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Abstract. We prove an existence and multiplicity result for solutions of a nonlinear Urysohn
type equation (2.14) by use of the Nielsen and degree theory in an annulus in the function space.

1. Main scheme. Consider a family of nonlinear equations
x = Gx(z) (1.1)

depending continuously on the parameter A € [0, 1], where G : X — X are continuous
selfmaps of a Banach space X. The homotopy G, is thought of as a deformation of
G1(z) = x to a simpler equation Go(x) = x. We look for some open path-connected
subset or ANR D C X, which is invariant with respect to the maps G, i.e.

G\(D)c D, Aelo,1], (1.2)
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and then we restrict our considerations to D under the following assumptions:

(A) The map G : X x[0,1] — X x[0, 1], defined by G(z, \) = (Ga(z), A), is completely
continuous.

(B) The set Fix(G, D x [0,1]) of fixed points of G which belong to D x [0,1] is a
compact subset of X x [0,1].

(C) The equation & = Go(x) has precisely n solutions {z9,...,2%} in D and there
exist open nieghborhoods UJQ (j=1,...,n)of 3:]0- such that

Uy nuj =4, i,

. (1.3)
deg(I—Go,UJQ,O);EO, ji=1,...,n,

where [ : X — X is the identity map.

The following result can be obtained using the Nielsen fixed point theory.

THEOREM 1.1. Assume that the conditions (A)—(C) are satisfied. If the fized points

29,...,2% of Gy are in different Nielsen classes, then for each A\ € [0,1] the equation

Y n

x = Gx(x) has at least n solutions, which belong to different Nielsen classes of Gy.

Recall that two fixed points #¥ and x? belong to the same Nielsen class if there exists
a continuous path w joining 29 and x? such that w and its image Go(w) are homotopic
in D rel end points. The Nielsen class {z} is called essential if there exists an open
neighbourhood U such that

Fix(Go,D)NU ={z}, deg(I — Gy, U,0)#0. (1.4)

The number N(Gy, D) of essential classes is called the Nielsen number. It is a homotopy
invariant, i.e. if G7 is homotopic to Gy by a homotopy G : D — D which satisfies
assumptions (A)—(B), then N(Go, D) = N(G1, D). Such a homotopy Gy : D — D is
called admissible. In our situation, the fixed points 29, ..., 2% by (C) belong to different

essential Nielsen classes and
N(Gx,D)=n (1.5)

for each X\ € [0, 1]. For more details about Nielsen classes see [K], [J], [Br3].

REMARK 1.1. If D is simply-connected, then all fixed points in D belong to the same
Nielsen class. Theorem 1.1 gives a multiplicity result only for a non-simply-connected
domain D.

There are very few papers employing the Nielsen theory to nonlinear problems ([Br2],
[Br3], [F, [BKMI]) .

2. Systems of equations. In this note we study a class of nonlinear systems of
integral equations of Urysohn type. Using the Nielsen number we show that the discussed
system has at least two non-zero solutions. The form of the integral kernel yields an a
priori estimate which guarantees that the linear deformation of the original map preserves
the annulus.
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We will work in the Banach space X = C[0, 1] x C[0, 1] of pairs of continuous functions
with the norm

= (u,v), |[zfl=u+7, (2.1)
where T = max |u(t)| and 7 = max |v(¢)].
In C0, 1] we consider two closed cones of positive and of negative continuous functions,
respectively:

CT[0,1] = {u(t) : u(t) =0}, C7[0,1] = {u(t) : u(t) <0}. (2.2)
We will also use the set
C*[0,1] = C*[0,1] U C~[0,1]. (2.3)

DEFINITION 2.1. By the annulus in the Banach space X = C[0,1] x C[0, 1] we shall
understand the set

A, = C*[0,1] x C*[0,1] — {(0,0)}. (2.4)
LEMMA 2.1. The set A, is a path-connected ANR and the fundamental group of A. is
isomorphic to the group of integer numbers, i.e.
m(4.) = Z. (2.5)
PRrOOF. Consider the two-dimensional subspace of pairs of constant functions in X
E2 = {(01702) 1C € R} (26)
We denote by E3 this plane with the point (0, 0) deleted. Notice that E2 C A.. Moreover,
we have the deformation retraction p : A, x [0,1] — A, defined by the formula
plu,v,A) = (Au+ (1 — N)signu - @, v + (1 — A)signo - 7), (2.7)
such that
p(Ac, 1) = A.,  p(A.,0) = E2. (2.8)
Therefore, we have
Wl(Ac):Fl(Eg):Fl(Sl):Z. ] (29)
Next, consider a function g : R? — R? defined by
gler,e2) = ((5105,620‘{‘), (2.10)

where a and (3 are positive rational numbers, m and n are relatively prime, ¢m = (signc-
|¢|7)™ by definition, and &;, 6, are nonzero. Note that g(R2) C RZ, where R2 is R? with
the point (0,0) deleted.

LEMMA 2.2. For given positive rational numbers o = :1—11, = % such that a8 # 1,

and for 81,02 € {—1,+1} define the continuous map g : R3 — R3 by (2.10). Then the
fixed point set of g is compact, and the degree of g is given by the formula

deg(g) = —6102 (1 — (2_1)m) (1 — (2_1)n2 ) (2.11)

and consequently the Nielsen number

N(g,R2) = 1 — deg(g)] € {0, 1,2}. (2.12)
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PROOF. The first part follows from the fact that the degree is multiplicative. Since for
a = 2 we have deg(z®) = 0 or 1 depending on whether n is even or odd, the second part
of the statement is a property of the Nielsen number of a selfmap of S*, or equivalently
of RZ. m

REMARK 2.1. If §; = d and both ny,ns are odd numbers, then N(g, R3) = 2.

Remark 2.1 has a simple geometrical sense. The fixed points of g are given as solutions
of the system

(c1,c0) = (6165, 52¢5). (2.13)

Fig. 1

If 61 = 2 and nq,n9 are odd, then (2.13) has two solutions:
(-1,-1) and (+1,+1) ifd;=d2=1,
(-1,41) and (+1,-1) if 6y =0d2 = —1,
which are different essential Nielsen classes (see Fig. 1).

We are in a position to formulate our main theorem.
Consider the following system of two nonlinear real integral equations:

1
ut) = [ Kt s.u(s).o(s)e” s)ds,
0
X (2.14)
v(t) = / Ks(t, s,u(s),v(s))u(s)ds,
0
where a and 3 are positive rational numbers, u# = (signu-|u|# )™ by definition. System

(2.14) is equivalent to the operator equation 2z = G(x), where the operator G : X — X
is defined by the formula

1 1
G(u,v) = ( / Kq(.. .)vﬁ(s)ds,/ Ko(...)u%(s)ds ), (2.15)
0 0
and hence is a completely continuous.

THEOREM 2.1. Suppose (2.14) satisfies the following assumptions:

1) Ki(t,s,u,v) € C1([0,1]* x R?) fori=1,2;
2) K < |K;(t,s,u,v)| < K for all (t,s,u,v) € [0,1]> x R?, where 0 < K < 1 < K;
3)a=$—11,ﬁ:s1—22 € Q4 and af # 1.
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Then the operator G : A, — A, (see (2.15)) is well defined, the set Fix(G, A.) is compact,
the Nielsen number N(G, A.) is well defined and

N(G, A,) = N(g,RY), (2.16)
where g : R2 — RZ is the map defined in (2.10) with §; = signK;. Consequently, the

system (2.1) has at least 2 non-zero solutions if 61 = d2 and n1,n2 are odd.

PROOF. Deform the system (2.14) to a simpler system

u(t)z/o 6107 (s)ds,
(2.17)

1
v(t)z/o dau(s)ds,

which is equivalent to the operator equation z = Go(z), where Gy : X — X is defined by

Golu,v) = (/01 51Uﬁ(s)ds,/ol Sou® (s)ds ). (2.18)

Consider a linear homotopy z = GA(z), A € [0,1], connecting G = G7 with Gy, which
is defined by

Gr=A\G1 + (1-N\)Go. (2.19)

Explicitly, we have the equations

1
u(t) = / (MK (t,5,u(s),v(s)) + (1 — X\)d1)v? (s)ds,
0 (2.20)

u(t) = /0 (MK (t, s,u(s),v(s)) + (1 — A)da)u”(s)ds,

thus the operator G : X — X is of the form
1 1
Ga(u,v) = (/ Ki(t,s,u(s),v(s), /\)vﬁ(s)ds,/ Ks(t, s,u(s),v(s), \)u“(s)ds ), (2.21)
0 0

where the kernels K1, K are given by the right side of (2.20).

Let us verify conditions (A)—(C) for the family (2.21).

The map G : X x [0,1] — X x [0, 1], defined by?(xN,)\) = (Ga(z),A), is completely
continuous. This follows from the smoothness of Ki, Ko (see the first assumption of
Theorem 2.1), from G : (C[0,1])? — (C*[0,1])? and from the existence of a completely
continuous embedding i : (C[0,1])? — (C[0,1])%.

The set A, is an ANR in X and

Ga(Ae) C Ac (2.22)

for each A € [0, 1]. This follows from assumption 2 of Theorem 2.1.

For the proof that the set Fix(G, A, x [0,1]) is a compact subset of X x [0, 1] we need
the following lemma.
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LEMMA 2.3. Suppose that there exist two constants 0 < r < R such that for every pair
(x,A) € Ac x [0,1] which satisfies x = Gx(x) we have

r <ol <R (2.23)
Then the set Fix(G, A. x [0,1]) is a compact subset in X x [0,1].

Obviously, the set Fix(G, X x [0, 1]) of all fixed points is closed The set (A,U{0})x [0, 1]
is closed by its definition (see (2.4)). From the lower a priori estimate 0 < r < ||z it
follows that the set Fix(@, A, x [0,1]) is closed, too. Its boundedness follows from the
upper a priori estimate (see (2.23)). The completely continuous map G sends bounded
sets to relatively compact sets. Consequently, Fix(@, A. x [0,1]) is compact.

Proof of the lower and upper a priori estimate. Let © = (u,v) € A. be a solution
of the system (2.20) for A € [0,1]. Observe that the kernels K7 and K; are bounded
independently of A € [0, 1]:

IKi( )] = MK () 4+ (1= N6 = MK )+ (1= ), (2.24)
K <|Ki(..)| <E. (2.25)
We shall use the following notations:
—_ 1, o -l
u = max |u(t)| u = min |u(t)] (2.26)
v =max|v(t)], v =minlv(t)],
for ¢t € [0, 1], and
1 1
A= / lu(s)|*ds, B = / lu(s)|Pds. (2.27)
0 0

From (2.27) and (2.26) we get
u* <ALT®, P < BT (2.28)
From (2.20), (2.24) and (2.27) we get
KB<u<u<KB,
From (2.27) and (2.29) we get
(KB)* < A< (KB)*, (KA)” <B< (KA, (2.30)

K Oz(ﬁ-‘,—l) A af g A < K O‘(ﬁ“"l) A af

KA<v <5< KA. (2.29)

Sas) (2.31)
KBWFUB“BngK B o8,
CaseI) 0< af <1. Then
a(B+1) __ aB+1 B(a+1) __ B(atl)
K557 SAKK 77, K7 <BKK 77, (2.32)
541 _ B+1 ol a1
Ko&w<u<K ™7, KTo <K (2.33)

Case IT) 1< af. Then

K 7% CA<KK o7, K ' <B<KK 17, (2.34)
__ Bty —  Blaty — oot T e 2L
KR 77 <a<KET™, KK 7 <7<KKTw. (235
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The last two inequalities give lower and upper a priori estimates for ||z||, where ||z||=
u 4 U. Therefore, the compactness of Fix(G, A. x [0, 1]) follows from Lemma 2.3.

We verified conditions (A)—(C) for the homotopy 2 = G (z) and so we have proved
that this homotopy is admissible. Finally, we have to calculate the Nielsen number for
the correspondence Gy.

Note that the image of Gg : X — X is the two-dimensional space of constant functions
E® ={(c1,¢2) 1 ¢; € R} (2.36)
and thus all its fixed points belong to this plane. Moreover, Go(A.) C E2, where EZ is

the punctured plane. The map g defined by (2.10) is the restriction of Gy to the plane
E?. Finally, we have

N(Gx, A.) = N(Go, A.) = N(g,R3) (2.37)

and by Lemma 2.2 we know when this Nielsen number is non-zero. m

3. Multidimensional system of integral equations. Consider a system of 2n
nonlinear integral equations of Urysohn type:

1
uy (t) = /0 K1 (t, s, 2(s))vl (s)ds,
vl(t)z/o Kia(t, s, z(s))ui (s)ds,

. (3.1)
1
un(t) = / Kni(t, s, z(s))vP" (s)ds,
0
1
vn(t) = / Kpa(t, s,z(s))usm(s)ds,
0
where © = (u1,v1, ..., Un,v,) € R?™.
We assume that the following conditions are satisfied for alli=1,...,nand j =1,2:
1) Kij(t,s,x) € C*([0,1]* x R*"™);
2) K" < |Kyj(t, s,2)| < Kij; for all (t,s,2) € [0,1]* x R*, (32)
3.2

where 0 < K <1< fij;
3) a; = ni1/ma1, Bi = nia/mie € Q4 and o3 # 1.
We shall use the following notation:
X =(C[0,1))?", A"=A.x...x A, (R)"=RZx...xR2. (3.3)

The system (3.1) is equivalent to the operator equation = G(z), where the operator
G : X — X is defined similarly as in (2.15). The map G is completely continuous and
G(AZ) C A, Note that the system (3.1) has a trivial solution zo = (0,...,0).

THEOREM 3.1. Suppose that system (3.1) satisfies conditions 1-8 of (8.2). Then the
set Fix(G, AT) is compact. The Nielsen number N(G, A7) is well defined and

N(G, A7) = N(g, (R5)"), (3-4)
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where
g:REx ... xRE R x...xR3 (3.5)
is the map given by
g(ur,v1, ..., Uy, Up) = (5110f1,512u‘f1, e Op1 0P Spoulm) (3.6)
with 6;; = sign K;; independent of (t,s,x).

As in Theorem 2.1, the proof is based on the linear homotopy

x=Gx(z), Grx=MNGo+(1-XNG1, Xe]0,1], (3.7)
to a simpler system
1
ur(t) = [ d11v)" (s)ds,
0
1
vi(t) = d12uit (s)ds,
0

which is equivalent to the operator equation z = Gy(x). Note that the corresponding
operator Gy : X — X has a finite-dimensional image in the subspace of constant functions
and its restriction is the map g (see (3.5) and (3.6)). The technique of the proof of Theorem
3.1 is analogous to the proof of Theorem 2.1.

Now we give an application of Theorem 3.1.

ExXAMPLE 3.1. Consider a system of three pairs of nonlinear integral equations
1
ui(t) = / (1 + sin?[tv} (s) + u3(s)])v] (s)ds,
0
1
v1(t) = / (3 + cos[tua(s)])us (s)ds,
0
1
ua(t) = / (1 +t% + s*)v3 (s)ds,
0 (3.9)

1
va(t) = /0 (3 + tsin[uz(s)])uj(s)ds,

uz(t) = /0 In(0.1 + ts/2)v3(s)ds,

1
v3(t) = /0 arctan(2 + u?(s) + t* + v3(s))uz(s)ds,

where x = (u1,v1, u2, v2, uz, v3) € R® and

X =(C[0,1])°%, A>=A.xA.x A.,, (R3)?=RZ x R3 x R, (3.10)
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We reduce the system (3.9) to a finite-dimensional equation x = g(x), where

9RO SRS, g((R3)D) C (RE), (3.11)
and g is defined by the formula
g(ulu U1, U2, V2, U3, U3) = (’U’lYu ’U/?, Ug? Ug, _'Ug, ’Ué) (312)

The equation z = g(x) has 4 solutions in (R3)3:
21 = (41,41, 41,41, -1, +1),
2y = (—1,—1,41,+1, -1, +1
w3 =(=1,—1,—1,—1,—1,+1
xy = (+1,+1,-1,-1,-1,+1),

which belong to different Nielsen classes.

)

)
)
) (3.13)
)

Finally, we have a multiplicity result:
N(G, AY) = N(g, (R)*) = 4 (3.14)
yields that the system (3.9) has at least 4 non-zero solutions.

There is a direct approach to equations (2.1) and (3.1), based on the following theorem.

THEOREM 3.2. Let the conditions (A)—(C) be satisfied. Assume that there exist sub-
domains Dj (j =1,...,n) in D such that

DiﬂDjZQ, Z?’é]a I?EDW
GA(D;) C D;, Fix(Gx, D) NaD; =0,

forallj=1,...,n and X € [0,1]. Then, the equation x = Gx(x) has at least one solution
in each subdomain D; (j =1,...,n) for each X € [0,1].

(3.15)

The proof of Theorem 1.1 is based on the following property of degree:
deg(I — Gy, D;,0) = deg(I — Gy, U}, 0) # 0. (3.16)

REMARK 3.1. In the case of the system (2.1) the interior of the annulus A. may be
written as a union of 4 open isolated cones, two of them invariant with respect to the
operator G. In the case of the system (3.1) the interior of the annulus A” may be written
as a union of 4™ open isolated cones, some of them invariant with respect to the operator
G. The technique of a priori estimates and degree property (3.16) may be applied in every
invariant cone independently.
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