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0. Introduction. Let F' be a complex—valued function on a subset D of the Riemann
sphere C and let F* : D*(F) — C be a function defined by

F(z2), z€eD,

F(z) = { lim F(u), z€ D(F),
D3u—z

where D*(F) = DUD(F) and D(F) is the set of all points z € D\ D for which the limit

is assumed to exist. Here D denotes the closure of D in C. By the uniqueness of F* we

define the trace Tr[F]: D(F) U (D NFrD) — C of F by the restriction

Tr[F] = F|*D(F)U(Dr1Fr D)»

provided D(F)U (D NFr D) # (), where Fr D stands for the boundary of D in C. This
way we describe the trace operator Tr acting on the family of all functions F' on D such
that D(F) U (D NFrD) # 0.

Given two topologically equivalent subsets D and D’ in C, let Hom(D, D’) be the fam-
ily of all homeomorphisms of D onto D’. Obviously, the family Hom(D) := Hom(D, D)
is a group with composition as the group action. Every H € Hom(D, D’) defines a group
isomorphism Sy : Hom(D) — Hom(D’) by the formula

Sg[F]:=HoFoH™', F&Hom(D).
Here and subsequently, we assume that the composite mapping 75 0T of 77 : X7 — Y3

and Ty : Xo — Yo with T7(X7) N Xy # 0 is assumed to map the preimage Tl_l(Yl N Xs)
into Y. Assume now that D is a domain in C and that D # C. If

H € Hom®(D, D') := {G € Hom(D, D') : G* € Hom(D, D’)},
then we see that
Tro Sy [F] = Sty [Tr[F]]
for every F' € Hom(D) such that D(F) # (). If D = D’, then Hom®(D) := Hom®(D, D) is
a subgroup of Hom(D). In other words, Hom®(D) consists of all F' € Hom(D) that have

a homeomorphic extension to D. By definition, for each F' € Hom®(D) the trace operator
Tr satisfies

Tr[F] = Fip,
where I' := Fr D. Clearly, the identities
Tr[F o G] = Tr[F] o Tr[G] and Tr[F~'] = Tr[F] ",
hold for all F,G € Hom®(D), where F~! stands for the inverse mapping to F.

For arbitrary subclasses A C Hom(T') and B C Hom(D) we denote by Ext(A,B)
the family of all extension operators acting from A to BN Hom®(D), i.e., all mappings
Ex : A — B such that

TroEx=1id4 on A,
where idx is the identity operator on X. Let T := {z € C : |z| = 1} be the unit circle
and write Hom™ (T) for the class of all f € Hom(T) such that each continuous branch

of arg f(e') is an increasing function of ¢ € R. Evidently, (Hom™(T), o) is a subgroup of
(Hom(T), o). Given a Jordan curve I' C C, we call h € Hom(T,T') a parametrization of
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I'. Consider two parametrizations hy and hy of T'. Then for every f € Hom(T),
Sy, 1f] € Hom™(T) iff S, '[f] € Hom™(T).

ha
Therefore we can define the class Hom™ (I') of all sense-preserving homeomorphic self-
mappings of T as the set of all f € Hom(T) such that S, ![f] € Hom™ (T) for an arbitrarily
fixed h € Hom(T,T"), since the definition does not depend on h.

Then the class Hom(T,T") is split into two disjoint subclasses I'" and T'™, called the
orientations of I', by the equivalence relation hj Loh € Hom*(T) for any hi,hsy €
Hom(T,T).

By an oriented Jordan curve I' we understand one with a fixed orientation. Assume
G CC is a Jordan domain bounded by a Jordan curve I'. According to [LV, pp. 8-9], we
define the positive orientation Tt (G) and the negative orientation T~ (G) of T with respect
to G as follows. Take a homography ( conformal self-mapping of C) H such that H(G) is
a bounded domain containing the origin. We write h € I'*(G) if h € Hom(T,I") and each
continuous branch of arg H o h(e®) changes by 27 as t increases from 0 to 27. Otherwise,
we write h € T'"(G). This definition does not depend on the choice of the mapping H
and Tt (GQ) coincides with I'" or '™, as easy to check. We denote by dG the boundary
curve I" with the positive orientation with respect to G. In the sequel, we assume the unit
circle T to be positively oriented with respect the unit disk D :={z € C: |z| < 1}, i.e,,
T = oD.

If T is another Jordan curve and f € Hom(T', f‘), then for all parametrizations hy, ho €
Hom(T,T), (fohs) o (fohy)=hy"oh;. This means that

(fohy) to(fohy) € Hom™(T) iff hy'oh; € Hom™(T),
and hence . .
{foh:heTl*}=T" or {foh:helt}=TI".
Thus we may define a homeomorphism F' € Hom(D, D’) to be sense—preserving and write
F € Hom™ (D, D)

provided that for every Jordan domain G C D bounded by a Jordan curve I' C D and
any parametrization h € I'"(G), the condition F o h € F(I')*(F(G)) holds. We write
Hom™ (D) := Hom™ (D, D) for short.

The geometric approach to the notion of K—quasiconformality on the Riemann sphere
C implies easily comprehensible rules. We pick up one of the four possible configurations
that are characterized by one real parameter, and associate with it a suitable conformal
invariant. The simplest and the most natural configuration seems to be the so—called
quadrilateral, i.e., a Jordan domain G with a distinguished quadruple of points 21, 29, 23,
z4 on the boundary dG, ordered according to the positive orientation of G with respect
to G. This means that

2z = h(e'™), k=1,2,3,4,

for some t; <ty < t3 <ty < t; + 27 and h € I'T(G). With a quadrilateral, denoted by
G(z1, 22, 23, 24), we usually associate a conformal invariant known as the modulus of the
quadrilateral and denoted by Mod(G) = Mod(G(zl7 29, 23, 24)). Given K > 1 and two

topologically equivalent domains D and D’ in C we state.
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DEFINITION 0.1. A mapping F of D onto D’ is said to be K—quasiconformal (K—qc.)
if F € Hom™ (D, D’) and

(0.1) K~ Mod(G) < Mod(F(G)) < K Mod(G)
holds for every quadrilateral G := G(z1, 29, 23, 24) such that G C D. Here
F(G) := F(G)(F(21), F(22), F(z23), F(24)).

By QC(D; K) we denote the class of all K—qc. self-mappings of D with a given K > 1.
Clearly,
QC(D,Kl) C QC(D,KQ) iff K3 <Ko,.

From (0.1) the well known fact follows: The class QC(D; 1) is identical with the class of
all conformal self-mappings of D. For convenient notation we write
QC(D) := [ QC(D; K)
K>1
and call QC(D) the family of quasiconformal self-mappings of D. A mapping F' € QC(D)
is said to be a quasiconformal (qc.) self-mapping of D. Given F € QC(D), the number

K(F):=inf{K >1: FeQC(D;K)}
is called the mazimal dilatation of F. Obviously,
K(F Y)Y =K(F) and K(FyoF) < K(F))K(F,)

hold for every F, Fy, F> € QC(D). Let H € Hom(D, D') be conformal. Then for every
K>1,
Sy[F] € QC(D; K) iff F e QC(D;K),

and a mapping F of D onto D’ is K—qc. iff H~ 1o F € QC(D; K). Hence by the Riemann
mapping theorem we may assume that D = D’, which is not any restriction to the topics
of this article.

We may distinguish a class of theorems on conformal mappings that remain true for
gc. mappings. A particularly relevant example is the following theorem; see [Ge].

THEOREM 0.2. If D is a simply connected domain in C such that the set C\ D consists
at least of two points (i.e. D is conformally equivalent to D), then QC(D) C Hom®(D)
iff D is a Jordan domain.

From now on we assume D to be a Jordan domain bounded by a Jordan curve
I'. By Theorem 0.2 the trace operator Tr maps QC(D) into Hom(I'). The boundary
value problem for quasiconformal mappings then means the problem of characterizing
and representing the boundary functions of the mappings from QC(D), i.e., the class
Tr(QC(D)) € Hom(T'). By this, the study of such representation gives information on
boundary behaviour of K—qc. mappings for every K > 1. Initiated by Beurling and
Ahlfors [BA] and continued after by Kelingos [Ke] and others (see [AK], [Fel], [Fe2],
[FS], [Go], [HH], [Hil], [Hi2], [Lnl], [Ln2], [KZ], [Kr2], [PaT7], [PZ1], [PZ2], [Tu2], [Zal0])
research of this topic appears to be one of the most fascinating branches of qc.—theory
with application to the theory of Teichmiiller space.
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We say that F,G € QC(D) are equivalent (F ~ G) if
Tr[F o G7'] € Tr(QC(D; 1)).

The space
T(D) :i= QC(D)/ ~

is called the universal Teichmiiller space of D; cf. [Le]. The number
1
™ (F,G) = ilog K(FoG™)

is a pseudo—distance in QC(D). The expression

m(FLIG) =, _inf_ 0(F.G)
is known as the Teichmiiller distance, which introduces into T(D) a structure of a metric
space; where [F] is the equivalence class of F' € QC(D). Hence (T(D),Tp) is a metric
space that inherits a group structure. This space is real-analytically equivalent to an
open, convex subset of a real Banach space and it is homeomorphic to this Banach space;
cf. [Tul, Thm. 5.5], [Tu2].

Assume that D’ is a Jordan domain in C. Every conformal H € Hom(D, D’) induces
an isomorphism Sy of T(D) onto T(D’) which appears to be an isometry between these
two spaces.

In consequence, we may confine our considerations on universal Teichmiiller spaces to
the most convenient case where D is the unit disk D or the upper half plane Cy := {z €
C:Imz > 0}.

Within the group (Hom(T"), o) we shall distinguish special classes

Q(I'; K) == Tr(QC(D; K)) and  Q(T) = Tr(QC(D))

for every K > 1. Thus we may want to characterize Q(I") as well as to construct examples
of extension operators

Ex € Ext(Q(T), QC(D))

and describe their basic properties.

This article is devoted to present and study various examples of Ex operators defined
generally on Hom(T"), but giving values in QC(D) when restricted to Q(T"). Certainly, the
complete treatment of this topic exceeds the scope of our survey and will be presented
widely some other time. Therefore, we focus our attention on analytic approach only, i.e.
we discuss extension operators given in an analytic way. In particular, we do not consider
extension operators given in a geometric way like e.g. Tukia’s extension in [Tul].

Actually, most of extension operators considered in the sequel have values in the class
Diff (D) of all diffeomorphic self-mappings of D. For a sense—preserving diffeomorphism
F of a domain D C C onto a domain D’ C C the Jacobian J[F] = [0F|> — |0F|? is
positive on D, and so |0F| > 0 on D, where

6'—1 i_zg g._l E_‘_@ﬁ
T 2\ozx oy) T 2\0x oy
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are the so—called formal derivatives operators. Then

k(F) := Sgg\k[F](Z)l <1,

where k[F](z) := OF(2)/0F(z) is the complex dilatation of F at z € D. It is well known
that a diffeomorphism F is K—qc. iff k(F) < (K — 1)(K + 1)~!. Moreover, if k(F) < 1
then F is qc. and K(F) = (1 + k(F))(1 — k(F))~™1; cf. [Ah].

1. Special functions. Related to conformal invariants special functions play a sort of
key role in various extremal problems defined for qc. mappings, quasisymmetric functions
and quasihomographies. The following special functions such as the complete elliptic
integral of the first kind

w/2
K(t) := / (1—t2sin? ) 2dp, 0<t<1,
0

the modular function for the Grétzsch ring domain

T K(V1-1?)

t)=————, 0<t<1
) = 5 ko U<t<t
the Hersch—Pfluger distortion function
1
(1.1) D (t) :=p* (K,u(t)> , O0<t<l, K>1,

and the distance function
My (t) :=Px(Vt)2 —t, 0<t<l1, K>1,

are intimately related with plane quasiconformal mappings and the boundary value prob-
lem of them; see [AVV], [Pa3], [Pad], [Pa6], [VV], [Zal], [Za6], [ZaT], [Zal0] and [ZZ].

The function @, provides a sharp upper bound for the distance of the image F(z)
from the origin in terms of ¢ = |z| within the class of all K—qc. mappings F of the unit
disc D into itself such that F(0) =0, i.e., |F(z)| < Pk (]z]); see [HP] and [LV].

The definition (1.1) makes sense also for 0 < K < 1 and we write $x(0) = 0,
P (1) =1, as K > 0. It is well-known that the relations

2Vt

(1.2) Py, 0P, =Pk, , P =Piyx . Pot) = T
and
(1.3) VB < Ppe(t) < AVEQ/K

hold for each K7, Ko, K > 1 and 0 <t < 1; see [Hii] and [LV].
Notice, that the chain of dependence K — u — @, is reversible, i.e., given @i we
obtain (see [Pa2])

. 1
wu(t) = —KlgnOO Elogaﬁl/K(t), 0<t<l,

and then, applying a well-known result of Jacobi (see [AVV]), we get (see [Zall])

K(t) = 5 [1+4 3 exp(mku(t) (1 + exp(nbu(t) |, 0<t<1.
k=0
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As shown in [Za7], all solutions of the so—called involute identity
(1.4) ho®x =®1/koh, K >0,

in the family of all differentiable involutions A on (0,1) and continuous on [0,1] are of

the form
L

D5 (t) = ﬂ_l (~

i 0

where i(t) := Zp(t), 0 < t < 1. We call the above functions the conjugate distortion
functions. The third author pointed out in [Zal0] the place of some well-known identities

in a structure of properties of @x. In particular, the functions @5(t) = v/1 —t? and
@5(t) = £, 0 <t <1, reduce (1.4) to the well known identities

), 0<t<1,L>0,

=
(1.5) P (t)? +Pyx(V1—-12)? =1, 0<t<1, K >0,
and > 0
1—t 1 =Pkt
0 = , 0<t<1,K>0;
K<1+t> 1+ @k (t) ==

cf. J[AVV]. The involute identity considered on the level of elliptic integrals generalizes
the Landen—Ramanujan’s identities for an elliptic integral; see [AVV] and [Zall]. The
most convincing application of (1.4) has been obtained when constructing a new method
approximating @k by the use of two sequences

bIK,2°(t) := & (D5 (1))

and

BIK.2|(t) = &3, (41~ &3,(1)")
such that

bK,27](t) < Pk (t) < BIK,2](t)
holds for K > 1,0 <t < 1 and i = 1,2,..., where &}, = &} o &5 ' with &3(¢) =
(1-t)/(1+¢) and @} is the i—fold composition of @5 defined at (1.2). By [Pa3, Thm. 1.3,
Corollary 1.4] it was proved in [ZaT7] that

(1.6) lim b[K,2'](t) = lim B[K,2|(t) = Px (t)

as 0 <t <1, K > 1. The error of approximation in (1.6) was established in [Pa3] and
[Pad]. In relation with the study of the distortion properties of K—qc. mappings and
their boundary valued functions the function My was introduced in [Za6] and called the
distance function. Continuing research on special functions described above we obtained
the following identities, see [Pa3] and [ZZ],

443Vt +t

Mo(t) = V(1 —t) v 0<t<1,

and
MK(t)+M1/K(1—t) =0, 0<t<1,K>1,
and

(1.7) M (D5 (VH)?) = Mk (t), 0<t<1,K>1,
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and
M2 (P4 (V1)?) = Mg (t) + M(1—1t), 0<t<1, K>1.

Proving that M is concave over 0 < ¢ < 1, for all K > 1 and using (1.7) it was shown
in [Pa3] that the function

is described by
(1.8) M(K) =23 (1/V2)* -1, K>1.

By (1.8) we see that
M(K?) =2Mg(1/2) < 2M(K)

holds for every K > 1. Moreover, by (1.8), (1.2) and (1.3) we have
21—1/K S M(KQ) +1 S 321—1/K

and
2 VE <ty = 07 (1/V2)? < 27VE,

for every K > 1. Furthermore, for K > 1, tx is the unique point at which the maximum
of Mk (t) is attained. Let

U(K) = /01 D (V)2 dt.

We may check that

v (11{) FU(K) =1,

and
U(K) < % + M(K) — %M(K)Q,
v (;{) > % — M(K) + %M(K)z

hold for every K > 1; see [RZ2, Thm. 1.2].

2. Quasihomographies and quasisymmetric functions of the real line and
the unit circle. Determined for plane domains, the notion of K—qc. mappings has
been generalized to domains in R"; see [Ca] and [Val]. Recently Vaisdla [V42] defined a
counterpart of K—qc. mappings for domains in a general Banach space.

Unfortunately, the problem of describing an adequate counterpart of 1-dimensional
K—qc. mappings was open for a long time. The linearly invariant notion of p—quasisym-
metric (p—gs.) functions of R, introduced by Beurling and Ahlfors [BA], can be consid-
ered a particular example of 1-dimensional K—qc. mappings. Rotation invariant p—gs.
automorphisms of the unit circle T, introduced by Krzyz [Krl], cannot be in substance
considered 1-dimensional K—qc. mappings. Nevertheless, the family of quasisymmetric
functions of T can be identified with the family of 1-dimensional qc. mappings of T,
whereas their inner structures remain generally incompatible.
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Recall also that the notion of the universal Teichmiiller space is virtually related via
the trace operator with 1-dimensional qc. mappings.

A few years ago the third author initiated a rigorous study of the general bound-
ary value problem for K—qc. mappings by constituting and then solving the uniform
boundary value problem for quasiconformal self-mappings of a Jordan domain D in C;
see [Zal]-[Zab]. Conformally invariant solution was given in the most general case of an
arbitrary Jordan domain D in C; see [Za8]. Moreover, these boundary homeomorphic self-
mappings, defined for an oriented Jordan curve I' in C and called K —quasihomographies,
can be regarded without constraint the 1-dimensional counterpart of K—qc. mappings;
cf. [Zall].

Given a Jordan domain D in C and K > 1. Let F € QC(D; K) and let 21, 2o, 23, 24
be a quadruple of distinct points on I' = 0D, ordered according to the orientation of T'.
For f = Tr[F] it follows from (0.1) and the continuity of the modulus (see [LV]) that

(2.1) %Mod(D(zhzg,zg,zz;)) < Mod(D(f(zl),f(zz),f(zg),f(24))>
< KMod(D(zl,22,23,z4))

holds for every ordered quadruple of distinct points z1, 22, 23, 24 of I' and every F €
QC(D; K). Assuming that D is a disc in C, we see that (2.1) is equivalent to the following
inequality

(22) 451/1( ([21,2’2,23,24]) < [f(z1)7f(22)7f(z3)7 f(Z4)] < @K ([217Z2’237Z4]) )
where
[21, 22, 23, 24] = {2322 . 2422}1/2
1,42y <3,~4] — 23—21.2’4—21 .

Notice, that this expression is Mobius invariant and attains any value from (0, 1) iff 2y,
2o, 23, 24 are ordered points on an oriented circle in C. Let us state the following

DEFINITION 2.1. Suppose that T is an oriented circle in C. By QH(T; K), K >1, we
denote the family of all f € Hom™(T') such that (2.2) is satisfied for any distinct and
ordered, according to the orientation of I', points z1, 22, 23, 24 € I with a given constant
K > 1. A function from the class QH(T; K) is called a K—quasihomography (K-qh.) of
T". Further, the expression

K(f) = mf{K : € QH(T;K)}

is called the maximal dilatation of f.

For convenient notation we write
QH(I) = | J QH(T; K)
K>1
and call QH(I") the family of quasihomographies of I". Obviously, K ( f _1) = K (f) and
K(fog) < K(f)K(g) hold for every f,g € QH(T"). For arbitrary oriented circles I'y, I'y

in C, there exists a homography H satisfying H(T';) = I's and such that H sends the
orientation of I'y to that of I'y. Then for each K > 1,

Su(QH(I'; K)) = QH(Ty; K).
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Notice also that for any oriented circle T' in C, a function f belongs to the class QH(T; 1)
iff f is a homography which sends I' onto itself and preserves the orientation of I". Now
we can state

THEOREM 2.2. Given an oriented circle T in C, let D be a disc in C such that 0D =T.
The inclusion

Tr (QC(D; K)) € QH(I'; K)
holds for every K > 1.
Given a disk D C C let I' := 0D. We say that f,g € QH(I') are equivalent (f ~ g) if
fog~! € QH(T;1). The quotient space
T() := QH(I')/ ~

is the universal Teichmiiller space of I'. The number

m(f.9) = %bgK(f 0og™")
is a pseudo—distance in QH(T') = Q(T"). The expression
ne([f]: [9]) := e (£, 9)

is independent of the choice of representatives and defines a distance in T(I'). Hence
(T(T"),nr) is a metric space that inherits the group structure from QH(T'). This is the
so—called boundary model of the universal Teichmiiller space with the metric defined
without an extension operator. The operator Tr acting on QC(D) canonically induces
the trace operator Tr acting on T(D) which satisfies

Tr(T(D)) = T().
From Theorem 2.2 it follows that the inequality

ne(f,9) < 7o (Ex[f], Ex[g])

holds for every f,g € QH(T') and every Ex € Ext(QH(T"), QC(D)). In general, the in-
equality sign cannot be replaced by the equality sign, which is a consequence of the result
of Anderson and Hinkkanen [AH2, Thm. 1]. The last inequality implies that

nr([f1, [9)) < mo([Ex(f]], [Ex[g]])-

Given three arbitrary points 21, 20,23 € I" let
QH**2*(T) .= {f € QH(T) : f(zx) = 2k, k = 1,2,3}.

The space T(I') can be represented by functions from QH**2-*3(T"). Moreover, the
pseudo—distance nr appears to be identical there with nr; see [Za9]. All these construc-
tions can be considered in the most general case of an arbitrary Jordan domain D ¢ C
bounded by I' = dD.

Let ' = R = 0C,, and let

QH(R; K) := {f € QH(R; K) : f(oc) = oo}
QR;K) :={f € QR; K) : f(o0) =00}
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Then f € QH(R; K), K > 1 is a strictly increasing and continuous function of R. Setting
z1=x—1t, 290 =2, 23 =2+t and z4 = 00, t > 0, we see that (2.2) takes the form

1 fl@+1) - f=z)
< <MK
NE) = @) f—p =M
where A(K) = @k (1/v2)?/®1/x(1/V2)% cf. [LVV]. Increasing homeomorphisms f :
R — R satisfying (2.3) for all z € R and ¢ > 0, with A(K) replaced by a constant p > 1
are called p—quasisymmetric automorphisms (p—qs.) of R; see [BA] and [Ke]. The class of
all p—quasisymmetric automorphisms of R is denoted by QS(R; p).

(2.3)

A characterization of the boundary values of K—qc. mappings F' in the class
QC(D; K) := {G € QC(D; K) : G(0) = 0}
was given by J. Krzyz [Krl]. Using the configuration connected with harmonic measure,

he defined a class of p—qgs. functions of T, representing boundary homeomorphic self-
mappings f = Tr[F] such that

1
p~ |f(a2)]
holds for each pair of disjoint adjacent open subarcs aq, ag of T, with |a;| = |az|, and a

constant p > 1, where || is the length of an arc & C T. The relation between K and p
remains the same as in the previous case. For more general approach see [Kr3] and [Za9].

The class of all f € Hom™(T) satisfying the condition (2.4) with a given constant
p > 1 is denoted by QS(T;p). It is easy to check that

Tr (QC(D; K)) C QS(T; p)
with p = A(K). Notice that QS(T; p) is only rotation invariant and cannot be obtained
from QH(T; K) by taking special points only. Taking K = 1, we see that
(2.5) Tr (QC(D; 1)) \ QS(T; p) # 0

for any finite p > 1, see Example 2.1 in [Zal0].
Mobius invariant K—qh.-s seem to be the very natural and useful description of 1—
dimensional K—qc. mappings.

REMARK 2.3. By defining the concept of harmonic cross—ratio we may extend this
idea to the most general case of an arbitrary but oriented Jordan curve I' in C, see [Za§].
For very detailed information on K—gh. and p—qs. functions see [Kr3], [SZ], and [Zal10].

In what follows we will be particularly interested in obtaining examples of Ex op-
erators, showing that every function f € QH(I;K) ( resp. f € Q(I';K) ), can be
K* = K*(K)—qc. extended to the domain D, I' = 9D, for every K > 1 and every
oriented Jordan curve I' in C, i.e.,

Ex (QH(I'; K)) € QC(D; K*)  (resp. Ex (Q(I'; K)) € QC(D; K¥))
for K* = K*(K), K > 1.

DEFINITION 2.4. We call Ex a sharp extension operator if K*(K) — 1 as K — 1.
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3. The Beurling—Ahlfors type extension operators. Introducing the notion of
quasisymmetric functions Beurling and Ahlfors [BA] showed that these functions can
be singular. In order to show that quasisymmetric functions describe solutions of the
boundary values problem for qc. self-mappings of C, with a fixed point at infinity they
constructed there an extension of a given quasisymmetric function that is a diffeomorphic
qc. self-mapping of C;. This way they solved there negatively one of the most exciting
problems on gc. mappings expressed by the question: Are qc. mappings absolutely con-
tinuous on boundary or not? The mentioned extension was a crucial tool leading to the
solution. A number of mathematicians being motivated by questions of qc.—theory and
the theory of Teichmiiller spaces studied this extension; e.g. cf. [AH1], [AK], [BA], [Go],
[Hil], [Hi2], [KZ], [Ke], [Lnl], [Ln2], [PZ1], [RZ1], [RZ2], [SZ], [Tu3].

The class of all homeomorphisms of R onto itself and increasing on R will be denoted
by Hom™ (R), i.e.

Hom™ (R) := {h € Hom™ (R) : h(c0) = 00}.

We start our considerations with defining a generalization of the classical Beurling—
Ahlfors type extension operator Exp, s defined for every f € Hom™(R) and every
z =z + 14y € C4 by the formula

(3.1) 2EMyAﬂ@%:/mI%MHz+w+aD+ﬂx+wfﬁmﬁ

+m’/_oo P@)[f(z+ty+ sy) — f(z+ ty — sy)]dt,

where r, s > 0 and P is a suitable real-valued and non—negative function on R normalized
by

(3.2) /_ S Pt =1

here we define the function P to be suitable if the Lebesgue integrals in (3.1) exist and are
finite for all z € R and y > 0. The standard reasoning shows that Exp, s[f] is continuous
on C4 and for every z € R,

(3.3) Exp,s[fl(w) — f(z) asCy 3w — 2.

Making certain substitutions we conclude from (3.1) and (3.2) that the identity
(3.4) Exp,slagf o (ayidg+b1) + b2](2) = ag Exp,s[f](a1z + b1) + b2, 2z € Cq,
holds for all a1,as > 0 and b1,b> € R. Let

_JL t=1/2,
P(t) = {o, 1> 1/2.

Then the extension operator Ex; := Exp,. /2 appears to be the classical Beurling—Ahlfors
extension operator and the formula (3.1) can be rewritten in the classical form

e ir !
35 Exe) =5 [ et +re—mli+ T [ et - fe—tm)da

where z = x+iy € Cy and f € Hom™ (R); cf. [BA, (14)]. Fix f € Hom™ (R) and » > 0. It
is easy to check that Ex,[f] is continuously differentiable on C and | Ex,[f](z)] — oo as
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Ct 3 z — oo. Combining this with (3.3) we see that Ex,[f] has a continuous extension
F € C(Cy) such that

Fg=/[f and Ex|[f]€ cH(Cy).

Less obvious is the fact that the Jacobian J[Ex,[f]] is positive on C1. The crucial point
here is that applying (3.4) we can reduce the problem to the study of the Jacobian at
the single point i. Namely, for all @ > 0 and b € R,

a2 J[Bx, [f]](ai + b) = J[Bx, [f] o (aide, +b)](i) = J[Ex,[f o (aidg+b)]| (i) > 0,

because the last inequality may be verified relatively easily. Thus Ex,[f] is a sense-
preserving local diffeomorphism on C. Since f € Hom™ (R), we conclude from the argu-
ment principle for topological mappings that

(3.6) Ex, € Ext(Hom™ (R), Diff *(C,)),

where for any domain D c C, Diff " (D) := Diff(D) N Hom™ (D). Assume now that
f € QS(R; p) for some p > 1. By definition,

QS(R;1) = {aidg+b:a >0, b c R}
and
hio fohy € QS(R;p), hi,he € QS(R;1).
Hence by (3.4) and by the identity
|klag Ex,[f o (a1 idg +b1) + b2](0)| = [k[Ex,[f]](a1i + b1)|, a1,a2 >0, b1,by €R,
we obtain

(3.7) k(Ex,[f]) = sup{|k[az Ex,[f o (a1 idg +b1)] + b2](4)] : a1,a2 > 0, by, by € R}
< sup{[K[Ex,[R])(3)| - h € QS(R; p), h(0) = h(1) — 1 = 0}.

Applying (3.7) and using relevant estimates for ¢, 1, £ defined by (4.4), Beurling and
Ahlfors proved in [BA] that

(3.8) Ex, € Ext(QS(R), QC(C4)),
and more precisely that for every p > 1,
(3.9) inf K(Ex,[f]) <p®, feQS(R;p).

Since the Beurling—Ahlfors extension is well described in the literature, we skip the details
of the proofs of (3.6), (3.8) and (3.9) referring the reader to e.g. [BA], [Ah, pp. 69-73]
and [LV, pp. 83-85]. By Lehtinen’s estimate [Lnl] we get the well known fact.

THEOREM 3.1. If p > 1 and if f € QS(R;p), then
Ex,[f] € Diff(C;) N QC(Cy), r >0,
and there exists v = r(p) > 0, such that
K(Ex,[f]) < min{p*?,2p — 1}.
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The following Zhong’s lower estimate [Zh, Thm.]
sup{inf K (B, [f]) : £ € QS(R: )} = 20+ (1-1/y/p). p> 1,

completes Theorem 3.1.

It is easily seen that for any r > 0, the extension Ex,[f] is only a C'-diffeomorphism
provided f € Hom™(R) is not continuously differentiable on R. However, a suitable
modification of the Beurling—Ahlfors extension enables us to improve its regularity. More
precisely, for any § > 0 and t € R write

Py(t) = /_ 11 Qs (2t — 2)da,

where

(#=6%)  |4 <§
f . e , |t < d,
o= {5 >0
The constant ¢ satisfies 1/c = fis e!/(=3)dt. Due to the fact that Py is a C>—kernel
function we obtain

THEOREM 3.2 [PZ2, Thm.]. If p > 1 and if f € QS(R;p), then for each & > 0 there
exist 6 > 0 and r > 0 such that

Exp, . (148)2[f] € C*°(C4+) NQC(Cyie +min{p®/?,2p — 1}).

Taking real-analytic kernels Py (t) := ¢ exp(—(2t)4k), where the constants ¢ are so
chosen that [, Py(t)dt =1, k € N, Lehtinen proved

THEOREM 3.3 [Ln2, Thm.]. If p > 1 and if f € QS(R; p), then for k € N large enough
andr >0, Exp, ,1/2[f] is a real-analytic qc. self-mapping of C,.. Moreover, there exists
r > 0 such that

3/2 ifl1<p<
K(E p L P < po,
(Exprayalfl) < {3p2/4 if p > po,

where po (= 1.925057...) is a constant.

By Theorems 3.2 and 3.3 we obtain a C* or a real-analytic representation of the
universal Teichmiiller space by means of C*° or real-analytic qc. self-mappings of C
whose continuous extensions to C preserve the point at infinity.

REMARK 3.4. By Theorem 2.2 and (2.3), Theorems 3.1, 3.2 and 3.3 have their cor-
responding versions with QS(R; p) replaced by Q(R; K) or QH(R; K) and p replaced by
A(K), K > 1. The respective estimates can be improved in some cases by a direct study
of distortion functionals on the class QH(R; K). This approach will be discussed in the
next section.

4. The normalized Beurling—Ahlfors extension operator. We will focus our
interest on the so—called normalized Beurling—Ahlfors extension operator Exs because of
the identity

Explidg](z2) = 2, z€Cy.
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Unfortunately, Theorem 3.1 does mot necessarily imply that Exs is a sharp extension
operator. In this section we present Theorem 4.6 which says that Exs is fortunately a
sharp extension operator. Our exposition needs the following facts.
For K > 1 let
QH™(R; K) := QH*"*(R; K).

This class is compact in the uniform convergence topology for every K > 1. Due to (3.7)
we may restrict studying the maximal dilatation of the extension Exs[f] of f € QH(R; K)
to the case where f € QH'(R; K) for a given K > 1.

THEOREM 4.1 [RZ2, Thm. 2.1]. Let K > 1 and let f € QH*'(R; K). Then inequalities
(4.1) x1/x(t) < f(t) < xk ()
hold for allt € R and K > 1, where

1-d(1/V1-1t)72, t<0,
(4.2) xk(t) = P (V)?, 0<t<1,
Dy (1/VE) 72, t>1.

and x1/k 15 defined by (4.2) with 1/K replaced by K. Moreover, the functions xx and
X1/K are continuous and the equality X;(l = X1/K holds for all K > 1.

Using the relationship between K—qh. and p—qgs. functions of the real line (see [Za2])
we recall some of the well-known results obtained by Ahlfors [Ah] and Lehtinen [Lnl].
The result of Ahlfors [Ah, p. 67] and (2.3) say that the inequality

max )/01 f)dt < ok (1)2 — %

FEQHO (R;K V2 2
holds for every K >1. By the result of Lehtinen [Ln2] and (2.3), we see that the inequality
1 2
1+ M(K?) 5 2 21)2
4.3 tdt < ———= |1 — =M (K*)(1 — M(K
an e [ pwa< SIS - moe)

holds for every K > 1. An improvement of the inequality (4.3) can be obtained from a
result of Partyka and Zajac [PZ1]. For the definition of the function M see (1.8).
Using the notion and technique of K—gh. we obtain

THEOREM 4.2 [RZ2, Thm. 7.2]. If K > 1 and if f € QH*'(R; K), then
0
X1/ (¥ (K) < /_1 F(t)dt < xx (1)@ (Il() .

According to Beurling and Ahlfors [BA] we see that for all K > 1 and f € QH*!(R; K)
the inequality
_ 1
K(EXQ[f]) + K(EXQ[fD ! < Sup{ZaK(gv m, C) + ibK(gv 1, C) ‘g€ QHO’I(R; K)}
holds, where

(C+1)2+ (€ —n)?
2¢(§+m)

(C =12+ (¢ +n)?
20(E+n) ’

bK(€7 1, C) =

aK(§7 7, C) =
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with
1 1 0
(4.4) (i=————— , &:=1- / glt)ydt , n:=1 —I-C/ g(t)dt.
9(_1) 0 -1

The values ¢, £ and 7 satisfy the following inequalities.
THEOREM 4.3 [RZ2, Thm. 7.3]. For every K > 1 and for every g € QHY!(R; K), we

have
0< (¢~ 1)< (14 x1/x(-1))*
and
(1= xx(=1)* < (140 < (1= xa/x(=1)".
THEOREM 4.4 [RZ2, Thm. 7.4]. For every K > 1 and for every g € QHY(R; K), we

have

2

(1= () < (G < (1= x(-0) w2

and ,
0<(CE—n)?<[(1—xix(-1)¥(K)—1]".
Finally we have

THEOREM 4.5 [RZ2, Thm. 7.6]. For every K > 1 and every g € QHO’I(R;K), the
estimate

2axc(6,m,C) + 3bic(€,1,0) < A(K)
holds for (¢,7m,() determined by (4.4), where
A1+ x1/k(=1))2 4+ (1 = X1/ (—1))?[1 + 5¥(K)?]
8¥(1/K)[=xx(=1)]
2(1 = xyx (=D))P(K) — 1
8¥(1/K)[—xx(=1)]
Moreover, the function A is continuous and increasing on [1,00] and such that A(1) = 2.

A(K) :=

By this we arrive at our main result.

THEOREM 4.6 [RZ2, Thm. 7.7]. For every K > 1 and every f € QH(R; K), the
mazimal dilatation of the normalized Beurling—Ahlfors extension Exa[f] has the bound

K(Esolf]) < A(K) + A(K)? —4.
- 2

(4.5)

This estimation is asymptotically sharp as K — 1, i.e. the right hand side of (4.5) tends
tol as K — 1.

In [Zy], A. Zygmund introduced, in relation with trigonometrical series, a class of
smooth functions of one real variable, known under the name of Zygmund class A\*. A
function ¢ from this family defined on (a,b) satisfies the condition

—y) -2
Zo(a,y) = pr+y)+ 90(;6 y) = 2p(x) _ o(1) asy— 0F,
which holds for all x € (a,b). This family is denoted by A*(a, b), and it plays an important

role in harmonic analysis [Zy] and approximation theory [Ch].
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This and the related family A*(a,b) have been studied by Gardiner and Sullivan [GS]
in relation with quasisymmetric functions and quasicircles.
We consider the operator

L : QH (R) — A\*(—o00, o0)
mapping f € QH”*(R) to a function L[f] defined by

0= [ 100
Then we have
THEOREM 4.7. If f € QHY'(R), then for every = € R,
Ziip(x,y) = ImExo[f](x + iy) = o(1) asy — 0%,

PROOF. Observe that

Tty T—y T
yZy (2, y) = / f(tyde+ / f(tydt -2 / F(t)dt

Tty xT
:/ Fydi— [ f@)dt = yImExolf](z + iy).

T—y
By [RZ2, Lemmas 4.2 and 4.5], there exists 0 (y) such that

0< ZL[f](l'vy) < aK(y) —0 asy— 0+7
whenever f € QH*!(R; K) for a given K > 1.

5. Extensions of the Beurling—Ahlfors type for the unit disk D. We aim at car-
rying out extensions of the Beurling—Ahlfors type to the unit disk. There will be presented
two methods. The first one involves a conformal mapping of C, onto . We start with
discussing the most general case where D and D, are Jordan domains in C bounded by
Jordan curves ' = 9D and ', = 9D, respectively. Given A C Hom(T') and B C Hom(D)
assume that Ex € Ext(A, B). Then each homeomorphism H € Hom®(D, D..) induces an
extension operator
(5.1) Exf .= SHOEXOS%:[H] € Ext( A, B.),
where B, := Sy (B) and A, := Sty (g)(A) In particular, if A = Hom(I') and B = Hom(D)
then A, = Hom(T',) and B, = Hom(D.) and
(5.2) Ex® € Ext(Hom(T',), Hom(D,)) iff Ex € Ext(Hom(T), Hom(D)).
Moreover, for every f, € A,

(5.3) Ex"[f.] € Hom™(D.) iff ExoSyiy [f.] € Hom™ (D).

Being mainly interested in qc. extension operators, we now assume that H is a conformal
mapping of D onto D,. Then for each K > 1, obviously we see that

(5.4) B. c QC(D.;K) iff Bc QC(D;K),
A c QI K) iff AcCQI;K),
A, CQH(T,; K) if Ac QH(I;K)
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and that for every f. € Q(T'.) = QH(T.),
(5.5) Ex?[f.] € QC(D,; K) iff Exos;}[,ﬂ [f.] € QC(D; K).

For the definition of quasihomographies of an arbitrary oriented Jordan curve I' C C we
refer the reader to [Zad], [Za8] and [Zal0]. Moreover, due to the regularity of H, for all
n € NU{oco} and f, € Hom(T'.) we have

Ex"[f.] € C"(D,) iff ExoSyj,lf]€C(D),

(5:6) Ex"[f.] € RA(D.) iff ExoSyiylf. € RA(D),

where RA(D) stands for the class of all real-analytic complex—valued functions on D.

This method enables us easily to carry out the already known extension operators
Ex € Ext(A,B) into Ex € Ext(A,,B,) by the help of a conformal mapping H of D
onto D,. In particular, we can use it in the special case, where D := C, and D, := D.
Given p € T and K > 1, let

Q' (T;K) :={f € Q(T; K) : f(p) =p};
QHP(T; K) :={f € QH(T; K) : f(p) = p}.

Each conformal mapping H of C; onto D which sends oo to p has an explicit form

H = H, ,, where
z—a
(5.7) H,.(z):=p——, z,a€Cy,.
z—a
The extension operator Ex := Exp,, induces an extension operator Exg rs i= Ex’!
satisfying

(5.8) Exp,, € Ext(Q¥(T; K),QC(D; K*)) iff Exp,,s € Ext(Q(R; K), QC(Cy; K*))

and
(5.9)
Exp,.. € Ext(QHP(T; K),QC(D; K)) iff  Exp,.s € Ext(QH(R; K), QC(Cy; K7))
for every p € T and for all K, K* > 1, that are due to the properties (5.1)—(5.5).
We can slightly modify the operator EXI;) rs in order to make the operation possible

even for f not satisfying f(p) = p. Namely, given p € T and a conformal mapping H of
C, onto D, H(co) = p, we can define

(5.10) Ex2? [1] := (f(p)/p) ExL, .[pf /(D)

for all f € Hom(T) such that the right hand side of (5.10) makes sense. Then obviously
(5.8) and (5.9) hold with Exgr’s7 QP(T; K) and QHP(T; K) replaced by Exg’ﬁs, (T; K)
and QH(T; K), respectively. Furthermore, by (5.6) and Remark 3.4 we obtain

REMARK 5.1. Theorems 3.1, 3.2 and 3.3 have their counterparts for the unit disk D
with Ex,, Exp, . (146)/2: EXp, r1/2, R, C, p and QS replaced by Ex;"?, Exp? | o,
Engmﬂ, T, D, A\(K) and Q or QH, respectively.

The above extension method is not well adopted to the classes Q(T; p), p > 1, because
of the relationship (2.5). An alternative method, which works without disturbance in
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this case, was found by Krzyz in [Krl]. His approach involves the polar coordinates

transformation
D\ {0} 32z =re — p—ilogrecC,
as follows.
Each f € Hom™(T) defines a unique f € Hom™ (R) satisfying 0 < f(0) < 27 and
(5.11) fle) =ef®  teR,
called the angular parametrization or the lifted mapping of f. By (5.11) f satisfies
(5.12) ft+2r)=f(t)+2r, teR.

Given f€Hom™(T) assume that EXp7r7s[f] € Hom(C, ) for certain P, r and s as in (3.1).
Combining (3.1) with (5.12) and (3.2) we get

(5.13) Exp,s[f](z 4+ 27) = 21 + Exp, s[f](2), z¢€C,.
Thus a self-mapping Emes[ f] of D is well defined by

(5.14) Exp.sf](2) i= {exp(i Exp.s[fl(—ilogz)), ze€D\{0},
oy 0, 2 =0.
LEMMA 5.2. Given f € Hom™ (T) suppose that Exp,.s[f] € Hom(C,) and that
(5.15) ImExp, .[f](z) = 00 as Imz — oo, z € C,.
Then EXP,7.7S[f} € Hom(D) and for every K > 1,
(5.16) Exp,s[f] € QCD; K) iff Exp,slf] € QC(Cy; K).

PrROOF. Since Exp, s[f] € Hom(C, ), the identity (5.13) shows that

EXP,r,s[f]I]D)\{O} € Hom(D'\ {0}).
If D> 2z — 0 then Im(—ilog z) = —log|z| — co. From this, (5.14) and (5.15) it follows
that Exp,.[f](z) — 0 as z — 0, and so Exp, ,[f] € Hom(D). Since, by (5.14), the
function EXpmS[ f] is locally a composition of Exp, s[f] with conformal mappings, it
follows that for every K > 1,
(5.17) EXP’Tys[th\{O} € QC(D\ {0}; K) iff Exp,.[f] € QC(Cy;K).
On the other hand side, Exp, 4[] is K—qc. on D\ {0} iff Exp, .[f] is K—qc. on D, for
K > 1. Therefore by (5.17) we obtain (5.16), which proves the lemma.

If » > 0 and if f € Hom™(T), then (3.6) implies that Ex,[f] € Diff *(C,) and that

Ex,[f] has a continuous extension ' € C(C;) such that F\R = f. Moreover, from (3.5)
and (5.12) we obtain

ImEx,[f](z) — 00 as Imz — oo, z € C,.
Lemma 5.2 now shows that
Ex, € Ext(Hom™ (T), Hom™ (D)).
As shown by Krzyz in [Krl],
(5.18) {f:f€QS(T;p)} CQS(R;p), p=>1.
Then Theorem 3.1 leads, by (5.16), to
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COROLLARY 5.3. If p > 1 and if f € QS(T;p), then
fx,[f] € QC(D), >0,
and there exists v =1(p) > 0 such that
K(Ex[f]) < min{p*?,2p — 1}.
REMARK 5.4. Combining Theorem 2.2 with Theorem 3.1 we obtain
QS(R; p) C QH(R;min{p*?,2p—1}), p>1.
Then Theorem 4.6 shows, by (5.18), that for each p > 1 the inequality (4.5) with Ex,

and K replaced by Ex, and min{p3/2,2p — 1}, respectively, holds for every f € QS(T; p).
In particular, Exs is a sharp extension operator with respect to p, i.e.,

sup{K (Exa[f]) : f € QS(T;p)} — 1 as p— 1.

6. Harmonic extensions. As we learned from Section 5, every f € Q(T) has a C* or
even real-analytic qc. extension to ID. The question which we treat in this section is: Does
f € Q(T) admit a gc. harmonic extension to D? We recall (see [ABR]) that a mapping
F : D — C is said to be harmonic in the domain D C C if F is twice continuously
differentiable on D and satisfies the Laplace equation

’F  9*F
400F = —— + —— = 0.
0x2  0y?

Since the Dirichlet problem has a unique solution in D for a given boundary function
f € Hom™(T), there exists a unique harmonic extension of f to ID. It coincides with the
Poisson extension P[f] of f to D, given by the formula

1 U~z
(6.1) Pf](2) = 2—/f(u) 2ldul, ze€D.
T JT
For h € Hom™ (T) and for any integers m,n € Z we set
1
(6.2) hy, = o sz(h(z))"|dz\.

Differentiating both the sides of (6.1) we easily obtain

63 oPUE =5 [ L) wa apife) = o [ 2

27 u—z) 27
Hence the Jacobian of P[f] at 0 is
J[P[£1(0) = [0P[FI(0)* — [OP[fIO0)* = [f14* — [ /1]

Following Douady and Earle [DE], we can now show, by making suitable substitutions

and applying Fubini’s theorem, that
2 20 . 2
_ / GiFO+0) gy )
0

27 o
/ GO g4
0
1 T 27
= m/o sint( ; R(t,x)dm) dt

472

IPO) = (
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where R is a positive function defined for all z € R and 0 < ¢t < 7. For calculative details
the reader is referred to [Pa7, pp. 42-43]. Thus for every f € Hom™ (T),

(6.4) J[P[f]](0) > 0.
Given a € D we write
H,(u) = (u—a)/(1 —au), ueC.
Since P[f] o H, is a harmonic function on I and since the Dirichlet problem has a unique
solution in D, from Tr[P[f] o H,] = f o H, it follows that the equality

(6.5) P[f o Ha] = P[f]o H,
holds for every f € Hom™(T) and every a € D. Combining (6.4) with (6.5) we obtain
JP[f]I(2) = J[P[f o H; ' o H.]|(2) = J[P[f o H '] 0 H.](2)
= JP(f o HZ(0) JHLY) = JPLf o H)0) =g >0, <€D
Consequently, the mapping P[f] is a sense—preserving local diffeomorphism of D onto

P[f](D) C D and has a continuous extension f to T. Applying the argument principle
for topological mappings we obtain

PROPOSITION 6.1.* Each f € Hom™ (T) has a unique harmonic extension to D de-
termined by the Poisson integral P[f], which is a sense—preserving diffeomorphic self-
mapping of D, i.e.,

P € Ext(Hom™ (T), Diff *(D)).

Let Q™(T) denote the class of all f € Hom™ (T) such that P[f] is a qc. mapping.
Thus our question reads: Does the equality Qf (T) = Q(T) hold? The answer is negative.
Namely, Yang pointed out in [Ya] that Q7 (T) # Q(T). Moreover, as shown by Laugesen
[La, Corollary 3], for each K > 1 there exists f € Q(T; K)\ Q" (T). Thus the class Q™ (T)
is smaller than Q(T) and the question arises: How large is the class Q" (T) within Q(T)?
In other words, our problem is to characterize homeomorphisms f € QH(']T). So far as
the authors know, Martio was the first who studied the problem provided f € Hom™ (T)
is sufficiently smooth; cf. [Ma] and also Corollary 6.7. In what follows we present some
results and examples from [PS1] and [PS2] that are related to our problem.

Given a function f: T — C and z € T we define

oy e S = f(2)
Fe) = =
provided the limit exists, while f/(z) := 0 otherwise. If the limit exists we say that f has
the derivative f'(z) at 2.

THEOREM 6.2 [PS2, Thm. 2.1]. Suppose that f € Hom™ (T) and that there exists a
sequence p, € T, n € N, such that the derivative f'(p,) exists for each n € N and

(6.6) lim f'(p,) =0.
Then P[f] is not a gc. mapping.

*This is a special case of the familiar Radé—Kneser—Choquet theorem for convex domains;
cf. [Ra], [Kn], [Co] and also [BH, p. 22].
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The above theorem enables us to construct easily various examples of homeomor-
phisms

f € Q(T)\ Q(T).
Given f € Hom™ (T) we define
dy = essei%lf If'(2)].

EXAMPLE 6.3. Given K > 1, let f € Q(T; K) satisfy dy = 0. Then obviously there
exists a sequence p, € T, n € N, such that f has the derivative at each p, and (6.6)
is satisfied. Thus P[f] is not a qc. mapping by Theorem 6.2. In particular, if we take
f € Q(T; K) which is singular, i.e., f’(z) = 0 for a.e. z € T, then obviously dy = 0 and
the Poisson extension P[f] is not a qc. mapping; cf. [La, Corollary 3]. Such a function f
exists by the result of Beurling and Ahlfors [BA, Thm. 3].

The construction of a singular f € Q(T; K) in [BA, Thm. 3] is rather difficult. There-
fore we present a much simpler example of f € Q(T; K) \ Q” (T) for each K > 1.

EXAMPLE 6.4. Given K > 1 suppose that a homeomorphism f € Q(T;K) has a
derivative at a point p € T and f’(p) = 0. Clearly, the sequence p, :=p € T, n € N,
satisfies (6.6), and Theorem 6.2 shows that P[f] is not a qc. mapping. In particular, let
us consider a function Fg : C — C defined by

FK(Z) = { 2|Z|K_1a z E(C7
00, Z = 00.
An easy calculation shows that F is a K—qc. self-mapping of C which keeps the straight
line R fixed. Then f := Sh[FK@] € Q(T;K), where h := Tr[H_; ;] and H_q, is the
conformal mapping defined by (5.7). Since f/(1) = 0, we conclude that P[f] is not a qc.
mapping.

Let Diff*(T) denote the class of all sense—preserving diffeomorphic self-mappings of
T. It turns out that Diff ™ (T) \ Q" (T) # 0, which is a rather striking fact. To find an
example of f € Diff™(T) \ Q" (T) we need more sophisticated tools than Theorem 6.2.
The crucial theorem for our task is Theorem 6.5.

For f € Hom™ (T) consider the Riemann-Stieltjes integral

1 df (u) o
Clfl(z) := 27Ti/Tu—z7 z€C\T and C[f](c0):=0.
Given a function F : D — C (resp. F: C\D — C) and 2 € T, define

Lim, F(z):= tliql— F(tz) (resp. Lim! F(z) := tlir{l+ F(tz))

whenever the limit exists, while Lim,” F(z) := 0 (resp. Lim,” F(z) := 0) otherwise.

THEOREM 6.5 [PS1, Thm. 1.1]. If f € Hom™(T), then for almost every (a.e.) z € T,
both the limits Lim,” C[f](z) and Lim;" C[f](2) ewist. Moreover, essinf, et | Lim,” C[f](z)]
>0 and

(6.7) sup = esssup

’Limi Clf1(z)
zeT

Lim,” C[f](z) |

fz)
OP[f](2)
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According to the above theorem, f € QH(']I‘) iff the right hand side of the equality
(6.7) is less than 1. Unfortunately, to check whether the last condition is satisfied is rather
difficult in general. However, under additional regularity assumptions on a homeomor-
phism f € Hom™ (T), Theorem 6.5 yields in some cases a more convenient condition for
f to belong to Q(T). Let L'(T) denote the space of all complexvalued and Lebesgue
integrable functions on T. For each f € L'(T) the function Sh[f] : D — C, given by the
Schwarz formula

SH{f1(2) = 5= [ i ldul, €D,
is analytic on . Since for every real-valued function f € L'(T),

Lim, ReSh[f](z) = f(z) for a.e. z €T,
we can rephrase [PS2, Corollaries 3.3 and 3.5] as follows:

COROLLARY 6.6. Suppose that f € Hom+(']T) is a Lipschitz function, i.e. there exists
a constant L > 0 such that

|f(u) = f(w)|] < Llu—wl|, wu,weT.

Then f € Q(T) iff d; > 0 and Sh[|f'|] belongs to the Hardy class H*®(D) of bounded
analytic functions on D.

If f € Hom™*(T) N CY(T) and |f’| is Dini continuous on T, then a classical result (cf.
e.g. [Ga, p. 106]) shows that the function Sh[|f’|] has a continuous extension to T, and
hence Sh|f'|]] € H*°(D). Thus Corollary 6.6 leads to a version of the familiar O. Martio’s
result [Ma, Thm.].

COROLLARY 6.7 [PS2, Corollary 4.1]. Suppose f € Hom™ (T) N CY(T). If |f'| is Dini
continuous on T, then f € Q7 (T) iff dy > 0.

For 0 < a < 1 let C'*%(T) denote the class of all complex-valued functions continu-
ously differentiable on T, whose derivatives are a—Holder continuous functions on T.

REMARK 6.8 [PS2, Corollary 4.2]. By definition, if f € Diff*(T), then dy > 0.
Moreover, if 0 < o < 1 and f € C'**(T), then |f’| is Dini continuous on T. Therefore

(6.8) Diff *(T) N C**(T) c QH(T), 0<a <1,

by Corollary 6.7. In (6.8) the Holder continuity of the derivative is indispensable. In fact,
the following Examples 6.9 and 6.10 show that

Diff *(T)\ Q”(T) #0 and QY(T)\ Diff*(T) # 0.

EXAMPLE 6.9 [PS2, Example 4.3]. We intend to construct f € Diff ™ (T)\ Q" (T). For
every x € R define

1, x> 1/e,
p(z) =< —1/logz, 0<x<1/e,
0, x <0.

We can easily find a function ¢ € C(R) such that (p + ¢)(—7) = (p + ¢)(7) > 0 and
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min_<;<(p + ¢)(t) > 0. Set

c:= /7r (p+q)(t)dt >0

—T

and define )
fe) == (pt) +q(t), —m<t<m

The function f determines a homeomorphism fr € Hom™ (T) by the equality

(6.9) fr(e™) = exp <Z /: f(eit)dt> , zeR

Since f is continuous on T, we see that fr is a Lipschitz function on T and for every
reR,
[f2(e)] = fr(z) = (™) > 0.

Hence,

2w .
dp, =~ _min_(p+q)(t) >0.

On the other hand, it can be shown (e.g. by [Ga, Lemma 1.2 on p. 103]) that

Sh[|fz|] = Sh[f] ¢ H> (D).
Corollary 6.6 now implies that fr ¢ Q™ (T). But fr € Diff ™ (T), which follows from (6.9)
and the continuity of f. Therefore fr € Diff ™ (T)\ Q" (T).

EXAMPLE 6.10 [PS2, Example 4.4]. This example is intended to construct f € QA (T)\

Diff*(T). For z € D define G(2) := exp(—12). Clearly

1+=2
1—=z2

(6.10) |G(2)| = exp (— Re ) <e¥=1, zeD,

so that G € H>*(D). Let
2m
c:= / (2 4 Lim; ReG(e™)) dt > 0,
0

and let

F(z):= 2?71—

2+ G(z)], zeD.

As in the previous example, the function f := Lim, Re F' determines a homeomorphism
fr € Hom™ (T) defined by (6.9). Since

T T 2m
i) = fle) = 2T
the function |f4] is not continuous at 1 € T, and so fr ¢ Diff™(T). From (6.10) we have

Sh[|fz|] = Sh[f] € H>(D).

Therefore fr € QY (T) \ Diff (T) by Corollary 6.6.

2 .
(2 + cos(— cot %)) > % >0 for e eT\{1},

7. The Douady—Earle extension Ex”?[f]. From the previous section we learn
that in general the harmonic extension P[f] of f € Q(T) is not a qc. mapping. However,
P[f] determines the so—called Douady-Earle extension Ex”?[f] (cf. [DE]), which is a qc.
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DE

mapping for each f € Q(T). The Douady—Earle extension operator Ex”” is compatible
with the action of the group QC(D; 1) of all conformal self-mappings (Mébius transfor-
mations) of D and yields several new results. The most outstanding result is that the
Teichmiiller space of any Fuchsian group is contractible. In what follows we present the
construction of Ex”?[f] which comes from [LPJ; also cf. [Pa7, pp. 42-46]. The basic idea
is to construct the inverse mapping Fx[f] to Ex”®[f], which is simpler as compared to
the original approach of Douady and Earle in [DE].

Fix f € Hom™ (T). From Proposition 6.1 it follows that there exists a unique mapping
Fx[f] : D — D satisfying the equation

(7.1) P[H, o f](Fx[f](z)) =0, =ze€D.
THEOREM 7.1. [LP, Thm. 1.1] If f € Hom™ (T), then Fx[f] € Diff*(D) N Hom®(D)
and TroFx|[f] = f~1. Moreover,
(7.2) Fx[Tr[H}] o f o Tr[Hs)] = Hy t o Fx[f] o H; *
for all Mébius transformations Hy, Hy € QC(D; 1).
PrOOF. The proof is divided into four steps.

Step I. We first prove that Fx[f] is a continuous extension of the inverse homeomor-
phism f~! to D.

Given f € Hom™(T) set F(z,w) := P[H, o f](w) for z,w € D, and F(2) := Fx[f](2)
for z € D and F(z) := f~1(2) for 2 € T. Let z,,w, € D, n € N, be sequences satisfying
lim,, .o 2, = 2z € D and lim,, oo w,, = w € D. From (6.1) and (6.5) it follows that

(7.3) F(zn,wn) = P[H., o fl(wn) = P[H, o f](H_v,(0))
=P[H, ofoH_, ](0)= € / H, ofoH_, (u)|dul.
/ o Jo o
It is easy to check that
lim H, ofoH_,, (u)
H,ofoH_,(u), ueT for z,w € D,
H.(f(w)), weT\{-w} for z €D, w e T,

—z, we€T\{Hyof1(2)} forzeT,weDb,
—z, u€eT\{-w} for €T, weT\{f(2)}

Applying now the dominated convergence theorem of Lebesgue we conclude from (7.1)
and (7.3) that

1
lim |F(zn, w,)| = o
s

n—oo

if ze D and w € D\ {Fx[f](2)}, as well as lim,, o0 |F(2zn,wp)| =1if z€Dand w e T
or z€Tand w €D\ {f~(2)}. Thus

(7.4) Tim [ F(z,wa)| >0 if w g D\ {F(2)}.

/ H. o f o H_p(w)|dul| = [F(z,w)] >0
T

This shows that F is continuous on . Suppose, contrary to our claim, that F is not
continuous on . Since D is a compact set and Fir = f —! is continuous, there exist
z € D, w € D and a sequence z, € D, n € N, such that z, — z, w, := F(z,) — w as
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n — oo and w # F(z). Then by (7.1), F(zp,w,) = P[H,, o f](w,) = 0 for all n € N.
Hence lim,, o0 | F(2n, wy,)| = 0, which contradicts (7.4). Thus the first step is proved.

Step II. We now show that (7.2) holds. Let Hy, Hy € QC(D;1). Combining (7.1) with
(6.5) we see that

P[H o fl(Fx[f](2)) = 0 = P[H; o (f o Tr[Ha])](Fx[f o Tr[H2]](2))
P[H. o f](Hy o Fx[f o Tr[H2]](2))

holds for every z € D. Hence
(7.5) Fx[f o Tr[Hy]|(2) = Hy ' o Fx[f](2), z€D.

On the other hand, given z € D, H, o H; € QC(D; 1), and then there exist ¢ € R and
z' € D such that

(7.6) H,oH, =¢¥H, onD.
Using (7.1) and (6.5) we get
P[H. o f(Fx[f](2")) = 0 = P[H. o (Tr[Hy] o f)](Fx[Tr[H1] o f](2))
— ¢ P[H.. o f)(Fx[Tr[H] o f)(2)).
Hence by (7.6) we see that 2/ = H; *(z) and
Fx[Tr[Hy] o f](2) = Fx[f](z') = Fx[f](H; '(2)) = Fx[f]o H{ '(2), z€D.
Combining this equation with (7.5) we obtain (7.2).

Step III. We now show that Fx[f] is a sense—preserving local diffeomorphism on D.
Assume g € Hom™(T) is normalized by g¢ = 0, where g} and g%, gi, g2 below are
defined by (6.2). This equality is equivalent to the equality Fx[g](0) = 0 by (7.1). From
(6.3) it follows that

Ow P[H 0 g)(W)|(s,w)=(0,0) = g~1 and 9y P[H. 0 gJ(w)|(z,u)=(0,0) = 91-
Consequently, by (6.4) the Jacobian
(7.7) 10w P[H. o gJ(w)|* — [0y P[H. 0 g)(w) [}, u)=(0,0) = l921]* — 191 [* > 0.

From the implicit function theorem and (7.1) it follows that Fx[g] is a continuously
differentiable function on a neighbourhood of 0. Differentiating both sides of the equality
P[H, o g](Fx[g](#)) =0, z € D, we show that

9L10Fx[g)(0) + g10Fx[g)(0) =1 and g¢',dFx[g](0) + gi0Fx[g](0) = —gp.
Solving these equations we obtain

1 2.1 1,2 1

9-1 + 9591 5 —9-190 — 91

(7.8) 0Fx[g](0) = G575 » OFx[g](0) = G773
91412 — [g7]? lgL412 — 1g7i]?

Since g3 = |g2|e’® for a constant ¢ € R, it follows that

1 . 1
2| _ —ip 2 < =1
98] = 5 | Rele %92 (u) ] < o [
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and the equality |g3| = 1 holds only if g(u) = e/ y € T, which is impossible. Therefore
lg3| < 1 and by (7.7) and (7.8) the Jacobian of Fx[g] at z = 0 is positive, i.e.
__1-1gP
9241 = 191l
Thus Fx[g] is a sense—preserving diffeomorphism on a neighbourhood of 0 for every g €
Hom™ (T) normalized by g3 = 0. Given z € D we conclude from (7.2) that g := H, o f o

HI;xl[f](z) satisfies

J[Fx[g]](0) = |0 Fx[g](0)|* — |0 Fx[g] (0)/* > 0.

Fx[g](0) = Hpyp)(z) © Fx[f] 0 H; (0) = 0,
and so g§ = 0. Therefore Fx[f] = HF’Xl[ A2 © Fx[g] o H, is a sense—preserving diffeomor-

phism on a neighbourhood of each z € D, which is the desired conclusion.

Step IV. By Steps I and II it remains to prove that Fx[f] is a diffeomorphic self-
mapping of D. Since f~' € Hom™ (T), we conclude from Steps I and III, by the argument
principle for topological mappings, that F' is a homeomorphic self-mapping of ID. There-
fore Fx[f] is a diffeomorphism of D onto itself, by Step III.

REMARK 7.2. Actually, the extension Fx[f] is real analytic. This is due to the regu-
larity of the function D x D 3 (z,w) — F(z,w) € C.

From Theorem 7.1 we immediately obtain

COROLLARY 7.3. For every f € Hom™(T) the mapping Ex"”[f] := Fx[f]™! is a
continuous extension of f toD. Moreover, Ex"?[f] € Diff *(D) and the extension operator
Ex”® is conformally natural (invariant), i.e., the identity

(7.9) Ex”"[Tr[H1] o f o Tr[Ho]] = Hy o Ex""[f] o Hy
holds for all Mébius transformations Hy, Ha € QC(D; 1).

REMARK 7.4. As a matter of fact the mapping Ex”®[f] coincides with the mapping
E(f) found by Douady and Earle in [DE]. Thus Remark 7.2 and Corollary 7.3 yield [DE,
Theorem 1].

8. Quasiconformality of the Douady—Earle extension Ex”?[f]. In [DE]| Douady
and Earle showed that

ExPZ[f] € QO(D) iff f € Q(T).
In fact, they proved (cf. [DE, Proposition 7]) that
K* :=sup{K(Ex"”[f]): f € Q(T; K)} < 4-10%e>°X,
and that given € > 0 there exists § > 0 such that
K*<K3*® ifK<1+49§;

cf. [DE; Corollary 2]. This means that K* — 1 as K — 1, whereas the explicit estimate,
starting from 4-10%e3% for K = 1, is very inaccurate in the range of K close to 1. In what
follows we find an explicit estimate L(K) of K* for all K > 1 which is asymptotically

sharp, i.e. L(K)—1 as K —1. The first such bound L was found for small K, 1< K <
1.01, in [Pa2, Theorem| and then it was improved for all K > 1 in [Pal, Theorem 3.1].
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The method of estimating K* used in [Pa2] and [Pal] was later developed in [Pa5]. Our
approach presented here comes from [Pa5]; also cf. [PaT7].
Given K > 1, define

QCO(D; K) := {F € QC(; K) : F(0) =0} ;
QCy(D; K) :={F € QC(D; K) : P[Tr[F]](0) = 0}.
The class
Qu(T; K) i= {Te[F] : F € QCy(D; K)}
is of our particular interest because of the following two lemmas.
LEMMA 8.1. If K > 1 and if f € Q(T; K), then
(8.1) k(Fx[f]) < sup{[[Fx[gll(0)] : g € Qu(T; K)}.
PROOF. Given z € D set f. := H. o fo H_py[f)(z)- By (7.2)
H_pxf](z) © Fx[f2](0) = Fx[f](H--(0)) = Fx[f](2),
and consequently
Fx([f:](0) = Hpy(p)(z) (Fx[f](2)) = 0.
Hence by (7.1), P[f.](0) = 0. Since f, € Q(T; K) it follows that f, € Qy(T; K). By (7.2)
we see that the equality
[K[Ex[f1](2)] = [k[Hpx[f)(z) © Fx[f] o H_.](0)| = [k[Fx[f:]}(0)]
holds for every z € D. Therefore

k(Fx[f]) = sup [KIEX[£:1)(0)] < sup{[k[Fx[g]](0)] : g € Qo(T; K)},

which implies (8.1).

The value |k[Fx[g]](0)| in (8.1) has upper bounds determined by |gi|, |g1;| and |g3]
as follows.

LEMMA 8.2. If K > 1 and if g € Qu(T; K), then the following estimates hold:

(82) KFxlgllO)2 <1 — 21900 g1 2 _ gy,
1+ g5
(8.3) |k[Fx[g]](0)]* <1— (L —1g5) (g 1| — lg1),
(8.4) [K[Fx[g]](0)] < |g5| + lg1](1 = g3 1*) (|92 1] = lggllgi)) "
PROOF. Since g € Qu(T; K) we conclude from (7.8) that

_ 9Fx[g)(0) _ —gL.95 — gt
~OFX[g)(0) 4T 4+ g2gt ]
and hence, after simply computation, that
(1 —1g3*) (g% * — lgi[?)
9L, +gdall?
Then (8.5) yields the estimate (8.4). The estimates (8.2) and (8.3) follow from (8.6).

(8.5) k[Fx[g]](0)

(8.6) 1 - [k[Fx[g]](0)* =
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The estimates (8.2), (8.3) and (8.4) yield fairly good upper bounds of k(Fx[f]) and
K (Fx[f]) for large K, for K in the middle range and for small K > 1 close to 1, respec-
tively. The task now is to estimate the values |gi|, |g1 ;| and |g3| provided g € Q,(T; K).
To this end consider the functionals

(8.7) O(K) :=sup{|F(0)| : F € QCy(D; K)}, K >1,
and
(8.8)
0.(K) := —sup {mln/ |H_po (e Tr[F](2)||dz| : F € QCqy(D; K)} K >1.

From [Pab, Theorem 1.4] it follows that
(8.9) 01 (K) < 2sin (gM(K)> .

Given K > 1let F € QCy(D; K). Set f := Tr[F] and a := F(0). Since P[f](0) = 0, the

inequality
3| [ ool = [ p@iel| < 5o [ o) — el

holds for every ¢ € R. Hence by (8.8) we have |F(0)] < ©1(K), and so O(K) < ©1(K)
for K > 1. Combining this with [Pa2, Lemma] leads to the estimation

(8.10) O(K) < min{@l(K), 12<\/§qu (f) 1)k (;) 1+1>1} <1, K>1.

Defining for every K > 1,

[F(0)] = |a| =

_ T _,1-O(K) T
(8.11) 02(K) = 1= 21 oK) arccos P (cos 8) ,

we can rephrase [Pab, Theorem 2.3] (also cf. [Pa7, Theorem 2.3.2]) in a slightly generalized
form.

THEOREM 8.3. If K > 1 and if f € Q(T; K), then Fx[f] and Ex"?[f] are K; :=
(1+k¢)(1—k¢)~t-gc. mappings and ks := k(Ex""[f]) = k(Fx[f]) satisfies the following
inequalities

7 _ 5
(812) kj<1- 2 f G+8E2>
X P (11)° P11 (1) Prc (12)* Py (1) * P (r3) Py s ¢ (1) 2Dk (3)* — 1),

where 1 := cos(m /2 L), ) :=sin(n/2!1), 1 = 1,2,3, and

(8.13) k% <sin20,(K) + (1 — sin205(K)) (01(K) 4+ 01(K)* + sin 03(K)) .
Moreover,
(8.14) ky < sin204(K) + sin ©2(K)(cos 20, (K))?

x (1= 04(K) — 01 (K)? — sin0y(K) sin 20,(K)) "

whenever 1 — 01(K) — 01(K)? —sin©3(K)sin202(K) >0 (1< K < 1.1).
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PROOF. Fix K > 1. By definition, Ex"”[f] = Fx[f]~!. Therefore
k(Ex""[f]) = k(Fx[f]) <1
provided Fx[f] € QC(D). According to Lemma 8.1, we have only to show that the in-
equalities (8.12)—(8.14) hold for k; = |k[Fx[f]](0)| whenever f € Tr(QCy(D; K)). Given
F e QCy(D; K) let f := Tr[F] and let a := F(0) € D. Setting ak; := 4arccos Pk (r),
1=1,2,3, we conclude from (1.5) that
(815) sin(aK7l/2) = 2@[{(7”[)@1/[((7”2), = 1, 27
sin(ag 3) = 4D (r3)P1 1 (15) (2P (r3)” — 1).
By [Pal, (2.14)] we have

1 — |al T akpl—lq
2| <cos | agog—— , l<cos| =+ - ,
Ifol < K21 lfil < 1 1+ |q]

2
W2 [ (axil—]a\\* . 1—|al
1> 1 2_ l2> ) .
> [f24 17 = 1fil = (5T sin | Qs

From this and from (8.2), with g replaced by f, it follows that
1 — [k[Ex[f])(0)?
«@

> 2—\/5 tan K2 1= |a\ i sin QKA 1= |a| 2sin « 1= |a\
= r 2 1+]d] 2 1+|d] 31 al

>2\/§ 1—|al 5(. ozK,l)Q(. ozK,z)2S.

—_— Sin Sl —— 1n « .

=7 \1+q| 2 2 K3
d (

Hence by (8.10) and (8.15) we obtain (8.12). From (8.11) and (8.16) it follows that

(8.16)

(8.17) |f3] <sin209(K) and |f{] < sinOy(K).
Given ¢ € R, from (6.2) we get
. 1 . ;
=1l < 1t = e = 5| [ ()7 - el < / £~ Hoale2)]

+gm| [aeayz = o)zl = o [ 17G) = Hoa(e 2l +

Hence by (8.7) and (8.8),
(818)  1-|f)< mlﬂ%Q—/ [F(2) = Hoa(e¥2)]|dz] + [af?2 < ©1(K) + O(K)2.
€R 27

Combining (8.3), (8.17) and (8.18) leads to (8.13). The last bound (8.14) is a direct
conclusion from (8.17) and (8.18) and from (8.4) with g replaced by f, provided the
denominator

1-— @1(K) - 61(K>2 - Sin@g(K) Sll’lQ@g(K)
is positive, which holds if 1 < K < 1.1; see Remark 8.4.

REMARK 8.4. In view of (8.9), (8.10) and (8.11) all bounds in Theorem 8.3 depend
on P, which can be approximated by sequences B[K,2"] and b[K,2"], n = 0,1,..;
cf. (1.6), also cf. [Pa3], [Pad] or [Pa7] for slightly improved approximation sequences.
Thus we can estimate the right hand side of (8.9), (8.10) and (8.12)—(8.14) by elementary
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functions with arbitrarily given accuracy. For example, we can determine the constants
K, and K5 such that the bound (8.14) is better than the bound (8.13) for 1 < K < K;
and the bound (8.13) is better than the bound (8.12) for 1 < K < K5. Relevant computer
computation gives 0 < K; — 1.053180 < 1076 and 0 < K, — 1.113057 < 10~%. Moreover,

01(1.1) + ©1(1.1)% 4 sin O4(1.1) sin 205(1.1) < 1,
and 3(K) <2if 1 < K < 1.1, where 9(K) is defined in (8.26).

As pointed out above, the estimates (8.12)—(8.14) are suitable for computer calcula-
tions. However, they still do not look so pleasant. For the convenience of the reader we
derive from them the following more explicit estimates (8.22), (8.24), (8.25), (8.27) and
(8.28) of Ky := K(Ex"?[f]) and k; := k(Ex""[f]).

Given K > 1 assume that f € Q(T; K). By [Pa4, Thm. 1.3] we deduce that

(8.19) Dyyre(r) =227 KK (14 V1 —r2) K1+ 475)"1 o<r<
Hence
-1
(8.20) (P11 (1)) * P11 (1) D1y (15))
2K 2K K
1 1 1 5
oo (L) (L) (1) g
1 2 3

From (8.10) and (8.19) it follows that

-1
(8.21) m < V3P <\g§> DK <;) <V32K=2(2 4 /3)K (144K,

Since
@K(7”1)2@[((7"2)2@[((7“3)(2@[((7“3)2 — 1) > 7‘%7"%7‘3(27’% - 1) > T%T% = (1 + \[2)22_47
we conclude from (8.12), (8.20) and (8.21) that

4 144175\
(8.22) K < — < 7r< + : > 910+ A)K 731K -10
0

where

A = log, [(2+\/§)5 (1:”>2 <1+T2)2 (H,“” < 20.05.

!/
1 T2 T3
Since cos(+) is a concave function on the interval [0, 7/2] we have
cos(tx) <coszx+ (1 —t)x, 0<z<7/2,0<t<1.
Combining this with (8.15) and (8.11) we see that

1 - O(K)
1+ O(K)

Hence by (8.9), (8.10), (1.2) and (1.3) we obtain
(8.23) sin 209 (K) < 1 — 80k (r2)>®y /i (r5)? + m* M (K)
<1-— 27(1—K)((2 + \/5)/4)1/1(—]( + 7_‘_2(1 _ 25(1—\/?)).

sin 205 (K) = cos (4 arccos@K(rg)) <1—80k(r2)*®yx(rh)? + mO(K).
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Since sin 2t + (1 — sin2¢t) sint < (3/2)sin 2t for 0 < t < /4, we conclude from (8.13),
(8.9) and (8.23) that

(824) k7 < gsin 205(K) +01(K) +0,(K)* <

N W

sin 205 (K) + 3nM (K)

< g(l — 270K (2 4+ V2) /) VKK gﬂ'(w +2)(1 — 2°0-VE),
If 1 < K < 1.1, then the estimate (8.14) yields
(8.25) kg < %(2 + 9(K))sin 205 (K),
where
(8.26)
Y(K): (c0s 205(K))” —1, as K — 1.

T c0s0,(K) (1 — 01(K) — 6,(K)? — sin O (K ) sin 20, (K))
In particular, by (8.25) and (8.23) we obtain

(8.27) ky < 2sin20,(K) < 2(1 — 2"~ K)((2 4 V2) /4) /K -K) 4 ax(1 — 250-VE)),
provided 9(K) < 2 (1 < K < 1.1, see Remark 8.4), and

(8.28) ky < B(K — 1)+ o(K — 1),

where B i= —(3/V3)[8ra(p(ra) /1 (r2)) + 7(u() /1 (r1))] < 215,

REMARK 8.5. Relevant asymptotically sharp estimates of Ky and k¢ in terms of p,
where f € QS(T;p), follow from Theorem 8.3, Corollary 5.3 and the estimates (8.22),
(8.24), (8.25), (8.27) and (8.28). Then we obtain the bounds (8.12)—(8.14), (8.22), (8.24),
(8.25), (8.27) and (8.28) with K replaced by min{p®?, 2p — 1}. Applying additionally
[Zal0, Thm. 2.9 and 2.10] and (7.9) in the case of f € QH(T; K) for a given K > 1, we
obtain the bounds (8.12)—(8.14), (8.22), (8.24), (8.25), (8.27) and (8.28) with K replaced
by min{p(K)3/2, 2p(K) — 1}, where p(K) is the value given by the right hand side of the
inequality [Zal0, Thm. 2.10 (4.20)]. A method to estimate directly K (Ex”®[f]) in case
f € QH(T; K) can be acquired from [SZ].

REMARK 8.6. Using techniques from Section 5 we may easily carry out the Douady—
Earle extension operator Ex := Ex”* to C by the help of a conformal mapping H of D
onto C;. By Remark 7.2, Corollary 7.3 and Theorem 8.3 the induced extension operator
Ex' satisfies the following properties:

(i) Ex? € Ext(Hom™ (R), RA(C,) N Diff*(C,));
(i) Ex" € Ext(Q(R), QC(C4));
(iii) The operator Ex is conformally natural, i.e., the identity (7.9) holds with Ex”®
and D replaced by Ex and C,, respectively.
(iv) For every K > 1 and every f € Q(R; K) the constants kf := k(Ex”[f]) and K; :=
K (Ex"[f]) satisfy the inequalities (8.12)(8.14), (8.22), (8.24), (8.25), (8.27) and
(8.28). In particular, Ex* is a sharp extension operator.

9. On the Reich extension. To complete our presentation of extension operators
we give a short exposition of the quasiconformal extension by Reich [Re]. His idea is based
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on the parametric representation of quasiconformal mappings. Therefore we start with
recalling the parametric method briefly. For i € L (D) with ||ft]|oc := esssup,¢p |p(2)| <
1, let F* € QC(D) be the mapping satisfying the Beltrami equation

OF*+

OFH
normalized by F*(0) =0 and (F*)*(1) = 1. Given x € L>®(D) with 0 < k := ||k]|cc < 1,
we introduce a family {p(z, )} of complex dilatations that connect 0 to k(z) as t varies
on the interval 0 < ¢ < T for a fixed T' > 0. For the sake of definiteness, let

=pu a.e. onD,

et —1k(z)
9.1 t) := — eD, 0<t<T,
( ) /LL(Z7 ) et + 1 k' ) z Y — —
where T' := log if: We consider the parametric representation of F#(:T) = F* given by

(9.2) F(z,t) :=F0(2), 2eD 0<t<T.

Then for any fixed ¢, the mapping F(-,t) is an e’—qc. self-mapping of D. Furthermore,
the mapping F' determines a vector field, i.e., a complex—valued and continuous function
F on D x [0, 7] satisfying

dF(z,t
(9.3) %:.’F(F(z,t),t) and F(z,0)=2, ze€D, 0<t<T.
Differentiating F(F(z,t),t) with respect to z and Z yields
5 1 (2, t)
9.4 OwF (w,t)] = = F(z,t D,0<t<T.
( ) ‘ w (’LU, )‘ 1— |M(Z,t)|2 Bt ’ w (Za )7 z € ’ =t =

By (9.1) and (9.4) we obtain |9,,F(w,t)| < 1/2. Conversely, suppose that F(w,t) is
continuous on D x [0, Tp] for some Tp > 0 and that it has a generalized derivative
OwF € L®(D) with [|0uF|lec < M.

Then it is known that for each fixed z € D, there exists a unique solution [0, 7] 3 ¢ —
w := F(z,t) € C satistying the equation (9.3), and F(-,t) € QC(D;eM?) for any fixed
t € [0, To]; cf. [EK] and [Re].

Now let f := Tr[F] for a given F' € QC(D). For simplicity we assume that F' := F*
with the complex dilatation &, |||l > 0. Then from (9.1) and (9.2) we see that the one

parameter family of gc. mappings F*(*!) determines a vector field F (-, -) satisfying (9.3).
ForallweDand 0 <t <T set

F*(w,t) ::/TR(w,u)}'(u,t)\du\,

where
L a=(wP)?
(9-5) R(w,u) := 27 (1 — wu)?|w — ul?’

weD,ueT.

Then the system

d
o =F(w,t) , w0)=2 0<t<T,
has a unique solution w(t) = F*(z,t) for each z € D such that F*(-,t) € QC(D) for

€ [0,T]. The kernel R(-,-) in (9.5) is determined by requiring the following properties
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(9.6) and (9.7) (see [Re], [Ea], [RC] and the references given there):
(9.6) (HoF)*=HoF*, HeQC;l);
(9.7) Te[F (-, 1)] = Te[F (1)), te[0,T).

Then the result of Reich [Re, Thm. 4.1] says that:
(i) Tr[F*(-,t)] = Tr[F (-, ¢)] for ¢t € [0, T7;
(ii) (Ho F)*(z,t) = Ho F*(z,t) for He QC(D;1),z€eDand 0 <t < T}
(iii) If F € QC(D; K), then F* € QC(D; K?). In particular, if F(-,T) € QC(D; K) for a
given K > 1 and if f = Tr[F (-, T)], then Ex"[f] := F*(-,T) is a K3—qc. extension
of f to D. Moreover, the extension operator Ex® € Ext(Q(T), QC(D)) satisfies

Ex"[Tx[H] o f] = HoEx"[f], feQT), HeQC(D;l).

References

[AK] S. AGARD and J. A. KELINGOS, On parametric representation for quasisymmetric func-
tions, Comment. Math. Helv. 44 (1969), 446-456.
[AH1] J. M. ANDERSON and A. HINKKANEN, Quasiconformal self-mappings with smooth
boundary values, Bull. London Math. Soc. 26 (1994), 549-556.
[AH2] J. M. ANDERSON and A. HINKKANEN, Quadrilaterals and extremal quasiconformal ex-
tensions, Comment. Math. Helv. 70 (1995), 455-474.
[Ah] L. V. AHLFORS, Lectures on Quasiconformal Mappings, D. Van Nostrand, Princeton,
1966.
[AVV] G. D. ANDERSON, M. K. VAMANAMURTHY and M. VUORINEN, Distortion function for
plane quasiconformal mappings, Israel J. Math. 62 (1988), 1-16.
[ABR] S. AXLER, P. BOURDON and W. RAMEY, Harmonic Function Theory, Graduate Texts
in Math. 137, Springer, New York, 1992.
[BA] A.BEURLING and L. V. AHLFORS, The boundary correspondence under quasiconformal
mappings, Acta Math. 96 (1956), 125-142.
[BH] D. BsHouTy and W. HENGARTNER, Univalent harmonic mappings in the plane, Ann.
Univ. Mariae Curie-Sklodowska, Sect. A 48 (1994), 12-42.
[Ca] P. CARAMAN, n-Dimensional Quasiconformal (QCf) Mappings, Editura Academiei,
Bucharest, 1974.
[Ch] E.W. CHENNEY, Introduction to approzimation theory, McGraw—Hill, New York, 1966.
[Co] G. CHOQUET, Sur un type de transformation analytique généralisant la représentation
conforme et définie au moyen de fonctions harmoniques, Bull. Sci. Math. (2), 69
(1945), 156-165.
[DE] A. Douapy and C. J. EARLE, Conformally natural extension of homeomorphisms of
the circle, Acta Math. 157 (1986), 23-48.
[Ea] C. J. EARLE, Conformally natural extension of vector fields from Ss"~! to B™, Proc.
Amer. Math. Soc. 102 (1988), 145-149.
[Fel] R. FEHLMANN, Ueber extremale quasikonforme Abbildungen, Comment. Math. Helv.
56 (1981), 558-580.
[Fe2] R. FEHLMANN, Quasiconformal mappings with free boundary components, Ann. Acad.
Sci. Fenn. Ser. A. 1. Math. 7 (1982), 337-347.



HARMONIC AND QUASICONFORMAL EXTENSION OPERATORS 175

R. FEHLMANN and K. SAKAN, On the set of substantial boundary points for extremal
quasiconformal mappings, Complex Variables, Theory Appl. 6 (1986), 323-335.

F. GARDINER and D. SULLIVAN, Symmetric structure on a closed curve, Amer. J.
Math. 114 (1992), 683-736.

J. B. GARNETT, Bounded Analytic Functions, Academic Press, New York, 1981.

F. W. GEHRING, Topics in quasiconformal mappings, in: Quasiconformal Space Map-
pings: a Collection of Surveys 1960-1990, Lecture Notes in Math. 1508, Springer,
Berlin, 1992, 20-30.

K. P. GOLDBERG, A new definition for quasisymmetric functions, Michigan Math. J.
21 (1974), 49-62.

W. K. HAYMAN and A. HINKKANEN, Distortion estimates for quasisymmetric functions,
Ann. Univ. Mariae Curie-Sklodowska Sect. A, 36/37 (1982/1983), 51-67.

J. HERSCH and A. PFLUGER, Généralisation du lemme de Schwarz et du principe de la
mesure harmonique pour les fonctions pseudo—analytiques, C. R. Acad. Sci. Paris 234
(1952), 43-45.

A. HINKKANEN, Uniformly quasisymmetric groups, Proc. London Math. Soc. (3), 51
(1985), 318-338.

A. HINKKANEN, The structure of certain quasisymmetric groups, Mem. Amer. Math.
Soc. 422 (1986).

O. HUBNER, Remarks on a paper by Lawrynowicz on quasiconformal mappings, Bull.
Acad. Polon. Sci. 18 (1970), 183-186.

K. KATAJAMAKI and J. ZAJAC, Some remarks on quasisymmetric functions, Bull. Soc.
Sci. Lettres, E6dz 15 (141) (1993), 5-13.

J. A. KELINGOS, Boundary correspondence under quasiconformal mappings, Michigan
Math. J. 13 (1966), 235-249.

H. KNESER, Lésung der Aufgabe 41, Jahresber. Deutsch. Math. Verein. 35 (1926),
123-124.

J. G. KrRzYZ, Quasicircles and harmonic measure, Ann. Acad. Sci. Fenn. Ser. A. 1.
Math. 12 (1987), 19-24.

J. G. KRrzYZ, Harmonic analysis and boundary correspondence under quasiconformal
mappings, Ann. Acad. Sci. Fenn. Ser. A T Math. 14 (1989), 225-242.

J. G. KrzYZ, Quasisymmetric functions and quasihomographies, Ann. Univ. Mariae
Curie-Sklodowska Sect. A 47 (1993), 90-95.

R. S. LAUGESEN, Planar harmonic maps with inner and Blaschke dilatations, J. London
Math. Soc. (to appear).

A. LECKO and D. PARTYKA, An alternative proof of a result due to Douady and Earle,
Ann. Univ. Mariae Curie-Sklodowska, Sec. A 42 (1988), 59-68.

M. LEHTINEN, A real-analytic quasiconformal extension of the Beurling—Ahlfors exten-
sion, Ann. Acad. Sci. Fenn. 3 (1977), 207-213.

M. LEHTINEN, Remarks on the mazimal dilatation of the Beurling—Ahlfors extension,
Ann. Acad. Sci. Fenn. Ser. A. I. Math. 9 (1984), 133-139.

O. LEHTO, Univalent Functions and Teichmdller Spaces, Graduate Texts in Math. 109,
Springer, New York, 1987

O. LEHTO and K. I. VIRTANEN, Quasiconformal Mappings in the Plane, Grundlehren
126, 2nd., Springer, Berlin, 1973.

O. LEHTO, K. I. VIRTANEN and J. VAISALA, Contributions to the distortion theory of
quasiconformal mappings, Ann. Acad. Sci. Fenn. Ser. A. I. Math. 273 (1959), 1-14.



[Pa2]
[Pa3]
[Pad]
[Pas]
[Pa6]
[Pa7]
[PS1]
[PS2]
[PZ1]

[PZ2]

[RZ2]

[SZ]

[Tul]
[Tu2]

[Tu3]

D. PARTYKA ET AL.

J. LaAwryNowiIczZ and J. G. KRzYZ, Quasiconformal Mappings in the Plane: Paramet-
rical Methods, Lecture Notes in Math. 978, Springer, Berlin, 1983.

O. MARTIO, On harmonic quasiconformal mappings, Ann. Acad. Sci. Fenn. Ser. A.
I. Math. 425 (1968), 1-9.

D. PARTYKA, The mazimal dilatation of Douady and FEarle extension of a quasisym-
metric automorphism of the unit circle, Ann. Univ. Mariae Curie-Sklodowska, Sect.
A 44 (1990), 45-57.

D. PARTYKA, A distortion theorem for quasiconformal automorphisms of the unit disk,
Ann. Polon. Math. 55 (1991), 277-281.

D. PARTYKA, Approximation of the Hersch—Pfluger distortion function. Applications,
Ann. Univ. Mariae Curie-Sklodowska, Sec. A 45 (1992), 99-111.

D. PARTYKA, Approzimation of the Hersch—Pfluger distortion function, Ann. Acad.
Sci. Fenn. Ser. A. 1. Math. 18 (1993), 343-354.

D. PARTYKA, On the maximal dilatation of the Douady—Farle extension, Ann. Univ.
Mariae Curie-Sklodowska, Sec. A 48 (1994), 80-97.

D. PARTYKA, The mazimal value of the function [0,1] 3 7 — &% (\/7) — r, Bull. Soc.
Sci. Lettres Lédz 45 (1995), 49-55, Série: Recherches sur les déformations, Vol. 20.
D. PARTYKA, The generalized Neumann—Poincaré operator and its spectrum, Disserta-
tiones Math. 366 (1997).

D. PARTYKA and K. SAKAN, A note on non—quasiconformal harmonic extensions, Bull.
Soc. Sci. Lettres L6dz 47 (1997), 51-63, Série: Recherches sur les déformations, Vol. 23.
D. PARTYKA and K. SAKAN, Quasiconformality of harmonic extensions, submitted for
publication.

D. PARTYKA and J. ZAJAC, An estimate of the integral of quasisymmetric functions,
Ann. Univ. Mariae Curie-Sklodowska Sect. A 40 (1986), 171-183.

D. PARTYKA and J. ZAJAC, On modification of the Beurling—Ahlfors extension of a qua-
sisymmetric function, Bull. Soc. Sci. Lettres Lédz 40 (1990), 45-52, Série: Recherches
sur les déformations, Vol. 15.

T. RADO, Aufgabe 41, Jahresber Deutsch. Math.-Verein. 35 (1926), 49.

E. REICH, A quasiconformal extension using the parametric representation, J. Analyse
Math. 54 (1990), 246-258.

E. REicH and J. CHEN, Extensions with bounded O—derivative, Ann. Acad. Sci. Fenn.
Ser. A.I. Math. 16 (1991), 377-389.

L. RESENDIS and J. ZAJAC, Area and linear distortion theorems for quasiconformal
mappings, Bull. Soc. Sci. Lettres Lédz 45 (1995), 51-59, Série: Recherches sur les
déformations Vol. 20.

L. RESENDIS and J. ZAJAC, The Buerling—Ahlfors extension of quasihomographies,
Comm. Math. Univ. S. Pauli 46 (1997), 133-174.

K. SAKAN and J. ZAajAac, The Douady—FEarle extension of quasihomographies, Topics
in Complex Analysis, Banach Center Publications, Institute of Mathematics, Polish
Academy of Sciences, Warszawa, 37 (1996), 43-51.

P. TukiA, On infinite dimensional Teichmiiller spaces, Ann. Acad. Sci. Fenn. Ser. A
I Math. 3 (1977), 343-372.

P. Tukia, Extension of quasisymmetry and Lipschitz embedding of the real line into the
plane, Ann. Acad. Sci. Fenn. Ser. A I Math. 6 (1981), 89-94.

P. TUkiA, Hausdorff dimension and quasisymmetric mappings, Math. Scand. 65
(1989), 152-160.



(7]
[Zh]

(Zy]

HARMONIC AND QUASICONFORMAL EXTENSION OPERATORS 177

J. VAISALA, Lectures on n—Dimensional Quasiconformal Mappings, Lecture Notes in
Math., 229, Springer, Berlin, 1971.

J. VAISALA, Free quasiconformality in Banach space, Ann. Acad. Sci. Fenn. Ser. A I
Math. 15 (1990), 355-379.

M. K. VAMANAMURTHY and M. VUORINEN, Functional inequalities, Jacobi products,
and quasiconformal maps, Preprint, 1992.

S. YANG, Harmonic extensions and extremal quasiconformal extensions, Hunan Univ.
J. (to appear).

J. Zajac, A new definition of quasisymmetric functions, Mat. Vesnik 40 (1988), 361
365.

J. ZAajac, Quasisymmetric functions and quasihomographies of the unit circle, Ann.
Univ. Mariae Curie-Skltodowska Sect. A 44 (1990), 83-95.

J. ZAajac, Distortion function and quasisymmetric mappings, Ann. Polon. Math. 55
(1991), 361-369.

J. ZAJAC, Quasihomographies and the universal Teichmiller space 1, Bull. Soc. Sci.
Lettres, L6dz 14 (133) (1992), 21-37.

J. ZAJAC, Quasihomographies and the universal Teichmdller space 11, Bull. Soc. Sci.
Lettres, L6dz 18 (137) (1992), 71-92.

J. Zajac, The distortion function @i and quasihomographies, Current topics of ana-
lytic function theory, 1992, 403-428.

J. ZAjAac, Functional identities for special functions of quasiconformal theory, Ann.
Acad. Sci. Fenn. Ser. A I Math. 18 (1993), 93-103.

J. Zajac, The boundary correspondence under quasiconformal automorphisms of a Jor-
dan domain, Ann. Univ. Mariae Curie-Sklodowska Sect. A 45 (1991), 131-140.

J. Zajac, The universal Teichmiiller space of an oriented Jordan curve, Ann. Univ.
Mariae Curie-Sklodowska Sect. A 47 (1993), 151-163.

J. ZAjAc, Quasihomographies in the theory of Teichmiiller spaces, Dissertationes Math.
357 (1996).

J. ZAJAC, Harmonic cross—ratio in the theory of one and two dimensional quasiconfor-
mal mappings, Proc. of the XVI R. Nevanlinna Coll., de Gruyter, Berlin—-New York,
321-333.

J. Zajac and J. Zajac (Jr.), Basic properties of the distance function Mg and its
extremum, Folia Sci. Univ. Tech. Resoviensis 147 (1996), 157-163.

L. ZHONG, The lower bound of the maximal dilatation of the Beurling—Ahlfors extension,
Ann. Acad. Sci. Fenn. Ser. A I Math. 15 (1990), 75-81.

A. ZYGMUND, Smooth functions, Duke Math. J. 12 (1945), 47-76.



