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Abstract. We study affine invariants of plane curves from the view point of the singularity
theory of smooth functions. We describe how affine vertices and affine inflexions are created and
destroyed.

1. Introduction. In [8] we have studied affine invariants for generic convex plane
curves as an application of the singularity theory for affine invariant functions. We have
introduced the notion of affine distance cubed-functions and affine height functions on
convex plane curves and characterized affine vertices and affine inflexions by using these
functions. Affine vertices and affine inflexions have been classically known as sextactic
points and parabolic points, respectively. It has been known that the sextactic point
and the parabolic point are equi-affine invariants. We now have the following natural
question: How are affine vertices and affine inflexions created and destroyed? In this
note, we attempt to give an answer to the question. The basic tools we use here are
families of affine distance-cubed functions and affine height functions.

This paper is divided into four sections. The main result is Theorem 2 which is
formulated in Section 2. The proof of Theorem 2 is given in Section 3. We shall give some
examples with pictures which illustrate the results of Theorem 2 in Section 4. The basic
techniques we use in this paper is based on the paper of J. W. Bruce [3].

All curves and maps considered here are of class C* unless otherwise stated.

2. Basic notions. For the basic notions and classical results in affine differential
geometry, see [2, 8, 9].

Let R be an affine plane which adopts coordinates such that the area of the paral-
lelogram spanned by two vectors a = (a1, a2), b = (b1, b2) is given by the determinant of
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a and b, that is | @ b | = a1bs — azb;. Let S* be the unit circle in R”, and 7 : S — R”

be a smooth plane curve with | 4(¢) #(t) | > 0, where 4(t) = fl—'ty(t). If we reparametrize

a given curve v by using s(t) = fti | 4(t) 4(¢) |%dt7 then the curve satisfies the con-
dition | 7/(s) ~”(s) | = 1, where +/(s) = Z—Z(s). We call such a parameter s an affine
(arc-length) parameter. We call v/(s) an affine tangent vector and +"(s) an affine normal
vector. The affine curvature is defined by x(s) = | v"(s) ~"'(s) |-

We define the notion of affine vertices as follows. We say that the point y(sg) of
curve v is an affine vertex of order k — 1 if &/(s0) = K" (s9) = ... = k" (s9) = 0 and
k®)(s0) # 0. We also say that the order of the affine vertez is k — 1. In particular, the
affine vertex of order 1 is called the ordinary affine vertex. If (sg) is not an affine vertex,
we call the point v(sg) the affine vertex of order 0, or the order of the affine vertex is 0.

We define the notion of affine inflexions as follows. We say that the point ~y(sg) of
curve v is an affine inflexion of order k if x(sg) = #'(s0) = ... = k¥ V(s5) = 0 and
k*) (s0) # 0. We also say that the order of the affine inflexion is k. In particular, the
affine inflexion of order 1 is called the ordinary affine inflexion. If v(sp) is not affine
inflexion, we call the point y(so) the affine inflexion of order 0, or the order of the affine
inflexion is 0.

We assume that 7 has the following properties, which are satisfied generically (cf. [5]).

(A-1) There is no conic having greater than six-point contact with v(S?).
(A-2) The number of points p of v(S*) where the unique non-singular conic touching
v(S1) at p with at least five-point contact is a parabola is finite.
A-3) There is no parabola having six-point contact with v(S?').
g Y

In [8], we have shown the following theorem.

THEOREM 1 ([8]). Lety: S* — R¥ be a smooth plane curve with | 4/(s) ~"(s) | >0
satisfying (A-1)—(A-3). Then:
(1) Let p be a point of the affine evolute of v at sg, then locally at p, the affine
evolute is
(a) diffeomorphic to the line in R” if the point v(so) is not the affine vertex of y;
(b) diffeomorphic to the ordinary cusp in R if the point v(so) is the ordinary
affine vertex of ~y.
(2) Let p be a point of the affine normal curve of v at so. Then, locally at p, the affine
normal curve is
(a) diffeomorphic to the line in R if the point v(so) is not the affine inflex-
ion of v;
(b) diffeomorphic to the ordinary cusp in R if the point v(so) is the ordinary
affine inflexion of ~.
The ordinary cusp is a curve which is given by C = {(x1,72) € R* | 22 = 23},

Theorem 1 means that the affine vertex of a convex curve is characterized by the
singularity of the affine evolute of convex curve and the affine inflexion of a convex curve
is characterized by the singularity of the affine normal curve of convex curve.
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Here, we introduce some notation to describe the main theorem.
Let U be an open interval (—1,2). We consider the set
Imm™* (S, R¥) { St R” | 4 is an immersio dl() d%() >0}
mm =4qi:5 — i is an immersion, | —(s) ——(s .
’ " | ds ds?
We also consider the set
C={T:58'"'xU —R”|T, € Imm™ (S, R") for any u € U}.
In particular, Ty and T'; satisfy the above conditions (A-1), (A-2) and (A-3), and T',(s)
satisfy ‘ aLu (s) d°Ty (s) ‘ =1forallueU.

ds?
For any I" € C, we define ANT and AEr as follows:
2

ANT = {(u,%(s,u» €U xR”| 8651}7

B 19T - .
AEF—{(U,F(S,U)—I—W@(S,U))GUXR | k(s,u) #0,s €S }

Let F; : R x R>,0 — R,0 be smooth function germs and (X;,0) be set germs in
(R x R™,0), where ¢ = 1,2. We say that (F1, X1) and (F», X3) are R-equivalent if there
exists a diffecomorphism germ ® : R x R>,0 — R x R™,0 such that ®(X;) = X5 and
F1|X1 = FQ O(I)|X1.

Let 7y : U x R¥ — U be the canonical projection. The following result is the main
result in this paper.

THEOREM 2. There exists a dense subset O C C such that for any I' € O, we have
(1) Suppose that Ty, (s0) is the affine inflexion of order k, then k < 2.
(a) If k =0, then the pair of germs (muy, ANT) at (ug,nr,, (s0)) is R-equivalent
to the pair of germs (71, P) at (0,0);
(b) If k =1, then the pair of germs (7, ANT) at (uo,nr,, (s0)) is R-equivalent
to the pair of germs (w1, C) at (0,0);
(c) If k =2, then the pair of germs (1uy, ANT) at (uo,nr,, (s0)) is R-equivalent
to the pair of germs (w1, T) at (0,0).
(2) Suppose that Ty, (so) is the affine vertex of order k, then k < 2.
(a) If k = 0, then the pair of germs (my, AEr) at (uo,er,, (S0)) is R-equivalent
to the pair of germs (71, P) at (0,0);
(b) If k =1, then the pair of germs (my, AEr) at (uo, er,, (s0)) is R-equivalent
to the pair of germs (w1, C) at (0,0);
(c) If k = 2, then the pair of germs (mu, AEr) at (uo, er,, (s0)) is R-equivalent
to the pair of germs (w1, T) at (0,0),
where P = {(t,x1,72) | 22 = 0}, C = {(t,r1,22) | 23 = 23}, T = {(t,z1,22) | 71 =
3ut + wPv,zy = 4u® + 2uv,t = v}, np, (so) = %(so,uo) corresponds to Ty, at so,
er,, (s0) = T'(s0) + é%(so,uo) corresponds to Ty, at so, and 71 : R x R 0 — R

K(s0,u0)
is the canonical projection given by m (t,z1,x2) = t.

We have the following result, as a corollary of Theorem 2.
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COROLLARY 3. When the parameter passes the bifurcation value two affine inflexions
of order 1 (resp. affine vertices of order 1) collapse into one of order 2 and then disap-
pear. The pair-appearance bifurcation corresponding to the opposite direction of parameter
changing can also occur.

3. Proof of Theorem 2. At first we introduce some basic notions of singularity
theory. For more details on the results, see [1, 3, 4, 6, 7.

Let G : R xR*, 0 — R,0 be a function germ. We call G an unfolding of g(t) =
G(t,0). We say that g(t) has the Aj-singularity at ¢ if g (t) = 0 for all 1 < p < k, and
gkt (t) # 0. The family G is a versal unfolding of the function g with the Aj-singularity
if and only if the truncated Taylor expansions of g—g(f, 0), 1 < i < n, span the space of
polynomials in ¢ of degree at most k — 1.

We consider an unfolding G(t,u, a) of the potential function G(¢,0,0) = g¢(¢t). The

bifurcation set is defined as
2

oG 0°G
B(G) = {(u,a) eU xR"| E(t,u,a} = W(t,u,a} = O}.

We consider the extended unfolding é(t,u,a,c) = G(t,u,a) — ¢, where ¢ € R. The
discriminant set is defined as

@(é) = {(u,a,c) eU xR* xR | G(t,u,a) =c, %—f(t,u,a} = O}.

The unfoldings G and G give rise to families of bifurcation sets (resp. discriminant sets),
obtained by fixing the parameter u. We have natural projections 7 : U x R* — U (resp.
m:UXR* xR —U).

THEOREM 4 ([3]). Let G(t,a,u) be as above. If 1, %(t,0,0) (1 < i < n) and
%(t, 0,0) span R[t]/(t*) as the R-vector space, then G (resp. G) is a versal unfolding of
the function (resp. potential function) g(t). In this case we have

(a) If 1, g—g(t,0,0) span R[t]/(t*), the projection T (resp. m1) is equivalent, via a
bifurcation set (resp. discriminant set) preserving diffeomorphism, to the trivial projection
onto one factor of a product bifurcation (resp. discriminant) set.

(b) If G is of minimal dimension k —1 and 1, g—g(t,(),()) span R[t]/(t*) then the
projection w1 (resp. m) is equivalent to the projection of the standard discriminant (resp.
bifurcation) set of F (resp. F) above onto the a, -coordinate,

where ﬁ(t, a) = +tF pa k=t dap_t+ay and F(t,a) = £tF path = b dag .

We now consider the Monge-Taylor map for plane curves. Throughout the remainder
of this section, we fix the canonical inner product on R¥ which gives Euclidean structure
on R¥. We may consider that Euclidean structure is one of the equi-affine structures
on R”. For any v € Imm™* (S', R¥) increasing ¢, that is the anticlockwise orientation of S*,
at each point p of y(S') choose the positive tangent and outward normal as x and y axes.
The curve near p has a unique representation as the graph y = fi(z), with f/(x) = 0.
Let V;)k be the space of polynomials in single variable of degree d with p < d < k. We
consider a map ¢ : S' — V¥ which associates to each t € S the k-jet of the function
ft at 0. We call ¢ a Monge-Taylor map of order k.
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In order to give a proof of Theorem 2, we prepare the following.

8.1. Family of affine height functions. When we study a single curve in the affine
plane, we define the affine height function as follows: For a curve v : S — R¥, h :

Sl x 81 — R is defined by h(s,a) = | 7/(s) a|. Similarly we now define the one-
parameter family of affine height functions H : S' x U x S' — R by
r
H(s,u,a)= g—s(s,u) a |

We also define a function H : S! x U x S! x R — R by

H(s,u,a,v) = H(s,u,a) —v.
Under this notation, we denote that
I}aﬂ,(s,u) = H(s,u,a) —v.

The discriminant set of H is given as
2

DF(H) = {(U,A(S,U)%(s,u),A(s,U)) EUXS'xR|se Sl},

1
VB (5, )? + Gk (s, w)?
We define a map ¥ : U x (R¥ — {0}) — U x S' x R by

where A(s,u) = £ and T'(s,u) = (T1(s,u), Ta(s, u)).

s (g i) )
U, r1,r2) =\ U, ) ’ .
Vat+ai at+ad) at+ a3

It is clear that W is a diffeomorphism and W(ANT) = DT (H), where

o0°T
ANT = {(u @(s,u)) |se sl}
is the family of affine normal curves.

We consider the following singular set of H:

0’1
_ 1 1 _
E—{(s,u,a,v)es x U xS XR|Q—)\(S,U)682(S,U)}

and the natural projection
P:Y—UxS"xR.

Then the set of critical values of P has the structure of the bifurcation set of H.
Without loss of generality, we may consider the germ at u = 0 and ¢t = 0. We write
['(t,0) = (¢, cat? + c3t® + cat* + c5t5 + c6t% + O(7)) where O(k) denotes a smooth function
on R vanishing at t = 0 to order k — 1. In particular, we assume that cs # 0.
We have the following lemma by calculating derivatives of I:Ta,v.

2
cs3 4 2%
(:F \/cg-i-élc;1 ’ \/c§—|-4c‘2L
singularity at t = 0 is as follows:
(1) ﬁaﬂ, has the A;-singularity if and only if 5¢3 — 4cacy # 0,
2) H,., has the As-singularity if and only if 5¢3 — dcacy =0 and 7cs — 4cies # 0,
, 3 3 2

LEMMA 5. If a = ), the condition for H, to have the Aj-
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(3) Hg,w has the As-singularity if and only if 5¢3 — 4cacy = 0, Tch — 4c3cs = 0 and
21c3 — 8c3ep # 0,

(4) H,, has the Asgy-singularity if and only if 5¢3 — 4cacy = 0, T — 4c3es = 0 and
21c3 — 8c3c = 0.

We now define the function F : S x U x R — R,
or

F(s,u,x) = 8—51(8’u) sinzy — 8—;(s,u) COS X1 — Ta,

where © = (21, 22) € R. This is considered as a local representation of H. We may use F

instead of H.
Differentiating F' with respect to unfolding parameters, we obtain

OF %)%
a—xl(sa 0) = i\ﬁ% (_03 + 4C§t + 6C§C3t2 + 0(3)),
3 2
oF
—(5,0) = -1
oL 50 =1
oF (202)7‘% 2 2 2
——(5,0) = +————={(2c3d1 + cze1)t + (2¢3d2 + c3e2)t” + O(3)},
ou \/cg + 40‘2l

where giglt (t,0) = dit + dat? + O(3) and gigi (t,0) = eyt + eat? + O(3).

We consider the following two cases:

(1) Ay and Ag-singularity: Since ca # 0, 1 and ngj(s,O) span R[t]/(t?), F is always
a versal unfolding. And the projection is the trivial one by Theorem 4.

(2) As-singularity: If 2c3dy — czea # 0, the condition for a versal unfolding is that 1,
ngj(s, 0), gTi(s, 0), 2£(s,0) span R[]/ (t?). The condition for the projection is automat-
ically satisfied because 1 and ngj(s, 0) span R[t]/(t?).

For each k > 2, we consider amap ® : S* — Vi x V' x VF. The first component of ®
is the Monge-Taylor map ¢. By a change of coordinate we may suppose that I'(¢, u(0)) =
(t, f(t)) for some smooth f with respect to the z and y axes. The second and third
components of ® are the Taylor expansions of -1 (¢,u(0) + 8)[s=0, 22 (¢, u(0) + s)|s=0
with respect to the above coordinate systems, truncated to degree k. Then we obtain the

following theorem.

THEOREM 6 ([3]). Let X be a Whitney (A) regular stratified subset of Vi x Vi x V.
If T(t,u) is a family between the generic curves T'o(S') and T'1(SY) then it can be an
arbitrarily small deformation of T to a family between the same curves T'(t,0) and T'(¢, 1),
and the corresponding ® transverse to X.

We change the components of 9L (¢,u(0)) to the components of %(t,u(O)) in the
above map ® : S — VJF x V¥ x V. By exactly the same arguments as in the proof of
Theorem 3.2 in [3], we can prove the Theorem 6.

In order to apply Theorem 6 for the proof of the assertion (1) of Theorem 2, we now
seek the stratified set X. We take the strata to be

2 3 4
2 34 93,4, Tez 5 2lc; 6 6 6
(1) {Cgl’ + csx” + El’ + EJJ + @JJ } X VO X ‘/O to ensure A[, l < 3,
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5¢5 .4

3
(2) {623:2 + cgxd + ot + 1%%:175 + cﬁxﬁ} X {dlx + —%a@ + d3z® + dax?* + dsa® +

dsx®} x Vi to ensure that the projection at an As-point is generic.

The strata are clearly of codimension at least 3, and hence the ® is transverse to X
if and only if it misses X, which ensures that the family I' is generic.
This completes the proof of assertion (1) of Theorem 2. =

3.2. Family of affine distance-cubed functions. For the proof of assertion (2) of Theo-
rem 2, we consider the affine invariant function. When we study a single plane curve
in affine plane, we define the affine distance-cubed function d : S' x R — R by
d(s,a) = } Z_Z(S) v(s)—a } for the curve v : S — R” as the above. Similarly we now
define the one-parameter family of affine distance-cubed functions D : S'xU x R2 — R
by
or
g(s,u) L(s,u) —a |.

We also define a function, for each a € R¥,

D,(s,u) = D(s,u,a).

D(s,u,a) =

The bifurcation set of D is
1 0T

D= {28

B(D) u, L(s,u) + K(s,u) 0s?
B(D) is the family of affine evolute. We now consider the singular set of D
2

0°T
E:{(s,u,a) st XUXR)t|a:F(s,u)—/\—2(s,u),)\€R}

0s

(s,u)) €U xR” | ﬁ(s,u)#o,sesl}.

and the natural projection P,
P:¥—UxR-.
Then we have B(D) = Cp, where Cp is the critical value set of P.
Without loss of generality we shall work at w = 0 and ¢t = 0. We write I'(¢,0) =
(t, cot?® 4 c3t® + cat + c5t° + c6t® + c7t” + O(R)). In particular, we assume that cy # 0.
By a straightforward computation, we have the following lemma.

LEMMA 7. Ifa = (— €2C3 2¢3 ) the condition for D, to have the Ay-singu-

4626475(;% ? 40204756%

larity at t =0 is:

(1) D, has the Aa-singularity if and only if 3caczcy — 2¢3 — cies # 0,

(2) D, has the As-singularity if and only if 3cacscy — 2¢3 — c3cs = 0 and 2cac3cy +
2c3c? — 3ch — c3ce # 0,

(3) Dy has the Ay-singularity if and only if 3cacsca —2¢3—cies = 0, 2cac3cq+2c3c3 —
3¢ — c3cg = 0, and 10cacicy — 10c3e3cd — 3 + caer # 0,

(4) D, has the Ass-singularity if and only if 3cacscy — 2¢3 — c3es = 0, 2caciey +

2c3c? — 3ch — c3cg = 0 and 10cac3cy — 10c3es3cd — 3 + cyer = 0.

Differentiating D with respect to unfolding parameters, we obtain
oD

8—al(s’ 0) = (202)7% (2eat + 3cst? + degt® + O(4))



234 T. SANO
2 (5,0) = —(2c2) 7

5(5:0) = —=(2¢2) ¥ {(e0 — pop)
+ (e1 —ng — 2cady — p1p)t
+ (e2 — ny — 3ezdy + ca(mo — 2dy) — pap)t?
+ (e3 — n2 — deado + co(my +mo — 2d2) — 3esdy — psp)t® + O(4) }
where @(t,O) = do + dit + daot* + O(3), 5 9L2(£,0) = eo + ert + eat? + est® + O(4),
gul(;}f (t,0) = mo +myt +mat? + mst® + O(4), gul(;}f (t,0) = ng +nat +nat? + ngt3 + O(4),
p= m and p; = co(2¢3m; — c3n;).
We consider the following two cases:
(1) As and As-singularity: Since co # 0, 1 and gTLf(s, 0) span R[t]/(t3), D is always
a versal unfolding if c3 # 0.

(2) Ay-singularity: The condition for a versal unfolding is that 1, gfl, ‘352 and ‘9—5

span R[t]/{t*), that is e3 — ng — dcado + ca(my +mo — 2da) — 3cady — pzp # 0 and c3 # 0.
The condition for the projection is automatically satisfied by Theorem 4.

By the above calculation, we need to consider the components of 4L (¢, u(0)) and
auat (t u(0)) in the tangent and normal directions at I'(¢,u(0)). Thus for each k > 2
we consider a map ® : ! — VE X VE x VI x VF x V. The first, second and third
components of ® are the map ®. The fourth and fifth components of ® are the Tay-
lor expansions of gsg%( u(0) 4 8)|s=0, asat 2 (t,u(0) 4+ s)|s=0 with respect to the above
coordinate systems, truncated to degree k. Let I' be a one-parameter family between
I'yp and T'; as above. By shrinking U, we may suppose that I'(S! x U) is contained
in some large ball neighbourhood of the origin B C R¥. Let P denote the space of
polynomial maps of degree at most d from R” to itself, and choose a sufficiently small
convex neighbourhood W of the zero map in P so that for any 1, ¥s, 13, ¥4 in W,
id +11 + Y2 + 3 + ¥4 maps the ball 2B of twice the radius of B diffeomorphically onto
its image (where id is the identity). Now consider T: S xUxW* — R” defined

T(t,u, 1, o, 3, 1) = D(t,u, 91, 92) + 03 (D, w, 91, ¥2)) + utba (D(£, u, 91, ¥2)). Each
(t U, Y1, Yo.03,4) — I‘(t u, 1, 2,13,%4) is an embedding of S* in R¥. We have the
associated mapping d: S xUx W2 — V§ x Vk X V0 X VO X V0 with respect to L.

By exactly the same arguments as in the proof of Lemma 3.1 in [3], we have the

following lemma.

LEMMA 8. The map ® is a submersion at (¢,0,0,0,0,0).
By Lemma 8, we have the following theorem.

THEOREM 9. Let X be a Whitney (A) reqular stratified subset of Vi x VF x ViF x
Vi x VE. If T (t,u) is a family between the generic curves To(S') and T'1(S) then it can
be an arbitrarily small deformation of T to a family between the same curves T'(t,0) and
I'(t,1), and the corresponding ® transverse to X.
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Since the proof of Theorem 9 is analogous to that of Theorem 6 (Theorem 3.2 in [3]),
we omit it.

For applying Theorem 9, we now adopt the canonical Whitney stratification of the
following algebraic set:

2
(1) {coz? + caz* — %xﬁ} x Vi x Vi x Vi x Vi to ensure A;, [ < 3,
2
(2) {cow?®+cqz* — %IG +erxT} x Vi x {eg+ e1x + eax? + E323 + eqxt + e5z® + 26 +

2
erx’} x Vi x Vi, where é3 = (ng + 4cady — ca(my + mo — 2dz) + 2022%) to ensure that
the projection at an As-point is generic.

The strata are clearly of codimension at least 3, and hence the map ® is transverse
to X if and only if it misses X, which ensures that the family I'" is generic.
This completes the proof of assertion (2) of Theorem 2. m

4. Examples. The situation described in Theorem 2 is depicted as follows.
The first example is the bifurcation of affine inflexions. So we draw some affine normal
curves. The original family of curves is

~(t) = (cos 3t + acost — 10sint 4 cos 2t,sin 3t + asint + 10 cost — sin 2t),

where a is the parameter. The real lines of Figure 1 are the affine normal curves of 7. We
draw affine normal curves for the parameters —10, —11.0, —12.0, —12.5, —12.7 and —12.9.
When we draw both of the curve v and the affine normal curve of v, the affine normal
curve of 7 is drawn as very small pictures. So we draw only the affine normal curves for
each parameter a. Since the ordinary affine inflexion corresponds to the ordinary cusp of
the affine normal curve from Theorem 1, we can recognize the number of affine inflexions
by counting the number of cusps of the affine normal curve.

a=-10.0 a=-11.0 a=-12.0
a=-12.5 a=-12.7 a=-12.9

AAY

Figure 1
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The second example is the bifurcation of affine vertices. The original family of curves is
~(t) = (cos 2t — cos(t + a), sin 2t + sin t).

They are drawn by the dotted curves. We draw affine evolutes of v for the parameters
1.9, 2.0, 2.1, 2.2, 2.3 and 2.4. Affine evolutes are drawn by the real curves.

a=19 a=2.0

Figure 2
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