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1. Introduction. In this note we present the main ideas of the theory of the Conley
index over a base space introduced in the papers [7, 8]. The theory arised as an attempt to
solve two questions concerning the classical Conley index. In the definition of the index,
the exit set of an isolating neighborhood is collapsed to a point. Some information is
lost on this collapse. In particular, topological information about how a set sits in the
phase space is lost. The first question addressed is how to retain some of the information
which is lost on collapse. As an example, is it possible that two repelling periodic orbits
which are not homotopic in the punctured plane are related by continuation? Clearly
one cannot be continued to the other as periodic orbits, but the index of such a periodic
orbit is the same as the index of the disjoint union of two rest points, so the question of
continuation as isolated invariant sets is far less obvious.

To solve this problem, we fix a continuous map & : X — Z from the phase space X
to some Hausdorff space Z (called the base space). Let S be an isolated invariant set in
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X. For a regular index pair (P, P») for S the adjunction Py Ug|,, Z is obtained by gluing
the exit set P, to Z via the map £. The so-called fiberwise deforming homotopy type of
the adjunction is independent of the choice of regular index pair for S, and is called the
Conley index over the base space Z (more precisely: with the base map £). The definition
of fiberwise deforming homotopy type is given below, but it is a finer invariant than the
usual homotopy type of the adjunction. If Z is a point, then this gives the classical Conley
index. Another possibility for an arbitrary flow is Z = X, £ = idx. These two examples
represent the maximal and minimal information loss due to collapsing. Other spaces Z
and maps £ lie somewhere in between in terms of information lost upon collapse.

The index over a base has properties similar to the classical Conley index. It is ad-
ditive, multiplicative, and invariant under continuation. The construction of the index
over a base is fully functorial. In particular, this means that the new index extends to a
connected simple system, and one may also obtain a Conley functor as in [4]. By making
a judicious choice of Z and &, one can often obtain more information than in the classical
case.

In the case of periodic orbits in different homotopy classes, let X denote the punctured
plane R?\ {0}, Z be the unit circle, and £(x) = x/|z|. Suppose S is a repelling periodic
orbit, with P; an annulus, and P, = 0P;. If S is homotopically nontrivial, then the index
of S over Z is a 2-torus, but if .S is homotopically trivial, it is the wedge of a 2-sphere and
two 1-spheres. Thus these sets are not related by continuation in any family of flows on
the punctured plane. If the periodic orbits are attracting, then the resulting adjunction
space is homotopically two circles regardless of the homotopy class of the periodic orbit.
However, the fiberwise deforming homotopy type of the sets are different if the periodic
orbits are in different homotopy classes.

A Poincaré section is a frequently used tool in the study of dynamical systems. It lets
one translate certain problems in the continuous dynamics of flows to their counterparts
in the discrete dynamics of the associated Poincaré map. One of the advantages of such an
approach is that the dimension of phase space is reduced by one. The main disadvantage
lies in the fact that often very little is known about the Poincaré map beyond its existence.
The development of the discrete counterpart of the Conley index (see [10, 6, 11]) raised
hopes that the interaction between the dynamics of a flow with a Poincaré section and
the dynamics of the Poincaré map may be fruitfully observed and applied on the level of
the Conley index theory. It is fairly easy to show that the cohomological Conley index
of the Poincaré map completely determines the cohomological Conley index of the flow
(see [5]). The second question addressed in this note is the reverse problem: is it possible
to reconstruct the Conley index for the Poincaré map from the Conley index for flow?
Unfortunately it turns out that such a reconstruction is not possible with the classical
Conley index as simple examples show (see [8]). However the Conley index over the circle
carries all the information necessary to compute the Conley index of the Poincaré map.
Since the computation of the Conley index over the circle requires, as in the case of
the classical Conley index for flows, only the local knowledge of the flow, replacing the
classical Conley index by the Conley index over the circle seems to solve completely the
problem.
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Let N be an isolating neighborhood in a semiflow 7, which admits X, a Poincaré
section for N. Then there is an associated discrete dynamical system, namely the Poincaré
map II on 3. If S denotes the maximal invariant set in N, then K := SNX is an isolated
invariant set for II. To obtain the discrete Conley index of K with respect to II from
looking at the flow in IV we first consider the index of S over the base S!. The adjunction
Py Ug)p, S! is a fiberwise pointed space over S' and it carries an additional structure
similar in spirit to a locally trivial bundle. We call this the semibundle structure. Roughly
speaking, any {-preserving semiflow on Py Ug),, S! defines the same semibundle structure.
The homotopy class of the map induced by the semiflow on every fiber leads, via the
universal functor defined by Szymczak (see [11]), to an invariant of fiberwise deforming
homotopy types of semibundles called the monodromy class. All this makes the Conley
index over the circle an invariant of isolating neighborhoods which is much stronger than
the classical Conley index. An important manifestation of this fact is Theorem 6.7. It
states that the Conley index of K with respect to the Poincaré map II is completely
determined by the Conley index of S over S, namely it is the monodromy class of he(.S).

We want to emphasize that the Conley index over the circle in principle is not more
difficult to compute than the classical Conley index. Moreover, although one way to find
the semibundle structure on Py Ug Py S! is via the semiflow induced from the original flow,
any other ¢-preserving semiflow on Py Ug|,, S! defines the same semibundle structure.
Therefore in practice only the knowledge of the topology of a regular index pair and the
map & is needed to compute both the index over S! and its monodromy class.

At least one important question remains unsolved. By using the extension of the
classical index to the index over S!, we are able to determine the index for the Poincaré
map. However, we do not know if the correspondence is 1-1, i.e. if different indices over
S! necessarily give different indices for the Poincaré map.

To keep things as simple as possible in the present paper we restricted our attention to
&-preserving flows. This is a satisfactory setting for ODE’s with periodic forcing but things
become technically significantly more complicated if one wants to consider an autonomous
differential equation with a Poincaré section. Therefore the machinery needed in that case
will be presented in a future paper.

We denote the sets of natural numbers by N, the set of all integers by Z and the set
of all real numbers by R. For a given topological space X and A C X, we denote the
closure of A by cl A, its interior by int A and its boundary by bd A. The unit circle in the
complex plane is denoted by S!.

2. Fiberwise pointed spaces over a base. Let Z be a fixed topological space.
A triple U = (U,r,s) is called a fiberwise pointed (topological) space over Z if U is a
topological space, r : U — Z and s : Z — U are continuous maps, and r o s = idyz
(compare [3, p. 41-42]). In [1, p. 163] and [2, p. 98] such a space is also called a sectioned
space over Z. We refer to Z as the base space, to r as the projection, and to s as the
section of U. The projection is an r-map in the sense of [Bo]. In particular it follows that
s(Z) is a retract (hence a closed subset) of U, sor : U — s(Z) is a retraction, and s and
the restriction of r are mutually inverse homeomorphisms between Z and s(Z).
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We want to make fiberwise pointed spaces into a category. Let U’ = (U’,r',s") be
another fiberwise pointed space over Z. A natural choice for a morphism from U to U’ is
to take a fiberwise pointed map, i.e. a continuous map ¢ : U — U’ such that v’ o¢ = r and
¢pos=s"(comp. [1, 3] for instance). For our purposes such a definition is too restrictive.

We define a fiberwise deforming map (briefly: an f.d. map) f : U — U’ as a continuous
map f: (U,s(Z)) = (U, s (Z)) such that

r' o f~rrels(Z).

Obviously a fiberwise pointed map is an f.d. map. Note that there always exists a fiberwise
pointed map (and consequently an f.d. map) between U and U’, namely s’ or (it is called
the fiberwise constant map).

PROPOSITION 2.1. If f : U = U’ 4s f.d. then f os = s' and the restriction of f to
a map s(Z) — s'(Z) is equal to the homeomorphism s' o |y zy. In particular f(s(Z)) =
$'(Z). m

One can easily verify that the identity map is an f.d. map and the composition of
f.d. maps is an f.d. map. Thus fiberwise pointed spaces over Z together with f.d. maps
constitute a category. We will call it the fiberwise deforming category and we will denote
it by Fibz.

One can define the wedge and smash products of fiberwise pointed spaces.

By a homotopy in the category Fibz we mean a collection of f.d. maps F; : U —
U’, t € I such that the map F : U x I > (x,t) — Fy(x) € U’ is continuous. We say
that two f.d. maps f,g : U — U’ are homotopic in Fiby if there exists a homotopy
F,:U > U, t € Iin Fiby such that Fy = f, F} = g.

As an easy consequence of Proposition 2.1 we obtain the following

PROPOSITION 2.2. Assume f: U — U’ is an f.d. map and g : U — U’ is continuous.
If
f~grels(Z)
then g is also an f.d. map from U to U’ and f and g are homotopic in Fiby.

The proof of this result, and the others in this section, can be found in [7].

Obviously, the homotopy in the category Fibz induces an equivalence relation between
the f.d. maps. Taking equivalence classes of f.d. maps as a new collection of morphisms we
obtain another category, which we will call the fiberwise deforming homotopy category.
We will denote it by HtpFib,. Obviously we have also the homotopy functor Htp : Fib; —
HtpFib, sending each f.d. map to its equivalence class. An f.d. map ¢ will be called a
fiberwise deforming homotopy equivalence if Htp(¢) is an isomorphism in HtpFib,,.

PROPOSITION 2.3. Assume f : U — U’ is an f.d. map. If there exists a continuous
map f': U — U such that

flof ~idyrels(Z), fof ~idy rels'(Z).

then f' is also an f.d. map and f and f' are mutually inverse fiberwise deforming homo-
topy equivalences.
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We say that two fiberwise pointed spaces U and U’ over Z have the same fiberwise
deforming homotopy type over Z if there exists a fiberwise deforming homotopy equiva-
lence between them. The equivalence class of spaces with the same fiberwise deforming
homotopy type as U is denoted by [U]z. A distinguished role is played by

GZ = [(Z, idz, idz)]z,

the trivial fiberwise deforming homotopy type over Z.
We compare various homotopy types on a simple example.

EXAMPLE 2.4. For z € R\ 0 put V; = (R\ 0) x 0U {z} x 1, i.e. V, is the disjoint
union of R\ 0 and {z}. Define r, : V, - R\ 0 and s, : R\ 0 = V,, by r,(y,4) = y and
$z(2) = (2,0). Then V, = (V, 74, ;) is a fiberwise pointed space over R\ 0. Each of the
spaces V,, has the same (ordinary) homotopy type of a three-point space. It is easy to
see, that for x # a’ there is no fiberwise pointed map V, — V- except of the constant
one, hence the fiberwise pointed homotopy types (i.e. the homotopy types in the sense
of [1, 3]) of V, are all different. On the other hand there are no nonconstant f.d. maps
between V, and V. only in the case where the signs of  and 2’ are opposite, hence there
are exactly two different fiberwise deforming homotopy types, and [V;]r\o = [Va/|r\o iff
zx' > 0.

In the above example we compared the fiberwise pointed homotopy types of spaces
with several connected components. This can be generalized to the following simple ob-
servation.

PROPOSITION 2.5. Let {T;}i=o,...r and {T]}i=o,...» be the sets of path components of
U and U’, respectively. Let
s(Z) c Ty, s'(Z) CTy.
If f : U = U’ is a fiberwise deforming homotopy equivalence then there is a permutation

o, 0(0) = 0, such that fori =0,...,r: f(T;) C T(’T(i) and the restriction f; : Ty — Ty
of f is a homotopy equivalence such that ' o f; ~r

T;. |

In order to distinguish fiberwise deforming homotopy types of U and U’ one should
compare the homotopy types [U] and [U’] first. If they are equal, further necessary infor-
mation can be provided by Proposition 2.5 as the next example shows:

EXAMPLE 2.6. Let W; = Wy = St x 0U S! x 1, i.e. W, and Ws are equal to the
disjoint union of two copies of the circle S' = {z € C : |z| = 1}. Define r; : W; — S! and
Si151—>Wi,’i:1,2by

ri(z,i) =z, s1(y) = (y,0),
742(:5;0) =, 7"2(56, 1) = :L'Qa SQ(y) = (y,O)
Then W; = (Wi, r;,8;), i = 1,2 are fiberwise pointed spaces over S*. It follows by
Proposition 2.5 that if f: W1 — Wy is a fiberwise pointed homotopy equivalence then

f(Stx 1) C (St x 1) and rg o flg1x1 =~ 71|g1x1, which is impossible. Thus [Wi]g1 #
[Ws]g1.
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It is easily seen that if [U]z = [U’]z and [V]z = [V']z then [UV V]z = [U' v V'],
hence we can define
[U]Z V [V]Z = [U\/V]Z,
the wedge of fiberwise deforming homotopy types. Obviously, for every space U,
[U]Z \/GZ :GZ \Y [U]Z = [U]Z

Some additional assumptions are needed to show that the smash products of fiberwise
deforming homotopy types is well defined (e.g. s is a cofibration). Details are presented
in [7].

3. The Conley index over a base. Given an arbitrary set A C X, we define the
exit function on A by
ea:Adx —sup{t >0]x.[0,t] C A} € [0, 00].

Let £ : X — Z be a fixed continuous map. Let S be an isolated invariant set in a
semiflow on X, and let P = (P, P») be an index pair for S. Define functions op,7p :
Py — [0,00] by

_ Jearp (@) ifzed(Pr)\ P)
W or() = {0 if x €intp, P»
(2) rp(z) = sup{t > 0| 2.[0,t] C P, \ P} ifze P\ P
. 0 ifrxe Py

Recall that P is called regular if 7p(x) = op(z) for z € P;. Let B be a compact subset
of X. If 7 is a flow, we define
BT =:{zx € B:3¢, >0,¢, > 0:2.(—¢,) & B},
B = {z € B:3e, >0,¢6, > 0: 2.6, & B}.
We call B an isolating block for the flow 7 if both BT and B~ are compact and B =
Bt UB™. If B is an isolating block for S and B~ is its exit set, then (B, B™) is a regular
index pair.
We recall (see [7]) that for P = (P1, P») a pair of compact spaces, Ug (P) is defined as
the adjunction Py Uy, Z, Le.
Us(P):=S'x0UP x 1/ ~,
where ~ denotes the minimal equivalence relation such that (u,1) ~ (£(u),0) for every
u € Py. For (u,i) € S x 0U Py x 1 denote by [u,i] the equivalence class of (u,i) in the
relation ~. One easily checks that

Ue(P) := (Ue(P), ru. (), SUc(P))5
where
ruepy([2,]) = &(x),  su.(p)(a) = la,0],
is a fiberwise pointed space.
THEOREM 3.1 ([7]). Let S be an isolated invariant set. Then he(S,m) = [Ue(P)|z

(i.e. the fiberwise deforming homotopy type of Ug(P) over Z ) is independent of the choice
of an isolating neighborhood N of S and of a regular index pair P in N.
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The homotopy type he (S, ) given by the above theorem (denoted briefly by he(S) if
7 is clear from the context) is called the Conley index of S over base Z with base map &
or just the Conley index of S over Z if £ is clear from context.

As in the classical case, he(S) # 07 implies S # (), the index of the disjoint union of
invariant sets is the wedge of the indices over Z, and the index of the Cartesian product
of invariant sets is the smash product of the indices over Z.

Let zo be a point in Z and let ¢ :=c¢,, : X = Z, x — 20, be a constant map. If P is
a closed pair then U.(P) = P1/P, V (Z,20) and r¢ p([z,1]. p) = 2o for every z € P;. In
that case the fiberwise deforming homotopy type [U.(P)]z is called simple. In this case
the index over Z contains no more information than the classical index, at least if Z is
path connected. In particular, if S sits in X in a topologically trivial way, then the index
over a base adds nothing to the classical index.

PROPOSITION 3.2. If P = (P, P») is cofibered and Py is contractible in X then
[Uy(P)]z is simple for everyw : X — Z.

Consider a family of semiflows 7* : X x R* — X continuously depending on A € I.
We have the following continuation theorem which is analogous to the continuation result
for the classical Conley index.

THEOREM 3.3. If N is an isolating neighborhood with respect to 7 for all X € I and
S* is the mazimal invariant set of ™ inside N then he(S*,7) does not depend on \.

In the following examples the term “index” means he(S) for a given isolated invariant
set S. Here we use the simplest and most natural choices of ¢ and Z to obtain information
which is more delicate than that obtained by the classical index. We begin with our
example from the introduction.

EXAMPLE 3.4. Suppose X is the punctured plane, 7; is a homotopically nontrivial
repelling periodic orbit, and 7. is a homotopically trivial repelling orbit. Let Z be the
unit circle and ¢ be the map z — z/|z|. By Proposition 3.2, the index of ~, is simple,
i.e. has the fiberwise deforming homotopy type of the one-point wedge of the classical
Conley index of «; and Z. In this case the classical index is the wedge of a 1-sphere and
a 2-sphere, hence the (usual) homotopy type of the index is that of S! v S' v §2. The
index of 41 over Z has the homotopy type of the 2-torus S' x St. (This can be seen either
by homotoping Z to ; and homotoping £ in a corresponding way, or by continuing ~;
to a circle in the plane, and using an annulus as P;.) Since the usual homotopy types of
the indices of y; and 7 over Z are different, the fiberwise deforming homotopy types are
also different, so by Theorem 3.3, they are not related by continuation.

The next example shows that fiberwise deforming homotopy type is a finer classifica-
tion than ordinary homotopy type.

EXAMPLE 3.5. Again, suppose X is the punctured plane, Z is the unit circle and € is
the map z — z/|z|, but this time the periodic orbits are attracting, with y; homotopically
nontrivial and v, homotopically trivial. We use annuli as the isolating neighborhoods and
as P; in the index pair. In this example, since the exit set P is empty, both indices over Z
have the same usual homotopy type, namely the disjoint union of two circles, one coming



164 M. MROZEK ET AL.

from Py, the other from Z. However, the projections r1 and rq, for ;1 and ~» respectively,
map the annulus into different homotopy classes in Z. It follows from Proposition 2.5
that the resulting adjunction spaces are not fiberwise deforming homotopy equivalent, so
again by Theorem 3.3, 71 and 72 are not related by continuation.

4. Semibundles over the circle. The rest of this paper is concerned with recovering
the index of the Poincaré map from the index over the circle. We base on the paper [8],
to which we refer for subsequent omitted proofs.

Let m: X x Rt — X be a semiflow. Let m; := 7(-,¢) denote the ¢-translation operator
of m. We fix the base to be the circle S! and fix the map & : X — S'. We say that = is
E-preserving if for all z € X and all t € R

E(me(x)) = ™E(2).

A fiberwise pointed space U = (U, r, s) over S! is called a semibundle if there exists
an r-preserving semiflow ¢ : U x Rt — U such that ¢(s(a),t) = s(e?™"a) for any a € S!
and ¢t € RT. Such a semiflow is called a semibundle carrier on U. The name semibundle is
justified by the fact that if U admits a semibundle carrier which is a flow then r : U — S!
is a locally trivial bundle. Note that the semibundle carrier is not unique in general.

The 1-translation operator or the time-one map ¢; of the semibundle carrier ¢ on U
plays a special role in the sequel. Let us denote it by ®, and denote its restriction to the
fiber U, :=r71(a) over a by ®,.

PRrROPOSITION 4.1. The time-one map ® : U — U is a fiberwise pointed map. For ev-
ery a € S' the homotopy class of ®, in Top, is independent of the choice of a semibundle
carrier ¢.

PROOF. The first assertion is obvious. If ¢’ is another semibundle carrier on U then
the required homotopy is ¢]_,¢:. m

5. The Szymczak category and discrete Conley index. Let £ be a category.
The category of endomorphisms of £, denoted by Endo(£), is defined as follows. The
objects of Endo(€) are pairs (4, a), where A € £ and a € £(A4, A) is an endomorphism
of A. The set of morphisms from (A, a) € Endo(€) to (B,b) € Endo(£) is the subset of
E(A, B) consisting of exactly those morphisms f € £(A, B) for which bo f = foa. We
write f : (A,a) — (B,b) to denote that f is a morphism from (A, a) to (B,b) in Endo(£).
Note that if (A, a) € Endo(€) then a € Endo(£)((4, a), (4, a)).

The definition of the Szymczak category of £ (see [11]), denoted by Szym(E), is slightly
more complicated. The objects in Szym(&) coincide with the objects in Endo(€), i.e. the
pairs (A, a) such that a is an endomorphism of A. To define morphisms we first introduce
the following relation for (f,m), (g,n) € Endo(£)((4,a), (B,b)) x N:

(f,m) = (g,n) <= Ik eN foa"F =goamt*.
One easily verifies that the relation is an equivalence relation and

(f,m) = (g,n) <= Jke Ny rof=p"tkog.
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The morphisms in the Szymczak category are now defined as the equivalence classes of
the relation =:

Szym(E)((A, a), (B,b)) := [Endo(é’)((A,a), (B,b)) x N]/ =.
Let [f,m] € Szym(E)((A4,a), (B,b)) and [g,n] € Szym(E)((B,b), (C,c)). It is straightfor-
ward to check that [ida,0] is the identity on (4,a) in Szym(€) and [go f,m + n] is a
well defined morphism in Szym(E)((A,a), (C,¢)), which by definition is the composition
of morphisms [f, m] and [g,n] (denoted by [g,n] o [f, m]). There is a canonical functor
from Endo(€) to Szym(€) which is equal to the identity on the objects of Endo(€) and

which transforms every morphism f in Endo(€) to [f,0] in Szym(€). We note for future
reference the following straightforward proposition.

PROPOSITION 5.1. If (A, a) is an object in Szym(E) then
(a) [a"™,n] = [ida, 0] for each n € N.
(b) [a?,q] is an isomorphism for every p,q € N; its inverse is equal to [ida,p—q| if p > q
and [a?7P,0] if p < q.
The reason to introduce the Szymczak category is the following theorem.

THEOREM 5.2. Assume that (A, a),(B,b) € Endo(E). Let f and g be morphisms in
& such that the diagram

a
A — A
e s
B — B
b
commutes. Then f € Endo(E)((A,a), (B,b)), g € Endo(€)((B,b), (4, a)) and we have the

commutative diagram

0,0
(4,a) — (4,a)
(r.0 Alg 0180
(B,b) — (B,b)
[0, 0]

in Szym(E), in which all morphisms are isomorphisms.

PROOF. By Proposition 5.1 [a,0] and [b,0] are isomorphisms. It is now a standard
categorical argument to show that also [f, 0] and [g, 0] are isomorphisms. m

For A € £ and a € £(A, A) the equivalence class
[4, a]szym = { (B, b) | (B,b) is isomorphic to (4, a) in Szym(&) }

will be called the Szymczak class of (A, a) in €.

Now let f : X — X be a continuous map on a locally compact metric space X.
Recall that in the discrete case (see [11], [6]) the pair P = (P;, P») of closed subsets of
an isolating neighborhood N will be called an index pair of K in N (with respect to f)
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if the following three conditions are satisfied.

(3) PN f Y (N)cC fH(p) fori=0,1,
(4) P\P; C f7Y(N),

With every index pair P one associates an object (Py, [fp]) € Endo(HtpTop, ) as follows.
P, is a pointed topological space P;/P, with the distinguished point [Ps] being the set
P, collapsed to a point. The morphism [fp] is the pointed homotopy class of the induced
map fp : Pl/PQ — Pl/P2 given by

_ Jf@)] if f(z) € A
fellal) = { [P2]  otherwise.

The following two theorems let us define the Conley index in the discrete case.
THEOREM 5.3 ([9]). Every isolating neighborhood for f admits an index pair.

THEOREM 5.4 ([11]). Assume K is an isolated invariant set with respect to f. Let N
be an isolating neighborhood for K and P an index pair in N. Then the Szymczak class
of (Py,[fp]) in Szym(HtpTop, ) does not depend on the particular choice of N and P.

Now we define the Conley index of K by
h(K7 f) = h(K) = [P*v [fP]]SZym

for an arbitrarily chosen index pair P for K.

6. The monodromy class of the Conley index over S! and the Conley in-
dex of the Poincaré map. Let U and V be semibundles with semiflows ¢ and 1,
respectively.

PROPOSITION 6.1. Assume o : U — V is an f.d. map. Then ao ® and ¥ o « are
homotopic in Fib. Moreover, if o is a fiberwise pointed map then for any a € S' the maps
aq 0P, and U, o0a, are homotopic in Top, (here a, donotes the restriction to the fiber).

PROOF. One easily checks that the required homotopies are
F:Ux[0,1] 3 (z,t) = ¢(a(e(z,t),1 —t) e V
and
G:U, x[0,1] 3 (z,t) = Y(qaset(p(x, 1), 1 —t) € V,.m
PROPOSITION 6.2. For any a,b € S the pairs (Uq, [®4)]), (Up, [®p]) are isomorphic in
Szym(HtpTop, ).

PROOF. Actually, the proposition is true even for the pairs (U,, ®,) and (Up, ®p) in
Szym(Top, ). It is obvious if @ = b, thus assume that a # b. Let t € (0,1) be such that
b = e?™q. Define @y, : Uy > 7 — @(x,t) € Uy and @up : Uy > 7 — (2,1 —t) € U,.
Then &, = &y, 0 Dy and & = Dy 0 Py, and the assertion follows immediately from
Theorem 5.2. m
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The Szymczak class of (Uy, [®,]) in Szym(HtpTop,) does not depend on a € S*. By
Proposition 4.1, it is also independent of the choice of ® as the time-one map of some
ry-preserving semiflow. It will be called the monodromy class of U and denoted by M (U).

A crucial role is played by the following result:

THEOREM 6.3. Assume U, V are two compact semibundles over S. If U and V have
the same fiberwise deforming homotopy type then their monodromy classes are equal.

We assume now that 7 is a flow on a locally compact metric space X. Let II := 7 be
the time-one map of 7. For a € S* we put X, := ¢ (a) and I, : X, 3 z — I(z) € X,.
Recall that the map II, is called the Poincaré map.

THEOREM 6.4. Any isolated invariant set S for m admits an isolating neighborhood
N and a regular index pair P in N such that the pair Q == X, N P s an index pair in
Ny := X, NN forll,.
Let N be an isolating neighborhood for 7 and let P be a regular index pair in N. For
[x,1] € Ue(P) and t € RT put
[e2™i ., 0] ifi=0
(6) 7 ([z,4],t) :=  [e*™¢(x),0] ifi=1andt> oup, \ py)(2)
[m(x,t),1] ifi=1andt <oqp, \ p,) ()
One easily verifies the following proposition.

PROPOSITION 6.5. 7f

U¢(P).
We call it a semiflow on U¢(P) induced by m. The semiflow turns U¢(P) into a
semibundle.

given by formula (6) is an TUe(P)-Preserving semiflow on

THEOREM 6.6. The monodromy class of U¢(P) does not depend on the choice of a
particular regular index pair P for a given isolated invariant set S.

PROOF. Let P and @ be two regular index pairs for S. By Theorem 6.3 in [7] U¢(P)
and Ug(Q) have the same fiberwise deforming homotopy type. Moreover, the spaces
Ue(P) and Ug(Q) are compact. Thus the conclusion follows from Theorem 6.3. m

The above theorem lets us introduce the notation
M (he(S,m)) := M(Ug(P))
for any regular index pair of S.
THEOREM 6.7. For any isolated invariant set S with respect to w we have
M (he(S,7)) = h(Sa;11a)
for any a € S'.
7. Suspension and the discrete Conley index. Let X be a locally compact space

and let f : X — X be a proper map of a pointed topological space into itself. The
suspension of f is a topological space X defined by Xy := X x RT/ =, where = is the
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smallest equivalence relation such that for any x € X and any 7 € R™

(x,7+1) = (f(2),7).

(Equivalently, ¥, can be defined as the quotient space of X x [0,1] by the relation
identifying (x,1) with (f(z),0). In the sequel we will also use that approach.) There is
an associated projection r; : ¥y 3 [z,b] — €2™® € S and an r-preserving semiflow
of: Xy x RT — Xy given by

(Pf([m, T]’t) = ['TaT + t]-
If f preserves a point 29 € X, i.e. f is a map of the pointed space (X, ) into itself,
then there is a natural embedding sf : S! 3 e*™® — [z9,a] € X¢, where a > 0. This
makes (Xf,7¢,5¢) a fiberwise pointed space over S' and consequently (Xf,7y,sf) is a
semibundle. The set

E? :={[zo,0] | b€ [0,1] }
is obviously invariant under ¢;.

For A C X put
Li(A) :={[z,b] |z €A be[0,1]}.

Let K be an isolated invariant set for f. The set X;(K) is an isolated invariant set of
@y hence we can consider h, (X(K),py) as the Conley-type index of K. As a trivial
consequence of Theorem 6.7 we get:

THEOREM 7.1. If K is an isolated invariant set for the homeomorphism f then

h(Ka f) = M(hTf(Zf(K)a @f))'
It follows that h, (X7(K),py) delivers no less information than the discrete Conley
index h(K, f).
We conclude this section by a few results which facilitate calculation of the fiberwise
deforming homotopy type of suspensions. Let (X, xzg) be a well-pointed space, i.e. X x
0U{xo} x I is a retract of X x I.

PROPOSITION 7.2. If f,g: (X,x0) = (X, x0), [ ~ grelxy then
[Erlst = [Zglsr-
Let ¢;, denote the constant map z — xg. Recall that the fiberwise deforming homo-
topy type of the triple (S!,idg:,ids:) is called trivial.
PROPOSITION 7.3. X, = has the trivial fiberwise deforming homotopy type over St.

PROPOSITION 7.4. Let xg € A C X. Assume that A is a strong deformation retract
of X. Then

Bflst = [Erofoilss
where r : X — A is a strong deformation retraction and i : A — X is the inclusion.

8. Examples. Let f : X — X be a homeomorphism. Our aim is to present a possible
way of calculation of the index h,.. (X7 (K),py) (see Section 7) for some isolated invariant
set K for f. Recall that the definition of isolating block was given in Section 3. Note that
if B is an isolating block with the exit set B~ then (B/B~,[B~]) is a well-pointed space
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(see [7, Prop. 6.1]). For a reason which will be made clear in the proof of the following
theorem, we impose an additional condition for isolating blocks considered in the sequel.
An isolating block B is called proper if there exists a 6 > 0 such that z.[—§,0) C X \ B
for every x € BT (or, equivalently, z.(0,8] C X \ B for every z € B™).

7

D C f(D) f(C)
D [¢
N 0 N 1 Ny N,
A B
A B f(A) f(B) U
fA) (B) f(C) (D)

Fig. 1. U- and G-horseshoe

THEOREM 8.1. Let B be a proper isolating block for some (continuous-time) flow on
X, BT and B~ denote its entrance and exit sets, respectively. If
(7) fB)NnBt=0, f(B)NB=0
then K :={x € X : f"(x) € B ¥n € Z} is an isolated invariant set for f and

hey (55 (K), 07) = Byl
where fu : (B/B~,[B~]) = (B/B~,[B~]) is given by
[f(@)] if  f(z) € B,
x]) = ,
Fullel) { B7] if ()¢ B.
REMARK 8.2. The reader familiar with [12] will easily notice that under the assump-
tions of Theorem 8.1 the pair (B, B™) is an index pair in the sense of [12] for the discrete

dynamical system generated by the homeomorphism f and fg is the associated index
map (cf. also [10]).

The assumption on an isolating block structure of the set B in Theorem 8.1 is satisfied
in reasonable situations as the following result shows:

THEOREM 8.3. Let X be a smooth manifold (without boundary) and B be a C*-class
compact submanifold-with-corners of X, dim B = dim X, such that

OB = By U B,
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where By and By are codimension-one C'-class submanifolds-with-boundary of X,
0B1 = 0Bs = B1 N Bs.

Then there exists a flow on X such that B is its proper isolating block, BT = By and
B~ = Bsy. In particular, if (7) is satisfied then the conclusion of Theorem 8.1 holds.

As examples of the computation of the Conley index over S! we study the suspension
flows of the G- and U-horseshoes.

Let us recall that the G- and U-horseshoes are homeomorphisms of the plane which
transform a rectangle to the shape of U and G, respectively, as depicted in Figure 1.
The rectangle B := ABCD is a submanifold-with-corners, its boundary is the union of
B and Bs; where By := AD U BC, the union of the sides, and By := AB U CD, the
union of the bases. By Theorem 8.3, B is a proper isolating block for some planar flow,
Bt = By and B~ = Bs. It is clear from the figure that the condition (7) is satisfied,
hence, by Theorem 8.1, in both cases the index A, (X (K ), 7s) of the suspension of the
isolated invariant set K determined by a horseshoe f is equal to the fiberwise deforming
homotopy type of ¥,.

Fig. 2. The Conley index over S' of the suspension of the U-horseshoe

After collapsing B/Bj to a circle, by Proposition 7.4, the latter type can be expressed
as [Ep]s: in the case of U-horseshoe and as [Yg]s: in the case of G-horseshoe, where
D,E: (S',1) — (S',1) are defined by

4mit 1
2mity ._ 2 if tel0, 3],
D(e ) E { e47ri(1ft) if te [%7 1]

and by E(z) := 22. Since (S', 1) is a well-pointed space and D is homotopic to the constant
map c;, one easily concludes from Propositions 7.2 and 7.3 that the Conley index over S*
of the suspension of the isolated invariant set determined by the U-horseshoe is trivial.

The visualization of the sample semibundle representing the Conley index over S' of
the suspension of the U-horseshoe is presented in Figure 2 and of the suspension of the
G-horseshoe in Figure 3.
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Fig. 3. The Conley index over S* of the suspension of the G-horseshoe
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