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Abstract. Let A, X; and X5 be topological spaces and let i1 : A — X1, 42 : A — X5
be continuous maps. For all self-maps f4 : A — A, f1 : X1 — X7 and fo : X9 — X5 such
that f1i1 = i1 fa and fais = i9fa there exists a pushout map f defined on the pushout space
X3 Ua Xo. In [F] we proved a formula relating the generalized Lefschetz numbers of f, fa,
f1 and fa. We had to assume all the spaces involved were connected because in the original
definition of the generalized Lefschetz number given by Husseini in [H] the space was assumed to
be connected. So, to extend the result of [F] to the not necessarily connected case, a definition
of generalized Lefschetz number for a map defined on a not necessarily connected space is given;
it reduces to the original one when the space is connected and it is still a trace-like quantity. It
allows us to prove the pushout formula in this more general case and therefore to get a tool for
computing Nielsen and generalized Lefschetz numbers in a wide class of spaces.

1. Introduction. As explained in the abstract, the aim of the paper is to give a
proof of the pushout formula in the more general case where spaces are allowed to be
non-connected. The main difference between the connected and the non-connected case
is that if X is connected then so is the universal cover X of X and the g-dimensional
cellular chain group C,(X) is a free finitely generated right Z (X )-module; on the other
hand if X is disconnected then Zm;(X;x) depends on the choice of the base point x and
for all x € X the chain group C,(X) is not a free Z; (X;x)-module. Moreover we want
to have a trace of the homomorphism Cj( f) where f : X — X and so a generalized
Lefschetz number counting algebraically the number of fixed points of f. Hence we define
the ring A(X) which contains Zm; (X;x0) for every 2 € X and we prove that C,(X) is a
finitely generated projective A(X)-module. It is a free A(X)-module if and only if X is
connected. In any case, it is possible to define traces following [S], [H] and the generalized
Lefschetz numbers for non-connected spaces.
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We first have to extend the notion of Reidemeister classes to the case of a ring which
could be not a group ring. This is done in section 2.1; in the same section we prove
other propositions which will be used later. In the following sections we prove standard
properties of traces and Lefschetz numbers in this algebraic setting. In section 3.1 we
define the generalized Lefschetz number of a map defined on a finite CW-complex even
when X is not connected and give the relation between this case and the connected one.

In section 3.2 we give standard definitions and examples of pushout construction
and some preliminary facts. Finally in section 4 we give the statement and proof of the
pushout formula.

I wish to express my sincere thanks to the Organizing Committee and in particular
to Prof. Brown and Prof. Kucharski. I wish to thank Prof. Piccinini for his help.

2. Algebraic preliminaries

2.1. The Reidemeister group of a ring homomorphism. In this section we will intro-
duce a generalization of the classical Reidemeister set defined for group homomorphisms
and will show some simple facts that will be needed later.

Let A be aring (with unit element) and f : A — A be an endomorphism of A. Let (A)
denote the subgroup of A generated by all the elements Ay Ao — Aa f(A1) with A1, Ao € A.
We define the Reidemeister group of f as the additive group of A modulo (A); and we
will denote it with R(f). We will denote by [A] the obvious projection of A in R(f).

EXAMPLE 1. If f = 1, then R(f) is the group defined in [S], page 130.

ExaMPLE 2. If A = ZG is the group ring of a group G over the ring of integers Z
and f = Zg is the linear extension of a group endomorphism ¢ : G — G then R(f) is
the free abelian group generated by the set R(y) of orbits in G of the action of G over G
defined by g -z := grp(g~!) (Vg,z € G). In other words it is the classical Reidemeister
set of a group homomorphism (see e.g. [B], [FH], [H], [J]).

PRrROOF. Let R(yp) denote the orbit set and [g] denote the orbit of g € G. The context
will make clear whether [g] is seen as an element of R(f) or of R(y). We want to prove that
R(f) =ZR(p). Let pg : G — ZR(p) be defined by po(g) = [g] for each g € G and let p be
the linear extension of py to ZG. Because p is onto, it suffices to prove that Ker(p) = (A)s.
But g1g2 = g192f(g1)f (97 ") and hence p(g1g2 — g2f(91)) = 0 (Vg1g2 € G) therefore
Ker(p) 2 (A)f. Now let A € Ker(p); this means that A = ny1g1 + nogs + ... + npgs with
n; € Zand g; € Gforalli =1,...,k and that Zle n;[g;] = 0. Up to rearranging indices,
we can suppose that [g1] = [g2] = - = [gh,]s [Gkwet] = - = [Ghals - [s1] = - - = [g4]
with 1 < k1 < ko < ... < k; < k suitable integers. In other words A = Zi‘:o p; where
pi = ng%“ Nk, +igk,+i and ko = 0, kiy1 = k. As ZR(p) is free, p(\) = 0 implies
p(u;) = 0 for all j. Therefore it is enough to prove that A € (A)s in the simple case
k1 =k when [¢1] = ... = [gx]. In this case there exist elements &, ...,&; € G such that
gi = §i91<,0(f¢_1) fori=2,...,k and ny + Zf:z n; = 0. Hence

k k
A=n1g1 +nega + ...+ nggr = — me + an‘fz‘gl<ﬁ(€i—1)
i2 =2
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k

- Z”i((ffl)(fim) — (&g (&)

=2
which is an element of (A);. m

Consider the rings Aj, Ay and the following commutative diagram of ring homomor-

phisms:

¥
Alél\g

fi fa

A2 A,

If Ay = Y7 | A% (direct sum) with fi(AY) C A} and (AY) = (A1)g, NAY for
each ¢« = 1,...,p we will say that A; is well-decomposed. This implies that R(f;) =
Yimi R(f

PROPOSITION 2.1. If Ay is well-decomposed into > 0_ A} and for everyi=1,...,p
there exists 0; € Ny such that for all \; € A*

Oipa(Xi) = 1(Xi)b;
then there exists a well-defined group homomorphism 0, : R(f1) — R(f2) given by
0. (D25, M) =30 [0ipa(Ny)] with N; € A} for eachi=1,...,p.

PROOF. Let us prove that 0, is well defined. We must show that 6.([n]) = 0 for all

1 € (A1)y,. Because for i = 1,...,p we have by hypothesis that (Aﬁ)flw = (A1)s NAL,
1

then 6.([n]) = 0 for all n € (A1)y, if and only if 6,([n]) = 0 for all n € (A})

t=1,...,p.

Therefore for all A, u € A% the following equalities hold:

R(f2) 3 [Bio2 (A — pnf1 (V)] = [0ip2(N)p2 (k) — Oip2(p) f2(d1(N))]
= [Bip2(N)@2(p) — 1(A)bi2 ()]
= [0ip2(AN)p2(p) — Oip2(N)p2(p)] = [0]

and hence 0, is well-defined on R(f1). By trivial arguments it can be shown that 6, is a
group homomorphism. =

fl‘/vl,

AP)-

f ‘A’i for

We note that if 1 = @9 we can always define ¢, := 0, by setting § = 1 on the whole
Ay. In this case p,([M]) = [p2(A1)] for all Ay € Ay.

Here we prove some elementary properties of Reidemeister groups.

Commutativity: If g : Ay — As and f : As — A; are ring homomorphisms, then
g« : R(fg) — R(gf) is an isomorphism. In fact f. : R(gf) — R(fg) is its inverse:
feg<(\]) = [fg(N)] = [A] VA € Ay and g. fu([u]) = [u] Y € As.

Conjugacy: If 0 is a unit element in the ring A and f : A — A is a ring endomorphism
we can define 6! f0 as the endomorphism defined by =1 f0(\) := =1 f(\)6 for all A € A.
Moreover if we define 1 () := X\ and pa(\) := §71\0 we get that pof = 071 f0p; and
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Op2(A) = @1 (N)8 VA € A. Therefore . = 6, is a well-defined isomorphism @, = 6, :
R(f) — R(OLf0).

2.2. The trace. In this section we introduce some basic facts about the trace of f-
homomorphisms defined on projective modules, following the lines of [B], [H], [S].

Let A be a ring and M;, Ms be finitely generated right projective A-modules. An
additive function F': M7 — Ms is an f-homomorphism of M if f is an endomorphism of
Aand F(zA) = F(z)f(A) foralla € My and A € A. If My = Mo, F is an f-endomorphism.
We want to define a trace function on the (additive) group of all such f-endomorphisms.

Let M, 4(A) denote the group of all p x ¢ matrices with entries in A. For any matrix
F let Ff denote the matrix obtained by applying f to each of the entries of F.

PROPOSITION 2.2. For every integer p there exists a unique group homomorphism
Try: Mpp — R(f)
such that
TTf(FG) = TTf(GFf)
for all F € My, and G € M, 4. It is given by Try(F) = >0_ | [F;;] where F;; are the
entries of F'.

PrOOF. If p =1, then Try : A — R(f) is just the projection A — [A]. Let I, be the
p X p square matrix with the diagonal entries equal to 1 € A and with the non-diagonal
equal to 0. Let 0 be any matrix of zeros.

fAeM,, Be My, XeMp,,andY € Mg, then

A X A0 0 X 0 0 0 0
TTf<Y B)—T’r‘f(o 0>+TTf<O 0>+TTf<Y 0)+T7’f<0 B)

by additivity. But

Trf<8 %():Trf()o()(o I, )=Tr;( 0 IP)<)gf)=0

0
0

Trf<81 8>Trf(%>(14 0)

f
=Try(A 0) ( Ié’ ) = Try(AL}) = Try(I,A) = Trs(A)

and similarly Tr;(y ) = 0. Moreover

and similarly Tr; () 5) = Trs(B). Thus Try (é g) =Trs(A)+Trs(B) and inductively

Tre(F) =" [Fy] as required. It is clear that this function satisfies the hypotheses of
the proposition. m

Now let us suppose that M is a free finitely generated A-module and F' : M — M
is an f-endomorphism. For any choice of a free A-basis of M there is a p X p matrix
F with entries in A representing F. Let us define Tr(F) := Try(F) = Y.0_,[Fy;]. The
definition is consistent: let {e, ez,...,e,} and {€],eh,...,€,} be two bases. Let Fj; and
Fi’j be the entries of the matrices I’ and F’ representing F in these two bases. This means
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that F(e;) = Y0 e;Fij and F(e}) = Y0_, e} F;. Moreover, e = Y _; e Ap; for a suit-
able invertible matrix A with entries A;; € A. Therefore F (e;-) = Zf Bt ehAhiFi/j and
F(ef) = Y0 Fe) f(Aiy) = Y7 1oy enFhif(Aij) or equivalently the identity AF’ =

FA' holds true. Let A~! denote the inverse of A. Then F = A~'FA’ and hence
Tri(EF") = Try(A~YFAT) = Try(AA='F) = Tr;(F) for the defining property of trace
in proposition 2.2.

Let A be a ring and let M be a finitely generated projective right A-module. Let
F: M — M be an f-endomorphism. Then there exists a A-module @) such that M & Q
is a free finitely generated A-module and an f-endomorphism F'+0: M & Q — M & Q
defined by (F + 0)(x +y) = F(z) for all z € M and y € Q. It is an f-endomorphism
of free finitely generated modules, hence there is a well-defined trace, and we define
T?”f(F) = T?“f(F + 0).

It does not depend on the choice of Q: if M @& @Q’ is also free finitely generated, let us
consider the free finitely generated A-module M & Q ® M & Q' with the f-endomorphism
F+00+0y+0g :2+y+2z+w— F(z) forall z,z€ M, y € Q and w € Q'. Using
the same argument of the proof of proposition 2.2 it is easy to see that Trs(F + 0g) =
Trg(F +0¢g + 0p + 0g/) = Try(F + 0g/) thus it is well defined even in the case where
M is a finitely generated projective right A-module.

PROPOSITION 2.3 (Commutativity). Let A be a ring and My, Ms be two finitely gen-
erated projective right A-modules. Let F : My, — Ms and G : My — M be respectively
an f-endomorphism and a g-endomorphism, with f and g endomorphisms of A. Then

[«Trgs(GF) = Trpg(FG)
where fi : R(gf) — R(fg) is the homomorphism defined in section 2.1.

PROOF. Let @1 and Q2 be A-modules such that M; ®Q, and Ms® Q2 are free finitely
generated. With the same notation as above, it is easily seen that

Trf((G+OQ2)(F+OQ1)) = Trf(GF)a
Try((F+0,)(G +0q,)) =Tr(FG),

hence substituting M; with My & Q1 and Ms with Ms & Q2 we can suppose My and My
to be free. Let eq, ..., e, be a free basis of M; and €], ... ,efl be a free basis of Ms. Then
F(e;) =Y1_| elF;; and G(e) = >27_, €iGyj. Hence

q

= Z Glei)g(Fij) = Z Z enGnig(F,

i=1 i=1 h=1
and similarly

Moreover
q p
fo(Try; (GF)) ZZ F(Gri)fy(F, ZZ Finf(Gri)] = Try(FQ)

hence the assertion. m
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2.8. The Lefschetz number of an f-endomorphism of a A-complex. Let A be a ring
and let C = {C,, — ... — Cy} be a finite projective A-complex, i.e. a finite-dimensional
chain complex of finitely generated projective right A-modules. Let f : A — A be a given
ring endomorphism; an f-endomorphism F' : C — C of the A-complex C is any set of
f-endomorphisms F), : C; — C; for ¢« = 0,...,n which commute with the boundary ho-
momorphisms. The traces Tr¢(F;) are well-defined. The Lefschetz number of F' is defined
to be

L(F) = (-1)"Trs(F,)
q=20
and it is an element of R(f).

PROPOSITION 2.4 (Homotopy). If F,G : C — C are chain-homotopic f-endomor-
phisms then L(F) = L(G).

PrOOF. Let d; : C; — Ci41 and 0; : Cj41 — C; fori =1,...,n be the chain homotopy
between F' and G and the boundary homomorphisms; let us recall that d; simply is a
A-homomorphism of A-modules. By additivity L(F) — £(G) = L(F — G) and

L(F—G)=> (=)UTrs(Di1ds) + Tr(di10;))

q=>0
= (=1)UTrp(@is1d;) — Trs(didiy1)) =0
q20
by commutativity of T as in proposition 2.3. Hence L(F) = L(g). =
PROPOSITION 2.5 (Commutativity). Let A be a ring and C, C' be two chain com-
plexes of finitely generated projective right A-modules. Let F : C — C' and G : C' — C

be respectively an f-endomorphism and a g-endomorphism, with f and g endomorphisms
of A. Then

f+L(GF) = L(FG)
where f. : R(gf) — R(fg) is the homomorphism defined in section 2.1.

PRrROOF. It is a trivial corollary of 2.3. m

3. Topological preliminaries

3.1. The generalized Lefschetz number of a continuous self-map on a finite CW -
complex. Let X be a finite CW-complex. We are not requiring it to be connected. Let
X' X2,...,XP be its connected components and let ' € X* be a base point of X* for
each i = 1,...,p. Let A(X) denote the free abelian group generated by the elements of
the fundamental groups of these components, i.e.

AX) :=Zm (X' 2Y) @ Zm (X228 @ ... @ Zmy (XP, 2P)
and let the product in A(X) be defined by the linear extension of
b gh if g,h € m (X?, 2%) for some i,
= o if g € m (X% 2%) and h € m1 (X7, 27) with i # j.
If X is connected then A(X) = Zm1(X) is simply the group ring of the fundamental
group of X.
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Let 1; denote the constant loop in 71 (X*, ). Then 1:= Y | 1; is the unit element
of A.

Let f : X — X be a self-map. Let J := Z, x I be the cartesian product of the
set of the first p integers Z, = {1,2,...,p} with discrete topology and the unit interval
I =10,1]. A continuous map w : J — X is called a base multipath if for all j =1,....p
there exist j’ such that

w(j70):$j" w(]al):f(‘rj)
Let us note that j’ is uniquely determined once we have the second identity; it is because
X" is connected. We say that the self-map f is multipath-based if a base multipath w has
been chosen and we denote it by (f,w). Up to rearranging indices it is always possible to
assume that f(z') € Xt fori=1,...,po and f(z') € X with i/ #ifori=po+1,...,p.
For any multipath-based self-map (f,w) : X — X there is an induced endomorphism
fa i A(X) — A(X) defined as the linear extension of

falgi) = Lifr(g:)
if g; € m (X% 2%) and f, : T (X% 2?) — W(Xi/,l'i/) is defined by

fr(@) = w(i, =) f(a)w(i,—) ™
where o : (I,0I) — (X%, z%) is a loop in X and w(i,—) : I — {i} x I > X is the path
in X¥ from z% to f(z') we have previously chosen. In other words fa(g;) = fx(g:) if
1 <i<poand fa(gi) =0if po+1<i<p.

Let X be the universal covering space of X . It is the disjoint union of the universal cov-
ering spaces of X1, ..., X?. If the set of paths PX := {\: (I,{0}) — (X, {=',...,27})}
is endowed with the compact-open topology, then X is the quotient space of PX under
the relation of homotopy equivalence relative to endpoints. Therefore we can view a point
in X as a homotopy class of paths [A]. For any g € 71 (X, z;) let

—LA]l if A(0) = Xi,
o= [ 7N A0 =
[A] if A(0) # ay,
be defined as above. The map [A] — [A]g is the cellular homeomorphism of X induced
by g. . N
For every integer ¢ > 0 let Cy(X) denote the g-th cellular chain group C,(X) =
H, (X(q), X (=1, Z) where X (@ is the ¢g-dimensional skeleton of X for all positive integers
g. We know that Cy(X) :~Cq(X1) B ... 0 Cy(XP).
Let A(X) act on Cy(X) on the right by extending linearly the function defined for
each z € Cy(X?) and g € m1(X7,27) by
_ ] Colg)(x) ifi=j,
= { 0 if i # j,
where C,(g) : Cy(X?) — Cy(X?) is the homomorphism induced by the map [\] € X' —
[g7*A] € X!, Thus Cy(X) is a right A-module. If X is connected, it is free and finitely

generated. In our general setting a weaker proposition holds.

ProOPOSITION 3.1. The g-th cellular chain group Cq(f() is a finitely generated projec-
tive right A(X)-module.
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PROOF. We have to prove that each C,(X?) is a finitely generated projective A(X)-
module. We already know that for each i = 1,...,p, C’q(f( %) is a free finitely generated
A(X%)-module. Let {eq, ..., ex} be a free basis. Just by taking the projection pr; : A(X) =
AXY @ ... @ A(XP) — A(X?) we can define a right action of A(X) on C,(X?) by
x X :=x pri()\) for each x € Cy(X?) and each A € A(X). Hence C,(X?) is a right finitely
generated A(X)-module. Let A? := Zj#A(Xj) be the complement of A(X?) in A(X).
Let @; be the direct sum of k copies of A*. Let A(X) act on @; by the usual ring product
in A(X) and distributive law. Therefore

Xz @QZN@ Xu @Au

and hence it is a free finitely generated rlght A( )-module. m

If (f,w) is a multipath-based cellular self-map of X then there is a canonical cellular
lifting of (f, w), namely f : X — X, defined by f([\]) = [w(i,—)f()\)] for each path
At (1,0) — (X', 2"). It induces an endomorphism C, W(f): 1 Cy( X) — C,(X) at the cellular
chain group level Let P : Cy(X) = @Y_, Cy(X?) — Cy(X) be the homomorphism defined
by

{ x if @ € Cf(X?) with i < py,
P(z) := ] L
0 ifx € Cy(X") with ¢ > po + 1.
It will be called the projection homomorphism for Cy(X).

It is easy to see that the composition C,(f)P is an fy-endomorphism, where f :
A(X) — A(X) is defined as above. Therefore we can define the generalized Lefschetz
number of the multipath-based cellular self-map (f, w) as the Lefschetz number of C,( f )P

L(f,w) =Y (=1)Trp, [Cy(f) P)
q20
which is an element of R(fx)(see [H], [FH]). Let us note that when p = 1 this is the
generalized Lefschetz number as defined in [H].

It is expected that £(f,w) is independent of the base multipath w and depends only
on the homotopy class of f. This is truly the case: for i = 1,...,p, let 2'* € X be another
base point and w’ : J — X another corresponding base multipath. The paths w(i, —)
and w’ (7, —) will be denoted simply with w; and w). Let X’ denote the universal covering
space pointed at 2’%,...,z'? and f’: X’ — X’ the canonical lifting of f at X’. The rings

AX):=Zm (XY 2" ) @ Zr (X2, 22) @ ... © Zm (XP, 2P),
N(X):=Zm (XY 2" )0 Zm (X2, 2?) @ ... © Zr (XP, 2'P)

are given. For each i = 1,...,p, let v; : (I,0,1) — (X? 2°,2'") be a continuous path from
2t to 2t Let o1, 1 A(X) — A(X) be deﬁned by extending linearly o1 (g) := v; ‘g
and ¢s(g) = wéf(vfl)wflgwif(%) Vif g € m(X',2) € A(X) and f(2') € X,

Otherwise ¢1(g) := w2(g) :==; ‘g7i- It is easy to see that ¢ofpy = farpo1.
Let us note that A(X) and A’'(X) are well-decomposed (see section 2.2) into

@ A(X?) and @A’(Xi)
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respectively, and that if we set
0; ==, wif (i w] !

if f(x;) € X; and otherwise 6; := 1, then the identity 6;02(\;) = ¢1(\;)0; holds true for
all \; € A(X;). Therefore there exists a well-defined group homomorphism 6, : R(fx) —
R(fa+) defined as in section 2.1.

Let @1, Py : X — X’ be the homeomorphisms defined by ®;([\]) := [y, '] if A(0) =
x' and ®o([N\]) = [wlf(y; Hw; A if A(0) = 2% and f(2?) € X%; otherwise ®o([\]) :=
@1 ([A]). We can see that at the cellular complex level Cy(®2)Cy(f)P = Cy(f")P'Cy(P1)
where P : Cy(X) — Cy(X) and P’ : Cy(X') — Cy(X’) are defined as above. Moreover

Cy(®1) and Cy(P2) are a @1 and @o-homomorphism respectively which satisfy the identity
Cq(P2)(x) = Cq(P1)() - b;
for all 2 € C,(X;). We have
Cq( N/)P/ = Oq(QSQ)Cq(f)PCq((I)l_l)

and hence by commutativity

L(f,w") = L(CG(F)P') = p1.L(Cy (7 1) Cy(92)Cy () P).
But Cy(®2)(x) = Cy(é1)(x) - b; for each = € Cy(X;); therefore

Co(@71)Cy(¢2)(2) = x - 7' (6:)

for all = € C,(X;). Hence

P1L(Co( @7 1) Co(@2)Cy(f)P) = 0.L(C,(/)P) = 0.L(f,w)

where 6, is the isomorphism defined in section 2.1.

If H: f ~ f"is a cellular homotopy then it can be shown that H induces an isomor-
phism H, : R(fa) — R(f}) such that L(f’,w") = H.L(f,w) for suitable base multipaths
w and w’. H, can be defined by considering the chain homotopy at the chain complex
level, in the same way as in [H]. We prefer to give a slightly different proof which follows
the lines of [F]. Let H : X x I — X x I be a cellular approximation of the fat homotopy
(cf. [J], [B]) such that H(—,0) = f and H(—,1) = f’. Let w,w’ be base multipaths
for f and f' respectively with the same base points z!,...,zP. It is easy to see that,
if 49,41 : X — X x I are defined by ig(z) := (x,0) and i;(x) := (x,1) for all x € X,
then ig. (L(f,w)) = L(H,io(w)) and i1, (L(f,w')) = L(H,i1(w')). Let v; : (1,0,1) —
(X x I,(2%,0), (z%,1)) be the vertical path from (z*,0) to (z,1). Then for the previous
arguments there exists an isomorphism 6, such that 6, (L(H,io(w))) = L(H,i1(w')). We
can therefore define

H, =i 0o : R(fa) — R(f})
which coincides with the one defined in [F] if X is connected.

Let us remark that such an isomorphism exists even if f is not cellular; in this case
L(f,w) is not yet defined, but at the R(fx)-level everything works. So if (f,w) is not
cellular we can define L£(f,w) := H. L(f",w’) where f' : X — X is any cellular approxi-
mation of f and H is the homotopy between f and f’ and w’ is a base multipath for f;
it turns out that L(f,w) does not depend on the choice of f’.
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PROPOSITION 3.2. Let X', ..., XP be the connected components of X, with base points
x' € X', Let us suppose that f(x') € X fori = 1,...,py and f(z*) € X7 with j # i
fori = po,...,p. Let w: J — X be a base multipath for f, and w; := w(i,—). Let
fi : X — X be the restriction of f to X* fori=1,...,p9. Then

R(f2) = DR and L(frw) =D L(fiwi)

where L(f;,w;) is the generalized Lefschetz number of f; : X' — X*.

PROOF. It is trivial to check that A(X) is well-decomposed into A(Xy), ..., A(X)).
Therefore

R(fa) = @R(fh(xi))

but for i = 1-po, R(f|acx,)) = R(fia(x,)) and for i = po,...,p, R(f|acx,)) = 0. Hence
the first identity.

Now let ey, ..., ex, be a free A(X1)-basis for C,(X') which is a finitely generated free
right A(X*')-module, because X! is connected; let us remark that A(X!) = Zm; (X1, 21).
Then Cy(f1)(e;) = Son_j enFy; for suitable FL. € A(X!'). Now we can take a A(X)-
module Q; such that C,(X') @ Q is a free A(X)-module with ey, ..., ey as a free A(X)-
basis, as done in proposition 3.1. This argument can be applied to each 7 = 1,...,pg.
Therefore, if i; : R(fjA(Xj)) — R(fa(x)) is the obvious inclusion, we have that

Tr(Cy(F)P) = ZijTT(Cq(fj))

and taking alternating sums,

Po
L(Co(HP) = L(C(f))
j=1
and so the conclusion follows. =
For each i = 1,...,po there exists a coordinate function cd; : Fix(fi) — R(fix(x+))

defined by cd;(y) := Afi( A~ )w; ! for all y € Fix(f;) with a path A : (1,0,1) — (X?, 2%, y)
(see e.g. [B], [J]). The main theorem of [H] states that
L(fi,w;) = Z Ind(fi7$)Cdi($)
z€Fix(fi)
where Ind(f;, z) is the index of the fixed point =, and Fix(f;) := {y € X; | fi(y) =y} is
the fixed point set for f;. We can always assume Fix(f) to be a finite subset of X. The
same formula holds for f : X — X if c¢d : Fix(f) — R(f) is defined by cd(y) := cdi(y)
for every y € X; NFix(f) then we have the identity
L(fw)= > Ind(fz)-cd(z).
z€Fix(f)

Let us recall that the number of nontrivial distinct free generators of R(f;,w;) which
have to be used in writing £( f;, w;) is the Nielsen number N(f;) of the map f; as defined in
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[B], [J]- The same is true for f : X — X in the sense that we can define the Nielsen number
of f, N(f), to be the number of nontrivial distinct free generators of R(f) which have to
be used in writing £(f,w). It is the sum N(f) = >_%°, N(f;) of the Nielsen numbers of
the restrictions f; : X; — X;. In the same way the inequality N(f) < #Fix(f) holds. The
Nielsen number naturally continues to be a lower bound of the number of fixed points of
the self-map f.

3.2. Pushout maps. Let A, X; and Xo be finite, not necessarily connected CW-
complexes. Let i1 : A — X7 and is : A — X5 be cellular continuous maps. Then
the pushout space X := X; Lgy X5 of X; and X5 via i; and is, or the pushout space of
i1 and 4o for short, is the set of all equivalence classes of the topological sum X; LI Xo
under the equivalence relation generated by z1 ~ x9 <= (Ja € A)z1 =i1(a), z2 = iz(a).
It can be shown that X is a finite CW-complex. Let ¢ : X; U X5 — X7 Uy X5 be the
identification function and define j; : X; — X and js : Xo — X as the compositions of ¢
with the inclusions of X7 and X3 in X7 U Xs. For more details see [P]. The main property
of a pushout space is the universal property: given two maps with the same codomain
hi1: X1 — Z, hy : Xo — Z such that hyi; = haig, there exists a unique [ : X — Z such
that l]l = hl and l]g = hQ.

Here is a list of very common pushout-type constructions.

EXAMPLE 3. Union spaces. If X = X; U X5 is the union of two subcomplexes X;
and Xo, then X = X7 Ly X5 where A = Xy NXs and 4y : A — X1, 40 : A — X5 are
the inclusions. For any cellular self-maps f; and fo of X; and X5 that coincide on the
common intersection A, there exists the extended map f : X — X which is the pushout
map of f; and fy via fa.

EXAMPLE 4. Quotient spaces. Let (X, A) be a pair of finite CTW-complexes. Then the
quotient space X /A is the pushout space of i; : A — X and is : A — {*} where i; is the
inclusion and 5 the constant map.

EXAMPLE 5. One-point unions. The one-point union of two spaces X; and X, is
simply the pushout space of i1 : {*} — X; and iy : {*} — Xo.

ExAMPLE 6. Connected sums. Let My and Ms be two compact triangulated n-mani-
folds. Let X1 := M; — D™ and X5 := M5 — D™ be the manifolds minus an open ball D",
and A := 9D". Then the connected sum M;#M, is the pushout space of i; : A — X,
and is : A — X if 4, and iy are the natural inclusions of D™ in M; and M.

EXAMPLE 7. Mapping cylinder. Let is : A — X5 be any cellular map. The pushout
space of ig : A — A x I and i9, where ig(a) := (a,0)(Va € A), is called the mapping
cylinder M (iz) of io and is useful in the proof of the pushout formula of this paper.

EXAMPLE 8. Mapping torus. Let Y be a finite CW-complex and f : Y — Y be a
self-map. Let A:=Y x 91, X1 :=Y x I and X5 :=Y. If 41 is the inclusion A — X7 and
12 is defined by i2(y,0) = y and i2(y, 1) = f(y) for all y € Y, then the pushout space is
the mapping torus T of f, as defined in [J], [J1].

Now let us consider cellular self-maps f4 : A — A, f1 : X1 — X7 and fy : Xo — X5
such that i1 f4 = f171 and is f4 = fois. There exists a unique cellular self-map f: X — X
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defined on the pushout space X such that the following diagram is commutative:

i
A 2 X,

fa f2

1 1 J2 J2
Ji
X, 2 o x
f1 !
X, I X

The map f is called the pushout map of fi and f via f4 and can be denoted by fi1lUy, fo
in analogy with topological spaces.

Let w4, wy, we and w be base multipaths for fa, f1, fo and f. We wish to show that
there exist well-defined homomorphisms i.1 : R(fa,wa) — R(f1,w1), i2s : R(fa,wa) —
R(f2,w2), J1x : R(f1,w1) — R(f,w) and jou : R(f2, wa2) — R(f,w) such that josio. =
J1x814. Let us consider one of the squares of the previous diagram, e.g.

AZ%Xl
fa f1

A—> X,
11

where Al ..., AP are the connected components of A and X7,..., X{ those of X;. Let
at € A,...aP € AP 2} € X},... 2y € X] be the base points. For each i = 1,...,p, let
us choose a path 7, : (1,0,1) — (X1,i1(a’),z%). The diagram

AA) —s A(Xy)

fAA .flA

A(A) —— A(Xy)
©2

commutes, if ¢1 and @9 are defined by extending linearly

e1(9) =77 in(9)vis  pa(g) == wifi(y; in(witgwa) fr(yi)wi!
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if g € m1 (A%, a’) with fa(a’) € A, otherwise ¢1(g) = ¢2(g) = 0if fa(a’) € A7 with j # .
Let 6; be defined by

0; := i Vi (wa) fi(yi)wi
for each i such that fa(a’) € A® and otherwise 6; := 1;. Because A(A) is well-decomposed

into @Y_, A(A") and for every i we have

91'4,02()\1') = <P1()\i)9i

for each \; € A(A?), according to proposition 2.1, there exists a well-defined group ho-
momorphism 6, : R(fa,wa) — R(f1,w1). We will denote it by i1.. It turns out that

i1([9]) = i i (9)in(wa) fi(vi)wy ']
if g € m (A% a') with fa(a®) € A% Tt is easy to see that it does not depend on the choice
of the paths ; in the sense that if other paths §; are chosen then the corresponding
induced homomorphism is the same. We could do the same thing for i, j; and js, and
it can be easily shown that josiox = J1414-
In other words the following diagram is commutative:

i2*
R(fa,wa) —= R(f2,w2)
114 J2x

R(flawl) % R(f7w)
J1x

4. The pushout formula. We are now in a position to state the main theorem of
this paper. If all the spaces involved are connected then the statement is the same as that
of [F].

THEOREM 4.1 (Pushout formula). Let i1 : A — X1, 45 : A — X5, fa: A — A,
fi: X1 — Xy and fo: Xo — Xy be cellular maps such that fii1 = i1fa and foio =isfa.
Let f := fi1 Uy, f2 be the pushout map of fi and fo via fa. If i1 is an inclusion, then

L(f,w) = jrL(fr,w1) + joe L(f2, w2) — JrainL(fa, wa).

PROOF. Let M(iz) be the mapping cylinder of iy as defined in example 3.2. Let
tig : A — M(iz) be defined by iiz(a) := 1z(a,1) where 1o : A x I — M (i3) is the map
of the pushout construction, and let p : M (i) — X5 be defined by pis(a,t) = iz(a) for
every (a,t) € A x I and piy = 1x,. Well-known facts are that iiy is a cellular inclusion
(hence a cofibration) and that p is a homotopy equivalence whose inverse is 1y. For more
details see e.g. [P].

Let faxr: AxI— AxI bedefined by faxs(a,t) = (fa(a),t) for all (a,t) € A x I.
Then faxrio = tofa and foia = iafa, hence the pushout map faxr Uys, fo : M(i2) —
M (iy) is defined. Denote it by fi. It is a cellular self-map of M (iz) and fhiie = diafa.
Therefore the pushout map fi L, f5 can be defined on the pushout space X La M (i2)
of i1 : A — X7 and @iy : A — M (iz). Let p: X7 Ua M(i2) — X7 U AX> be the cellular
map such that piis = 51 and p1y = jap.
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As we did in the previous section, induced homomorphisms are defined such that the
following diagram commutes:

R(fan) L R(fan) $ R(fan)

il* T1* j2*

R(fin) g R(f1 U, fo,) g R(fa)

Let us note that base multipaths are omitted for the sake of simplicity.

LEMMA 4.2. We have the identities
p(L(f2)) = L(f2),  P«(L(f1 Uy, f3)) = L(f).

PRrROOF. If all the spaces involved are connected this is exactly the statement of lemma
4.2 and lemma 4.3 of [F]. Otherwise X3 or X may be disconnected. But in this case, as p
and p are homotopy equivalences (see e.g. [P]), they induce bijections at the 0-homotopy
set level mo(M(iz)) = mo(X2) and mo(X; Ua M (iz)) = mo(X). Moreover, according to
proposition 3.2,

R(faa) = @R A(M(i2)), L5 =D L(f),
=1 i=1

R(f2n) = DRUEAXD)),  L(f2) = D L(f),

i=1
where X3, ..., X5° are the connected components of X5 such that fo(X4) C X§ and the
same holds for M (i2). It can be seen that pg = p}, and that, as proved in [F],

PL(f2') = L(f3)
because f4 and fg are self-maps of connected spaces. Therefore, because of the additivity
Of p*v

P(L(f2)) = L(f2)

and hence the first part of the lemma. The second one can be proved in the same way. m

Because }3*2'_1'2* = J15 and p.iioy = io4, We have

]1*£(f1) + ]2*£(f2) - ]l*zl*ﬁ(fA) = p*{iQ*L(fl) + ﬁ*Tl*E(fg/) - ﬁ*&Q*le‘c(fA)
and hence the pushout formula holds if and only if
L(fiUpy f3) = tinnL(f1) + T L(f3) — tinuinaL(fa)-
Let us remark that both i; and i are supposed to be inclusions. This means that it
suffices to prove the theorem in case both i; and iy are cellular inclusions.

Hence let us suppose that A is a subcomplex of X; and X5 and that X = X3 U Xo,
A:XlﬂXg. ClearlyilZAHXl,ZIQZAHX%leXl HXadeQZXQ —
X are all inclusions. The maps fa, f1 and fo are simply the restrictions of f to the
subcomplexes A, X; and Xs. Let wy = wk,w%, coswi,wi oL wh wd L and wlw? L
be the base multipaths. Let A', A2, ..., AP4 be the connected components of A with base



GENERALIZED LEFSCHETZ NUMBERS 131

points al,a?, ... aP4;let X{, X?,..., X" be those of X; with base points z1, 2%, ..., *;
X3, X2, ..., X5? those of X5 with base points z3, 23, ..., 25? and X!, X2 ... XP those of
X with base points 2!, 22, ..., 2P. Let A, X1, X5 and X be the universal covering spaces
of A, X1, Xo and X, and C,(A), Cy(X;), Cy(X2) and C,(X) their g-dimensional cellular

chain groups. Fix an integer ¢ > 0. Let P4 : Cy(A) — C,(A), Py : Cy(X1) — Cy(X1),
Py Cy(X2) = Cy(X2) and P : Cy(X) — Cy(X) be the projection homomorphisms as
defined in section 3.1. Now let us consider the canonical liftings of (fa,wa), (f1,w1),

(f2,w2) and (f,w) and the corresponding chain homomorphisms

Cy(fa)s Co(f1), Calf2), Co(f)

at the g-dimensional chain group level. Then the theorem follows easily from the following
lemma.

LEMMA 4.3. For any q > 0 we have the identity

F1e(Tr 5, (Cq(f)PL)) + Gon(T7 1, (Co(f2) Pa))
_jl*il*(TTfAA(Cq(fA)PA)) = TTfA(Cq(J;)P)-

PROOF. Let us start by considering the square diagram

— Cy(fa)Pa .
Co(A) < G4(4)

Cq(zll)PA Cq(%l)PA

_ o Cfh .
Co(X1) s« Cy(X1)

where Cy(fa), C4(f1) and P4 are defined as above, and 4; and 7} are defined as follows:
for each j = 1,...,pa let v; be a continuous path v; : (1,0,1) — (Xl,aj,xj/) where
a’ is the base point of A7 and x{/ is the base point of the component X f, of X1 which
contains A7; let us remark that points of A are homotopy classes rel. endpoints of paths
A (1,0) — (A, {a*,a?,...,aP4}) and points of X, are homotopy classes of paths \ :

(I,0) — (X1, {z}, 22, ... 20" }); we set
i ((A]) = [y A
for each X : (1,0) — (A7, a’) and
2 A A i falad) € A7,
a () = { hj_l)\]j ! otherwise,

for each X : (1,0) — (A7, a%).

It is not difficult to see that the diagram is commutative. Moreover, if we recall the
definition of i1, of section 3.2 by taking ¢i1,¢] : A(A) — A(X;) as the unique ring
homomorphisms such that

(9) := ’7]._1ng (Vg € m (A, ad) s.t. f(al) € A),
o 0 otherwise,
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. _ .1 . 1 S
wifi(yy (wh) gwhfitywi (Vg € m(A o),
v1(9) = s.t. f(a?) € A%),
0 otherwise,

we get the commutative diagram

Ay 22 )

©1 Y1
flA

of ring homomorphisms. The main point is that Cq(zl)PA is a 1-homomorphism and
C, (1) P4 is a ¢}-homomorphism. Moreover, as shown in section 3.2, i1, : R(fa,wa) —
R(f1,w) is defined by
i1 ([A]) := [0;01 (V)] (VA € A(A7) st.f(a? € A7)

and is zero otherwise, where 6; is a suitable element of A(X1) such that 8;¢7 (\) = ¢1(\)0;
for each A € A(A%).

The same arguments apply to is, j1 and js; therefore we get the following commutative
diagram of ring homomorphisms:

A(A) A(X2)

1 1 o ¥y
Y1
AX)) —> A(X)
fia fa
A(Xy) h A(X)

which induces, at the Reidemeister group level, the diagram of section 3.2.

Now, let Q4 be a A(A)-module such that Cy(A) © Q4 is a free finitely generated
A(A)-module. As shown in the proof of proposition 3.1 and in [H], [FH] we can suppose
that a free basis of Cq(fl) @ @ 4 can be given by taking liftings of the ¢-dimensional cells
of A {e1,e,...,ex} to A (and hence they can be thought of as elements of C,(A)). If
we consider the far-endomorphism Cy(fa)P + 0g, of Cy(A) @ Qa we get exactly the
fana-endomorphism whose trace is the trace of Cy( f '4)Pa. The same argument applies to

X1, Xo and X, and therefore we have the f;-endomorphism Cq(fl)Pl + 0g, of the free
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finitely generated A(X;)-module Cy(X;) @ Q1, the fop-endomorphism Cy(f2)Ps + 0g,
of the free finitely generated A(Xs)-module C,(Xs) ® Q2 and the fr-endomorphism
C,(f)P + 0g of the free finitely generated A(X)-module Cy(X) @ Q. Their traces are
by definition exactly the traces of the corresponding endomorphisms at the chain group
level. Let us call them Fy, Fi, F> and F.

Finally we define the homomorphisms corresponding to i1, iz, j1 and js. As an exam-
ple, let @1 := C,(i1)Pa+0g, : Cy(A)@Qa — Cy(A) @ Q4 be defined in the obvious way.
The others are defined in the same way. We arrange them as in the following diagram.

- P! -
Cy(A) @ Qa ’ Cy(X2) @ Qo
FA F2

~ (O -
Cy(A) & Qa —> Cy(Xs) & Qs
Y ®, Uy U
~ \2] .
Co(X1) @ 0o, ——= Co(X) @ Q
Fy F
~ ' A
Cy(X1) & Qy C,(X)@Q

Let us note that
(VA € A(A7)) BL(A) = B1(\) - 0.
Similarly (Vj =1,...,pa) there exist elements n; € A(Xs) such that
(VA € A(A7)) ®5(N) = @2(N) - 1)
and (Vj=1,...,p1,Vi=1,...,p2) there exist ;,e; € A(X) such that
(VA € AXY)) 21(N) = @1 (V) - ¢
and
(VA € A(X3)) @3(N) = @2(N) - &
for each j =1,...,py and i = 1,...,ps. Moreover as before i1, = 0., Q2. = N, j1+ = €«
and jo. = (.. Let us recall that these homomorphisms do not depend on the choice of
the paths that occur in the definition of 6, n;, ¢; and ¢;.
As shown in [H], [F] we can take a free A(X;)-basis by, ba, ..., brys of Cy(X1) @ Q1
such that b; = ®(e;) for each j =1,...,k such that e; and fa(e;) belong to the same
connected component of A. In the same way let c1,co,...,ckyt be a free A(Xsy)-basis

of Cy(X2) @ Qo such that ¢; = ®y(e;) for each j = 1,...,k such that e; and fa(e;)
belong to the same connected component of A. Therefore we can take a free A(X)-basis

di,da, ..., diystt of Co(X) @ Q such that d; = Uy(b;) for all j =1,...,k+ s such that
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fi(b;) and b; are in the same connected component of Xy, and d; = ¥a(c,j_;) for all j =
k+s+1,...,k+s+t such that fa(c;) and ¢; are in the same connected component of Xo.

Let Eyy, Byu, Cyu and D, be the entries of the matrices representing Fyu, Fy, I3
and F respectively. In other words {E,,} € My ,(A(A4)) and

k
FA(eu> = Z ey Eyu
v=1

forall u=1,...,k; {Byy} € Miysrts(A(X1)) and
k+s

Fl (bu) = Z bq)Bvu
v=1

forallu=1,...,k+s; {Cou} € Mpse p+:(A(X2)) and
k+t

F2(Cu) = Z Cvcvu
v=1

forallu=1,...,k+¢; finally {Dyn} € Mitsttkts+e(A(X)) and
s+t
F(dy)= Y dyDyu
v=1

forallu=1,...,k+s+t.

We know that
kts+t

Trs (Cy(f)P) = Try(F) = Y [Dudl

u=1
and that similar formulae hold for C,(fa)Pa, Cy(f1)P1 and C,(fo)P,. But for u =
1,....k+s
F(dy) = F(P1(bu)) = U1 Fy (bu)

and hence
k+s

F(dy) = ¥ (byByu)
u=1

foreachu = 1,..., k+s. Because U] is a 1)|-homomorphism, ¥} (b, B,.,) = ¥} (b, )] (Byw)
for all u,v =1,...,k 4 5. But for a suitable j depending on v, ¥ (b,) = W1 (b,)(j(,) and
hence W} (by,) = dy(j(v). This implies that

k+s

F(du) = Z dy (C](v)wll(BUU))

u=1

forallu=1,...,k+ s and hence that
DZ = Cj(u)wi(Buu)

foru=1,...,k+ s. In a similar way we can show that
Duu = ej’(ufs)wé(cu—s,u—s)
foralu=k+s+1,...,k+ s+t and suitable indices 7' depending on u; moreover for

other i’s depending on u
Buu = ez(u)qb/l(Euu); Cuu = 771(u)¢/2 (Euu)
forallu=1,...,k.
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Now by definition of i1, %24, j1+ and jou
k+s
F1e(Tr g, (Co(F)PL) =[G ¥ (Buw)]
u=1
~ k+t
jQ*(TTfZA(CQ(f2)P2)) = Z[Ej’(u)wé(cuu)]
u=1
k
Greine(Tr a0 (Co(FA)PA)) = > lejruy b (i) D5 (Buu)]
u=1

and hence
J1e(T7 10 (Co(F1)P1)) + Jou(Trs,5 (Cof2) Pa))

k
=Trys, (Cq(f)P) + Z[fj’(u)wé(cuu)]

=T, (Co(£)P) + jreine(Tr1,, (Cy(fa)Pa))
concluding the proof. m

With this lemma the proof of the theorem is complete. Let us note that the hypothesis
that at least i; is an inclusion cannot be omitted. Let A = S! be a circle and let X; =
Xo = {*} be a single point. Then i; : A — X; and is : A — X5 are constant maps, and
the pushout space X = X; Ly X5 is a single point {*} too. Therefore if fq : St — S!
is a map of degree d and f; and f, are constant maps, then the pushout map f is the
obvious constant map, and L£(f) = [1] # L(f1) + L(f2) — L(fa) because the right hand
side of this equation is equal to [1] + [1] — (L —d)[1] = (d + 1)[1] # [1]. =
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