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1. The main result. A closed curve in the n-dimensional real projective space RP"
is any C'*°-mapping of a circle into this space. A curve is called smooth if it is embedded.

For every point of a curve in RP", there is a hyperplane intersecting the curve at this
point at least n times. Such a hyperplane is called osculating hyperplane to the curve at
a given point. A point of a curve is said to be its flattening point if the multiplicity of the
intersection of the curve with an osculating hyperplane at this point is greater than n.

DEFINITION 1. A curve in RP" is called convez if any hyperplane intersects it at no
more than n points, taking the multiplicities into account.

A convex curve has no flattening points. Such a curve in an even-dimensional pro-
jective space is contractible and affine, it is not contractible in an odd-dimensional
space ([An]). A smooth closed curve in RP™" ™! which is projected into a convex curve in
RP™ from a point lying outside of the curve has at least n + 2 geometrically different
flattening points ([Ar]).

DEFINITION 2. A curve in RP"! is said to be convex by Barner if for any of its
n points (not necessarily geometrically different) there is a hyperplane which passes
through these points and does not intersect the curve anymore.

A closed convex by Barner curve in an odd-dimensional projective space is contractible
and affine. Such a curve in an even-dimensional space is not contractible. A smooth closed
convex by Barner curve in RP™"! has at least n + 2 geometrically different flattening
points ([B]).
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Let us equip the space of all closed curves in a projective space by the C'*°-topology.
Convex curves and convex by Barner curves form open subsets in this space.

A curve in RP™*! projected into a convex curve in RP” from a point lying outside of
the curve is convex by Barner. We have the natural question (V. I. Arnold, 1996): what
is the relation between these two classes of curves? The answer is given by the following

THEOREM 1. There is an open set of smooth closed curves in RP™ 1 which are convex
by Barner and have no convex projections into any hyperplane.

The proof of this statement is given in Section 5. It is based on some general facts
on convex curves (Section 2) and properties of some special families of curves (Sections
3 and 4). The proof of these properties is given in the second part of the paper (Sections
6 and 7).

2. General facts on convex curves. A flattening point of a curve in RP" is called
k-multiple if the multiplicity of the intersection of the curve with its osculating hyper-
planes at this point does not exceed n+k and is equal to n+k with one of them. Flattening
points of the multiplicity k£ > 1 (k = 1) are called multiple (nonmultiple, respectively).

Remark 1. If a curve belongs to the boundary of the set of convex curves in the
space of all closed curves in RP™, then it has no nonmultiple flattening points. Indeed,
if M is such a point, then there is a hyperplane which transversally intersects the curve
at n + 1 geometrically different points being close to M. This follows from properties
of the versal deformation F(xz,\) = 2™ Nz 4+ ...+ A\ + A\pqq of the function
"1 (the singularity A,; see [AGV]). Namely, for any i = 1,...,n + 1 there is A =
(A, oy X1, 0, X1, - -+, Apg1) arbitrarily close to 0 and such that the function F(z, \)
has n + 1 nonmultiple real zeros (the last is a simple exercise on symmetric functions).

An osculating hyperplane at every nonflattening point of a curve is unique. Flattening
points where an osculating hyperplane is not unique are called infiection points.

Remark 2. Let a closed curve in RP™ belong to the boundary of the set of convex
curves and have no inflection points. Then:

1) this curve has no flattening points of any odd multiplicity (otherwise, any close
curve would have flattening points);

2) any hyperplane which intersects the curve more than n times (taking the multi-
plicities into account) has only multiple intersection points with it (otherwise, any close
curve would intersect some hyperplane at least at n + 1 points).

Remark 3. If a closed curve v in RP"™ belongs to the boundary of the set of convex
curves, has no inflection points and the multiplicity of its flattening points is not greater
than 2, then the osculating hyperplane at every of its points does not intersect the curve
at other points. Indeed, if the osculating hyperplane m to v at a point M intersects =y
at some point M’ # M, then there is a hyperplane close to 7, passing through M’ and
transversally intersecting v at n geometrically different points being close to M (as above,
the existence of n such points follows from properties of the versal deformation of the
singularity A,, where 1 is equal to n — 1 and n + 1).
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DEFINITION 3. We say that a curve satisfies the generic condition (%) if an osculating
hyperplane at every of its points is unique and does not intersect the curve at other points.

A curve satisfying the generic condition () is smooth.

THEOREM 2. Let a curve v belong to the boundary of the set of conver curves in
the space of all closed curves in RP™. Suppose that v satisfies the generic condition ().
Then any hyperplane m which intersects v more than n times (taking the multiplicities
into account) is the osculating hyperplane to v at a multiple flattening point.

Remark 4. The fact that the set v N 7 contains a multiple flattening point of
the curve « is proved in [An] without any conditions of general position. The author
considers a central projection of v and applies the induction on n. But the validity of the
inductive step is not proved. The point is that a central projection of the curve v can be
nonsmooth (for example, v can have pieces lying in a hyperplane). To prove the validity
of the inductive step, we use the additional generic condition (x).

Proof. For n = 1 the statement is obvious. Suppose that it is true for a space of the
dimension n — 1 and prove it in RP™.

Let M be an intersection point of the curve v with the hyperplane 7. It is a multiple
intersection point according to Remark 2. Consider projective lines intersecting y at least
at two points (taking the multiplicities into account) one of which is M. By condition (%),
these lines define a smooth closed curve 7, in RP" 1.

The curve yp; belongs to the boundary of the set of convex curves in the space of
all closed curves in RP™~! ([An]). Projective lines lying in the hyperplane 7 and passing
through M form the hyperplane 7/ in RP"~! which intersects v, more than n — 1 times
(taking the multiplicities into account). One of points of this intersection is the tangent
line M’ to the curve v at the point M.

It is easy to see that the curve -y, satisfies the condition (x) (as in Remark 1, it
is needed to consider the versal deformation of the singularity A,_»). Hence by the
induction hypothesis, 7’ is the osculating hyperplane to vy; at the point M’ which is a
multiple flattening point of the curve. This means that « is the osculating hyperplane
to v at the multiple flattening point M. =

COROLLARY 1 (see [Ar]). A closed curve in a projective space belonging to the bound-
ary of the set of convex curves has flattening points. All of them are multiple.

Proof. A closed curve without flattening points cannot belong to the boundary of
the set of convex curves. Otherwise, it would satisfy the generic condition (x) (Remark 3)
and hence, would have multiple flattening points (Theorem 2). Thus, any closed curve
belonging to the boundary of the set of convex curves has flattening points. Their mul-
tiplicity is greater than 1 (Remark 1). m

THEOREM 3. Let Ty, t € [0,1], be a continuous family of smooth closed curves in
RP" ! and M € RP" T\ |J, I'. Suppose that the projection vx C RP™ of the curve I'y
from the point M is convex for any t € [0,1) and is not convex for t = 1. Let the curves
T’y and 1 satisfy the following conditions:
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(A) an osculating hyperplane to T'y at every point is unique;

(B) connected components of the set of flattening points of the curve I'y containing
more than one point are convexr by Barner;

(C) every hyperplane in RP™ intersecting the curve y; more than n times (taking the
multiplicities into account) intersects it by a connected subset on a circle consisting of
multiple flattening points.

Then the curve 'y is convex by Barner.

Proof. By condition (C), any hyperplane in RP™*! passing through the point M
and n points of the curve I' = I'; which are not necessarily mutually different but such
that all of them are not projected simultaneously into one of the connected components
of the set of flattening points of the curve v = v; have no other common points with I'.

Now, let us consider a hyperplane 7 in RP™*! which passes through the point M and
is projected from this point into a hyperplane 7’ in RP"™ intersecting the curve v with the
multiplicity greater than n. The hyperplane 7 intersects the curve I" by the connected
set K since this intersection is projected into the connected (in the standard topology
of a circle) set 7’ N (condition (C)). Moreover, since the intersection 7’ N~ consists of
multiple flattening points of the curve 7, then K is a connected component of the set of
flattening points of the curve I' and 7 is an osculating hyperplane to this curve at any
point of K.

Let us show that for any set of points My,...,M; from K and any set of natu-
ral numbers kq,...,k; such that k1 + ... + k; = n, one can turn the hyperplane =
so that the new hyperplane will intersect the curve I' only at points Mi,..., M; and

with multiplicities k1, . . ., k;, respectively. Indeed, let us choose homogeneous coordinates
(vo:21:...: Tpy1) in RP?! so that:
1) the curve I' is defined by the formulas z; = z;(s), j = 0,1,...,n + 1, where
2o(8), ..., xny1(s) are C°-functions on a circle and
{a:nH(S) =a,.4(8)=...= xg:&l)(s) =0, ifseK,
ZTnt1(s) # 0, if s¢ K;

2) the hyperplane 7 is defined by the equation x, 11 = 0;

3) the hyperplane x,, = 0 intersects I'" at points My, ..., M; with the multiplicities
not less than k1,...,k;, respectively.

It is easy to see that the function x,1(s) changes its sign when s passes through K,
if n is odd, and does not change the sign, if n is even (this follows from the fact that the
curve I" as a continuous limit of smooth closed convex by Barner curves is not contractible
for odd n and contractible for even n). The function x.,(s) has exactly n zeros My, ..., M,
with the multiplicities k1, ..., k;, respectively, in some neighbourhood U of the set K
(this follows from condition (A), if K consists of one point, and from condition (B), if K
contains more than one point). Thus, we can define a smooth function

(s) = 0, ifse K,
yis) = Tnt1(s)/xn(s), ifs€eU\K,
in the neighbourhood U which does not change its sign when s passes through K.
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Let us fix an arbitrary e # 0 such that y(s) +¢& # 0 for every s € U, and con-
sider the hyperplane 7. given by the equation z,,+1 + €z, = 0. The intersection points
of this hyperplane with the curve I' in the neighbourhood U are defined by the equa-
tion ,(s)[y(s) + €] = 0. Hence, the hyperplane 7. intersects the curve I' at the points
My, ..., M;, with the multiplicities k1,...,k;, respectively, and does not intersect it at
other points of the neighbourhood U. But for sufficiently small e, this hyperplane does
not intersect I at all other points as well since the curve is closed. =

Remark 5. Generic finitely-parametric families of curves in a projective space sat-
isfy condition (B).

Remark 6. Theorem 1 does not follow directly from Theorem 3. Indeed, it is easy
to construct a family of curves I'; with indicated properties whose projections from the
point M lose the convexity at ¢ = 1. But the curve I'; can have convex projections from
other points of the ambient space.

THEOREM 4. Let v be a smooth closed curve in RP™!. Then the set Q) of points in
RP™ 1\ 5 such that v is projected from them into a convex curve is either empty or
a connected component of the complement in RP™ 1 to the union A of the osculating
hyperplanes at flattening points of the curve ~y.

Proof. The set 2 is open since the set of convex curves in RP" is open. In addition,
Q) C RP™ 1\ A because the projection of the curve v from a point in RP**1\ v belonging
to an osculating hyperplane to 7 intersects the projection of this hyperplane more than
n times (taking the multiplicities into account).

Suppose that Q # () (in particular, the curve v has unique osculating hyperplane at
every point). Let M be a boundary point of the set {2 which is not a flattening point of
the curve 7. Then M ¢ +. Indeed, if M € ~, then through any point M’ € Q sufficiently
close to M, one can pass a hyperplane intersecting the curve v at n + 1 points. But this
contradicts the fact that the projection of the curve -y from the point M’ is convex.

Hence, the projection s of the curve v from the point M belongs to the boundary of
the set of convex curves in the space of all closed curves in RP™. According to Corollary 1
the curve 7, has multiple flattening points. Thus, M € A and {2 is the union of connected
components of the set RP" 1\ A.

Let us prove that the set € is connected. For this, consider the cases of even and
odd n separately.

1) n is even. In this case the space RP"*! is oriented and the curve v is affine since it
has convex projections from points lying outside of the curve. Let us orient RP™*! and
fix a parametrization of the curve ~.

Let M € RP"1\ ~. Then the cone with the vertex M and the directrix v is divided
by the point M and the curve v onto two parts. Hence, there exists a smooth family of
nonzero vectors v(s) € T;RP"1 s € ~, which are tangent to projective lines passing
through the points M and s.

Consider the set £(s) of vectors in T;RP"*! s € «, consisting of the leading n
derivatives of the curve « at the point s and the vector v(s). If M € Q, then the set £(s)
is linearly independent for any s and all these sets are oriented identically.
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If the point M passes through the osculating hyperplane to the curve  at a flattening
point s, then the orientation of the set £(s) is changed to the opposite one. Hence, for
the replacement of the point M into the set {2 when it moves along any projective line, it
is necessary that it crosses the osculating hyperplanes to « at all flattening points. Then
obviously, it goes back to the same connected component of the set RP" ™1\ A.

2) n is odd. Let m be the osculating hyperplane to the curve 7 at one of its flattening
points (such a point necessarily exists since v has convex projections [Ar]). Let us orient
the hyperplane 7 = RP"™ and fix a parametrization of ~.

The orientations of the moving n-hedrons for the projection s of the curve v into
the hyperplane 7w from any point M € ) are the same at all points of the curve ;.
If the point M passes through the osculating hyperplane to the curve « at a flattening
point s, then the orientation of the moving n-hedron for the curve ~,; at the point being
the image of a point s under the projection from the point M is changed to the opposite
one. Hence, as above, for the replacement of the point M into the set 2 when it moves
along any projective line, it is necessary that it crosses the osculating hyperplanes to ~
at all flattening points and thus finds oneself into the same connected component of the
set RP"T1\ A, u

3. The family of curves in RP""!, n = 2m. Let 0 < ¢t < 1 and r(p) = 1 —
tsin?(m 4 1)¢. Let us take homogeneous coordinates (zq : ... : Zom41) in RP?™+! and
consider the family of smooth closed curves I'; : 1 — RP2m+1

zo=1, x1=r(p)cosp, zs=r(p)sinep,

(1) L3 = CO8 2907 Ty = sin 2807 A To2m—1 = COSMP, Tom = sin my,
. i
Zams1 = f(p) = sin[(m+ Vg + (L+(-)") 7], {¢ mod 27},
depending on the parameter t. The projection 7; of the curve I'; from the point © =
(0:...:0:1) into the hyperplane II given by the equation xs,,+1 = 0 is a smooth closed

curve in RP?™. For t = 0, the curve ~; is convex ([Sch]).

PROPOSITION 1. For any t € [0,to) where
4£:1+j&n+nmmm?+mm?+mm+2)
to 2 Am!((m + 2)1)2 -7
the curve ¢ has no flattening points. Fort = ty, the curve vy has exactly 2m+2 flattening
points (2-multiple) given by the equation
(2) cos2(m + 1)p = (-1)™.

For any t > tg sufficiently close to ty, the curve vy has exactly 4m + 4 flattening points.

The proof is given in Subsection 6.2.

Remark 7. The sequence of numbers ¢y exponentially decreases (~ m/27™) when
m increases. The beginning of this sequence is:
1 1 1 4 2 4
9’ 228’ 55977 543545° 6613465 323831081’




ON SOME CLASSES OF CURVES 243

PROPOSITION 2. For any t € [0,Ty) where

1 1 1 3 2)!1(4 5
111, Gmadiames)
to” Top 2 Am!((m + 2)1)2
the curve Ty has exactly 2m + 2 (nonmultiple) flattening points given by equation (2).
For t = Ty, the curve I'y has exactly 4m + 4 flattening points given by the equation

sin2(m + 1) = 0.

The proof is given in Subsection 6.6.

Remark 8. The sequence of numbers T exponentially decreases (~m?/27™) when
m increases. The beginning of this sequence is:
1 4 1 4 2 4
8 4577 19647 147149 1458601 60276647’

4. The family of curves in RP"*!', n = 2m — 1. Let us take homogeneous co-
ordinates (w1 : ... : Tami1) in RP?™ and consider the family of smooth closed curves
r,:S5! —RP?™,

xy = cosp —tcos(4m + 3)p, w2 = sinp — tsin(4m + 3)p,

(3) w3 =cos3p, x4=sIn3¢p, ..., Tom—1=cos(2m —1)p, Ta,y, =sin(2m — 1)y,
. my
Tami1 = (¢) =sin[@m+ e+ 1+ (-)™) ]|, {¢mod 7},
depending on the parameter ¢ € [0,1). The projection 7, of the curve I'; from the point
©=(0:...:0:1) into the hyperplane II given by the equation a,,+1 = 0 is a smooth

closed curve in RP?™~1. For t = 0, the curve 7; is convex ([Ar]).

PROPOSITION 3. For any t € [0,to) where

t = 2(2m + 1)(m — 1)!((m + 1)!)? < 1
(4m +3)(3m + 1)! -7
the curve ¢ has no flattening points. Fort = to, the curve vy has exactly 2m+1 flattening
points (2-multiple) given by the equation

(4) cos2(2m + 1)p = (=1)"" %

For every t > tg sufficiently close to tg, the curve v, has exactly 4m + 2 flattening points.

Remark 9. The sequence of numbers ¢y exponentially decreases (~ m/27™) when
m increases. The beginning of this sequence is:
1 1 1 1 1 1
7’ 1547 33757 760767 17581207 41442192’

The proof is given in Subsection 7.2.

PROPOSITION 4. For any t € [0,Ty) where
2(2m + 1)(m + 1)%(m!)3
(3m +2)!

<

1
to < 1oy = 5,
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the curve T'y has exactly 2m + 1 (nonmultiple) flattening points given by equation (4).
For t = Ty, the curve T'y has exactly 4m + 2 flattening points given by the equation
sin2(2m + 1) = 0.

The proof is given in Subsection 7.6.

Remark 10. The sequence of numbers Ty exponentially decreases (~m?/27™)
when m increases. The beginning of this sequence is:
1 1 1 1 1 1
5 567 825" 14014’ 259806’ 5116320

5. Proof of Theorem 1. Let I'; be the family of curves in RP"*! from Section 3
(or 4) and 7; be the projection of the curve I'; from the point © into the hyperplane II.

The curves 7; have no flattening points for ¢ € [0, ) by Proposition 1 (or 3). Hence,
they are convex by Corollary 1 and the convexity of the curve 7. In particular, the
curve 7y, belongs to the boundary of the set of convex curves in the space of all closed
curves in RP"™ since it has flattening points.

PROPOSITION 5. The curves I'y, and v, have unique osculating hyperplane at every
point.

This is evident for points I't, () and ¢, (p) such that ¢ is not a flattening point of
the curve 7;,. The proof for other points is given in Subsections 6.4 and 7.4.

Remark 11. The curve =y, satisfies the generic condition (x) according to Propo-
sitions 1 (or 3), 5 and Remark 3. The curve I'y, satisfies the conditions of Theorem 3:
(A) by Proposition 5; (B) by Proposition 2 (or 4); (C) by Theorem 2.

Let us consider the union A; of osculating hyperplanes to the curve I'; at its flattening
points. If ¢ is sufficiently close to tg, then the set A; is the union of n + 2 osculating
hyperplanes to the curve T'; at points given by the equation (2) (or (4)). This follows
from Propositions 2 (or 4) and 5.

The following properties of the set A; are proved in Sections 6 and 7.

PROPOSITION 6. The intersection of any n + 1 hyperplanes from Ay, is equal to ©.

PROPOSITION 7. For any t # tg sufficiently close to ty, the intersection of all hyper-
planes from Ay is empty.

PROPOSITION 8. For any solution ¢ of the equation (2) (or (4)), the family of oscu-
lating hyperplanes to the curves T'y at the point ¢ transversally intersects the point © (as
a hyperplane in the dual space) at t = tg.

According to Propositions 6 and 7, the set RP"™!\ A, has exactly 2"*! connected
components for every t # t, sufficiently close to tg. All components except one are
intersected with the hyperplane II. Therefore, they contain points such that the projection
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of the curve I'; from these points is not convex (the projection of the curve I'y from any
point of this hyperplane is not convex since it transversally intersects I'; at n+ 2 points).

The component at infinity (which does not intersect the hyperplane II) contains such
point for ¢t > ty as well. Indeed, the projection ~; of the curve I'; from the point © into
the hyperplane II is not convex for such ¢ by Proposition 1 (or 3). The component at
infinity contains this point for ¢t < tg by Theorem 4, and, hence, contains it for ¢t > ¢y by
Proposition 8.

Thus, for any t* > t( sufficiently close to ¢y, the curve I';+ has no convex projections
from a point lying outside of the curve into any hyperplane (Theorem 4). On the other
hand, it is convex by Barner since the curve I';;, as all curves close to it, is convex by
Barner according to Theorem 3.

It remains to remark that any curve I' sufficiently close to I';+ is convex by Barner
and has no convex projections since the union of osculating hyperplanes to the curve I’
at its flattening points is homeomorphic to A« (by Propositions 2 (or 4), 6 and 7). m

6. Properties of curves from Section 3. Let I'; be the family of curves in RP?m+1
={(zo:...: Tams1)} from Section 3 and ~; be the projection of the curve I'; from the
point © = (0 :...:0: 1) into the hyperplane II = {2341 = 0}. Consider the lift T’}
of the curve I'; into the affine chart zp = 1 defined by the functions (1), i.e. z; = z;(¢),
i=1,...,2m + 1, where

z1(p) =r(p)cosp, za(p) =r(p)sing, r(p) =1—tsin*(m+ 1),
23(p) = cos2p, x4(p) =sin2p, ..., Tom_1(p)=cosmp, a,(p)=sinmep,
Tam+1(9) = f(p) =sin[(m+ Do+ (1+(~1)™)],  { mod 2m}.

6.1. Lemmas to the proof of Proposition 1. For every ¢ = (y1,...,Yam+1) € R¥™HL
define the smooth function

2
O ) Y1
Fg;t(@) = det :
/ (2m)
LTom+1 -+ Tomy1l Y2m+1

on the curve I'}. For the convenience of its calculation, consider the numbers

ai (k) = ki (2]“2; 1) (2m +2)2F721 0 (k) = ki (% - 1) (2m + 2)%—272)

i=0 U
k—1 k
2% o 2% Y
=3 (0 )emr 2P =3 () @mr 2,
i=0 i=0
and (if m > 1) the matrix
1 =22 2t . (—1)ym-lg2me2
1 —32 3t L (—1)molgzme
1 —m?2 m* ... (=1)mim2m-2

Usually, we will omit the subscript m and write W.
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LEMMA 1.
a1 by 71
det a9 b2 gg y me = ].,
(o) () v/ 5 B
1 1 hn
Fs = ~
(%) Az By Y2
(—1)m=Y(m!)3 det w 0 Yy , ifm>1,
0 w Y_
f'(@)C f"(@)C yam+1
where
34 — 5273
Y+ - B Y_ = 5
%@ém _ﬁfl/}mfl
Y2i—1 = Y2i—1COS T + Y2; SiNip,  Yo; = —Y24—1SiN i + Y2; COS i,
Alz(al as (12m_1)7 Blz(bl b3 bgm_l),
AQZ(G,Q ag ... a2m>7 Bgz<b2 b4 bgm),
t t t
Qgk—1 = (_1)k§041(k) sin2(m+1)p, ag = (=1)*" [(1 - 5) + 50@(1@) cos2(m+1)ep|,

bop—1 = (—1)* [(1 - %) + %ﬂg(k) cos2(m + 1)90], bor, = (fl)l‘éﬂl(k) sin2(m + 1),

C=(1 —(m+1)2 m+D* ... (=™ m+1)2m2),
Proof. Let
=29 osi @) gin i 29 ging @) cosi
21 = To;_1 Y+ T5; SN, Uy, = —Ty,” 4SNP + Xy,” COSLP,

i=1,....m;j5j=1,...,2m. Then

u% u%m §1
Fy (@) = det . N
U2m t Us Yom
; (Fm)
Tom+1 -+ Lomi1l Y2m+1
Here,
(uéifl’ o U’%;ﬂil) = (07 _i2a 07 i47 oo 707 (_1)m22m)7
(uéia s ’u%;m) = (i; 0, *Z.S, o,..., (7]_)7””712'27”*17 0),
if i > 1, and

[i/2] i : ((G—1)/2] j ( :
J_ _1)k j—2k j _ _1)k j—2k—1
o= (o) PO T

where [z] is the integral part of the number x. It remains only to remark that u{ = aj,
ul = ajy1, if j is odd, and w] = bj_1, u} = b;, if j is even. m
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Let W* be the determinant of the matrix obtained from W by the deletion of the
k-th column, if m > 1, and be 1, if m = 1. Consider the smooth function

x, if m=1,
1 —2? 2t . (=1)mTigm=2
1 =22 2t ... (=1)m-li2m-2

O P e R sl TR
e e

Usually, we will omit the subscript m and write ®(x).

LEMMA 2.
éal(k)W’“ % [®(2m + 3) + ®(2m +1)],
éaz(k)w’“ % [®(2m +3) — d(2m +1)],

iﬁl(k) %[(2m+3)¢(2m+3) — (2m+1)®(2m +1)],
=1
Em:ﬁz(k) %[(2m+3)<1>(2m+3) + (2m + 1)®(2m + 1)] i —
k=1 Pt

This statement follows from the binomial formulas
(k) —az(k) = 2m + 1271 ay(k) + az(k) = (2m + 3)2+ 1
Ba(k) = (k) = 2m +1)**,  Ba(k) + Bu(k) = (2m + 3)*"
and the determinant decomposition theorem.

Let
2

P= —%@(2771 + 1)®(2m + 3),
Q= E(1 - %) [(m +2)®(2m + 3) + m®(2m + 1)] (1),
R= (1—5) D2(1)+ f; [®(2m+3)+B(2m+1)] [(2m+3)(2m+3) — (2m+1)®(2m+1)]..
LEMMA 3. Flattening points of the curve v; are solutions (with the multiplicities taken

into account) of the equation
Pcos?2(m +1)p + Qcos2(m +1)p + R = 0.

Proof. Flattening points of the curve ; are solutions of the equation Fj.(¢) = 0,
where § = (0,...,0,1). By Lemma 1, it is equivalent to the equation

det <a1 bl) =0,
as bg
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if m =1, and

A1 B

Ay By |
det w0 =0,

0o W

if m > 1. Both these equations are equivalent to the equation
m
L P S o
> (=1)" det (“21 b 1) Wi =0
= ao; b

whose left-hand side can be rewritten in the form
2

tz sin? 2(m + 1) Z ay (W' Z s(Gw?

i=1 j=1
2 m E
+ tzcosQ 2(m + 1)4,0;(12(2')”/z ;ﬂQ(j)WJ
;(1;)cos2(m+1)go{i W“rZ/BQ Wﬂiwl
i=1 j=1 i=1
N m . 2
+ (1 B 2) (ZW>

by Lemma 1. Now, Lemma 3 follows from Lemma 2. m

LEMMA 4. If m > 1, then

2xH 22 -1 5
_ (_1\(m=2)(m-1)/2 1 2

The proof is a direct calculation of the Vandermonde determinant which defines the
function ®(x).
Let us consider the numbers
49(1)
20(1) — (=1)"[(2m + 3)®(2m + 3) + (2m 4+ 1)@ (2m + 1)] ’
49(1)
20(1) — (1) [®(2m +3) — ®(2m + 1)]

to =

t1 =

LEMMA 5. 0 <ty <ty and

1 1 N (3m + 1)!(10m® + 24m? + 15m + 2) -
to 2 4m!((m + 2)!)? =

These formulas follow from Lemma 4 (the estimate for ¢y follows from the fact that
to decreases when m increases).

LEMMA 6. The equation
P+(-1)"Q+R=0

18 quadratic with respect to t and has two solutions ty and t;.
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Proof. The coefficient at ¢2 in this equation is equal to
1
TG{Q@(” — (=1)™[(2m + 3)®(2m + 3) + (2m + 1)®(2m + 1)]}
x {20(1) — (-1)™ [(I)(Qm +3)—o(2m + 1)] 1,

and hence, is not equal to 0 by Lemma 4. The discriminant of the equation is equal to
1
1O W) (m + 1) [@(2m + 3) + S(2m + 1))?,
i.e. is a perfect square. m

6.2. Proof of Proposition 1. By Lemma 4, the equation from Lemma 3 is quadratic
with respect to cos2(m + 1) for all 0 < ¢ < 1. Its coefficients have the following signs:

P <o, (-1)™Q <0, R >0.

Since this equation has no solutions for ¢ = 0 and P, ), R smoothly depend on ¢, the
solutions which can appear when ¢ increases must satisfy equation (2) at the moment
of the appearance. Hence, this moment is the smallest positive solution of the equation
P+(—=1)™"Q+ R =0, less than 1. By Lemmas 5 and 6, such a solution exists and is equal
to to.

It remains to remark that the expression P + (—1)"@Q + R changes its sign when
t passes through to. If t = tg and ¢g is a solution of the equation (2), then the first
derivative by ¢ of the left-hand side of the equation from Lemma 3 at ¢y vanishes, and
the second derivative is not zero (it is equal to —4(m + 1)2[2P + (—1)™Q]). Therefore,
this equation has 4m + 4 solutions for any t > ¢, sufficiently close to ty. =

6.3. Lemmas to the proof of Proposition 5 (n = 2m). Let

A=(ad o ), =0 [(1-0) + )mam),
BY= (0 0 o W), = CDM[(1- )+ )M Esah)]

LEMMA 7. If m > 1, then

det (‘;g) —o(1)(1- %) det (fV?) ——o(1)(1- %)
e (W)~ e B

Proof. By Lemma 2,

det (;15) - (1 - %)@(1) + (—1)’”% [®(2m +3) — ®(2m +1)] = @(1)(1 - f),

det (ﬁ;) - 7(1 - %)@(1)

—(=1)™=[2m+3)®(2m + 3) + 2m + 1)@ (2m + 1)] = —P(1) (1 — i).

I

The third equality is evident. m
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LEMMA 8. Let g be a solution of equation (2). Then

Fyi(po) = (1—1t) [f”(gpo)(yl cos o + Y2 sing) + (1 — 9t)y3}, ifm=1,
t d(m+1 .
Fji(po) = ®(1)(m!)? (1 - E) {f”(@o) [;H_l)(yl cos o + Y2 sin )
T i1 COS T + Yo SIN G Bl 0 t
4y P SRR TR0 et | W e } + <I>(1)(1 — )y2m+1}a if m>1,
i=2 ! ¢ 0 fo

where e; is the (m — 1)-element column whose (i — 1)-th element is equal to 1, and all

other are equal to 0.

Proof. By Lemma 1

0 0
det | a9 0 v |, ifm=1,
0 S w)
Fy.(po0) = AY 01 g;
(=)™ (m3det | W 0 Y, , ifm>1.
0 W Y_
0 fe0)C  yam1

Therefore, Fy74(¢0) = a3[1f" (o) — blys], if m =1, and
0
3 Ag m—1~ ¢l w Bl 0
Fy (o) = (m!)” det (-1) " (po) det —det w Y_ ,
%4 C .
F"(00)C Yam1

if m > 1. Now, Lemma 8 follows from Lemma 7. m

6.4. Proof of Proposition 5 (n = 2m). Let ¢q be a flattening point of the curve 7.
Then the function Fj 4, (o) of the variable 7 is not equal to 0 identically by Proposition 1,
Lemmas 5 and 8. Hence, the vectors of the leading 2m derivatives of the curve I';, at the
point ¢q are linearly independent.

Now, consider the vectors of the leading 2m — 1 derivatives of the curve 7, at the
point g. By Lemma 1, the rank of the system of these vectors is equal to the rank of
the system of the leading 2m — 1 columns of the matrix

0
(O bl) ifm=1,

ay 0)’
0 BY
A - 0 !
As 0 .
w0 | if m > 1.
0o W

The determinant of the matrix obtained from A by the deletion of the first line and
the last column is equal to

as, ifm=1,

_ 0
X= det( 2>deth, ifm > 1,
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where a3 = 1—¢ (if m = 1) and det W™ # 0 (the Vandermonde determinant). According
to Lemmas 5 and 7, x # 0 for t = t3. Hence, the vectors of the leading 2m — 1 derivatives
of the curve 74, at the point ¢q are linearly independent. m

6.5. Lemmas to the proof of Proposition 2. Let

v12(7% — 23), ifm =1,
1 —2? 2 ... (=1)mgim
1 fozg :E%L (fl)mxgm
_ 1 22 2 (—1)mo2m
\I/(.f17x2) 122 det 1 732 34 (71)m32m s 1fm > 17
1 7m2 m4 ( 1)mm2m
~ +2
P= -3 [(2m + 3)®p11(2m + 1)®(2m + 3)

—(2m+ 1)®p1(2m + 3)2(2m + 1) + (1) ®(m + 1)¥(2m + 1,2m + 3)],

0-— fl (1- %) (@041 (1) [(2m + 3)®(2m + 3) + (2m + 1)®(2m + 1)]
—(=1)™®(m+1)[¥(2m +3,1) + ¥(2m + 1,1)] + @(1) [®rn41(2m + 3)
— @1 (2m+ 1))} — g@(m +1)¥(2m + 1,2m + 3),
_ £ 2 t?
R= (1 - 5) 1 (DP(1) + 1 [@onsr (2m +3)

+ @1 (2m 4+ 1)] [(2m + 3)(2m + 3) — (2m + 1)@(2m + 1)]
t

- Z(l - %)@(m + D) [U(2m+1,1) + ¥(2m + 3,1)].

LEMMA 9. Flattening points of the curve I'y are solutions (with the multiplicities taken
into account) of the equation

f () [15 cos? 2(m + 1) + @cos 2(m+ 1) + E] =0.

Proof. These points are solutions of the equation Fj () = 0 where

g= (2P, 2l
By Lemma 1, it is equivalent to the equation
ai by as
det as bo ag | =0,

(o) f'(¢) ys

if m =1, and

Ay B A2m 41
A B, A2m 42

det 74 0 Y, | =0,
0 w 0
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if m > 1, where

m2m,

22m
Yi= (=" ( : ) y emar = (S0 (m A+ 1) ().

The left-hand sides of the indicated equations are equal to

ap by a3 a1 by az
f(p)det | ag by ag | + f'(p)det | az by a4
1 0 -4 0 1 0

oo (g2 Yo ae (] - e (2 2)

and
A By a2m41 Ay B asmia
Ay By a2m 42 Ay By agme2
fllp)det | W 0 Y, + f"(p)det | W0 Y,
0o w 0 0o w 0
C 0 (=)m(m+1)2m 0o C 0

ccortofi o Jon (3 o (oo (3]

A1 azm+1 W
+(=D)"f(p)det | Az agm2 | det ( C) ;
w Y,
respectively, where

glz(al az ... a2m+1), /~12:(a2 Qg a2m+2)~

By Lemma 2 and the definition of the function ¥, we have:
A t
det ! = ——[Ppi1(2m+3) + Pppy1(2m + 1)] sin2(m + 1),
Wina1 4

Ay \ t t
det (Wm+1) - (1 - 5)<1>m+1(1) + [ (2m +8) = @puys (2m + 1)] cos2(m + 1),

det (B ) ( %) 2m+3) 2m+3)+(2m+1)d(2m+ 1)] cos2(m + 1),
By t .
det ( W) =-1 [(2m + 3)®(2m + 3) — (2m + 1)®(2m + 1)] sin2(m + 1),
Al A2m+1 ¢
det | Ao agmo | = 1 sin2(m + 1)y
WY,

X {(1 - %) [U(@2m+1,1) + U (2m +3,1)] + %\11(2171 +1,2m + 3) cos 2(m + 1)<p},

These formulas and Lemma 7 imply the above equation for flattening points of the
curve [';. m
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LEMMA 10. If m > 1, then

\I/(l‘l,l‘g)

2w1m9(22 — 23) [11, (20 — 1)! 15 "

(m—2)(m—1)/2 <L1L2] 2 o 2

(=1) (m — 1)Iml( m+1 H P 1_[2(332
1=2 1=

The proof is a direct calculation of the Vandermonde determinant which defines the
function ¥ (xq,z2).

LEMMA 11. (—l)mﬁ <0 for any t # 0.

Proof. By Lemmas 4 and 10,

~ . [T, — 1) N (@2m+1)(2m+3)(2m+1)!
P=1 1t2((m—1)2!m!(m+1)!> (m+1)
ﬁ((Qm—i— ﬁ 2m+ 3)* —i%),

ifm>1,and]3:%t2,ifm:1. n

LEMMA 12. @ >0 for any 0 <t < 2.
Proof. Lemmas 4 and 10 imply:
2m+1)®,,+1(1)22m+1) — (-1)"®(m + 1)T(2m +1,1) > 0,
2m+3)®p 1 (H)P22m +3) — (-1)"®(m+1)T(2m+3,1) > 0,
B(1)[®rs1(2m+3) — Prpy1(2m +1)] >0, P(m+1)¥(2m + 1,2m + 3) < 0.
Therefore @ > 0 if ¢ and 1 — /2 are positive. m

The following statement is evident.
LEMMA 13. (fl)mﬁ > 0 for any t sufficiently close to 0.

Let us consider the numbers
4®,,.1(1)

20,11 (1) + (=1)™ [®rng1(2m + 3) — Ppppr (2m + 1)]

Ty =
and
49(1)

= 20(1) + (=1)™[(2m + 3)@(2m + 3) + (2m + 1)®(2m + 1)

LEMMA 14. T1 <0, Ty > tg and

|
1 1+ (3m + 2)!(4m + 5) > 8
Ty 2 4m!((m + 2)!)2

These formulas follow from Lemmas 4 and 5.

LEMMA 15. The equation
P+ (-1)"'Q+R=0

18 quadratic with respect to t and has two solutions Ty and T;.
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Proof. The coefficient at ¢2 in this equation is equal to
1
1—6{2q>(1) + (=1)™[(2m + 3)®(2m + 3) + (2m + 1)®(2m + 1)}
X {2®@,41(1) + (=)™ [®rms1(2m + 3) — 1 (2m + 1))},

and hence, is not equal to 0 by Lemma 4. The discriminant of the equation equals
1
1—6{@m+1(1) [(2m + 3)®(2m + 3) + (2m + 1)@(2m + 1)]
— ®(1)[@pt1(2m + 3) — @pugr (2m + 1)] 12,

i.e. is a perfect square. m

6.6. Proof of Proposition 2. By Lemma 9, flattening points of the curve I'; are defined
by the equations f’(p) =0 and

Pcos®2(m + 1) + Qcos2(m + 1)p + R = 0.

The first one has 2m+2 solutions cos 2(m+1)p = (—1)™. The second one has no solutions
if t = 0 and is quadratic with respect to cos2(m + 1) for every t # 0.

Since 157 QNQ, R smoothly depend on ¢ and satisfy the inequalities from Lemmas 11-13,
the solutions which can appear from the second equation when ¢ increases from 0 to 1 must
satisfy the equation cos2(m + 1) = (—1)™~! at the moment of the appearance. Hence,
this moment is the smallest positive solution of the equation P+ (—l)m’lé +R= 0, less
than 1. By Lemmas 14 and 15, such a solution exists, is equal to Ty and greater than #.

It remains to remark that for any ¢ € [0,Tp) and any solution ¢q of equation (2), the
first derivative by ¢ of the left-hand side of the equation from Lemma 9 at g is not equal
to 0. m

6.7. Lemmas to the proofs of Propositions 6-8 (n = 2m). The osculating hyperplane
to the curve I'; at a point ¢ is defined by the equation

Fg.1(0) = yolr:(0),t(9)s
where § = (Y1, .., y2m+1) and (yo 1 Y1 ¢ ... Y1) € RPZPHL

LEMMA 16. Let @o be a solution of equation (2). Then Fr« (44).4,(%0) # 0.
to ’

Proof. The equation Fy,(¢o) = 0 defines a hyperplane in IT =~ RP?™ by Lemma 8.
This hyperplane intersects the curve ~;, at least at two geometrically different points by
Sturm-Hurwitz theorem [H]. Therefore, it cannot be the osculating hyperplane to the
curve 7, at any of its multiple flattening point by Remark 11 and Theorem 2. m

LEMMA 17. Ift is sufficiently close to to, then the determinant

BY 0
det | W ¢
cC o0

from Lemma 8 is not equal to 0 for anyi=2,...,m.
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Proof. Let us consider the more general determinant

BY 0
det | W 4f , 1e€{2,....m+1},
c mtt

where the i-th element of the last column equals to 1, and all other equal 0. By the
Vandermonde formula, this determinant is equal to

m—+1

; t 1
1y 2 _ ) _(1_1L 2
ot Towem{-(- ) e -
2<k<I<m+1 j=2
kil
m+1 m—+1
t[ (2m+1)? (2m + 3)?
2 1 — 2 —
+4{(2m—|—1 2H mt 7) + (2m + 3)? 221:[ m+3)° J)}}
This expression vanishes for ¢ = 7;(m) where
11 1 21 s
=-+—0 —(2m +1)° (2m +1)* — j?
mi(m) 2 4Hj:J;1(] -1 [(2m+1) Jl_[2( )
i2 1 m+1 ) )
——— (2 3 2 3)° =391
e L en a5
It is evident that 72(m) > ... > 7, (m) > Typ41(m) since the function £=1 increases on

the interval € (—oo,A) for any A > 1. It remains to remark that 7,,41(m) = to by
Lemma 7. m

Remark 12. The moments 7;,(m), ¢ = 2,...,m, as well as the moments to,Tp,
define some bifurcations in the family I';. In particular, the beginning of the sequence
Tm(m) for m > 1 is:

4 1 4 1 4
2077 26577 307925° 20821527 218972327’

It is easy to see that 7,,,(m) < Ty = To(m) already for m = 3.

6.8. Proof of Proposition 6 (n = 2m). Let ©1,...,p2m+1 be mutually different solu-
tions of equation (2). Then © is a unique solution of the linear equations system

Fy1o(#i) = voFr; (o)t (Pi), 1= 1,0, 2m + L.
Indeed, the point O satisfies this system by Lemma 8. The rank of the system is equal
to the rank of the matrix formed by the coordinates of the vectors
(1, cos p;, sin @;, cos 2p;, sin 2¢;, . . ., cosme;, sinmep;), i=1,...,2m+ 1,

(this follows from Lemmas 4, 5, 8, 16 and 17). But the determinant of this matrix is not 0
(even for any mutually different points ¢1,..., @2, 1 on the circle {¢ mod 27}) since
the curve 7y is convex. m
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6.9. Proof of Proposition 7 (n = 2m). Let us consider the solutions

1—-(=1)™
R V.

4(m+1) m—&—lz’

i=0,1,...,2m+1,

of equation (2). The intersection of the osculating hyperplanes to the curve I'; at these
points is defined by the linear equations system

Fyi(pi) = yOFp:(%)yt(goi), 1=0,1,...,2m+ 1.
If ¢ is sufficiently close to tg and t # tg, then by Lemmas 4, 5, 8, 16 and 17, the rank of
this system is equal to the rank of the matrix formed by the coordinates of the vectors
v; = (1, cos @;, sin ;, €os 2p;, 8in 2p;, . . ., cos Mp;, sin me;, (i),
1=0,1,....2m + 1.

Let us suppose that these vectors lie in a hyperplane in R?™+2. Then this hyperplane
contains the vertical vector (0,...,0,1) since
1

1
— = (1,0,...,0,1), ——
m+1k:002k ( ) m+ 1

m

m
> w1 = (1,0,...,0,-1).
k=0
Hence, the vectors
U; = (1, co8 p;, sin p;, cos 2p;, sin 2¢;, . .., cosmep;, sinmep;), =0,1,...,2m+1,
lie in a hyperplane in R?™*+!. But this contradicts the convexity of the curve vy. m

6.10. Proof of Proposition 8 (n = 2m). Let § = (0,...,0,1) € R***! and ¢ be a
solution of equation (2). Then
t t
Fo(e) = () m)* (1- ) (1- )
t1 to
by Lemma 8. Now, the statement follows from Lemmas 4 and 5. =

7. Properties of curves from Section 4. Let I'; be the family of curves in RP?™ =
{(z1:...: xamy1)} from Section 4 and 7; be the projection of the curve I'; from the point
©=(0:...:0:1) into the hyperplane II = {z2,,41 = 0}. Consider the double covering
I'; of the curve I'; in the space R?™*1 defined by the functions (3), i.e. z; = z;(¢p),
i=1,...,2m + 1, where

21(p) = cosp —tcos(dm + 3)p, x2(p) = sinp — tsin(4dm + 3)p,

x3(p) = cos 3, x4(p) =sindp, ..., Tam—1(p) = cos(2m — 1)y, xam(p) = sin(2m — 1),
Zam1(¢) = F(¢) = sin[@m+ Do+ (1+ (-)™) |, {p mod 21},

7.1. Lemmas to the proof of Proposition 3. For every 4 = (y1,...,Y2m41) € R
let us define the smooth function

’ (2m—1)
T Ty e Xy Y1

Fg‘,t(@) = det

’ (2m—1)
Tam+1  Tam+t1 -+ Tamil  Yomtl
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on the curve I';. For the convenience of its calculation in the case m > 1, consider the

matrix
1 —32 31 e (—1)m-1g2m=2
1 —52 54 - (=1)m—tp2m—2
W, =
1 —2m-1)2 2m-1* ... (=)™ 12m —1)*m—2

Usually, we will omit the subscript m and write W.

LEMMA 18.
ag ai Y
det bo b1 v |, ifm=1,
fle) fle) s , , N
Fﬁ,t(‘P) = Bz Bi ;;
(—1)m=1(2m — 1) det w 0 Yy |, ifm>1,
0 w Y_
f@)C f(@)C yamt
where
Y3 304
Yy = : ;o Yo = ;
Yom—1 S J2m
Y2i—1 = Yai—1 €08(2i — 1) + yo; sin(2i — 1),
Y2i = —Y2i—18i0(20 — 1) + yo; cos(2i — 1)g,
Ao =(ap as Aom—2), Qop = (—l)k [1 — (4m + 3)%15 cos(4dm + 2)90},

)

Ay=(a1 az ... agm_1), Gopr1 = (—1)(4m 4 3)* T tsin(4m + 2)¢,
)
)

By=(by by bom—2),  bar = (=1)*"(4m + 3)* tsin(4m + 2)o,
Bl = (bl bg b2m71 s b2k+1 = (7].)’C [1 — (4m + 3)2k+1t cos(4m + 2)@},
C=(1 —-2m+12 2m+1D* ... (=)™ 12m+1)m2).
Proof. Let
uéi—l = xgjz)—1 cos(2i — 1) + x(zjz) sin(2i — 1)e,
ul, = —xg]z:)_l sin(2i — 1) + xgjz) cos(2i — 1)y,
i=1,...,m;5=0,...,2m — 1. Then
ud ul el W
F“‘,t(@) = det . ) ’ ~ ’
! ugm u%m e ng_l Yom
(2m—1)

/
Lom+1  Tomy1 -+ Lom4i Yom+1
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where u{ = aj,ué =b; and
(U9, 1, uni 1. us" ) = (1,0, —(2i — 1)%,0,..., (=1)™ 12 — 1)*™72)0),
(U9, udiy -y uz ™) = (0,(2i — 1),0,—(2i — 1)3,...,0, (=)™ 1(2i — 1) 1),
fori>1. m

Let W* be the determinant of the matrix obtained from W by the deletion of the
k-th column, if m > 1, and be 1, if m = 1. Consider the smooth function ®,,(x) which is
equal to 1, if m = 1, and to

1 —x2 z? (—1)m—1g?m=2
1 32 31 . (—1)m—132m=2

e |1 -5 N (o D M e 7
1 —2m-12 2m-1D* ... (=)™ 1(2m—1)*m2

if m > 1. Usually, we will omit the subscript m and write ®(z).
The next statement follows from the determinant decomposition theorem.

LEMMA 19.
m—1 m—1
> (4m o+ 3)FWH = B(4m + 3), Wk = o(1).
k=0 k=0

Let

P = —4(m + 1)t®(1)®(4m + 3), Q = (1) + (4m + 3)12®*(4m + 3).
LEMMA 20. Flattening points of the curve vy are solutions (with the multiplicities
taken into account) of the equation
Pcos2(2m+1)p+Q = 0.

Proof. Flattening points of the curve ~; are solutions of the equation Fj¢(¢) = 0,
where ¢ = (0,...,0,1). By Lemma 18, it is equivalent to the equation

ap Qi _
det(bo b1>_0’

if m =1, and

Ay A
By By
det =0
“lwooo ’
0o w
if m > 1. Both these equations are equivalent to the equation
m—1
3 (—1)" det <“2i “”“) Wittt =,
2 b2jy1

i,j=0
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which can be rewritten in the form

<mz_:1 W”l)Q + (4m + 3)* (mi(élm + 3)%{/”1)2

i=0 =0
m—1 ) m—1 ) )
—A(m A1)t YWY " (dm 4 3)* W cos2(2m + 1) = 0
=0 =0

by Lemma 18. Now, Lemma 20 follows from Lemma 19. m

LEMMA 21. If m > 1, then

m— m— Hl 22_2'7”
#(0) = (~gn-2on-vrz LB 22 16 - i)

The proof is a direct calculation of the Vandermonde determinant which defines the
function ®(x).
Let us consider the numbers

to = (=1 (4m + 3q))<(1>1()4m +3)’ = (=0m

o(1)
D(dm +3)

LEMMA 22. 0 <ty <ty and
2(2m + 1)(m — 1)!((m + 1)!)? < 1
(4m + 3)(3m + 1)! -7

0=

These formulas follow from Lemma 21 (the estimate for to follows from the fact that
to decreases when m increases).

LEMMA 23. The equation
(-)™ P +Q=0.
is quadratic with respect to t and has two solutions ty and ty.
Proof. The coefficient at ¢2 in this equation is equal to
(4m + 3)®*(4m + 3)
and hence, is not equal to 0 by Lemma 21. The discriminant of the equation equals
4(2m +1)?9%(1)®%(4m + 3),
i.e. is a perfect square. m
7.2. Proof of Proposition 3. By Lemma 21, the equation from Lemma 20 is linear
with respect to cos2(2m + 1)¢ for all 0 < ¢ < 1. Its coefficients have the following signs:
(-1)™P >0, Q> 0.
Since this equation has no solutions for ¢ = 0 and P, Q smoothly depend on ¢, the
solutions which can appear when ¢ increases must satisfy equation (4) at the moment
of the appearance. Hence, this moment is the smallest positive solution of the equation

(=1)m=1P 4+ @ = 0, less than 1. By Lemmas 22 and 23, such a solution exists and is
equal to tg.
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It remains to remark that the expression (—1)™ ! P+Q changes its sign when ¢ passes
through to. If t = tp and ¢ is a solution of equation (4), then the first derivative by ¢
of the left-hand side of the equation from Lemma 20 at ¢ vanishes, and the second
derivative is not zero (it is equal to 4(m + 1)%(—=1)™~1 P). Therefore, this equation has
4m + 2 solutions for any t > ty sufficiently close to ty. m

0_(,0 ,0 0 0 _
Ag=1(apg a3 ... a3, 2), ag, =

B? = (b(l) bg bgm—l)v bgk+1

(=1)%[1 + (=1)™(4m + 3)%*¢],

7.3. Lemmas to the proof of Proposition 5 (n =2m —1). Let
+
(=1)*[1+ (=1)™(4m + 3)*+1¢].

LEMMA 24. If m > 1, then

det (‘;;) - @(1)(1 - %) det (ﬁf) - @(1)(1 - %)
det (vg) = (=)™ 'o@2m +1).

Proof. By Lemma 19,

det (éﬁ) = (1) + (=1)"®(4m + 3)t = ®(1) (1 - %)
det <‘Bj‘§> = ®(1) + (=1)™(4m + 3)®(4m + 3)t = @(1)(1 _ %)

The third equality is evident. m

LEMMA 25. Let ¢o be a solution of equation (4). Then Fy (o) is equal to
(1= 8)[f'(0) (y1 sin g0 — y2 cos po) + (1 — Tt)ys],

ifm=1, and
t .
d(1)(2m — 1! (1 — H) {f’((po) {@(2711 + 1) (y1 sin g — y2 cos @p)
m e . BY 0
i 21— 1 — Y9 2t —1 1 t
- Z fai SN2 )QD.O yai cos(2i — 1po det [ W e } + ©(1) (1 - )y2m+1}7
o 21— 1 C 0 t()

if m > 1, where e; is the (m — 1)-element column whose (i — 1)-th element is equal to 1,

and all other are equal to 0.

Proof. By Lemma 18

ag 0 ;
det 0 b(lJ 372 y if m= 1,
0 f'(v0) w3 10 . N
Y1
FZj,t (QDO) = 00 B(l) {l/vg
(=1)m=Y(2m — 1)l det | W 0 Y, , ifm>1.
0 w Y_
0 f/(QOO)C Yam+1
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Therefore Fj (o) = a [b?yg — f’(<,00)§]2]7 if m=1, and
A0 W BY 0
Fit(‘pO) = (2m — 1)” det 0 (_1)mg2 ,(@0) det + det w Y_ s
& W C ,
f (@O)C Yo2m+1
if m > 1. Now, Lemma 25 follows from Lemma 24. =

7.4. Proof of Proposition 5 (n = 2m—1). Let ¢g be a flattening point of the curve ;,.
Then the function Fy s, (o) of the variable ¢/ is not equal to 0 identically by Proposition 3,
Lemmas 22 and 25. Hence, an osculating hyperplane to the curve I'; at the point ¢q is
unique.

Now, consider the curve ;. An osculating hyperplane to 7; at the point ¢q is unique
if and only if the leading 2m — 1 columns of the matrix

2m—1
TR VT e
’ (2m—1)

Lam Loy -+ Loy

are linearly independent. By Lemma 18, the last holds if and only if the leading 2m — 1
columns of the matrix

0
ag 0 .
fm=1
o ) HMmTh
Ay 0
A 0 B? ifm>1
W O b b
0o W

are linearly independent. But the determinant of the matrix obtained from A by the
deletion of the second line and the last column is equal to

ad, ifm=1,
_ 0
X= det(ﬁ?)detwm, ifm>1,

where a) = 1 —t (if m = 1) and det W™ # 0 (the Vandermonde determinant). According
to Lemmas 22 and 24, x # 0 for ¢ = to. Hence, an osculating hyperplane to the curve 7,
at the point (g is unique. m

7.5. Lemmas to the proof of Proposition 4. Let

1 —x? x? (—1)ma?m
1 —12 14 (—1)m12m

U(z) = det | 1 —3? 3 (—1)mg2m ,
1 —2m-12 2m-1)* ... (=1)™(2m—1)*"

P = —t[(4m + 3)®p,41(1)@(4m + 3) + (1) Py i1 (4m + 3)
+ (=)™ (2m + 1)®(2m + 1)U (4m + 3)],
Q = B 1 (1)®B(1) — t(2m + 1)®(2m + 1)U (4m + 3)
+ t2(4m + 3) @, 41 (4m 4 3)D(4m + 3).
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LEMMA 26. Flattening points of the curve I'y are solutions (with the multiplicities
taken into account) of the equation

f(») [ﬁ cos2(2m + 1)p + @] —0.

Proof. These points are solutions of the equation Fy () = 0 where

R 2 2
7= (ajg m), . ,xg,:ﬁgl).
By Lemma 18, it is equivalent to the equation
agp ai a2

det bo b1 by =0,
fle) f(e) ys

if m=1, and

A Ay a2m
By By bom

det | W 0 Y, |=o,
0 w 0

if m > 1, where

Y, =(-1)™ : , Yamer = (1) (2m A+ 1) f (o).
(2m —1)2m

The left-hand sides of the indicated equations are equal to

ap aip az ap aip a2
flp)det [ bo b1 by |+ f'(p)det | bo b1 by
1 0 -9 0 1 0
- Ay By / aop G2
= f(p) [det <W2> by — det (W2> al] () det <bo by
and
Ay A A2m Ao A aom
By By bam By Bi bop
fle)det | W 0 Y, + fl(p)det | W 0 Y,
0o w 0 0o w 0
C 0 (-1)m(2m+1)2™m 0o C 0
A B B A
_ (_1\ym—1 0 1 - 0 1
=(-1) f(cp)[det<Wm+l)det(W> det(WmH)det(W)]
o Ag  azm W
+ (=1)"f'(p)det | By bam | det o)
WY,

respectively, where

Av():(ao as ... agm), EoZ(bo b2 b2m)-



ON SOME CLASSES OF CURVES 263

By Lemma 19 and the definition of the function ¥, we have:

det ( Ao > = ®pi1(1) — t Q1 (dm + 3) cos2(2m + 1),
Wm+1

det ( Bo > = —t®,, 1 (4m + 3)sin2(2m + 1),
Wm+1

det (Al ) = t(4m + 3)®(4m + 3)sin2(2m + 1),

w
By
det ( W ) = ®(1) — t(4m + 3)P(4m + 3) cos 2(2m + 1),
Ao azm
det | By bom | =t¥(4m +3)sin2(2m + 1)ep.
WY,

These formulas and Lemma 24 imply the above equation for flattening points of the
curve [';. m

LEMMA 27.

m m

U(z) = (_4)m(m71)/2 H(QZ —2)! H(xQ — (2 — 1)2).

=1 =1

The proof is a direct calculation of the Vandermonde determinant which defines the
function ¥(x).

LEMMA 28. P <0 for any t > 0.
Proof. By Lemmas 21 and 27,
(4m + 3) @1 (D)@ (4m + 3) + (=)™ 1 (2m + 1)®(2m + 1) T (4m + 3)
4m* (2m)1(3m + 1)! o S
- 2 —2)!) (4 2
2l (m + DD2(2m + 1) E( i=2)) (4m”+5m +2) >0,
®(1) @1 (4m +3) > 0.

Therefore, P< 0, if ¢ is positive. m

The following statement is evident.
LEMMA 29. (—1)’”@ > 0 for any t sufficiently close to 0.

Let us consider the numbers

T, — (_l)m (bm+1(1)
0 ®ppi1(dm+3)°

(1)
(4m + 3)®(4m +3)

T = (-1)"

LeEMMA 30. Ty <0, Ty > tg and
2(2m + 1)(m + 1)2(m!)3
(3m +2)!

Tp = <

1
5

These formulas follow from Lemmas 21 and 22.
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LEMMA 31. The equation
(-1)"P+Q=0
is quadratic with respect to t and has two solutions Ty and T;.
Proof. The coefficient at t? in this equation is equal to
(4m 4 3)®py 41 (4m + 3)P(4m + 3)
and hence, is not equal to 0 by Lemma 21. The discriminant of the equation is
[(4m + 3)®,, 41 (1) (4m + 3) — D(1) @y 41 (4m + 3)] 7,

i.e. is a perfect square. m

7.6. Proof of Proposition 4. By Lemma 26, flattening points of the curve I'; are
defined by the equations f(¢) = 0 and

Pcos2(2m+1)p+Q = 0.

The first one has 2m + 1 solutions cos2(2m + 1)¢ = (—1)™~1. The second one has no
solutions if ¢ = 0 and is quadratic with respect to cos2(2m + 1)¢ for every t # 0.

Since ]5, @ smoothly depend on ¢ and satisfy the inequalities from Lemmas 28, 29,
the solutions which can appear from the second equation when ¢ increases from 0 to 1
must satisfy the equation cos2(2m + 1) = (—1)™ at the moment of the appearance.
Hence, this moment is the smallest positive solution of the equation (—1)’"13 + @ =0,
less than 1. By Lemmas 30 and 31, such a solution exists and is equal to Ty and greater
than t().

It remains to remark that for any ¢t € [0, 7)) and any solution g of equation (4), the
first derivative by ¢ of the left-hand side of the equation from Lemma 26 at g is not
equal to 0. =

7.7. Lemmas to the proofs of Propositions 6-8 (n = 2m — 1). The osculating hyper-
plane to the curve I'; at a point ¢ is defined by the equation

Fg‘,t(@) = 07

where = (y1,...,Yom+1) and (Y1 : ... : Yamy1) € RP?™,

LEMMA 32. Ift is sufficiently close to tg, then the determinant

BY 0
det | W ¢
c 0
from Lemma 25 is not equal to 0 for anyi=2,...,m.

Proof. Let us consider the more general determinant
BY 0
det | W §f , 1€{2,...,m+1},
C 5m+1
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where the i-th element of the last column equals 1, and all other equal 0. By Vandermonde
formula, this determinant is equal to
m—+1

' JI (k-1 —(@-1)%) {(m—11)2—1 IT(@2i-1)2-1)
2<k<Ii<m+1 j=2
kil
m+1

t(4m + 3)

T @m+3)2—(2i—1)? ]1;[2 ((4m+3)* = (2 = 1)) |.

This expression vanishes for ¢t = 7;(m) where

() = Gm+ 3)2— (2i—1)% 175 (25 — 12— 1)
' (2i -1)2 -1 (4m + 3) TI75 ((4m +3)2 — (2 —1)2)
It is evident that 72(m) > ... > 7,,,(m) > Tpq1(m) since the function 2=% increases on

the interval € (1,400) for any A > 1. It remains to remark that 7,,41(m) = to by
Lemma 24. =

Remark 13. The moments 7;(m), i = 2,...,m, as well as the moments tg, 7o,
define some bifurcations in the family I';. In particular, the beginning of the sequence
Tm(m) for m > 1 is:

1 1 1 1 1
44 1485° 40964’ 1067430° 27264600
It is easy to see that 7,,,(m) < Tp = To(m) already for m = 3.

7.8. Proof of Proposition 6 (n = 2m — 1). Let ¢1,..., @2, be mutually different
solutions of equation (4). Then © is the unique solution of the linear equations system
Fyi,(0i) =0, i=1,...,2m.
Indeed, the point © satisfies this system by Lemma 25. The rank of the system is
equal to the rank of the matrix formed by the coordinates of the vectors
(cos @i, sin @y, €os 3¢;, sin 3, ..., cos(2m — 1)p;, sin(2m — 1)p;), i=1,...,2m,

(this follows from Lemmas 21, 22 and 32). But the determinant of this matrix is not 0
(even for any mutually different points ¢1, ..., @2, on the circle {¢ mod 7}) since the
curve 7y is convex. m

7.9. Proof of Proposition 7 (n = 2m — 1). Let us consider the solutions
1+ (—1)™ .
P dem ) 2mr1”
of equation (4). The intersection of the osculating hyperplanes to the curve I'; at these
points is defined by the linear equations system
Fji(pi) =0, i=0,1,...,2m.

If ¢ is sufficiently close to ty and t # tg, then by Lemmas 21, 22, 25 and 32, the rank of
this system is equal to the rank of the matrix formed by the coordinates of the vectors

i=0,1,...,2m,

Vi = (COS Pis sin Pi, COS 3(1017 sin 3(1017 s 7COS(2m - 1>S07,7 Sin<2m - 1)@1" f/(@i))7
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1=0,1,...,2m.
Let us suppose that these vectors lie in a hyperplane in R?™+!. Then this hyperplane
contains the vector (1,0,...,0) since

(_l)m—l 2m

~ —1); = (0,...,0,1).
om 1 2= )

i=0
Hence, the vectors

v; = (cos @;, sin p;, cos 3p;, sin 3wy, . . ., cos(2m — 1)p;, sin(2m — 1)p;),

i=0,1,...,2m, lie in a hyperplane in R?™. But this contradicts the convexity of the
curve yg. m

7.10. Proof of Proposition 8 (n =2m —1). Let ¥ = (0,...,0,1) € R?™*L and ¢ be a
solution of equation (4). Then
t t
Fro(p) = ®2(1)(2m — 1)!!(1 - 7) (1 - 7)
’ t1 to
by Lemma 25. Now, the statement follows from Lemmas 21 and 22. =
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