lj/u, (5lkihj_1 e hj/+1lj/u}

and by Proposition 3.4 we see that 6hh;_1...hj11lyu and §'khj_q ... hj1lju are in-
comparable. If t € LH(w') then, by the same argument as for the case t € LH(w), we
obtain

t> {5(h \% k)h]’,1 e hj/+1lj/u, 6’(h \% k)hj,1 e hj/+1lj/u}
and, hence, t > {§(h V k)w,d'(h V k)w}, on account of (i)(R3) applied to hju < lju.

If t ¢ LH(w') then there exists an index j”, which satisfies j/ + 1 < 5”7 < j —1,
such that hy = Iy for any ¢ satisfying j” > ¢ > 7/ + 1 and l;»uw’ > hjsu/, where
v = ljy_y...lyu. By also an analogous argument as in the case where t ¢ LH(w),
if there is no iz € SI¢ such that hj»,l;» € LH{, then, by the same argument as for
t ¢ LH(w) we obtain t > {6(hV E)w’,§ (hVk)w'} and hence, t > {6(hV Ek)w,d (hVk)w}.

If there exists 1o € SI¢ such that hjv, Iy € LHY then by the induction hypothesis
we have

t> {(S(h V ki)hj_l ce hj//+1ljuul, 5/(h V ki)hj_l ce hj//+1ljnul}.

Since hj//’u,/ < lj//’u/, we have (S(h\/ k)hj,1 R hj//+1lj//u/ > 5(h\//€)hj,1 .. hj//+1hj//u/
> (S(h\/ k)w and (S/UL \Y k)hj,1 .. hj//+1lj/ru’ > (S/UL V k)hj,1 .. hj/urlhj//’u,/ > 5/(h\/ k)w,
and so t > {6(h V k)w,d'(h V k)w}, which is what we desire.

By the proved inequality, we can see that if supremum of two elements = and y exists
then sup{z,y} = sup{d(h V k)w,d'(h V k)w}.

So, it remains to prove that sup{d(hV k)w,d'(hV k)w} always exists. Indeed, we shall
argue by induction on the length of string ¢ of hedges. If |§| = 0 then the assertion is
evident, since (h V k)w and 0’(h V k)w are comparable. Assume that the assertion holds
for |§] < i. For the case [§| =i+ 1, if 6(h V k)w and §'(h V k)w are comparable then the
assertion is clearly true. If ' = §(h V k)w and ¢y = §'(h V k)w are incomparable, then we
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can use the same argument as for  and y to prove that for any ¢t € X, if t > {2/, ¢’} then
t > {01(R VE YW, 8 (W VE)w'}, where b/, k' satisfy the same assumption like that on h
and k. Since |01] < 4, sup{d1(h' VK )w', 61 (W V E)w'} exists by the induction hypothesis.
Consequently,

sup{d(h V k)w,d (h V k)w} = sup{d1 (k' V k" )w', 61 (k" V k' )w'} = sup{z, y}.

Since the proof for the case where hw < w is similar, the theorem is completely
proved. m

For any = € X, let us denote LH[z] = {hx/h € LH}. Theorem 2.1 and Theorem 4.1
yield

COROLLARY 4.1. Let AX = (X,G,LH, <) be an RHA and G is a chain. The following
statements hold

(i) LH(x) is a sublattice of AX.
(ii) LH|[x] is a distributive sublattice of AX.

PROPOSITION 4.1. Let AX = (X,G,LH, <) be an RHA and G be a chain. Then, for
any h,k € LHS, where i € SI¢, and for any © € X such that hx # kx, there exists a
lattice zsomorphzsm f from LH(hz) onto LH(kx) defined as follows: f(dhx) = dkx.

PRrROOF. By Proposition 3.4. =
Before proving the distributivity of RHA, we need the following

THEOREM 4.2 [2]. Let L be a lattice. L is a non-distributive lattice iff Ms or N5 can
be embedded into L, where Ms or N5 are two five-element lattices depicted in Figure 7.

N/
\WARN

Now, we shall prove the following theorem.

THEOREM 4.3. Let AX = (X,G,LH,<) be an RHA. If G is a chain then AX is a
distributive lattice.

@)

Fig. 7

PrOOF. On account of Theorem 4.2, we suppose the contrary that N5 can be em-
bedded into AX as its sublattice, i.e. there exist elements z,y, z € X such that z and y
are comparable, say > y, and the pairs z,z and y, z are incomparable. In addition, the
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following equalities hold: x Nz =yNz and v Uz = yU z. It can be seen that there exists
a € G such that all elements =, y, z, t Nz, 2 Uz € LH(a).

Suppose that £ = hy,...hia, y = kn,...k1a, 2 = l,...l1a are canonical represen-
tations of z, y, z w.r.t. a, respectively. By Theorem 3.3, there exists an index j <
min(n,m,p) + 1 such that hyy = ki = I for any j/ < j, and at least one of the
two operations h; and k; is different from [;, say h; # [;. Since « and z are incompa-
rable, by Theorem 3.3, h; and [; must belong to the same LH¢, for some i € SI¢. Set
w = hj—l .. .hla, §$ = hn .. .hj+1, 52/ = km .. .kj+1, 52 = lp. . .lj+1. If k’j = lj then
ljw < hjw, by Theorem 3.3. It follows from Theorem 4.1 that U z € LH(h;w) and
yUz € LH(ljw), which contradicts the fact that t Uz = yUz. Thus, k; # ;. If k; ¢ LHY
then kjw < hjw and, by Remark 3.1, we also have k;w < h;w, and hence, by Theo-
rem 3.3, we obtain y < z, a contradiction. Thus, k; € LHY. According to Theorem 4.1,
it follows that

xUze LH((h, \/l)w)yUzeLH((k]\/])w) it hyw >
wNze LH((hj Aj)w),yNze LH((kj Aljw) =007
xUz e LH((h; Nj)w),yUz e LH((kj Nlj)w) .y
w0z e LH((hyVI)w) ynze LH((k v Lyw) &Y<

By virtue of axiom (i)(R3), it can easily be seen that (h; V [;)w = (k; V I;)w and
(hj ANlj)w = (kj Alj)w, since z Uz =y Uz and 2 Nz = y N z. Consequently, it follows
from (ii) of Corollary 4.1 that h; = k;.

Now, we shall show that the assumption concerning the sublattice N5 will lead to a
contradiction by induction on the length |6,| of the string §, mentioned above.

We shall only prove the case hjw > w, since the argument for the other case is similar.
Assume that || = 0. Then, it follows from Theorem 4.1 that

rUz = (hj \Y lj)w @] (Sz(hj \ lj)'w,y Uz = (Sy(hj vV lj)w @] 5z(hj \ lj)’LU
and
TNz = (h7 A lj)w N (Sz(hj A lj)w,y Nz = (Sy(h7 A lj)w N (52(h]‘ A l]‘)’w

Suppose that (h; V Ij)w is a fixed point. By Proposition 3.2, hw is a fixed point,
for every h € LHf. By virtue of Theorem 3.3, it follows that {z,y,z,2 U z,y Nz} is
isomorphic to {hjw, k;w, Ljw, (h;Vi;)w, (k; V1;)w}, which contradicts the fact that LH [w]
is distributive by (ii) of Corollary 4.1. Now suppose that (h; V [;)w, (h; A lj)w are not
fixed points. So, if (h; V I;)w = d.(h; VI;)w then |§.| = 0, and hence, x Uz = (h; VI )w
zNz = (hj ANlj)w. Since x > y and h; = kj, it follows from (iii), Proposition 3.4
that (h; V Ij)w > 6y(h; V Ij)w and (h; A lj)w > §,(h; A lj)w. Thus, by Theorem 4.1,
yNz=0y(hj Alj)w and, hence, z Nz = (h; Alj)w > yN z, contrary to assumption.

If (hj V1j)w > 6,(h; VIj)w then, by (iii) Proposition 3.4, (h; Alj)w > dy,(hj Alj)w
and again by Theorem 4.1, z Uz = (h; V [;)w and 2 Nz = 6,(h; A l;)w. On the other
hand, since y Nz = §,(h; Al)wNd.(h; Alj)w = x Nz, it follows that d,(h; A l;)w >
d.(hj Alj)w. Also, by Proposition 3.4, it implies that 6, (h; V I;)w > 6,(h; V [;)w, which
yields y Uz = 0,(h; V I;)w < (h; V1j)w =z U z, contrary to assumption.

By an analogous argument, the assumption (h; V [;)w < 6,(h; V [;)w also leads to a
contradiction. This concludes the proof of the case where |d,| = 0.
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Now suppose that a contradiction will follow for all elements z, y and z satisfying the
mentioned assumption and, as well, the condition |d,| < 7. Let us consider z, y and z,
which satisfy this assumption as well as the equality |d,.| = i. It follows from Theorem 4.1
that

xUz= (5$(hj V lj)w U 5z(hj vV lj)w,y Uz = (5y(hj V lj)w U 5z(hj \Y l])w
and

rNz= 51(]7,] A lJ)w N 5z(hj A lj)w,y Nz = 5y(h] A l])w n 5z(hj A l])w
since hjw > w.

Let &' = 0;(h; V1j)w, y = d,(h; VI)w and 2’ = 6,(h; V [;)w. By the assumption
made on z, y and z, and by Proposition 4.1, it can be seen that z’, ¢’ and 2’ also satisfy
the assumption like that made on z, y and z. Then, by an analogous argument as at
the beginning of the proof, it follows that there exists an index j' satisfying j < j' <
min(n,m,p) + 1 such that hj» = k;» = lj» for any j” < j’, and kjy = hy # l;; and,
moreover, hj,l; € LHS, for some ¢/ € SI°.

Set w' = hj’—l P hj+1(hj \/lj)w, 5; = hn N hj/+1, (;1/] = km [N kj/+1, 5; = l;,, . lj/+1.

Note that |/| < ¢, and, hence, according to the induction hypothesis, it leads to a
contradiction. This shows that N5 cannot be embedded into AX as its sublattice.

Similarly, we can prove that M; cannot be embedded into AX as its sublattice, as
well. This concludes the proof. m

5. Symmetrical RHA. In this section we prepare an algebraic foundation to inves-
tigate fuzzy logic, based on an algebraic point of view. As we know, L.A. Zadeh introduced
and examined fuzzy logic based on the notion of linguistic variables. A linguistic variable
of Truth is characterised by a quintuple (Truth, T'(Truth),U, G, M), where Truth is the
name of the variable; T'(Truth) denotes the term-set of Truth, U is a universe of dis-
course of the base variable, i.e. the unit interval [0,1], G is a syntactic rule for generating
linguistic terms of T(Truth), and M is a semantic rule which is a mapping assigning
to each linguistic term a fuzzy set on U. In our approach, each term is associated with
an element in an RHA, and its meaning is expressed through the structure of such an
RHA. Intuitively, we can recognise some what of symmetricity of the set T(Truth) and
therefore, we have to examine the so-called symmetrical RHAs.

In natural languages there are many linguistic variables, which have only two distinct
primary terms. These terms have intuitive contradictory meaning such as ’true’ and
'false’, 'old” and ’young’, ’large’ and ’small’, ’tall’ and ’short’, etc. This suggested Ho
and Wechler to investigate in [14] extended hedge algebras (EHAs) with exactly two
generators, one of which is called positive generator, denoted by ¢, and the other is called
negative generator, denoted by f. The positive and negative generators are characterised
by Vt > t, Vf < fandt > f. Under such a normalisation, it seems reasonable to consider
‘true’, 'old’, 'large’ and ’tall’ as positive generators and ’false’, ’young’, ’small’ and ’short’
as negative ones.

In this section we shall also examine RHA with exactly one positive and one negative
generator. Let an RHA AX = (X,G,LH, <) be given, where the set G of generators
consists of one positive and one negative generator, G = {t, f}. For every z in X, we
define a so-called contradictory element of the element x as follows:
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Assume that x = hy, ... hic, where ¢ € (G, is a representation of x with respect to
c. An element y is said to be a contradictory element of x if it can be represented as
hp...hicd, with ¢ € G and ¢’ # c. For example, y = 'very very false’ is a contradictory
element of x = ’very very true’; v = ’very little bad’ is a contradictory element of u =
'very little good’. It is obvious that a positive generator is a contradictory element of its
negative one and vice-versa. By definition, it is also obvious that if y is a contradictory
element of z then x is a contradictory element of y.

DEFINITION 5.1. An RHA AX = (X,G,LH, <), where G consists exactly of one
positive and one negative generator, is said to be a symmetrical RHA provided every
element = in X has a unique contradictory element in X, denoted by z~.

We now give a characterisation of symmetrical RHAs.

THEOREM 5.1. A RHA AX = (X,G,LH,<) is symmetrical iff AX satisfies the fol-
lowing assumption:
(SYM) For every element x € X, x is a fixed point iff x~ is a fized point.

PRrROOF. To prove the necessity, assume the contrary that z is a fixed point and
x~ # ha~, for some h € LH. By definition, (z7)~ = z and the contradictory element
of u = hx™ is the element v~ = hx = z. This shows that u and z~ are two distinct
contradictory elements of x, a contradiction to the definition of symmetrical RHAs.

Now we prove the sufficiency. Assume that AX satisfies the assumption (SYM). Con-
sider an arbitrary element z € X and let u and v be two contradictory elements of .

Suppose that u and v are defined by v = h, ... hic™ and v = k,, ... kic™, which
correspond to two representations h,, ...hjc and ki, ...kic of z, where ¢, ¢ € G and
¢ # ¢~. It is known that there exists an index ¢ < min(n,m) such that h;...hic is the
canonical representation of x w.r.t. c. This implies that h; = k; for all j < 4. It is clear
that if m = n = i then v = v. If either i < m or i« < m then z is a fixed point. By
the assumption (SYM), h;...hic™ is also a fixed point and, hence, again u = v, which
concludes the proof. m

Notice that, by Theorem 4.3, every symmetrical RHA AX = (X,G,LH,<) is a
distributive lattice. Moreover, we have the following:

THEOREM 5.2. For every symmetrical RHA AX = (X, G, LH, <), the following state-
ments hold:

(i) (hx)™ = ha~, for every h € LH and z € X

(ii) (x7)” ==, for every x € X.
(iii) hx > x iff ha— < a~, for every h € LH and xz € X.
(iv) ha > kx iff he— < ka™, for any h,k € LH and z € X.
M x<yiffe™ >y, forany z,y € X.

(vi) (xUy)" =2~ Ny~ and (xNy)” =z~ Uy, for any z,y € X, where U and N
stand for join and meet, respectively, in AX.

PROOF. The assertion (i) is a direct consequence of the definition of the contradictory

elements in AX. Assertion (ii) follows immediately from the fact that, for every x € X,
2~ is uniquely defined and z is a contradictory element of z~.
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Now we shall prove assertion (iii) by induction on the length of the canonical repre-
sentations of x w.r.t. a generator:

Let |z| = 1, where |z| denotes the length of the canonical representation of x w.r.t.
a generator c¢. Clearly, x = ¢ € G. If Ve > ¢ and he > ¢ then V and h are compatible.
Thus, the inequality he¢™ < ¢~ follows from the fact that Ve~ < ¢™. If Ve < cand he > ¢
then V and h are converse. Hence, V¢~ > ¢~ implies he™ < ¢. For the other cases, the
proof is similar. Therefore, the assertion (iii) is true for |x| = 1. Assume that (iii) holds
for all x satisfying |x| < 4. Let u = ha with |u| = ¢ and consider the case that khz > hx.
If k is positive w.r.t. h, then hz > x and, by the induction hypothesis, hx~ < x~. Hence,
it implies that kha™ < haz ™, since the equality cannot occur, by assumption (SYM). By
the same argument, it can be proved that ku~™ < u™ implies ku > u.

Analogously, we can prove (iii) for the other cases.

Now, we prove (iv). If h and k are converse, then hx > x > kx and by (iii) it implies
that hx™ < x~ < kz~. If h and k are compatible then hx > kx > x, which implies h > k
in LH® + I. Since, by (iii), we have kx~ < 2~ and, hence, ha~ < kz~.

Note that, as above, the equality hx~™ = kx~ does not occur, since in the contrary
case, "~ is a fixed point and, hence, so is its contradictory element x, by (SYM).

The proof for the two last assertions will be more complicated. First, we prove (v).
It is known that if + € LH(c) and y € LH(¢'), with ¢ # ¢/, then ¢ > ¢ can follow from
x > y. By definition, 2~ € LH(¢') and y~ € LH(c) and, hence, 2~ < y~.

Suppose that z,y € LH(c) and z > y, and © = hy, ... hw, y = ky, ... kjw are,
respectively, the canonical representation of z and y w.r.t. w, where w € LH(c) and
hy1 # k1. Note that one of hy and k1 may be the identity I. From z > y it follows that
hiw > kjw, by Theorem 3.3 and, by (iv), we have hjw™ < kjw™.

Without loss of generality, we assume hy # I and shall prove the necessity of (v) by
induction on the length of the string o = h,, ... h1, denoted by |o].

First consider the case when |o| = 1, i.e. € = hyw > y = ky, ... kyw. If there is no
index ¢ in SI¢ such that both h; and k; belong to LHY, then from the fact hyw™ < kjw™
above it follows that £ = hyw™ < y~, by (1),Theorem 3.3. In the opposite case, i.e. there
exists an index ¢ € SI¢ such that hi, k) € LH¢ and also by (1),Theorem 3.3, from the fact
x > y it follows that hiw > k... kohiw. If x = hyw = ky, ... koshjw occurs in the last
inequality, then x is a fixed point and, hence, kjw is also a fixed point, i.e. y = kyw. Then,
by (SYM), hyw™ and kjw™ are also fixed points. Thus, 2~ = hyw™ < hyw™ =y~ . If
hiw > ky, ... kahiw, then ko # I and, by Theorem 3.3, we have hyw > kohyw. Hence, it
follows from (iii) that hjw™ < kohjw™. Again by Theorem 3.3, the last inequality implies
hiw™ < Ky, ... kehyw™. Moreover, by (R3), we have k, ... kahiw™ < ky, ... kakyw™ and
80, 7 = hyw™ < k... kohiw™ < ky, ... kokiw™ = y~, which is what we require to
prove for the case |o| = 1.

Now let us assume the induction hypothesis, that z = h, ... hyw > y = k... Fqw
implies that = = hy, ... hyw™ >y~ =k, ... kyw™ for all strings of hedges o satisfying
lo| < p, and for any w € LH(c). To prove the induction conclusion let us consider
z=nhy...hw,ie. |o|=p.

If there is no index ¢ in SI° such that both h; and k; belong to LH{, then from
hiw™ < kyw™ it follows that = < y—, by (1), Theorem 3.3. If there exists an index
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i in ST¢ such that both hy and k; belong to LH{, then from z = hy...hyw >y =
km ... kiw, it follows, by Theorem 3.3, that x = h,...hiw > k... k2hjw. Putting
Y1 = km ... kohqw, it is clear that y; > y, by (R3). Since hyw™ < kjw™, as a conse-
quence of (R3), we have y; < y~. Applying Theorem 3.3 to two elements x and y;, it
follows that there exists an index j such that 2 < j < min(p,m) + 1 and hy = kj,
for 2 < j/ < 4. If x = y; then we have p =
wj = hj_1...hqyw. Therefore, we have hjw; = kjw;, by (iv). Hence, 2= = hjw; =
kjw; =y, <y~.

Assume that > y;, by Theorem 3.3, it follows that hjw; > k;jw;, and, thus, hjw; <
kjw; , by (iv). Note that the length of the string o’ = hy, ... h;41 is less than or equal to
p. Therefore, by the induction hypothesis, it follows that 2= = h,,... hjpihjw; <y; =
k... kjt1 kjw;. Consequently, we have 2~ < y~. On account of (ii), it is evident that
the sufficiency of (v) can be deduced directly from the necessity. This concludes the proof
of (v).

To prove (vi), we find first, by (v), that z = y iff z= = y~ and that = and y are
incomparable iff 7 and y~ are incomparable. We shall prove the validity of (z Uy)~ =
2~ Ny~. The proof for (xNy)” =2~ Uy~ can be obtained by duality.

If  and y are comparable then the assertion follows directly from (v). Suppose that
x and y are incomparable and z = h,...hiw, y = kn ... k1w are, respectively, the
canonical representation of x and y w.r.t. w, where w € LH(c), for some ¢ € G, such
that h1 # ki. We shall prove the assertion by induction on the length of the string
0 = hy ... hy, denoted by |o|.

First, let us suppose that |o| =1, i.e. x = hyjw. By Theorem 3.3, it follows that there
exists an index ¢ in ST¢ such that both hy and k; belong to LH¢. By Theorem 4.1, we
have

m = j and hjw; = kjw;, where

rUy = (hl \/kjl)’wUkm...k‘g(hl\/k‘l)w ifh1w>w,
(hl N k:l)w Uk, ... k‘g(hl A\ kl)w if hyw < w.

Recall that LHY is a sublattice of LH® 4 I. Hence, if hyw > w then (hy V k1)w > w.
If hyw is a fixed point then so are (hy V ki)w and kijw, by Proposition 3.1. Hence,
y = kiw and z Uy = (h1 V k1)w. Furthermore, by (SYM), it follows that hyw™, kw™,
(h1 V k1)w™ are also fixed points, i.e. = = hqw™,y~ = kyw~. On the other hand,
by (iii), it follows from hqjw > w that hyw™ < w~™. Thus, by Theorem 4.1, we have
"Ny = VEk)w™ =(zUy)".

Now assume that hqw is not a fixed point. If ko is positive w.r.t. (hyVky), then kao(hyV
k1)w > (h1 V kp)w. Notice that equality cannot occur, since if ko (hy V k1)w = (hy V k1w,
then (hy V k1)w is a fixed point and, hence, so is hjw, a contradiction. By Theorem 3.3,
we have kp, ... ka(h1 V k1)w > (hy V ki)w, which yields t Uy = ky, ... ka(hy V k1)w. By
definition, we have (x Uy)™ = ky, ... k2(h1 V k1)w™. On the other hand, by (iii), from
k‘z(hl vV kl)w > (hl \ kl)w it follows that k‘2(h1 \Y kl)w_ < (hl V kl)w_. Consequently,
km .. ko(h1Vk1)w™ < (h1Vk1)w™, by Theorem 3.3. Thus, Ny~ = kyy, ... ka(h1 VE)w ™,
which is the requirement.

Since the proof for the case hjw < w is similar, this concludes the proof for the case
lo| = 1.
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Now, let us suppose that (x Uy)” = 2~ Ny~ holds for all z and y with the string
o of hedges satisfying |o| < p, and with any w € LH(c). We shall prove the induction
conclusion for = hy, ... hyw, where |o| = p.

Since = and y are incomparable, it follows from Theorem 3.3 that there exists an
index ¢ in SI¢ such that both hi, k; € LH{. Moreover, by Theorem 4.1, we have

sUy = hp...hg(hl\/kl)wUkm...]{?g(hl\/k‘l)wifhlw>w,
o hp...hg(hl/\kl)wUkm...k‘g(hl/\k‘l)w if hyw < w.

First, assume that hyw > w. By (iii), hyw™ < w™ and by (v), 2~ and y~ are in-
comparable. So, on account of Theorem 4.1, we have x~ Ny~ = hy ... ha(h1 V k1)w™ N
Em ... ka(h1 V k1)w™, where 2= = hy,...hqw™ and y~ = ky,...kyw™. Further, if
hp...ha(h1 V k1)w and kK, ... ka(h1 V k1)w are comparable, then, by (v), it is obvious
that

(l‘ U y)i = (hp e hg(hl vV kl)w Ukp ... kg(hl vV kl)UJ)i
= hp e hg(hl vV kl)w’ Nkp ... kg(hl \Y kl)w’
=z Ny .

If 21 = hp...ho(h1 V k1)w and y1 = kp, ... ka(h1 V k1)w are incomparable then, by
Theorem 3.3, there exists an index j satisfying 2 < j < min(p, m)+ 1 such that hy = kj/
for all j’ satisfying 2 < j’ < j, and there exists an index ¢’ in SI1° such that h;,k; € LHY.
Thus, it follows from Theorem 4.1 that

2 Uy = { hp R hj+1(hj V k:j)wj Uk ... k’j+1(hj V k:j)wj lf hjw]‘ > wj,
hy... hj+1(hj A k:j)wj Ukpm ... k’j+1(hj A k:j)wj if hjwj < wy,
where w; = hj_1...ha(h1 V k1)w. Clearly, |0’| < p, where 0/ = hy,...h;q1. As proved
above, ] and y; must be incomparable.

If hjw; > w; then hjw; < w;, by (iii). Therefore, again by Theorem 4.1,

r Ny = hp e hj+1(hj V ]CJ)’LU; Nk, ... ijrl(hj V ]%)’LU; =z Ny, .

Now, combining the obtained equalities and taking into account the induction hypoth-
esis, we obtain (l‘Uy)_ = (hp L hj+1(hj\/l€j)ijkm C kj+1(hj\/kj)wj)_ = (.131 Uyl)_ =
r, Ny; =z~ Ny~ .

For the case hjw; < wj, the proof is similar.

Since the proof for the case hjw < w, can be obtained by duality, the theorem is
completely proved. m

6. RHA of linguistic truth variable as an algebraic foundation of linguistic-
valued logic. It is known that linguistic variables, especially linguistic truth variable,
which were interpreted in the framework of fuzzy set theory by Zadeh as quintuple
(X, T(X),U,G,M) (see, e.g., [26-28]), have an important role in investigation of fuzzy
logic and approximate reasoning methods. In the same time, the symmetrical EHA of
linguistic truth variable can be taken as a basic algebraic structure for linguistic-valued
fuzzy logic and linguistic reasoning methods developed in [5-7]. In the previous section,
we have examined symmetrical RHAs and proved their several important properties. Par-
ticularly, all those properties hold for each RHA of linguistic truth variables. However,
as an algebraic structure modelling domains of linguistic truth variable, we shall discuss
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in more detail the semantics of negation and implication and show that their properties
may be appropriate for a certain fuzzy logic.

Let us consider a symmetrical RHA AT = (T,C, LH, <) of linguistic truth variable
generated by two primary generators 'True’ and ’False’, where "True’ is the positive
generator and 'False’ is the negative one, i.e. C' = {True, False}. For simplicity, we assume
that AT is finite.

It is known that the RHA AT under consideration is a distributive lattice. Thus, the
lattice operations of join and meet can model the semantics of the logical disjunction and
conjunction. Now, we show that the operator “—” can be interpreted as a negation.

Let AT = (T,C,LH, <) be a symmetrical RHA of linguistic truth variable, where the
underlying set T' is defined as follows:

First we define LH,[C], for n > 0, by the following procedure:
LHy[C]=C, LH,+1[C]=LH[LH,[C]].

Notice that, by our convention, the identity I will only stand in a prefix of an expres-
sion, for instance I...Ih...h'z, and it means that if I occurs explicitly in an expression,
then every hedge operation applying to I has no effect, i.e. hlu = Iu = u. Therefore,
it is easily seen that C C LH[C] C LH3[C] C ... C LH,[C] C .... In general, this
chain is infinite. However, in applications, we use only a bounded number of hedges in
concatenation and, hence, we require the above chain of inclusions to be finite.

Let p be a fixed positive integer. For any € LH,[C] and « ¢ LH,_1[C], we define
hx = z, for every h € LH and, so, we have C C LH[C] C LH5[C] C ... C LH,[C]. Let
T = LH,[C]. Clearly, if AT is finite, then there exists p > 0 such that 7= LH,[C]. It
is known that this algebra AT is a complete distributive lattice. In addition, based on
the properties of the unit-operation V, it is easy to see that the elements VPTrue and
VPFalse are the greatest and least elements in AT and they will be denoted by 1 and by
0, respectively.

As observed by Ho & Wechler in [14], the negation of vague concept may often be its
contradictory concept, if it exists. For example, 'good’ and ’true’ are vague concepts and
they involve an intuitively intended meaning. Refuting this meaning, one may often think
of the meaning of the concepts ’bad’ and ’false’, which are the contradictory concepts of
‘good’ and ’true’, respectively, and vice-versa. This interpretation was adopted in many
investigations of fuzzy reasoning (see, e.g., [25-28]). Furthermore, it may still be possible
to discuss how to refute statements containing vague concepts which are not primary
concepts, for example, the concept "Very little true’. It is natural to regard the negation
of "Very little true’ as to be a concept of 'false’ and it may most probably be the concept
"Very little false’, a contradictory concept of the concept "Very little true’.

Therefore, analogous to the paper [14] by Ho and Wechler, we now define the negation
of an element x in AT to be its contradictory element, i.e. —z = x~. This operation —
is called negation operation. The implication operation, denoted by =, in this algebra is
defined in this paper in a regular way, i.e. by means of the negation operation and the
join operation, as follows:

x =y =z Uy, for any z and y of AT.
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We introduce in AT a new generator W defined by LH (True) > W > LH (False) and
hW =W, for all h € LH. This element W can be understood as 'Unknown’.

Note that the algebra AT with the new element W also preserves all properties of
the symmetrical RHA, where W = W ™. Therefore, without loss of generality we assume
that the set of generators of the symmetrical RHA AT consists of three elements True,
W and False, where W is defined as above and True > W > False.

Let AT = (T,C, LH, <), with C = {True, W, False} and underlying set T" defined as
above, be a symmetrical RHA of the linguistic truth variable. As examined above, the
operations U, N, =, = can be derived in AT and, so, we can write

AT = (T,C,LH,<,—,U,N,=,0,1).

Throughout this section we always write simply AT for such an algebra.

We are now ready to discuss some elementary properties of the negation operation
and the implication operation. From the definition of these operations and Theorem 5.2,
it is not difficult to see that the following holds.

THEOREM 6.1. Let AT be a symmetrical RHA of the linguistic truth variable. Then

(i) =(hz) = h—x, for every h € LH and x € T.

(ii) =(—z) =z, forallz € T.

(iii) 7(zUy) =—-zN-y and ~(zNy) =~z Uy, forallz,y € T.
(iv) znN—-ax <yU-y, forallz,yeT.

(V)an-z<W<zU-x, forallz €T.

(vi) -1=0,-0=1 and -W =W.

(vil) x >y iff ~x < ~y, for all z,y € T.

It is worth to mention that the statements (ii)-(iv) of Theorem 6.1 show that the
algebra AT is a Kleen algebra in the sense of Skala [24] and (vi) shows that this algebra
includes the 3-valued Lukasiewicz algebra {0, W, 1} as its subalgebra.

As a consequence of the definition of the implication operation and Theorem 6.1, we
have the following

THEOREM 6.2. Let AT be a symmetrical RHA of the linguistic truth variable. Then

e=y=—y=

e=@Y=2)=y=(z=2).

l)ze=y>2' =y ife <z and/ory>y.

iv)x = y=1iff eitherx =0 ory=1.
Vil=zs=zsader=1=1;0=z=1andz = 0=—z.
vi) x =y > W iff either x <W ory>W, and
c=y<Wiffe>Wandy < W.

(
(
(
(
(
(

7. Conclusions. In this paper RHA has been introduced and investigated. We have
proved that RHA with a chain of the primary generators is a distributive lattice. We
would like to note that the primary generators of almost linguistic variables constitute
linearly ordered sets. Furthermore, in the symmetrical RHAs of linguistic truth variable
we are able to define negation operation and implication operation. Note that a method



REFINEMENT STRUCTURE OF HEDGE ALGEBRAS 89

in linguistic reasoning based on linguistic-valued fuzzy logic corresponding to the sym-
metrical EHAs has been established in [7]. In this direction, we hope that it is possible to
develop deductive reasoning methods based on RHAs. Remember that the symmetrical
RHAs have a finer structure than that of the symmetrical EHAs and their operations
may model the semantics of logical connectives more appropriately.

Some researchers, who are familiar with the fuzzy sets theory, might have some crit-
icisms on the way we have defined negation and implication as above. In the authors’
opinion, in an algebraic approach to fuzzy logic, the way we define negation, which sat-
isfies (ii) and (vii) of Theorem 6.1, may be unique. Remember that there exists only a
unique complement operation in a finite linear set, that satisfies these two properties.

The important thing which justifies the reasonableness of negation and implication is
their properties, which have been proved in the algebras under consideration. Theorem 6.1
and 6.2 show that the symmetrical RHAs of the linguistic truth variable are logically
rich enough to examine a kind of fuzzy logic, called linguistic-valued logic, and develop
linguistic reasoning methods.

For comparison of our study with fuzzy set approach to fuzzy logics, we present
roughly here a general idea of fuzzy logics based on fuzzy sets theory. As we have said
previously, a basic notion to construct approximate reasoning methods is the concept of
linguistic variable (see [28]), which is interpreted as quintuple (X,T(X),U, G, M), where
X is the name of the variable; T'(X') denotes the term-set of X, U is a universe of discourse
of the base variable, G is a syntactic rule for generating linguistic terms of T'(X), and
M is a semantic rule which is a mapping assigning to each linguistic term a fuzzy set on
U, i.e. a function from U into the unit interval [0,1]. Let us denote by F(U,[0,1]) the
set of all functions from U into the unit interval [0,1]. If 7 is a linguistic value in 7'(X)
then M (1) € F(U,|0,1]), the set of all functions from U into [0, 1], is a meaning of 7, and
if, for example, a connective OR occurs in 7, for example 7 = App.True OR Poss.True,
then M(OR) is an operation on F(U,[0,1]), e.g. M(OR) = Max or M(OR) is a t-norm
operation. So, a non-computational structure T'(X), from the viewpoint of fuzzy set
theory, is embedded in F (U, [0,1]), a computational structure.

The authors emphasise that in approximate reasoning methods, the semantic mapping
M is rather subjective and, in applications, its reasonableness is justified by experiments.
However, it is clear that there is an intuitive structure of the set T'(X) and, then, a
question arises on mathematical point of view, whether M preserves this structure, or,
more exactly, whether M models the intuitive structure of T'(X) appropriately.

Based on our study, the answer is no by the following reasons.

First, we have pointed out in the paper that T'(X) has a rich enough algebraic struc-
ture and M does not preserve even the ordering relation of T(X).

Second, from the algebraic point of view we should use the mathematical structure
of the image M(T(X)) C F(U,[0,1]) as an underlying structure to investigate and
construct fuzzy reasoning methods. However, it can be seen that this structure is too
weak and, hence, one has to use the functional structure of the whole set F(U, [0, 1]) in-
stead of M(T'(X)) to develop fuzzy reasoning methods, irrespectively of whether the set
F(U,[0,1]) models the structure of M (T'(X)) suitably or not. Note that the set M (T(X))
is countably infinite and in applications it is in general finite only, and we can see that the
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difference between the structures of M(T(X)) and F(U, [0, 1]) is too big and, so, this may
be a main reason which causes certain unreasonable questions, in the authors’ opinion,
and large errors in application of fuzzy reasoning methods (see [3,16,17,19]). For example,
the operation MAX on fuzzy sets (as functions) in M (T(X)), which has to be defined
meaningfully only in F(U, [0, 1]), cannot model the connective OR in natural language
reasonably, especially in the case M (T'(X)) is finite.

From this point of view, our main contribution is the following.

1. We have proved that T'(X) has a good enough mathematical structure, denoted by
A(T(X)) and it is also a computational structure. Particularly, the structure A (7 (Truth))
of linguistic variable of Truth can be considered as a rich enough logical foundation for
approximate reasoning.

2. Now, linguistic variable can be interpreted as a quartuple (X,T(X),G, M), where
X, T(X) and G are the same as above, but M is a mapping from T'(X) onto A(T(X))
which models rather well the meaning of the terms in T'(X).
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